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PREFACE TO THE THIRD EDITION

There has been widespread use of electric machines in industries and household appliances.
New applications of electric machines have emerged. Novel control strategies, new circuit
topologies, and new solid-state devices have contributed to further performance improvements
of electric machine systems. This edition is an attempt to update the contents of the book, and
to respond to the suggestions of readers and instructors. To these ends the following new
material has been incorporated.

B Electric machines are mostly used as motors, and in most books the motoring mode of
operation is extensively discussed. In recent years there has been phenomenal worldwide
industrial growth of wind energy generation. These systems use electrical machines as
generators. A chapter (Chapter 11) on wind energy systems has therefore been added for
better understanding of the use of electric machines in their generating mode of operation.

B In electric motor drive systems, sensors have been used to feed back speed and/or position
information. These sensors have several disadvantages, such as less reliability, less
robustness, more maintenance requirements, and more cost. Recently drives without
sensors have been used in industry. The concept of sensorless drives has been presented in
Chapter 6. As well, the coverage on permanent magnet motor drives and brushless dc drives
has been updated in Chapter 6.

B The coverage of solid-state devices, such as Power MOSFETs, IGBTs, and GCTs, has been
updated in Chapter 10.

B Power supply in computers, datacenters, servers, and so forth, is an important application
of power electronic technology. Introductory coverage of high-power density power supply
for such applications is presented in Chapter 10. As well, the popular buck converter
configuration for power supply is presented in Chapter 10.

B Neutral point clamped (NPC) inverters are gaining popularity for high-power and high-
voltage applications. The concept of NPC inverters is presented in Chapter 10.

B The book presently has a large number of problems and examples. Additional problems and
examples have been added to chapters and sections that appear to have been used by most
instructors. In the second edition of my book, very few problems dealt with simple, basic
understanding. Therefore, most of the problems that have been added for the third edition
are designed to test the basic understanding of the concepts covered in the book.

I am overwhelmed by the widespread acceptance of my book and the many complimentary
comments I have received from individuals: students, professors, engineers, and research
workers. Writing this book has given me much satisfaction and a sense of achievement.
I consider my book as my best contribution to education. This book will be my legacy.

I am grateful to my graduate students, Zhiyuan Hu, Christopher Fiorentino, Wilson Eberly,
Liang Jia, Zhiliang Zhang, Jizhen Fu, among others, for their valuable assistance. Zhiyuan
drew the figures for the third edition. Christopher assisted me in checking and editing the draft
copy of the manuscript of the third edition.
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X Preface to the Third Edition

I thank Kendra Pople-Easton and Mary Gillespie for secretarial assistance. I thank my
department heads, Dr. Steven Blostein and Dr. Michael Greenspan, for allowing me to con-
tinue to use my office, and for their continued encouragement in this venture.

I thank my former Ph.D. student, Dr. Chandra S. Namuduri, whom I consider an expert on
electric machines, for having useful discussions on industrial applications of electric
machines. I thank my colleague, Dr. Yan Fei Liu, and my friend, Dr. Bin Wu of Ryerson
University, with whom I had valuable discussion on the contents of this revision. I thank my
other colleagues who treated me with respect, and expressed interest in the book. I express
my profound gratitude to my mentor and friend, Chuck (Prof. Charles H. R. Campling), who
again spent many hours reading and correcting the text.

I thank Mr. Dan Sayre, editor and associate publisher of John Wiley & Sons, Inc., for his
cooperation, encouragement, and understanding. It has been a pleasure working with him.

Last but not least, I thank my wife Maya, and my children, Sujit, Priya, and Debashis, for
their continued support throughout the endeavor.

One more person I want to thank. He was my grade four teacher in Bangladesh. In 1972,
right after Bangladesh became an independent country, I visited the village, Haidgaon, in
Chittagong, Bangladesh, where I was born. There, my grade four teacher came to see me. This
was our conversation:

Teacher: Paresh, I hear you live in Canada.

I: Yes, I do.
Teacher: What do you do in Canada?
I: I am a professor at a Canadian University.

Teacher: Oh, you are a professor! How many books have you written?
I: None.
Teacher: None! What do you do then?

His comment started to bother me, and so I decided to write a book. In fact, I ended up
writing two books: (1) Thyristor DC Drives (Wiley, 1981) and (2) Principles of Electric Machines
and Power Electronics (Wiley, 1989, 1997, 2012). I am thankful to my grade four teacher, whose
comment inspired me to write books.

Queen’s University P. C. SEN
Kingston, Ontario, Canada
April 2012



PREFACE TO THE SECOND EDITION

Technology never stands still. Since the first edition of this book, there have been new
developments in the applications of, for example, permanent magnet motors and solid-state
devices for control. The basics of electric machines and machine control remain the same,
however. Thus, preserving the content of the first edition, which has had widespread accep-
tance, this edition endeavors to enhance, to update, and to respond to the suggestions of
readers and instructors. To these ends, the following new material has been incorporated.

B A large number of new problems and some new examples have been added. Most of these
problems are presented in the chapters and sections that appear to have been used by most
instructors. The number of problems in the second edition is nearly double the number in
the first edition.

B Coverage of permanent magnet motors has been introduced, including permanent magnet
dc (PMDC) motors, printed circuit board (PCB) motors, permanent magnet synchronous
motors (PMSM), brushless dc (BLDC) motors, and switched reluctance motors (SRM).

B Constant-flux and constant-current operation of induction motors is discussed.

B Additional material is included on new solid-state devices, such as insulated gate bipolar
transistors (IGBT) and MOS-controlled thyristors (MCT). This material appears in Chapter 10.
This chapter also includes, for the first time, material on Fourier analysis of waveforms,
current source inverters using self-controlled solid-state devices, and three basic configura-
tions of choppers.

B A concise treatment of three-phase circuits is presented in Appendix B.

B Answers to some problems are presented in Appendix E to assist students in building
confidence in their problem-solving skills and in their comprehension of principles.

Many individuals have expressed their opinions on the first edition and have made sug-
gestions for the second edition. I acknowledge with gratitude these contributions, as well as
the generous comments of many who have written and spoken to me—students, instructors,
and research workers. The number is so large that it would be inappropriate to name them
all and the risk of omission would be great.

I am grateful to my graduate students, Yan Fei Liu and Zaohong Yang, for their valuable
assistance. I thank the departmental secretary, Debby Robertson, for typing the manuscript of
the second edition at various stages, Jennifer Palmer and Patty Jordan for secretarial assistance,
and Perry Conrad, the departmental manager, who made the administrative arrangements.
I thank my wife Maya and my children, Sujit, Priya, and Debashis, who were a constant and
active source of support throughout the endeavor. Last but not least, I express my profound
gratitude to Chuck (Prof. C. H. R. Campling), who again spent many hours reading and cor-
recting the text. His friendship, valuable counsel, and continued encouragement are greatly
appreciated.

Queen’s University P. C. SEN
Kingston, Ontario, Canada
January 1996
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PREFACE TO THE FIRST EDITION

Electric machines play an important role in industry as well as in our day-to-day life. They are
used in power plants to generate electrical power, and in industry to provide mechanical work,
such as in steel mills, textile mills, and paper mills. They are an indispensable part of our daily
lives. They start our cars and operate many of our household appliances. An average home in
North America uses a dozen or more electric motors. Electric machines are very important
pieces of equipment.

Electric machines are taught, very justifiably, in almost all universities and technical colleges
all over the world. In some places, more than one semester course in electric machines is
offered. This book is written in such a way that the instructor can select topics to offer one or
two semester courses in electric machines. The first few sections in each chapter are devoted to
the basic principles of operation. Later sections are devoted mostly to a more detailed study
of the particular machine. If one semester course is offered, the instructor can select materials
presented in the initial sections and/or initial portions of sections in each chapter. Later sections
and/or later portions of sections can be covered in a second semester course. The instructor can
skip sections, without losing continuity, depending on the material to be covered.

The book is suitable for both electrical engineering and non-electrical engineering students.

The dc machine, induction machine, and synchronous machine are considered to be basic
electric machines. These machines are covered in separate chapters. A sound knowledge of
these machines will facilitate understanding the operation of all other electric machines.
The magnetic circuit forms an integral part of electric machines and is covered in Chapter 1. The
transformer, although not a rotating machine, is indispensable in many energy conversion
systems; it is covered in Chapter 2. The general principles of energy conversion are treated
in Chapter 3, in which the mechanism of force and torque production in various electric
machines is discussed. However, in any chapter where an individual electric machine is dis-
cussed in detail, an equivalent circuit model is used to predict the torque and other performance
characteristics. This approach is simple and easily understood.

The dc machine, the three-phase induction machine, and the three-phase synchronous
machine are covered extensively in Chapters 4, 5, and 6, respectively. Classical control and
also solid-state control of these machines are discussed in detail. Linear induction motors
(LIM) and linear synchronous motors (LSM), currently popular for application in transpor-
tation systems, are presented. Both voltage source and current source equivalent circuits for
the operation of a synchronous machine are used to predict its performance. Operation of
self-controlled synchronous motors for use in variable-speed drive systems is discussed.
Inverter control of induction machines and the effects of time and space harmonics on
induction motor operation are discussed with examples.

Comprehensive coverage of fractional horsepower single-phase motors, widely used in
household and office appliances, is presented in Chapter 7. A procedure is outlined for the
design of the starting winding of these motors. Special motors such as servomotors, synchro
motors, and stepper motors are covered in Chapter 8. These motors play an important role in
applications such as position servo systems or computer printers. The transient behavior and
the dynamic behavior of the basic machines (dc, induction, and synchronous) are discussed in
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Xiv  Preface to the First Edition

Chapter 9. Solid-state converters, needed for solid-state control of various electric machines,
are discussed in Chapter 10.

All important aspects of electric machines are covered in this book. In the introduction to
each chapter, I indicate the importance of the particular machine covered in that chapter. This
is designed to stimulate the reader’s interest in that machine and provide motivation to read
about it. Following the introduction, I first try to provide a “physical feel” for the behavior of
the machine. This is followed by analysis, derivation of the equivalent circuit model, control,
application, and so forth.

A large number of worked examples are provided to aid in comprehension of the principles
involved.

In present-day industry it is difficult to isolate power electronics technology from electric
machines. After graduation, when a student goes into an industry as an engineer, he or she finds
that in a motor drive, the motor is just a component of a complex system. Some knowledge of
the solid-state control of motors is essential for understanding the functions of the motor drive
system. Therefore, in any chapter where an individual motor is discussed, I present controller
systems using that particular motor. This is done primarily in a qualitative and schematic
manner so that the student can understand the basic operation. In the controller system the
solid-state converter, which may be a rectifier, a chopper, or an inverter, is represented as a
black box with defined input-output characteristics. The detailed operation of these converters
is presented in a separate chapter. It is possible to offer a short course in power electronics
based on material covered in Chapter 10 and controller systems discussed in other chapters.

In this book I have attempted to combine traditional areas of electric machinery with more
modern areas of control and power electronics. I have presented this in as simple a way as
possible, so that the student can grasp the principles without difficulty.

I thank all my undergraduate students who suggested that I write this book and, indeed, all
those who have encouraged me in this venture. I acknowledge with gratitude the award of a
grant from Queen’s University for this purpose. I am thankful to the Dean of the Faculty of
Applied Science, Dr. David W. Bacon, and to the Head of the Department of Electrical Engi-
neering, Dr. G. J. M. Aitken, for their support and encouragement. I thank my colleagues in the
power area—Drs. Jim A. Bennett, Graham E. Dawson, Tony R. Eastham, and Vilayil I. John—
with whom I discussed electric machines while teaching courses on this subject. I thank
Mr. Rabin Chatterjee, with whom I discussed certain sections of the manuscript. I am grateful to
my graduate students, Chandra Namuduri, Eddy Ho, and Pradeep Nandam, for their assistance.
Pradeep did the painful job of proofreading the final manuscript. I thank our administra-
tive assistant, Mr. Perry Conrad, who supervised the typing of the manuscript. I thank the
departmental secretaries, Sheila George, Marlene Hawkey, Marian Rose, Kendra Pople-Easton,
and Jessie Griffin, for typing the manuscript at various stages. I express my profound gratitude
to Chuck (Prof. C. H. R. Campling), who spent many hours reading and correcting the text. His
valuable counseling and continued encouragement throughout have made it possible for me to
complete this book. Finally, I appreciate the patience and solid support of my family—my wife,
Maya, and my enthusiastic children, Sujit, Priya, and Debashis, who could hardly wait to have
a copy of the book presented to them so that they could show it to their friends.

Queen’s University P. C. SEN
Kingston, Ontario, Canada
April 1987
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chapter one

MAGNETIC CIRCUITS

This book is concerned primarily with the study of devices that convert electrical energy into
mechanical energy or the reverse. Rotating electrical machines, such as dc machines, induc-
tion machines, and synchronous machines, are the most important ones used to perform this
energy conversion. The transformer, although not an electromechanical converter, plays an
important role in the conversion process. Other devices, such as actuators, solenoids, and
relays, are concerned with linear motion. In all these devices, magnetic materials are used to
shape and direct the magnetic fields that act as a medium in the energy conversion process. A
major advantage of using magnetic material in electrical machines is the fact that high flux
density can be obtained in the machine, which results in large torque or large machine output
per unit machine volume. In other words, the size of the machine is greatly reduced by the use
of magnetic materials.

In view of the fact that magnetic materials form a major part in the construction of electric
machines, in this chapter properties of magnetic materials are discussed and some methods
for analyzing the magnetic circuits are outlined.

1.1 MAGNETIC CIRCUITS

In electrical machines, the magnetic circuits may be formed by ferromagnetic materials only
(as in transformers) or by ferromagnetic materials in conjunction with an air medium (as in
rotating machines). In most electrical machines, except permanent magnet machines, the
magnetic field (or flux) is produced by passing an electrical current through coils wound on
ferromagnetic materials.

1.1.1 i—H RELATION

We shall first study how the current in a coil is related to the magnetic field intensity (or flux)
it produces. When a conductor carries current, a magnetic field is produced around it, as
shown in Fig. 1.1. The direction of flux lines or magnetic field intensity H can be determined
by what is known as the thumb rule, which states that if the conductor is held with the right

FIGURE 1.1 Magnetic field around a current-carrying conductor.
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Closed path

FIGURE 1.2 Tllustration of Ampere’s circuit law.

hand with the thumb indicating the direction of current in the conductor, then the fingertips
will indicate the direction of magnetic field intensity. The relationship between current and
field intensity can be obtained by using Ampére’s circuit law, which states that the line integral
of the magnetic field intensity H around a closed path is equal to the total current linked by the
contour.

Referring to Fig. 1.2,

fH-dlz Y i=iy +iy—is (1.1)

where H is the magnetic field intensity at a point on the contour and d! is the incremental
length at that point. If 0 is the angle between vectors H and dl, then

]{H-dlcosé)=2i (1.2)

Now, consider a conductor carrying current i as shown in Fig. 1.3. To obtain an expression for
the magnetic field intensity H at a distance » from the conductor, draw a circle of radius . At
each point on this circular contour, H and dl are in the same direction, that is, = 0. Because of
symmetry, H will be the same at all points on this contour. Therefore, from Eq. 1.2,

fH-dzzi

H2mr=1

L (1.2a)

" 2mr

FIGURE 1.3 Determination of magnetic field intensity H due to a current-
carrying conductor.



Magnetic Circuits 3

1.1.2 B—H RELATION

The magnetic field intensity H produces a magnetic flux density B everywhere it exists. These
quantities are functionally related by

B = uH weber/m? or tesla (1.3)
B = jioH Wb/m? or T (1.4)

where 1 is a characteristic of the medium and is called the permeability of the medium
1o is the permeability of free space and is 4710”7 henry/meter
. is the relative permeability of the medium

For free space or electrical conductors (such as aluminum or copper) or insulators, the value
of u,. is unity. However, for ferromagnetic materials such as iron, cobalt, and nickel, the
value of p,. varies from several hundred to several thousand. For materials used in electrical
machines, u, varies in the range of 2000 to 6000. A large value of p,. implies that a small current
can produce a large flux density in the machine.

1.1.3 MAGNETIC EQUIVALENT CIRCUIT

Figure 1.4 shows a simple magnetic circuit having a ring-shaped magnetic core, called a toroid,
and a coil that extends around the entire circumference. When current 7 flows through the coil
of N turns, magnetic flux is mostly confined in the core material. The flux outside the toroid,
called leakage flux, is so small that for all practical purposes it can be neglected.

Consider a path at a radius r. The magnetic intensity on this path is H and, from Ampere’s
circuit law,

fHdl:Ni (1.5)
HI=Ni (1.5a)
H2mr = Ni (1.6)

The quantity Ni is called the magnetomotive force (mmf ) F, and its unit is ampere-turn.

FIGURE 1.4 Toroid magnetic circuit.
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HI=Ni=F (1.7)
H-= %iAt/m (1.8)

From Egs. 1.3 and 1.8 .
po 09

If we assume that all the fluxes are confined in the toroid—that is, there is no magnetic leakage—
the flux crossing the cross section of the toroid is

P = JB dA (1.10)
& =BA Wb (1.11)
where B is the average flux density in the core and A is the area of cross section of the toroid.

The average flux density may correspond to the path at the mean radius of the toroid. If H is the
magnetic intensity for this path, then from Egs. 1.9 and 1.11,

oo PN, Ni

I 7 1A
N (1.12)
R
F
== (1.13)
where
11
A=A P (1.14)

is called the reluctance of the magnetic path, and P is called the permeance of the magnetic path.
Equations 1.12 and 1.13 suggest that the driving force in the magnetic circuit of Fig. 1.4 is the
magnetomotive force F (=Ni), which produces a flux ® against a magnetic reluctance #.
The magnetic circuit of the toroid can therefore be represented by a magnetic equivalent cir-
cuit as shown in Fig. 1.5a. Also note that Eq. 1.13 has the form of Ohm'’s law for an electric

QO F e E

FIGURE 1.5 Analogy between (a) magnetic circuit and
(a) b (b) electric circuit.
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TABLE 1.1 Electrical versus Magnetic Circuits

Electric Circuit Magnetic Circuit
Driving force Emf (E) Mmf (F)
Produces Current (i = E/R) Flux (¢ = F/R)
Limited by Resistance (R =1/0A)? Reluctance (# =1/uA)?

# o, Conductivity; y, permeability.

circuit (i = E/R). The analogous electrical circuit is shown in Fig. 1.55. A magnetic circuit is
often looked upon as analogous to an electric circuit. The analogy is illustrated in Table 1.1.

1.1.4 MAGNETIZATION CURVE

If the magnetic intensity in the core of Fig. 1.4 is increased by increasing current, the flux
density in the core changes in the way shown in Fig. 1.6. The flux density B increases almost
linearly in the region of low values of the magnetic intensity H. However, at higher values of H,
the change of B is nonlinear. The magnetic material shows the effect of saturation. The B—H
curve, shown in Fig. 1.6, is called the magnetization curve. The reluctance of the magnetic path
is dependent on the flux density. It is low when B is low, and high when B is high. The magnetic
circuit differs from the electric circuit in this respect; resistance is normally independent of
current in an electric circuit, whereas reluctance depends on the flux density in the magnetic
circuit.

The B—H characteristics of three different types of magnetic cores—cast iron, cast steel, and
silicon sheet steel—are shown in Fig. 1.7. Note that to establish a certain level of flux density B*
in the various magnetic materials, the values of current required are different.

1.1.5 MAGNETIC CIRCUIT WITH AIR GAP

In electric machines, the rotor is physically isolated from the stator by the air gap. A cross-
sectional view of a dc machine is shown in Fig. 1.8. Practically the same flux is present in the
poles (made of magnetic core) and the air gap. To maintain the same flux density, the air gap
will require much more mmf than the core. If the flux density is high, the core portion of the
magnetic circuit may exhibit a saturation effect. However, the air gap remains unsaturated,
since the B—H curve for the air medium is linear (u is constant).

High %

Saturation

Low R

H FIGURE 1.6 B—H characteristic (magnetization curve).
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14

13 -—-—]~Silicon 1
sheet steel T4~
1.2
1.1 A
Cast steel

1.0

09 /
0.8 /
0.7 /
0.6
0.5
04

Flux density, B (tesla)

Cast iron TN
B* 1

/
[

03 I / >
[

0.2

0.1

0 200 400 600 800 1000
Field intensity, H (At/m) — FIGURE 1.7 Magnetization curves.

A magnetic circuit having two or more media—such as the magnetic core and air gap in
Fig. 1.8—is known as a composite structure. For the purpose of analysis, a magnetic equivalent
circuit can be derived for the composite structure.

Let us consider the simple composite structure of Fig. 1.9a. The driving force in this
magnetic circuit is the mmf, F = Ni, and the core medium and the air gap medium can be
represented by their corresponding reluctances. The equivalent magnetic circuit is shown in
Fig. 1.9b.

] I

Re = 1.1
/’LCAC ( 5)

Ry = Zg (1.16)

o HoAg .

Stator

FIGURE 1.8 Cross section of a rotating machine.



Magnetic Circuits 7

c @
L ﬁ L .
v g e Ni ()
T

__4_UT 7 s
FIGURE 1.9 Composite structure. (a) Magnetic
(a) (b core with air gap. (b) Magnetic equivalent circuit.

Ni

b= —+— 1.17
Re + Ry ( )
Ni=H.. + H,l, (1.18)

where . is the mean length of the core
Iy is the length of the air gap

The flux densities are

P
®
By= % (1.20)

gQ

In the air gap the magnetic flux lines bulge outward somewhat, as shown in Fig. 1.10; this
is known as fringing of the flux. The effect of the fringing is to increase the cross-sectional
area of the air gap. For small air gaps the fringing effect can be neglected. If the fringing
effect is neglected, the cross-sectional areas of the core and the air gap are the same and
therefore

o
Bg:BC:,q_
C

FIGURE 1.10 Fringing flux.
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EXAMPLE 1.1

Figure E1.1 represents the magnetic circuit of a primitive relay. The coil has 500 turns and
the mean core path is /. = 360 mm. When the air gap lengths are 1.5 mm each, a flux density of
0.8 tesla is required to actuate the relay. The core is cast steel.

(a) Find the current in the coil.
(b) Compute the values of permeability and relative permeability of the core.
(¢) Ifthe air gap is zero, find the current in the coil for the same flux density (0.8 T) in the core.

Solution
(a) The air gap is small, so fringing can be neglected. Hence the flux density is the same in
both air gap and core. From the B—H curve of the cast steel core (Fig. 1.7).
For
B.=08T, H.=510At/m
mmf F. =H.J.=510X0.36 =184 At

For the air gap,

ﬂqxle.smo*3

™

B
mmf F, = Hy2l, = #_jﬂg =
=1910 At

Total mmf required:
F=F.+F,=184+1910=2094 At

Current required:

Note that although the air gap is very small compared to the length of the core
(I = 1.5 mm, [, = 360 mm), most of the mmf is used at the air gap.

Core

| Mean path

| S — -

FIGURE E1.1 N =500 turns, I. = 36 cm.
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(b) Permeability of core:
(c) Relative permeability of core:

F=H.J.=510X%X0.36 =184 At

184
i= 25p = 0368 A

Note that if the air gap is not present, a much smaller current is required to establish the
same flux density in the magnetic circuit. M

EXAMPLE 1.2

Consider the magnetic system of Example 1.1. If the coil current is 4 amps when each air gap
length is 1 mm, find the flux density in the air gap.

Solution

In Example 1.1, the flux density was given and so it was easy to find the magnetic intensity and
finally the mmf. In this example, current (or mmf) is given and we have to find the flux density.
The B—H characteristic for the air gap is linear, whereas that of the core is nonlinear. We need
nonlinear magnetic circuit analysis to find out the flux density. Two methods will be discussed.

1. Load line method. For a magnetic circuit with core length /. and air gap length /,,

B
Ni=Hyl, + Hl. = u_g Iy + Hl,
0

Rearranging,

l Ni
By=B.= oy He + ZMO
g g

(1.21)

This is in the form y = mx + ¢, which represents a straight line. This straight line (also called
the load line) can be plotted on the B—H curve of the core. The slope is

m= —uoi—c = —4w10‘7? =-226%x10"*
g

The intersection on the B axis is

. X X =7
. _ Nipy _ 5004 477;10 =1.256 tesla
I, 2x10
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B
1.256 Cast steel
1.08 —

|

|

|

|

|

0 Ni A

— = 5555.6
L FIGURE E1.2

The load line intersects the B—H curve (Fig. E1.2) at B=1.08 tesla.
Another method of constructing the load line is as follows: If all mmf acts on the air gap
(i.e., H. = 0) the air gap flux density is

Bg=1p=1256T

This value of B, is the intersection of the load line on the B axis.
If all mmf acts on the core (i.e., By =0),

This value of H. is the intersection of the load line on the H axis.
Trial-and-error method. The procedure in this method is as follows.
(a) Assume a flux density.

(b) Calculate H. (from the B—H curve) and Hy (=Bg/ ).

(c) Calculate F.(=H.l.), Fy(=H,l;), and F(=F + Fy).

(d) Calculate i =F/N.

(e) If i is different from the given current, assume another judicious value of the flux
density. Continue this trial-and-error method until the calculated value of i is close to
4 amps.

If all mmf acts on the air gap, the flux density is

Ni

P

Obviously, the flux density will be less than this value. The procedure is illustrated in the
following table.

B H. H, F. F, F i
1.1 800 8.7535 x 10° 288 1750.7 2038.7 4.08
1.08 785 8.59435 x 10° 282 1718.87 2000.87 4.0
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EXAMPLE 1.3

In the magnetic circuit of Fig. El.3a, the relative permeability of the ferromagnetic material is
1200. Neglect magnetic leakage and fringing. All dimensions are in centimeters, and the
magnetic material has a square cross-sectional area. Determine the air gap flux, the air gap flux
density, and the magnetic field intensity in the air gap.

Solution

The mean magnetic paths of the fluxes are shown by dashed lines in Fig. El.3a. The equivalent
magnetic circuit is shown in Fig. E1.3b.

Fi1=N1I; =500 X 10 =5000 At
F, =Nyl =500 X 10 = 5000 At
fte = 120015 = 1200 X 47107

Zbafe
:ucAC

Rbate =

3 3X52x1072
1200 X 471077 x4 x 1074

=2.58 X 10° At/Wb

o———— - P -
10a | 1° Tb ¢ :
o + | ] lo)
|
| T
Ny : Ll t N,
500 turns T 20 L0 d . 500 turns
q ] T L b
: ! l
| : qT
| I

(a)

Rpate Rpede

M\

@ ] 2
+ PRoe (core) +
Fy = 5000 At Cb () F, = 5000 At

R

b FIGURE E1.3
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From symmetry
iy){l)’bcde = %bafe

Ly

Rg =
11oAg

3 5%x1073
471077 X2 %x2x 1074

=9.94 X 10% At/Wb

Ly
Rpe(core) = ;(izre)
C

C

B 51.5%x 1072
1200 X 471077 X 4x 1074

=0.82 X 10° At/Wb

The loop equations are

D1 (Rvate + Rpe T Rg) + B2 (Rpe + Ry) = F

D (ARpe + Ryg) + Po(Abede + Rbe + Re) = F
or

®1(13.34 X 10°%) + ®,(10.76 X 10°) = 5000

®1(10.76 X 10°%) + ®,(13.34 X 10°) = 5000
or

®y =0, =2.067 X 10"* Wb
The air gap flux is
Py, =P + P, =4.134 X 10 * Wb

The air gap flux density is
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A 1
VA ¥
. ( %
]
o-
N L
[0 e .
FIGURE 1.11 Inductance of a coil-core assembly.
(a) (b) (a) Coil-core assembly. (b) Equivalent inductance.

1.1.6 INDUCTANCE

A coil wound on a magnetic core, such as that shown in Fig. 1.11a, is frequently used in electric
circuits. This coil may be represented by an ideal circuit element, called inductance, which is
defined as the flux linkage of the coil per ampere of its current.

Flux linkage A = N® (1.22)
A
Inductance L= A (1.23)

From Egs. 1.3, 1.11, 1.14, 1.22, and 1.23,
® NBA NuH.

L=—=—= :
i { i
_ NuHA _ N?
HI/N /A (1.24)
NZ
=% (1.25)

Equation 1.24 defines inductance in terms of physical dimensions, such as cross-sectional area
and length of core, whereas Eq. 1.25 defines inductance in terms of the reluctance of the
magnetic path. Note that inductance varies as the square of the number of turns. The coil-core
assembly of Fig. 1.1a is represented in an electric circuit by an ideal inductance as shown in
Fig. 1.11b.

EXAMPLE 1.4

For the magnetic circuit of Fig. 1.9, N =400 turns.
Mean core length /. = 50 cm.

Air gap length [, = 1.0 mm.

Cross-sectional area A. = A, =15 cm?.

Relative permeability of core p, = 3000.

i=1.0A.
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Find

(a) Flux and flux density in the air gap.
(b) Inductance of the coil.

Solution ,
(a) P Lo _ = 2010 -
HrtoAc 3000 X 471077 X 15X 10
=88.42 X 10° AT/Wb
Iy 1x1073
Ry = = =7 —4
fodg 471077 X 15X 10
=530.515 X 10° At/Wb
Ni
¢= R.+ R,
_ 400 % 1.0
(88.42 4+ 530.515)10°
P 6463 x107*
p= 2 00646310 7 43097
Ag 15x 10
2 2
(b) 1= N 400 .
Re+ Ry (88.42+530.515)10
=258.52%X 103 H
or
A ® 400x%0.6463 x 1073
L = - = — =
i i 1.0
=25852x10°H =
EXAMPLE 1.5

The coil in Fig. 1.4 has 250 turns and is wound on a silicon sheet steel. The inner and outer radii

are 20 and 25 cm, respectively, and the toroidal core has a circular cross section. For a coil
current of 2.5 A, find

(a) The magnetic flux density at the mean radius of the toroid.

(b) The inductance of the coil, assuming that the flux density within the core is uniform and
equal to that at the mean radius.
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Solution
(a) Mean radius is $(25 +20) =22.5 cm

From the B—H curve for silicon sheet steel (Fig. 1.7),

B=1225T

(b) The cross-sectional area is

A = r(radius of core)?

_ 2

=716.25 X 10~* m?
® = BA

=1.225 X 16.25 % 10™*
=24.04 X 107* Wb

A=250x%24.04 x10"*
=0.601 Wb - turn

=240.4 mH

Inductance can also be calculated using Eq. 1.25:
of core = B _1225
s H 4423

I 2722.5X 1072
pA  (1.225/442.3) X 16.25 X 107*

Reore =

=2599.64 X 10* At/Wb
2 2

J;(L: 250 :

R 2599.64 X 10

=0.2404 H

=2404mM ®H

1.2 HYSTERESIS

Consider the coil-core assembly in Fig. 1.12a. Assume that the core is initially unmagnetized. If
the magnetic intensity H is now increased by slowly increasing the current 7, the flux density
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Magnetization
curve

(c)

FIGURE 1.12 Magnetization and hysteresis loop. (a) Core—coil
assembly and exciting circuit. (b) Hysteresis. (¢) Hysteresis loops.

will change according to the curve Oa in Fig. 1.12b. The point a corresponds to a particular
value of the magnetic intensity, say H; (corresponding current is i;).

If the magnetic intensity is now slowly decreased, the B—H curve will follow a different path,
such as abc in Fig. 1.12b. When H is made zero, the core has retained flux density B;, known as
the residual flux density. If H is now reversed (by reversing the current i), the flux in the core
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will decrease, and for a particular value of H, such as —H_ in Fig. 1.12b, the residual flux will be
removed. This value of the magnetic field intensity (—H.) is known as the coercivity or coercive
force of the magnetic core. If H is further increased in the reverse direction, the flux density will
increase in the reverse direction. For current —iy, the flux density will correspond to the pointe.
If H is now decreased to zero and then increased to the value Hy, the B—H curve will follow the
path efga’. The loop does not close. If H is now varied for another cycle, the final operating point
is a”. The operating points @’ and a” are closer together than points a and a’. After a few cycles
of magnetization, the loop almost closes, and it is called the hysteresis loop. The loop shows that
the relationship between B and H is nonlinear and multivalued. Note that at point ¢ the iron is
magnetized, although the current in the coil is made zero. Throughout the whole cycle of
magnetization, the flux density lags behind the magnetic intensity. This lagging phenomenon
in the magnetic core is called hysteresis.

Smaller hysteresis loops are obtained by decreasing the amplitude of variation of the mag-
netic intensity. A family of hysteresis loops is shown in Fig. 1.12¢. The locus of the tip of the
hysteresis loop, shown dashed in Fig. 1.12¢, is called the magnetization curve. If the iron is
magnetized from an initial unmagnetized condition, the flux density will follow the magneti-
zation curve. In some magnetic cores, the hysteresis loop is very narrow. If the hysteresis effect
is neglected for such cores, the B—H characteristic is represented by the magnetization curve.

Deltamax Cores

Special ferromagnetic alloys are sometimes developed for special applications. The hysteresis
loops for these alloys have shapes that are significantly different from those shown in Fig. 1.12.
An alloy consisting of 50% iron and 50% nickel has the B—H loop shown in Fig. 1.13. Cores
made of alloys having this type of almost square B—H loop are known as deltamax cores. A coil
wound on a deltamax core can be used as a switch. Note that when the flux density is less than
the residual flux density (B < B;), the magnetic intensity (and hence the current) is quite low.
As the flux density exceeds the residual flux density (B > B,), the magnetic intensity (hence the
current) increases sharply. This property can be exploited to make a coil wound on a deltamax
core behave as a switch (very low current when the core is unsaturated and very high current
when the core is saturated).

1.2.1 HYSTERESIS LOSS

The hysteresis loops in Fig. 1.12¢ are obtained by slowly varying the current i of the coil (Fig.
1.12a) over a cycle. When i is varied through a cycle, during some interval of time, energy flows
from the source to the coil-core assembly, and during some other interval of time, energy

B
1.2 T1
i
| |
-10 0 10 At/m i
-127 _J
FIGURE 1.13 B—H loop for a deltamax core (50% Fe and
50% Ni).
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returns to the source. However, the energy flowing in is greater than the energy returned.
Therefore, during a cycle of variation of i (hence H), there is a net energy flow from the source
to the coil-core assembly. This energy loss goes to heat the core. The loss of power in the core
due to the hysteresis effect is called hysteresis loss. It will be shown that the size of the hys-
teresis loop is proportional to the hysteresis loss.

Assume that the coil in Fig. 1.12a has no resistance and the flux in the core is ®. The voltage e
across the coil, according to Faraday’s law, is

dd

The energy transfer during an interval of time #; to ¢, is

oty
W= J pdt

41

1>
- j ei dt (1.27)

5]

From Egs. 1.26 and 1.27

w

do .

1)
= J Nid® (1.28)

Dy
Now
Hi
b =BA d i=—
and i N

Thus,

B>
J N ap

W:
B N

B,
=ZAJ HdB
By

= (Veore) JBZ HdB (1.29)

By

where Vo = Al represents the volume of the core. The integral term in Eq. 1.29 represents the
area shown hatched in Fig. 1.14. The energy transfer over one cycle of variation is

Wieyete = Veore 7{ HdB

= Veore X area of the B—H loop
= Veore X Wy, (130)
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FIGURE 1.14 Hysteresis loss.

where Wy, = § H dB is the energy density in the core (= area of the B—H loop). The power loss in
the core due to the hysteresis effect is

Ph = Vcoreth (131)

where f is the frequency of variation of the current i.

It is difficult to evaluate the area of the hysteresis loop, because the B—H characteristic is
nonlinear and multivalued, and no simple mathematical expression can describe the loop.
Charles Steinmetz of the General Electric Company performed a large number of experiments
and found that for magnetic materials used in electric machines an approximate relation is

Area of B—H loop=KBy, .. (1.32)
where B« is the maximum flux density, n varies in the range 1.5 to 2.5, and K is a constant.
Both n and K can be empirically determined. From Egs. 1.31 and 1.32, the hysteresis loss is

Ph :KhB?naxf (133)

where K}, is a constant whose value depends on the ferromagnetic material and the volume of
the core.

1.2.2 EDDY CURRENT LOSS

Another power loss occurs in a magnetic core when the flux density changes rapidly in the core.
The cross section of a core through which the flux density B is rapidly changing is shown in
Fig. 1.15a. Consider a path in this cross section. Voltage will be induced in the path because of
the time variation of flux enclosed by the path. Consequently, a current i., known as an eddy
current, will flow around the path. Because core material has resistance, a power loss i>R will
be caused by the eddy current and will appear as heat in the core.
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FIGURE 1.15 Eddy current in a magnetic core.
(@ () (a) Solid iron core. (b) Laminated core.

The eddy current loss can be reduced in two ways.

1. A high-resistivity core material may be used. Addition of a few percent of silicon (say 4%) to
iron will increase the resistivity significantly.

2. A laminated core may be used. The thin laminations are insulated from each other. The
lamination is made in the plane of the flux. In transformers and electric machines, the parts
that are made of magnetic core and carry time-varying flux are normally laminated. The
laminated core structure is shown in Fig. 1.15b.

The eddy current loss in a magnetic core subjected to a time-varying flux is

P.=K.B>_ f* (1.34)
where K. is a constant whose value depends on the type of material and its lamination
thickness. The lamination thickness varies from 0.5 to 5 mm in electrical machines and from
0.01 to 5 mm in devices used in electronic circuits operating at higher frequencies.

1.2.3 CORE LOSS

The hysteresis loss and the eddy current loss are lumped together as the core loss of the coil-
core assembly:

P.=Py+ P, (135)

If the current in the coil of Fig. 1.12a is varied very slowly, the eddy currents induced in the
core will be negligibly small. The B—H loop for this slowly varying magnetic intensity is called
the hysteresis loop or static loop. If, however, the current through the coil changes rapidly, the
B—H loop becomes broader because of the pronounced effect of eddy currents induced in
the core. This enlarged loop is called a hystero—eddy current loop or dynamic loop. The static and
dynamic loops are shown in Fig. 1.16. The effect of eddy currents on the B—H loop can be
explained as follows.

When the coil current changes rapidly, eddy current flows in the core. The eddy current
produces an mmf, which tends to change the flux. To maintain a given value of flux, the coil
current must be increased by the amount necessary to overcome the effect of eddy current
mmf. Therefore, a point a on the static loop will be replaced by a point a’ on the dynamic loop
that results from a rapidly changing coil current. This makes the dynamic loop broader than
the static loop.
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e Static loop
- = = Dynamic loop

FIGURE 1.16 Static and dynamic loops.

The core loss can be computed from the hysteresis loss and eddy current loss according to
Egs. 1.33, 1.34, and 1.35. It can also be computed from the area of the dynamic B—H loop:

P.= Vcoref dynamic HdB

loop

= (volume of core)(frequency)(area of dynamic loop) (1.36)

Using a wattmeter, core loss can easily be measured. However, it is not easy to know how
much of the loss is due to hysteresis and how much is due to eddy currents. Fortunately, it is
not necessary to know the losses separately. In electrical machines that have a magnetic core
and a time-varying flux, core loss occurs and the loss appears as heat in the core. This loss will
be taken into account while discussing the behavior of electric machines in subsequent
chapters.

1.3 SINUSOIDAL EXCITATION

In ac electric machines as well as many other applications, the voltages and fluxes vary sinu-
soidally with time. Consider the coil-core assembly of Fig. 1.17a. Assume that the core flux ®(¢)
varies sinusoidally with time. Thus,

D (t) = Dpax Sin wit (1.37)
where @, is the amplitude of the core flux

w = 27f is the angular frequency
f is the frequency

From Faraday’s law, the voltage induced in the N-turn coil is
e(t)y=N— (1.38)

= N®,.xw cos wt
= E hax COS wt (1.39)
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FIGURE 1.17 Sinusoidal excitation of a core. (a) Coil-core assembly. (b) Wave-
forms. (¢) Phasor diagram.

Note that if the flux changes sinusoidally (Eq. 1.37), the induced voltage changes cosinusoidally
(Eq. 1.39). The waveforms of e and ® are shown in Fig. 1.17b, and their phasor representation is
shown in Fig. 1.17¢. The root-mean-square (rms) value of the induced voltage is

uy

max

V2
_ Nw®ax
V2

Eims =

This is an important equation and will be referred to frequently in the theory of ac machines.

EXAMPLE 1.6
A 19, 120 V, 60 Hz supply is connected to the coil of Fig. 1.17. The coil has 200 turns. The

parameters of the core are as follows:
Length of core =100 cm
Cross-sectional area of core = 20 cm?
Relative permeability of core = 2500

(a) Obtain an expression for the flux density in the core.
(b) Obtain an expression for the current in the coil.

Solution
(a) From Egq. 1.40,
o 120
M 4,44 200 X 60
=0.002253 Wb
max = 70'00225_3; =1.1265T
20x% 10

B =1.1265 sin 2760t
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(b) _ 1.1265
2500 X 471077

= 358.575At/m
=
max N

_ 358.575X 100 x 1072
200

=1.79328 A
i=1.7928sin 2760t N

EXAMPLE 1.7

A square-wave voltage of amplitude E = 100 V and frequency 60 Hz is applied on a coil wound
on a closed iron core. The coil has 500 turns, and the cross-sectional area of the core is
0.001 m2. Assume that the coil has no resistance.

(a) Find the maximum value of the flux and sketch the waveforms of voltage and flux as a
function of time.

(b) Find the maximum value of E if the maximum flux density is not to exceed 1.2 tesla.

Solution
Refer to Fig. 1.17a.
(a) d®
=N
€ dt
N -d® = edt (1.41)
N-A®=E - At (1.42)

Flux linkage change = volt—time product

In the steady state, the positive volt-time area during the positive half-cycle will change
the flux from negative maximum flux (—®p.) to positive maximum flux (+®pay).
Hence the total change in flux is 2®,,,,x during a half-cycle of voltage. Also from Eq. 1.42, if
E is constant, the flux will vary linearly with time. From Eq. 1.42,

1
= X —
500(2®max) = EX 455
100
— W
1000 x 120 b

Dax =

=0.833x 103> Wb
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e +¢  =0-833x 1073
E=100vy/ mak

* > o A
60

0/ : \/ e

- = -0.833 x 103 120

max —

—

~100 V
FIGURE E1.7
The waveforms of voltage and flux are shown in Fig. E1.7.
(b) Bpax=12T
Pimax = Bmax XA =1.2X0.001 = 1.2 X 107> Wb
1
NQ® ) =E X ——
( ) 120

E=120X500X2%X12x1073
=144y N

1.3.1 EXCITING CURRENT

If the coil of Fig. 1.17a is connected to a sinusoidal voltage source, a current flows in the coil
to establish a sinusoidal flux in the core. This current is called the exciting current, is.
If the B—H characteristic of the ferromagnetic core is nonlinear, the exciting current will be
nonsinusoidal.

No Hysteresis

Let us first consider a B—H characteristic with no hysteresis loop. The B—H curve can be
rescaled (® = BA, i = HI/N) to obtain the ®—i curve for the core, as shown in Fig. 1.18a. From
the sinusoidal flux wave and the ®—i curve, the exciting current waveform is obtained, as
shown in Fig. 1.18a. Note that the exciting current i, is nonsinusoidal, but it is in phase with the
flux wave and is symmetrical with respect to voltage e. The fundamental component is of
the exciting current lags the voltage e by 90°. Therefore no power loss is involved. This was
expected, because the hysteresis loop, which represents power loss, was neglected. The exci-
tation current is therefore a purely lagging current and the exciting winding can be represented
by a pure inductance, as shown in Fig. 1.18b. The phasor diagram for fundamental current and
applied voltage is shown in Fig. 1.18c.

With Hysteresis

We shall now consider the hysteresis loop of the core, as shown in Fig. 1.19a. The waveform of
the exciting current i, is obtained from the sinusoidal flux waveform and the multivalued ®—i
characteristic of the core. The exciting current is nonsinusoidal as well as nonsymmetrical with
respect to the voltage waveform. The exciting current can be split into two components, one (i.)
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(a) (c)
FIGURE 1.18 Exciting current for no hysteresis. (a) ®—i characteristic and exciting
current. (b) Equivalent circuit. (¢) Phasor diagram.

in phase with voltage e accounting for the core loss and the other (i) in phase with ® and
symmetrical with respect to e, accounting for the magnetization of the core. This magnetizing
component i, is the same as the exciting current if the hysteresis loop is neglected. The phasor
diagram is shown in Fig. 1.19b. The exciting coil can therefore be represented by a resistance
R, to represent core loss, and a magnetizing inductance L, to represent the magnetization of
the core, as shown in Fig. 1.19¢. In the phasor diagram only the fundamental component of the
magnetizing current is considered.

(a) ©

FIGURE 1.19 Exciting current with hysteresis loop. (a) ®—i loop and exciting
current. (b) Phasor diagram. (c) Equivalent circuit.
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1.4 PERMANENT MAGNET

A permanent magnet is capable of maintaining a magnetic field without any excitation mmf
provided to it. Permanent magnets are normally alloys of iron, nickel, and cobalt. They are
characterized by a large B—H loop, high retentivity (high value of B,), and high coercive force
(high value H.). These alloys are subjected to heat treatment, resulting in mechanical hardness
of the material. Permanent magnets are often referred to as hard iron, and other magnetic
materials as soft iron.

1.4.1 MAGNETIZATION OF PERMANENT MAGNETS

Consider the magnetic circuit shown in Fig. 1.20a. Assume that the magnet material is initially
unmagnetized. A large mmf is applied, and on its removal the flux density will remain at the
residual value B, on the magnetization curve, point a in Fig. 1.20b. If a reversed magnetic field
intensity of magnitude H; is now applied to the hard iron, the operating point moves to point b.
If H, is removed and reapplied, the B—H locus follows a minor loop as shown in Fig. 1.20b. The
minor loop is narrow and for all practical purposes can be represented by the straight line bc,
known as the recoil line. This line is almost parallel to the tangent xay to the demagnetizing
curve at point a. The slope of the recoil line is called the recoil permeability ... For alnico
magnets it is in the range of 3—5y,,, whereas for ferrite magnets it may be as low as 1.2,

As long as the reversed magnetic field intensity does not exceed Hi, the magnet may be
considered reasonably permanent. If a negative magnetic field intensity greater than H; is
applied, such as H;, the flux density of the permanent magnet will decrease to the value B;.
If H, is removed, the operation will move along a new recoil line de.

1.4.2 APPROXIMATE DESIGN OF PERMANENT MAGNETS

Let the permanent magnet in Fig. 1.20a be magnetized to the residual flux density denoted by
point a in Fig. 1.205. If the small soft iron keeper is removed, the air gap will become the active
region for most applications as shown in Fig. 1.21a.

Soft iron keeper B
Soft iron B,
7 a
Hard
%/_ iron
1w l
o
(a) (b)

FIGURE 1.20 Permanent magnet system and its B—H locus.
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(a)

(b)

FIGURE 1.21 Permanent magnet with keeper removed and its B—H locus.

In order to determine the resultant flux density in the magnet and in the air gap, let us make

the following assumptions:

1. There is no leakage or fringing flux.
2. No mmf is required for the soft iron.

From Ampeére’s circuit law,

Hlm + Hgly, =0

For continuity of flux,

Also
By = pigHg
From Egs. 1.43, 1.45, and 1.46,
A, 1
Bm = -£ EHWZ
iu’OAm Zg

(1.43)

(1.44)

(1.45)

(1.46)

(1.47)

Equation 1.47 represents a straight line through the origin, called the shear line (Fig. 1.21b).
The intersection of the shear line with the demagnetization curve at point b determines the
operating values of B and H of the hard iron material with the keeper removed. If the keeper is
now reinserted, the operating point moves up the recoil line bc. This analysis indicates that the
operating point of a permanent magnet with an air gap is determined by the demagnetizing

portion of the B—H loop and the dimensions of the magnet and air gap.



28 chapter 1 Magnetic Circuits

B (tesla)

H—1.2

1.0
09
08
0.7
0.6
0.5
04
03
0.2
0.1

| Y
-50 -40 -30 -20 -10 O
kA/m FIGURE 1.22 Demagnetization curve for alnico 5.
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From Egs. 1.43, 1.45, and 1.46, the volume of the permanent magnet material is
Vm = Amlm

_ Bede Hel,
Bn  Hn

2
BV s
toBmHm
where V, = A,l, is the volume of the air gap.
Thus, to establish a flux density B, in the air gap of volume V,, a minimum volume of the
hard iron is required if the final operating point is located such that the B,,Hy, product is a
maximum. This quantity B,Hy, is known as the energy product of the hard iron.

1.4.3 PERMANENT MAGNET MATERIALS

A family of alloys called alnico (aluminum-nickel-cobalt) has been used for permanent mag-
nets since the 1930s. Alnico has a high residual flux density, as shown in Fig. 1.22.

Ferrite permanent magnet materials have been used since the 1950s. These have lower
residual flux density but very high coercive force. Figure 1.23 shows the demagnetization curve
for ferrite D, which is a strontium ferrite.

Since 1960 a new class of permanent magnets known as rare-earth permanent magnets has
been developed. The rare-earth permanent magnet materials combine the relatively high
residual flux density of alnico-type materials with greater coercivity than the ferrites. These
materials are compounds of iron, nickel, and cobalt with one or more of the rare-earth ele-
ments. A commonly used combination is samarium-cobalt. The demagnetization curve for this
material is shown in Fig. 1.24. Another rare-earth magnet material that has come into use
recently is neodymium-iron-boron. The demagnetization curve for this alloy is also shown in
Fig. 1.24. The residual flux density and coercivity are both greater than those for samarium-
cobalt. It is expected that this neodymium-iron-boron will be used extensively in permanent
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magnet applications. Different types of magnetic materials can be used to achieve performance
and cost trade-offs. Ferrite PM materials are used for lowest cost. However, they result in lower
power density due to lower energy density of the ferrite materials. Ferrite materials also have
positive temperature coefficient of B,.. Samarium cobalt (SmCo) magnets are used for higher
energy density, higher temperature operation, and stable performance over a wide range of
operating temperatures, due to their low temperature coefficient of B, and corrosion resis-
tance. However, SmCo is the most expensive material and is primarily used in aerospace and
defense applications where high temperature operation without performance degradation is
very critical. The most widely used PM material is the neodynum-iron-boron (NdFeB) type,
which has the highest energy density, and is most cost-effective due to overall reduction of
copper and steel needed for a given torque rating of the motor. The main drawback of NdFeB
magnets is the negative temperature coefficient of B, and the need for corrosion protection.
Nickel coating is used on NdFeB magnets to prevent corrosion. For further discussion of the
use of permanent magnets in machines see Sections 4.6, 4.7, and 6.13.
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kA/m cobalt magnet and neodymium-iron-boron magnet.
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EXAMPLE 1.8

The permanent magnet in Fig. 1.21 is made of alnico 5, whose demagnetization curve is given
in Fig. 1.22. A flux density of 0.8 T is to be established in the air gap when the keeper is removed.
The air gap has the dimensions Ay =2.5 cm? and [, = 0.4 cm. The operating point on the
demagnetization curve corresponds to the point at which the product Hy,B,, is maximum, and
this operating point is B, =0.95 T, Hy,, = —42 kA/m.

Determine the dimensions ([, and A;,) of the permanent magnet.

Solution
From Egs. 1.43 and 1.46,
1. = ZLH _ LB
m Hp, £ Hn g
~04Xx1072x0.8
42X 10% x 47 x 1077
=0.0606 m = 6.06 cm
From Eq. 1.45,
_ BeAg
Am = B..
_08x25x107*
0.95
=2.105cm* W
PROBLEMS

1.1 The long solenoid coil shown in Fig. P1.1 has 250 turns. As its length is much greater than its
diameter, the field inside the coil may be considered uniform. Neglect the field outside.

(a) Determine the field intensity (H) and flux density (B) inside the solenoid (i = 100 A).

(b) Determine the inductance of the solenoid coil.

05m

n1
[ WL TS cm
i
FIGURE P1.1
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Problems 31

In the magnetic system of Fig. P1.2 two sides are thicker than the other two sides. The depth of the
core is 10 cm, the relative permeability of the core p, = 2000, the number of turns N = 300, and the
current flowing through the coil isi =1 A.

(a) Determine the flux in the core.

(b) Determine the flux densities in the parts of the core.

—>115cm|<—25cm—>|15<:mr<—w

10 cm

o—s T

N ( 25¢cm
q

— |

10 cm
) FIGURE P1.2

For the magnetic system of Problem 1.2, find the current i in the coil to produce a flux ® = 0.012 Wb.
Two coils are wound on a toroidal core as shown in Fig. P1.4. The core is made of silicon sheet
steel and has a square cross section. The coil currents are iy =0.28 A and i, = 0.56 A.

(a) Determine the flux density at the mean radius of the core.

(b) Assuming constant flux density (same as at the mean radius) over the cross section of the
core, determine the flux in the core.

(c) Determine the relative permeability, p,, of the core.

FIGURE P1.4

The magnetic circuit of Fig. P1.5 provides flux in the two air gaps. The coils (N; = 700, N, = 200)
are connected in series and carry a current of 0.5 ampere. Neglect leakage flux, reluctance of the
iron (i.e., infinite permeability), and fringing at the air gaps. Determine the flux and flux density in
the air gaps.
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1.6  Atwo-pole generator, as shown in Fig. P1.6, has a magnetic circuit with the following dimensions:
Each pole (cast steel):

magnetic length = 10 cm

cross section = 400 cm?
Each air gap:

length=0.1 cm

cross section = 400 cm?
Armature (Si-steel):

average length = 20 cm

average cross section =400 cm?
Yoke (cast steel):

mean circumference = 160 cm

average cross section =200 cm?

Field
coils

Pole

Yoke

FIGURE P1.6
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1.8

Problems 33

Half the exciting ampere-turns are placed on each of the two poles.

(a) Draw the magnetic equivalent circuit.

(b) How many ampere-turns per pole are required to produce a flux density of 1.1 tesla in the
magnetic circuit. (Use the magnetization curves for the respective materials.)

(c) Calculate the armature flux.
A two-pole synchronous machine, as shown in Fig. P1.7, has the following dimensions:

Each air gap length, [, =2.5 mm

Cross-sectional area of pole face, A, =500 cm?

N =500 turns
I=5A
. = infinity

(a) Draw the magnetic equivalent circuit.

(b) Find the flux density in the air gap.

Pole-face, Ag

Airgap, lg

FIGURE P1.7

The electromagnet shown in Fig. P1.8 can be used to lift a length of steel strip. The coil has 500
turns and can carry a current of 20 amps without overheating. The magnetic material has neg-
ligible reluctance at flux densities up to 1.4 tesla. Determine the maximum air gap for which a flux

10 — 10 |—20—>t=—20—f=—20—{ 10 |=—

[og

loIi } FIGURE P1.8
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density of 1.4 tesla can be established with a coil current of 20 amps. Neglect magnetic leakage and
fringing of flux at the air gap.
1.9 The toroidal (circular cross section) core shown in Fig. P1.9 is made from cast steel.

(a) Calculate the coil current required to produce a core flux density of 1.2 tesla at the mean
radius of the toroid.

(b) What is the core flux, in webers? Assume uniform flux density in the core.

(¢) If a 2-mm-wide air gap is made in the toroid (across A—A’), determine the new coil current
required to maintain a core flux density of 1.2 tesla.

FIGURE P1.9

1.10 In the toroidal core coil system of Fig. P1.9, the coil current is 2.0 A and the relative permeability
of the core is 2000. The core has a square cross section.

(a) Determine the maximum and minimum values of the flux density in the core.
(b) Determine the magnetic flux in the core.
(c) Determine the flux density at the mean radius of the toroid, and compare it with the average
flux density across the core.
1.11 The magnetic circuit of Fig. P1.11 has a core of relative permeability . = 2000. The depth of the
core is 5 cm. The coil has 400 turns and carries a current of 1.5 A.
(a) Draw the magnetic equivalent circuit.
(b) Find the flux and the flux density in the core.

(c) Determine the inductance of the coil.

19 om0 e

————————— 10 cm
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T FIGURE P1.11
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1.13

Problems 35

Repeat Problem 1.11 for a 1.0-cm-wide air gap in the core. Assume a 10% increase in the effective
cross-sectional area of the air gap due to fringing in the air gap.

The magnetic circuit of Fig. 1.9 has the following parameters:
N =100 turns
Ac=Ag=5 cm?

Hcore = Infinity

Determine the air gap length, [,, to provide a coil inductance of 10 mH.

An inductor is made of two coils, A and B, having 350 and 150 turns, respectively. The coils are
wound on a cast steel core and in directions as shown in Fig. P1.14. The two coils are connected in
series to a dc voltage.

(a) Determine the two possible values of current required in the coils to establish a flux density
of 0.5 T in the air gap.

(b) Determine the self-inductances Ly and Ly of the two coils. Neglect magnetic leakage and
fringing.

(c) If coil B is now disconnected and the current in coil A is adjusted to 2.0 A, determine the
mean flux density in the air gap.

2
—d 2 6 2 f=e
” !
0.15
6
A D ¥
‘/-Depth =2cm

2
Vol
All dimensions in centimeters,

Ny =350, Ng =150 FIGURE P1.14

The magnetic circuit for a saturable reactor is shown in Fig. P1.15. The B—H curve for the core
material can be approximated as two straight lines as in Fig. P1.15.

(a) IfI; =2.0 A, calculate the value of I, required to produce a flux density of 0.6 T in the vertical
limbs.

(b) IfI; =0.5A and I, =1.96 A, calculate the total flux in the core.
Neglect magnetic leakage.

(Hint: Trial-and-error method.)
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FIGURE P1.15

1.16 A toroidal core has a rectangular cross section as shown in Fig. P1.16a. It is wound with a coil
having 100 turns. The B—H characteristic of the core may be represented by the linearized
magnetization curve of Fig. P1.16b.

(a) Determine the inductance of the coil if the flux density in any part of the core is below
1.0 Wb/m?.

(b) Determine the maximum value of the current for the condition of part (a).

(c) Determine the minimum value of the current for which the complete core has a flux density
of 1.0 Wb/m? or greater.

B

3cm

= 12|

10—
%,

8cm 12cm L | > K
100 400
At/m
.
(a) (b)

FIGURE P1.16

1.17 A coil wound on a magnetic core is excited by the following voltage sources.
(a) 100V, 50 Hz.
(b) 110V, 60 Hz.

Compare the hysteresis losses and eddy current losses with these two different sources. For
hysteresis loss, consider n = 2.
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1.18 A toroidal core of mean length 15 cm and cross-sectional area 10 cm? has a uniformly distributed
winding of 300 turns. The B—H characteristic of the core can be assumed to be of rectangular
form, as shown in Fig. P1.18. The coil is connected to a 100 V, 400 Hz supply. Determine the
hysteresis loss in the core.

1.27

-10 10
At/m

=12 T

FIGURE P1.18

1.19 The core in Fig. 1.17 has the following dimensions: cross-sectional area A.=5 cm?, mean
magnetic path length /. = 25 cm. The core material is silicon sheet steel. If the coil has 500 turns
and negligible resistance, determine the rms value of the 60 Hz voltage applied to the coil that will
produce a peak flux density of 1.2 T.

1.20 Figure P1.20 shows a two-winding transformer with a laminated core. The winding with Ny = 200
turns is connected to a voltage to produce a flux density in the core B = 1.2 sin 377¢. The second
winding, with N, =400 turns, is left open-circuited. The stacking factor of the core is 0.95—i.e.,
the core occupies 95% of the gross core volume. The gross cross-sectional area of the core is
25 cm?, and p, for the core is 10,000. The core length /. =90 cm.

(a) Determine the rms value of the applied voltage E.
(b) Determine the current in the winding.

(c) Determine the rms voltage E, induced in the second winding.

FIGURE P1.20

1.21 The flux in the core of the magnetic system of Fig. 1.17 varies with time as shown in Fig. P1.21.
The coil has 400 turns. Sketch the waveform of the induced voltage, e, in the coil.
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1.22 A six-step voltage of frequency 60 Hz, as shown in Fig. P1.22, is applied on a coil wound on a
magnetic core. The coil has 500 turns. Find the maximum value of the flux and sketch the
waveforms of voltage and flux as a function of time.
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45V I I 45V fee I |
[ | I [ l
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360 180 _g5v]  [-asv

-90V
FIGURE P1.22

1.23 In the circuit of Fig. P1.234, a resistanceless toroidal winding of 1000 turns is wound on a fer-
romagnetic toroid of cross-sectional area 2 cm?. The core is characterized by the ideal B—H

B
15T
—> H
-15T7
(a) b)
Yi
+ 108 V + 108 V
0 sec
1 1
120 60
-108 Vv

(c) FIGURE P1.23
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relation shown in Fig. P1.23b. This circuit is excited by a 60 Hz square wave of input voltage (v;) of
amplitude 108 volts, as shown in Fig. P1.23c. Determine the switching instant and sketch the
waveforms of the voltages vy, and v,,.

Suppose that the soft iron keeper in the permanent magnet of Example 1.8 is reinserted. Deter-
mine the flux density in the magnet if the recoil permeability (y1,..) of the magnetic material is 4/,.

Repeat Example 1.8 if the permanent magnet material is samarium—cobalt. The demagnetization
curve is given in Fig. 1.24.

(a) Determine the point of maximum energy product and the corresponding values of By, and
Hy,.

(b) Determine the dimensions (I, and A,,) of the permanent magnet.

(c) Determine the reduction of the magnetic volume required to produce the same flux density in

the air gap.

Repeat Problem 1.25 if the permanent magnet material is neodymium-iron-boron, whose demag-
netization curve is given in Fig. 1.24.



chapter two

TRANSFORMERS

A transformer is a static machine. Although it is not an energy conversion device, it is indis-
pensable in many energy conversion systems. It is a simple device, having two or more electric
circuits coupled by a common magnetic circuit. Analysis of transformers involves many
principles that are basic to the understanding of electric machines. Transformers are so widely
used as electrical apparatus that they are treated along with other electric machines in most
books on electric machines.

A transformer essentially consists of two or more windings coupled by a mutual magnetic
field. Ferromagnetic cores are used to provide tight magnetic coupling and high flux densities.
Such transformers are known as iron core transformers. They are invariably used in high-power
applications. Air core transformers have poor magnetic coupling and are sometimes used in low-
power electronic circuits. In this chapter we primarily discuss iron core transformers.

Two types of core constructions are normally used, as shown in Fig. 2.1. In the core type
(Fig. 2.1a), the windings are wound around two legs of a magnetic core of rectangular shape.
In the shell type (Fig. 2.1b), the windings are wound around the center leg of a three-legged
magnetic core. To reduce core losses, the magnetic core is formed of a stack of thin lamina-
tions. Silicon-steel laminations of 0.014-inch thickness are commonly used for transformers
operating at frequencies below a few hundred cycles. L-shaped laminations are used for core-
type construction and E-shaped laminations are used for shell-type construction. To avoid a
continuous air gap (which would require a large exciting current), laminations are stacked
alternately, as shown in Figs. 2.1c and 2.1d.

For small transformers used in communication circuits at high frequencies (kilocycles to
megacycles) and low power levels, compressed powdered ferromagnetic alloys, known as
permalloy, are used.

A schematic representation of a two-winding transformer is shown in Fig. 2.2. The two
vertical bars are used to signify tight magnetic coupling between the windings. One winding
is connected to an ac supply and is referred to as the primary winding. The other winding is
connected to an electrical load and is referred to as the secondary winding. The winding with
the higher number of turns will have a high voltage and is called the high-voltage (HV) or high-
tension (HT) winding. The winding with the lower number of turns is called the low-voltage
(LV) or low-tension (LT) winding. To achieve tighter magnetic coupling between the windings,
they may be formed of coils placed one on top of another (Fig. 2.1a) or side by side (Fig. 2.1b)
in a “pancake” coil formation where primary and secondary coils are interleaved. Where the
coils are placed one on top of another, the low-voltage winding is placed nearer the core and
the high-voltage winding on top.

Transformers have widespread use. Their primary function is to change voltage level. Elec-
trical power is generated in a power house at about 30, 000 volts. However, in domestic houses,
electric power is used at 110 or 220 volts. Electric power is transmitted from a power plant to a
load center at 200,000 to 500,000 volts. Transformers are used to step up and step down voltage
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FIGURE 2.1 Transformer core construction. (a) Core-type, (b) Shell-type,
(¢) L-shaped lamination, (d) E-shaped lamination.

o 0 FIGURE 2.2 Schematic representation of a two-winding transformer.
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at various stages of power transmission, as shown in Fig. 2.3. A large power transformer used to
step up generator voltage from 24 to 345 kV is shown in Fig. 2.4. A distribution transformer used

in a public utility system to step down voltage from 4.6 kV to 120 V is shown in Fig. 2.5.

Transformers are widely used in low-power electronic or control circuits to isolate one
circuit from another circuit or to match the impedance of a source with its load for maximum
power transfer. Transformers are also used to measure voltages and currents; these are known

as instrument transformers.

/,/ Transformers ﬁ

AC E ; E g 3 E g g
generator 500 kV 44 K 4.6 kv 120 V
30 kv
>l |

e
™ Generation P fransmission | Distribution I sion using transformers.

| FIGURE 2.3 Power transmis-
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FIGURE 2.4 Power transformer, 24
to 345 kV.

Courtesy of Westinghouse Electric Corporation

FIGURE 2.5 Distribution
transformer.

Courtesy of Westinghouse Electric Corporation

2.1 IDEAL TRANSFORMER

Consider a transformer with two windings, a primary winding of N; turns and a secondary
winding of N, turns, as shown schematically in Fig. 2.6. In a schematic diagram it is a common
practice to show the two windings in the two legs of the core, although in an actual transformer
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FIGURE 2.6 Ideal transformer.

the windings are interleaved. Let us consider an ideal transformer that has the following
properties:

1. The winding resistances are negligible.

2. All fluxes are confined to the core and link both windings; that is, no leakage fluxes are
present. Core losses are assumed to be negligible.

3. Permeability of the core is infinite (i.e., © — o). Therefore, the exciting current required to
establish flux in the core is negligible; that is, the net mmf required to establish a flux in the
core is zero.

When the primary winding is connected to a time-varying voltage v, a time-varying flux ® is
established in the core. A voltage e; will be induced in the winding and will equal the applied
voltage if resistance of the winding is neglected:

do
V1261=N1E (21)

The core flux also links the secondary winding and induces a voltage e;, which is the same as
the terminal voltage v;:

dd
V2 =e =N2$ (2.2)
From Egs. 2.1 and 2.2,
1 N]
_— = — = 2.
N, @ (2.3)

where a is the turns ratio.

Equation 2.3 indicates that the voltages in the windings of an ideal transformer are directly
proportional to the turns of the windings.

Let us now connect a load (by closing the switch in Fig. 2.6) to the secondary winding. A
current i, will flow in the secondary winding, and the secondary winding will provide an mmf
N»i, for the core. This will immediately make a primary winding current i; flow so that a
counter-mmf N;i; can oppose N»i,. Otherwise N»i> would make the core flux change drastically
and the balance between v; and e; would be disturbed. Note in Fig. 2.6 that the current
directions are shown such that their mmfs oppose each other. Because the net mmf required to
establish a flux in the ideal core is zero,
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Niiy — Nyi; =net mmf =0 (2.4)
N]i] :Nziz (25)

N 1
b2 (2.6)

The currents in the windings are inversely proportional to the turns of the windings. Also note
that if more current is drawn by the load, more current will flow from the supply. It is this mmf-
balancing requirement (Eq. 2.5) that makes the primary know of the presence of current in the
secondary.

From Egs. 2.3 and 2.6,

V1i1 =V2i2 (2'7)

That is, the instantaneous power input to the transformer equals the instantaneous power
output from the transformer. This is expected, because all power losses are neglected in an
ideal transformer. Note that although there is no physical connection between load and supply,
as soon as power is consumed by the load, the same power is drawn from the supply. The
transformer, therefore, provides a physical isolation between load and supply while main-
taining electrical continuity.

If the supply voltage v is sinusoidal, then Egs. 2.3, 2.6, and 2.7 can be written in terms of
rms values:

Vi _ N
_— — = 2.
v, N, © (2.8)
I N 1
LN a (2.9)
V111 = Vzlz (210)
input koutput

volt-amperes volt-amperes

2.1.1 IMPEDANCE TRANSFER

Consider the case of a sinusoidal applied voltage and a secondary impedance Z,, as shown
in Fig. 2.7a.

The input impedance is

= a7, (2.11)
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0 — S—>0
—

o—-—_
Ny:N, FIGURE 2.7 Impedance transfer
(@) (b) across an ideal transformer.
SO
Zy=a*Z, =7, (2.12)

An impedance Z, connected in the secondary will appear as an impedance Z,, looking from
the primary. The circuit in Fig. 2.7a is therefore equivalent to the circuit in Fig. 2.7b. Imped-
ance can be transferred from secondary to primary if its value is multiplied by the square of the
turns ratio. An impedance from the primary side can also be transferred to the secondary side,
and in that case its value has to be divided by the square of the turns ratio:

Zy= 7 (2.13)

This impedance transfer is very useful because it eliminates a coupled circuit in an electrical
circuit and thereby simplifies the circuit.

EXAMPLE 2.1

A speaker of 9 Q, resistive impedance is connected to a supply of 10 V with internal resistive
impedance of 1 Q, as shown in Fig. E2.1a.

(a) Determine the power absorbed by the speaker.

(b) To maximize the power transfer to the speaker, a transformer of 1 : 3 turns ratio is used
between source and speaker as shown in Fig. E2.1b. Determine the power taken by the
speaker.

Solution
(a) From Fig. E2.1a,

(b) If the resistance of the speaker is referred to the primary side, its resistance is
2 12
R, =d’R, = (3) X9=10

The equivalent circuit is shown in Fig. E2.1c.
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I
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1
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§R2’=19

(Speaker impedance

16V referred to primary side)

(c)
FIGURE E2.1

2.1.2 POLARITY

Windings on transformers or other electrical machines are marked to indicate terminals of like
polarity. Consider the two windings shown in Fig. 2.8a. Terminals 1 and 3 are identical, because
currents entering these terminals produce fluxes in the same direction in the core that forms the
common magnetic path. For the same reason, terminals 2 and 4 are identical. If these two
windings are linked by a common time-varying flux, voltages will be induced in these windings
such thatif at a particular instant the potential of terminal 1 is positive with respect to terminal 2,
then at the same instant the potential of terminal 3 will be positive with respect to terminal 4. In
other words, induced voltages e, and e34 are in phase. Identical terminals such as 1 and 3 or 2
and 4 are sometimes marked by dots or *+ as shown in Fig. 2.8b. These are called the polarity
markings of the windings. They indicate how the windings are wound on the core.

If the windings can be visually seen in a machine, the polarities can be determined. However,
usually only the terminals of the windings are brought outside the machine. Nevertheless, it is
possible to determine the polarities of the windings experimentally. A simple method is illus-
trated in Fig. 2.8¢, in which terminals 2 and 4 are connected together and winding 1-2 is
connected to an ac supply.

The voltages across 1-2, 3-4, and 1-3 are measured by a voltmeter. Let these voltage readings
be called V15,V34, and Vi3, respectively. If a voltmeter reading Vi3 is the sum of voltmeter
readings Vi, and V34 (i.e., Vi3 =~ Vi3 + V34), it means that at any instant when the potential of
terminal 1 is positive with respect to terminal 2, the potential of terminal 4 is positive with
respect to terminal 3. The induced voltages e, and e43 are in phase, as shown in Fig. 2.8c,
making ej; =eq; +e43. Consequently, terminals 1 and 4 are identical (or same polarity)
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FIGURE 2.8 Polarity determination.
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terminals. If the voltmeter reading V3 is the difference between voltmeter readings Vi, and Vi4
(i.e., Vi3 = V15 — V34), then 1 and 3 are terminals of the same polarity.

Polarities of windings must be known if transformers are connected in parallel to share a
common load. Figure 2.9a shows the parallel connection of two single-phase (1¢) transformers.
This is the correct connection because secondary voltages e;; and ey, oppose each other
internally. The connection shown in Fig. 2.9b is wrong, because e;; and ey, aid each

+ + +
O- O O O
° ° ® o —
14 1¢
supply 21 Load supply €21 P Load
cir
o — - o o - -1 o
+ +
[ ) e [ ) ®
€ €22
(a) (b)

FIGURE 2.9 Parallel operation of single-phase transformers. (a) Correct
connection. (b) Wrong connection.
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other internally and a large circulating current i, will flow in the windings and may damage
the transformers. For three-phase connection of transformers (see Section 2.6), the winding
polarities must also be known.

2.2 PRACTICAL TRANSFORMER

In Section 2.1, the properties of an ideal transformer were discussed. Certain assumptions were
made that are not valid in a practical transformer. For example, in a practical transformer the
windings have resistances, not all windings link the same flux, permeability of the core material
is not infinite, and core losses occur when the core material is subjected to time-varying flux. In
the analysis of a practical transformer, all these imperfections must be considered.

Two methods of analysis can be used to account for the departures from the ideal transformer:

1. An equivalent circuit model based on physical reasoning.

2. A mathematical model based on the classical theory of magnetically coupled circuits.

Both methods will provide the same performance characteristics for the practical trans-
former. However, the equivalent circuit approach provides a better appreciation and under-
standing of the physical phenomena involved, and this technique will be presented here.

A practical winding has a resistance, and this resistance can be shown as a lumped quantity
in series with the winding (Fig. 2.10a). When currents flow through windings in the trans-
former, they establish a resultant mutual (or common) flux @, that is confined essentially to

(a)

N;:N,

Tightly coupled transformer FIGURE 2.10 Development of the
® transformer equivalent circuits.
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FIGURE 2.10 (Continued)

the magnetic core. However, a small amount of flux known as leakage flux, ®; (shown in
Fig. 2.10a), links only one winding and does not link the other winding. The leakage path is
primarily in air, and therefore the leakage flux varies linearly with current. The effects of
leakage flux can be accounted for by an inductance, called leakage inductance:

Ni®
Ly= 1 i leakage inductance of winding 1

1

N,®
Lp= 22 = leakage inductance of winding 2

%)
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If the effects of winding resistance and leakage flux are respectively accounted for by
resistance R and leakage reactance X;(=2nfL;), as shown in Fig. 2.10b, the transformer
windings are tightly coupled by a mutual flux.

In a practical magnetic core having finite permeability, a magnetizing current Iy, is required
to establish a flux in the core. This effect can be represented by a magnetizing inductance Ly,.
Also, the core loss in the magnetic material can be represented by a resistance R.. If these
imperfections are also accounted for, then what we are left with is an ideal transformer, as
shown in Fig. 2.10c. A practical transformer is therefore equivalent to an ideal transformer plus
external impedances that represent imperfections of an actual transformer.

2.2.1 REFERRED EQUIVALENT CIRCUITS

The ideal transformer in Fig. 2.10c can be moved to the right or left by referring all quantities to
the primary or secondary side, respectively. This is almost invariably done. The equivalent
circuit with the ideal transformer moved to the right is shown in Fig. 2.10d. For convenience,
the ideal transformer is usually not shown and the equivalent circuit is drawn, as shown in
Fig. 2.10e, with all quantities (voltages, currents, and impedances) referred to one side. The
referred quantities are indicated with primes. By analyzing this equivalent circuit the referred
quantities can be evaluated, and the actual quantities can be determined from them if the turns
ratio is known.

Approximate Equivalent Circuits

The voltage drops I1R; and [1X;; (Fig. 2.10e) are normally small and |E;| ~ |V4]. If this is true,
then the shunt branch (composed of R.; and Xy,1) can be moved to the supply terminal, as
shown in Fig. 2.11a. This approximate equivalent circuit simplifies computation of currents,
because both the exciting branch impedance and the load branch impedance are directly
connected across the supply voltage. Besides, the winding resistances and leakage reactances
can be lumped together. This equivalent circuit (Fig. 2.11a) is frequently used to determine the
performance characteristics of a practical transformer.

In a transformer, the exciting current I, is a small percentage of the rated current of the
transformer (less than 5%). A further approximation of the equivalent circuit can be made by
removing the excitation branch, as shown in Fig. 2.11b. The equivalent circuit referred to side 2
is also shown in Fig. 2.11c.

2.2.2 DETERMINATION OF EQUIVALENT CIRCUIT PARAMETERS

The equivalent circuit model (Fig. 2.10e) for the actual transformer can be used to predict the
behavior of the transformer. The parameters Ry, Xj1, Ry, Xm1, R2, Xjp, and a (= N1 /N;) must be
known so that the equivalent circuit model can be used.

If the complete design data of a transformer are available, these parameters can be calculated
from the dimensions and properties of the materials used. For example, the winding resis-
tances (R, R;) can be calculated from the resistivity of copper wires, the total length, and the
cross-sectional area of the winding. The magnetizing inductances L, can be calculated from
the number of turns of the winding and the reluctance of the magnetic path. The calculation of
the leakage inductance (L;) will involve accounting for partial flux linkages and is therefore
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4 FIGURE 2.11 Approximate
' equivalent circuits.

complicated. However, formulas are available from which a reliable determination of these
quantities can be made.

These parameters can be directly and more easily determined by performing tests that
involve little power consumption. Two tests, a no-load test (or open-circuit test) and a short-
circuit test, will provide information for determining the parameters of the equivalent circuit of
a transformer, as will be illustrated by an example.

Transformer Rating

The kilovolt-ampere (kVA) rating and voltage ratings of a transformer are marked on its
nameplate. For example, a typical transformer may carry the following information on the
nameplate: 10 kVA, 1100/110 volts. What are the meanings of these ratings? The voltage ratings
indicate that the transformer has two windings, one rated for 1100 volts and the other for
110 volts. These voltages are proportional to their respective numbers of turns, and therefore the
voltage ratio also represents the turns ratio (a = 1100/110 = 10). The 10 kVA rating means that
each winding is designed for 10 kVA. Therefore, the current rating for the high-voltage winding is
10,000/1100 = 9.09 A and for the lower-voltage winding is 10,000/110 = 90.9 A. It may be noted
that when the rated current of 90.9 A flows through the low-voltage winding, the rated current of
9.09 A will flow through the high-voltage winding. In an actual case, however, the winding that is
connected to the supply (called the primary winding) will carry an additional component of
current (excitation current), which is very small compared to the rated current of the winding.
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FIGURE 2.12 No-load (or open-circuit) test. (a) Wiring diagram for open-circuit
test. (b) Equivalent circuit under open circuit.

=<

(a

No-Load Test (or Open-Circuit Test)
This test is performed by applying a voltage to either the high-voltage side or low-voltage side,
whichever is convenient. Thus, if a 1100/110 volts transformer were to be tested, the voltage
would be applied to the low-voltage winding, because a power supply of 110 volts is more
readily available than a supply of 1100 volts.

A wiring diagram for open-circuit test of a transformer is shown in Fig. 2.12a. Note that the
secondary winding is kept open. Therefore, from the transformer equivalent circuit of
Fig. 2.11a the equivalent circuit under open-circuit conditions is as shown in Fig. 2.12b. The
primary current is the exciting current and the losses measured by the wattmeter are essen-
tially the core losses. The equivalent circuit of Fig. 2.12b shows that the parameters R, and X,
can be determined from the voltmeter, ammeter, and wattmeter readings.

Note that the core losses will be the same whether 110 volts are applied to the low-voltage
winding having the smaller number of turns or 1100 volts are applied to the high-voltage
winding having the larger number of turns. The core loss depends on the maximum value of
flux in the core, which is the same in either case, as indicated by Eq. 1.40.

Short-Circuit Test

This test is performed by short-circuiting one winding and applying rated current to the other
winding, as shown in Fig. 2.13a. In the equivalent circuit of Fig. 2.11a for the transformer, the
impedance of the excitation branch (shunt branch composed of R. and X,,) is much larger than
that of the series branch (composed of R.q and Xq). If the secondary terminals are shorted, the
high impedance of the shunt branch can be neglected. The equivalent circuit with
the secondary short-circuited can thus be represented by the circuit shown in Fig. 2.13b. Note

14
supply
(variable
voltage)

Q)

(a) (b)

FIGURE 2.13 Short-circuit test. (@) Wiring diagram for short-circuit test.
(b) Equivalent circuit at short-circuit condition.
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that since Zeq (= Req 1 jXeq) is small, only a small supply voltage is required to pass rated current
through the windings. It is convenient to perform this test by applying a voltage to the high-
voltage winding.

As can be seen from Fig. 2.13b, the parameters R.q and X.q can be determined from the
readings of voltmeter, ammeter, and wattmeter. In a well-designed transformer, R; = a’R; = R,
and Xj; =a’Xp, = X},. Note that because the voltage applied under the short-circuit condition is
small, the core losses are neglected, and the wattmeter reading can be taken entirely to rep-
resent the copper losses in the windings, represented by Req.

The following example illustrates the computation of the parameters of the equivalent circuit
of a transformer.

EXAMPLE 2.2

Tests are performed on a 1¢, 10 kVA, 2200/220 V, 60 Hz transformer and the following results
are obtained.

Open-Circuit Test Short-Circuit Test
(high-voltage side open) (low-voltage side shorted)
Voltmeter 220V 150 vV
Ammeter 25A 455 A
Wattmeter 100 W 215 W

(a) Derive the parameters for the approximate equivalent circuits referred to the low-voltage
side and the high-voltage side.

(b) Express the excitation current as a percentage of the rated current.
(c) Determine the power factor for the no-load and short-circuit tests.

Solution

Note that for the no-load test the supply voltage (full-rated voltage of 220 V) is applied to the
low-voltage winding, and for the short-circuit test the supply voltage is applied to the high-
voltage winding with the low-voltage winding shorted. The subscripts H and L will be used to
represent quantities for the high-voltage and low-voltage windings, respectively.

The ratings of the windings are as follows:

VH(rated) = 2200 V
VL(rated) =220V
10,000

IH(rated) = W =455A
10,000
IL(rated) = TO =455A

VHIH|rated = VLIL|rated =10kVA
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(a) The equivalent circuit and the phasor diagram for the open-circuit test are shown in

Fig. E2.2a.
Power, Py = }‘{C IZ“L
R = %.%2 =484 Q)
Ig = % =0.45A

IL= (I3 —12)"? = (2.5 —0.45%)/> = 2.46 A

The corresponding parameters for the high-voltage side are obtained as follows:

. _ 2200
Turns ratio a = 520 10

Ry = a?R. = 10% X 484 = 48,400 Q
X = 107 X 89.4 = 8940

The equivalent circuit with the low-voltage winding shorted is shown in Fig. E2.2b.

IL IcL
O—> -0 —>= >
A
IcL ImL
A
RcL XmL
I i
o ¢ \* mL Equivalent circuit for short-circuited
Equivalent circuit at no load Phasor diagram low-voltage winding
(a) b)
0.104 2 ;0313 Q 1040  j31.3Q
o AV INYY 0 o —ANN——"Y YY" —o0
v, Vi vy Vi
484 Q j89.4 0 48400 Q 78940 Q
(o d -0 O- 4 O
Referred to low-voltage side Referred to high-voltage side

(¢) Equivalent circuits

FIGURE E2.2
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Power Py, =1 12{ Regn

215
Regu= ——3 =104 Q
W 4557
Vi _ 150 _
Zegn= 1~ = 525 = 32979
Xegn = (22 — R2)"/? = (3297 - 10.4%)2 =313 0

The corresponding parameters for the low-voltage side are as follows:

Regu  10.4

Regr= M = “Z7— 0.104 O

= a3 = gz = 010
31.3

Xeq,= — = 0313 Q
qL 102

The approximate equivalent circuits referred to the low-voltage side and the high-
voltage side are shown in Fig. E2.2¢. Note that the impedance of the shunt branch is
much larger than that of the series branch.

(b) From the no-load test the excitation current, with rated voltage applied to the low-
voltage winding, is

I¢:2.5A

This is (2.5/45.5) X 100% = 5.5% of the rated current of the winding.

ower
(c) Power factor at no load = __bower
volt-ampere

100
220X 2.5

0.182

215
e ton— 20 _q -
Power factor at short-circuit condition 150 X 455 0.315

2.3 VOLTAGE REGULATION

Most loads connected to the secondary of a transformer are designed to operate at essentially
constant voltage. However, as the current is drawn through the transformer, the load terminal
voltage changes because of voltage drop in the internal impedance of the transformer.
Consider Fig. 2.14a, where the transformer is represented by a series impedance Z.q. If a load
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is not applied to the transformer (i.e., open-circuit or no-load condition), the load terminal
voltage is

Vala = (2.14)

Vi
a
If the load switch is now closed and the load is connected to the transformer secondary, the
load terminal voltage is

V2|L:V2|NLi AV, (215)

The load terminal voltage may go up or down depending on the nature of the load. This voltage
change is due to the voltage drop (IZ) in the internal impedance of the transformer. A large
voltage change is undesirable for many loads. For example, as more and more light bulbs are
connected to the transformer secondary and the voltage decreases appreciably, the bulbs will
glow with diminished illumination. To reduce the magnitude of the voltage change, the
transformer should be designed for a low value of the internal impedance Z.q.

A figure of merit called voltage regulation is used to identify this characteristic of voltage
change in a transformer with loading. The voltage regulation is defined as the change in
magnitude of the secondary voltage as the load current changes from the no-load to the loaded
condition. This is expressed as follows:

|V2|NL B |V2‘L

Voltage regulation =
ValL

(2.16)

The absolute signs are used to indicate that it is the change in magnitudes that is important for
the performance of the load. The voltages in Eq. 2.16 can be calculated by using equivalent
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circuits referred to either primary or secondary. Let us consider the equivalent circuit referred
to the primary, shown in Fig. 2.115. Equation 2.16 can also be written as

Voltage regulation = -
Vale

The load voltage is normally taken as the rated voltage. Therefore,

V2l = V3l ratea (2.18)
From Fig. 2.11b,
Vi = V) + IReqs + jI)Xeq1 (2.19)
If the load is thrown off (I; =1} =0), V; will appear as V5. Hence,
Valne = Vil (2.20)
From Egs. 2.17, 2.18, and 2.20,
Voltage regulation _ [Vi| = [V}|aed % 100% (2.21)

(il’l percent) lvé ‘rated

The voltage regulation depends on the power factor of the load. This can be appreciated from
the phasor diagram of the voltages. Based on Eq. 2.19 and Fig. 2.11b, the phasor diagram is
drawn in Fig. 2.14b. The locus of V; is a circle of radius \I;Zeql |. The magnitude of V; will be
maximum if the phasor I5Z.q; is in phase with V. That is,

0 + 96q1 =0 (222)
where 0, is the angle of the load impedance
feq1 is the angle of the transformer equivalent impedance, Zq;.
From Eq. 2.22,
92 = - Geql (223)

Therefore, the maximum voltage regulation occurs if the power factor angle of the load is the
same as the transformer equivalent impedance angle and the load power factor is lagging.

EXAMPLE 2.3
Consider the transformer in Example 2.2. Determine the voltage regulation in percent for the

following load conditions.

(a) 75% full load, 0.6 power factor lagging.
(b) 75% full load, 0.6 power factor leading.
(c) Draw the phasor diagram for conditions (a) and (b).
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Solution

Consider the equivalent circuit referred to the high-voltage side, as shown in Fig. E2.3. The
load voltage is assumed to be at the rated value. The condition 75% full load means that the
load current is 75% of the rated current. Therefore,

(a)

In=1,=0.75X455=3.41A
Power factor PF=cos 6, =0.6
0, =+53.13
For a lagging power factor, 6, = —53.13°

Iy =3.41/-53.13° A

Vi = V| + 1 Zegn
=2200/0° + 3.41/ — 53.13°(10.4 +j31.3)
=2200+35.46/ —53.13° +106.73/90° — 53.13°
=2200+21.28 —j28.37 + 85.38 +j64.04
= 2306.66 +35.67

=2306.94/0.9°V
2306.94 — 2200
L % 1009
Voltage regulation %00 100%
=4.86%

The meaning of 4.86% voltage regulation is that if the load is thrown off, the load ter-
minal voltage will rise from 220 to 230.69 volts. In other words, when the 75% full load at

1 I
o AMN—— o

ReqH JXeqH
v, V| = 2200/0° v
O- O

(a)

-53.13°

I, = 3.41A
Lagging PF Leading PF
(b)
FIGURE E2.3
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0.6 lagging power factor is connected to the load terminals of the transformer, the
voltage drops from 230.69 to 220 volts.

(b) For leading power factor load, 6, = +53.13
Vi =2200/0° + 3.41/53.13°(10.4 +;31.3)
=2200 + 35.46/53.13° + 106.73/90° + 53.13°
=2200+21.28 +28.37 — 85.38 +;64.04
=2135.9+;92.41

=2137.9/2.48°V

2137.9—2200
A% ion=""""7__ 2" % 1009
oltage regulation 2200 100%

= —2.82%

Note that the voltage regulation for this leading power factor load is negative. This
means that if the load is thrown off, the load terminal voltage will decrease from 220 to
213.79 volts. To put it differently, if the leading power factor load is connected to the
load terminals, the voltage will increase from 213.79 to 220 volts.

(¢) The phasor diagrams for both lagging and leading power factor loads are shown in
Fig. E2.3b. W

2.4 EFFICIENCY

Equipment is desired to operate at a high efficiency. Fortunately, losses in transformers are
small. Because the transformer is a static device, there are no rotational losses such as windage
and friction losses in a rotating machine. In a well-designed transformer the efficiency can be
as high as 99%. The efficiency is defined as follows:

_output power (Poy;)

2.24
input power (Pj,) ( )
Pout
= 2.25
Poui + losses ( )
The losses in the transformer are the core loss (P.) and copper loss (P.,). Therefore,
P
out (2.26)

T Pout+Pc+Pcu
The copper loss can be determined if the winding currents and their resistances are known:
Po =R, + 3R, (2.27)

= Reqi (2.27a)
=Req2 (2.27b)
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The copper loss is a function of the load current.

The core loss depends on the peak flux density in the core, which in turn depends on the
voltage applied to the transformer. Since a transformer remains connected to an essentially
constant voltage, the core loss is almost constant and can be obtained from the no-load test of a
transformer, as shown in Example 2.2. Therefore, if the parameters of the equivalent circuit of
a transformer are known, the efficiency of the transformer under any operating condition may
be determined. Now,

Pout = V2[2 Ccos 92 (228)

Therefore,

Vz]z COS 92

= 2.29
g Vz[z Cos 02 + PC + I%Rqu ( )

Normally, load voltage remains fixed. Therefore, efficiency depends on load current (I;) and
load power factor (cos 65).

2.4.1 MAXIMUM EFFICIENCY

For constant values of the terminal voltage V> and load power factor angle 6,, the maximum
efficiency occurs when

“1T=o (2.30)

If this condition is applied to Eq. 2.29, the condition for maximum efficiency is

P.=DReq (2.31)

That is, core loss = copper loss. For full-load condition,

Pcu,FL = I;F]_Rqu (23 la)
Let
I . .
= —— = per unit loading (2.31b)
Lo
From Egs. 2.31, 2.31a, and 2.31b,
P.= szcu,FL

X=< P, )1/2 (2.31¢)

Pcu,FL
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1 (rated) FIGURE 2.15 Efficiency of a transformer.

For constant values of the terminal voltage V, and load current I,, the maximum efficiency
occurs when

T =9 (2.32)

If this condition is applied to Eq. 2.29, the condition for maximum efficiency is

6, =0 (2.33)
cos b, =1 (2.33a)
that is, load power factor = 1 (2.33b)

Therefore, maximum efficiency in a transformer occurs when the load power factor is unity
(i.e., resistive load) and load current is such that copper loss equals core loss. The variation of
efficiency with load current and load power factor is shown in Fig. 2.15.

2.4.2 ALL-DAY (OR ENERGY) EFFICIENCY, 7,p

The transformer in a power plant usually operates near its full capacity and is taken out of
circuit when it is not required. Such transformers are called power transformers, and they are
usually designed for maximum efficiency occurring near the rated output. A transformer
connected to the utility that supplies power to your house and the locality is called a dis-
tribution transformer. Such transformers are connected to the power system 24 hours a day
and operate well below the rated power output for most of the time. It is therefore desirable
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to design a distribution transformer for maximum efficiency occurring at the average output
power.

A figure of merit that will be more appropriate to represent the efficiency performance of a
distribution transformer is the “all-day” or “energy” efficiency of the transformer. This is
defined as follows:

_energy output over 24 hours
IAD energy input over 24 hours

2.34
energy output over 24 hours ( )

energy output over 24 hours + losses over 24 hours

If the load cycle of the transformer is known, the all-day efficiency can be determined.

EXAMPLE 2.4

For the transformer in Example 2.2, determine

(a) Efficiency at 75% rated output and 0.6 PF.

(b) Power output at maximum efficiency and the value of maximum efficiency. At what
percent of full load does this maximum efficiency occur?

Solution

(a) Pyt = Vi, cos 0
=0.75 % 10,000 X 0.6
=4500 W
P. =100 W (Example 2.2)
Pey = IfiRequ
=(0.75 X 4.55)* X 10.4 W
=121 W

4500

= X 1009
"= 7500+ 100+ 121 100%

=95.32%

(b) At maximum efficiency,

Peore =Poyand PF=cos =1



Efficiency 63

Now, Peore = 100 W =12 Regp = Pey..

100 \/?
2= (0.104) =31A

POUt|nn1ax = Vzlz COS 92

—220x31x1
= 6320 W
Mhmax = 6830 +618§8 100 < 100%
T T
P Py
=97.15%

Output kVA = 6.82
Rated kVA =10

occurs at 68.2% full load.

nm ax

Other Method
From Example 2.2,
Pcu,FL = 2 1 5 W

From Eq. 2.31¢c,

100\"/?
=(==) =068 ®m
X (15> 0.68

EXAMPLE 2.5

A 50 kVA, 2400/240 V transformer has a core loss P, = 200 W at rated voltage and a copper loss
P., =500 W at full load. It has the following load cycle:

% Load 0.0% 50% 75% 100% 110%
Power factor 1 0.8 lag 0.9 lag 1
Hours 6 6 6 3 3

Determine the all-day efficiency of the transformer.
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Solution

Energy output over 24 hours = 0.5 X 50 X 6+ 0.75 X 50 X 0.8
X6+1X50X09x3+1.1X50x%x1
X 3 kWh
= 630 kWh

Energy losses over 24 hours:

Core loss = 0.2 X 24 =4.8 kWh
Copper loss = 0.52 X 0.5 X 6+ 0.75% X 0.5 X 6
+12x05%X3+1.12X05%3

= 5.76 kWh
Total energy loss = 4.8 +5.76 = 10.56 kWh
630
= %=9835% M
MAD 63O+10.56X100/0 98.35%

2.5 AUTOTRANSFORMER

This is a special connection of the transformer from which a variable ac voltage can be

obtained at the secondary. A common winding as shown in Fig. 2.16 is mounted on a core and

the secondary is taken from a tap on the winding. In contrast to the two-winding transformer

discussed earlier, the primary and secondary of an autotransformer are physically connected.

However, the basic principle of operation is the same as that of the two-winding transformer.
Since all the turns link the same flux in the transformer core,

— =—=a (2.35)

FIGURE 2.16 Autotransformer.
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If the secondary tapping is replaced by a slider, the output voltage can be varied over the range
o<V, <V,
The ampere-turns provided by the upper half (i.e., by turns between points a and b) are

Fu=(N; —No)I; = (1 - a1>1v111 (2.36)
The ampere-turns provided by the lower half (i.e., by turns between points b and ¢) are
FL=Nso(I,— 1)) =~ (I, — I}) (2.37)
For ampere-turn balance, from Egs. 2.36 and 2.37,
<1 — clz)Nlll = %(12 -I)

(2.38)

Equations 2.35 and 2.38 indicate that, viewed from the terminals of the autotransformer, the
voltages and currents are related by the same turns ratio as in a two-winding transformer.

The advantages of an autotransformer connection are lower leakage reactances, lower losses,
lower exciting current, increased kVA rating (see Example 2.6), and variable output voltage
when a sliding contact is used for the secondary. The disadvantage is the direct connection
between the primary and secondary sides.

EXAMPLE 2.6

A 1¢, 100 kVA, 2000/200 V two-winding transformer is connected as an autotransformer as
shown in Fig. E2.6 such that more than 2000 V is obtained at the secondary. The portion ab is
the 200 V winding, and the portion bc is the 2000 V winding. Compute the kVA rating as an
autotransformer.

V_ = 2000 V

| |

& c 2 FIGURE E2.6
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Solution

The current ratings of the windings are

100,000 ,

Ly = —555 A =500 A
100,000

e = 5000 VA

Therefore, for full-load operation of the autotransformer, the terminal currents are
Iy = 500 A
I =500+50=550A
Now, VL. =2000 YV and
Vu =2000 + 200 = 2200V

Therefore,
2 X
kVA|, = % — 1100
2200 X
il = 2005390 _ 0

A single-phase, 100 kVA, two-winding transformer when connected as an autotransformer can
deliver 1100 kVA. Note that this higher rating of an autotransformer results from the conductive
connection. Notall of the 1100 kVA is transformed by electromagnetic induction. Also note that the
200-volt winding must have sufficient insulation to withstand a voltage of 2200 V to ground. H

2.6 THREE-PHASE TRANSFORMERS

A three-phase system is used to generate and transmit bulk electrical energy. Three-phase trans-
formers are required to step up or step down voltages in the various stages of power transmission.
A three-phase transformer can be built in one of two ways: by suitably connecting a bank of three
single-phase transformers, or by constructing a three-phase transformer on a common magnetic
structure.

2.6.1 BANK OF THREE SINGLE-PHASE TRANSFORMERS
(THREE-PHASE TRANSFORMER BANK)

A set of three similar single-phase transformers may be connected to form a three-phase
transformer. The primary and secondary windings may be connected in either wye (Y) or delta
(A) configurations. There are therefore four possible connections for a three-phase trans-
former: Y-A, A—Y, A—A, and Y-Y. Figure 2.17a shows a Y-A connection of a three-phase
transformer. On the primary side, three terminals of identical polarity are connected together
to form the neutral of the Y connection. On the secondary side, the windings are connected in
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(e)a-y d) a-4A

(e)Y-Y
FIGURE 2.17 Three-phase transformer connections.

series. A more convenient way of showing this connection is illustrated in Fig. 2.17b. The
primary and secondary windings shown parallel to each other belong to the same single-phase
transformer. The primary and secondary voltages and currents are also shown in Fig. 2.17b,
where V is the line-to-line voltage on the primary side and a (= N1/N>) is the turns ratio of the
single-phase transformer. Other possible connections are also shown in Figs. 2.17¢, d, and e. Tt
may be noted that for all possible connections, the total kVA of the three-phase transformer is
shared equally by each (phase) transformer. However, the voltage and current ratings of each
transformer depend on the connections used.
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Y—A: This connection is commonly used to step down a high voltage to a lower voltage.
The neutral point on the high-voltage side can be grounded, which is desirable in
most cases.

A-Y: This connection is commonly used to step up voltage.

A—A: This connection has the advantage that one transformer can be removed for repair
and the remaining two can continue to deliver three-phase power at a reduced rating
of 58% of that of the original bank. This is known as the open-delta or V connection.

Y-Y: This connection is rarely used because of problems with the exciting current and
induced voltages.

Phase Shift

Some of the three-phase transformer connections will result in a phase shift between the
primary and secondary line-to-line voltages. Consider the phasor voltages, shown in Fig. 2.18,
for the Y—A connections. The phasors Vn and V, are aligned, but the line voltage Vg of the
primary leads the line voltage V,;, of the secondary by 30°. It can be shown that A-Y con-
nection also provides a 30° phase shift between line-to-line voltages, whereas A—A and Y-Y
connections have no phase shift in their line-to-line voltages. This property of phase shift in
Y—A or A-Y connections can be used advantageously in some applications.

Single-Phase Equivalent Circuit

If the three transformers are practically identical and the source and load are balanced, then
the voltages and currents on both primary and secondary sides are balanced. The voltages and
currents in one phase are the same as those in other phases, except that there is a phase
displacement of 120°. Therefore, analysis of one phase is sufficient to determine the variables
on the two sides of the transformer. A single-phase equivalent circuit can be conveniently
obtained if all sources, transformer windings, and load impedances are considered to be
Y-connected. The Y load can be obtained for the A load by the well-known Y-A transfor-
mation, as shown in Fig. 2.19b. The equivalent Y representation of the actual circuit

FIGURE 2.18 Phase shift in line-to-
line voltages in a three-phase
Ven Ven V" Ve Vo~ Yoc transformer.
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FIGURE 2.19 Three-phase transformer and equivalent circuit.
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(Fig. 2.19a) is shown in Fig. 2.19¢, in which the primary and secondary line currents and line-
to-line voltages are identical to those of the actual circuit of Fig. 2.19a. The turns ratio a’ of
this equivalent Y-Y transformer is

a' = %ﬂg =V3a (2.39)

Also, for the actual transformer bank

Primary line-to-line voltage V= V3a

= 2.40
Secondary line-to-line voltage Vv / V3a ( )

Therefore, the turns ratio for the equivalent single-phase transformer is the ratio of the line-
to-line voltages on the primary and secondary sides of the actual transformer bank. The
single-phase equivalent circuit is shown in Fig. 2.19d. This equivalent circuit will be useful
if transformers are connected to load or power supply through feeders, as illustrated in
Example 2.8.

EXAMPLE 2.7

Three 1¢, 50kVA, 2300/230V, 60 Hz transformers are connected to form a 3¢, 4000/230 V
transformer bank. The equivalent impedance of each transformer referred to low voltage is
0.012 +;0.016 2. The 3¢ transformer supplies a 3¢, 120kVA, 230V, 0.85 PF (lag) load.

(a) Draw a schematic diagram showing the transformer connection.
(b) Determine the transformer winding currents.

(c) Determine the primary voltage (line-to-line) required.

(d) Determine the voltage regulation.

Solution

(a) The connection diagram is shown in Fig. E2.7a. The high-voltage windings are to be
connected in wye so that the primary can be connected to the 4000V supply. The low-
voltage winding is connected in delta to form a 230V system for the load.

(b) 120,000

= ———=301.24A
V3 %230

L, = 301.24 =17392A

V3

2300

a= 530 10
173.92

I = T 17.39A



IS
TIZ 230V 3¢,
120 KVA,
0.85 (lag)
(@)
1.2 Jj1.6 17.39 /~31.8°
o———AN\—YY M o
v, Vv, = 2300
o 0

(¢) Computation can be carried out on a per-phase basis.

Zeq1 = (0.012 +70.016)10?

=12+71.6Q
$=cos 10.85=31.8°

The primary equivalent circuit is shown in Fig. E2.7b.

Three-Phase Transformers

FIGURE E2.7

Vi =2300/0° + 17.39/ — 31.8°(1.2 +/1.6)

Vi =2332.4V

Primary line-to-line voltage = v/3V; =4039.8 V

(d) _ 2332.4-2300
VR 2300

EXAMPLE 2.8

X100%=1.41% N

71

A3¢,230V,27 kVA, 0.9 PF (lag) load is supplied by three 10 kVA, 1330/230 V, 60 Hz transformers
connected in Y-A by means of a common 3¢ feeder whose impedance is 0.003 +;0.015 Q2 per
phase. The transformers are supplied from a 3¢ source through a 3¢ feeder whose impedance is
0.8 +75.0 Q per phase. The equivalent impedance of one transformer referred to the low-voltage
side is 0.12 +;0.25 Q. Determine the required supply voltage if the load voltage is 230 V.
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Solution

The circuit is shown in Fig. E2.8a.
The equivalent circuit of the individual transformer referred to the high-voltage side is

1330

2
—_— .12 +50.
530 ) (0.12 +70.25)

ReqH +leqH = (

—4.01 +/8.36

The turns ratio of the equivalent Y=Y bank is

V31330

230 10

The single-phase equivalent circuit of the system is shown Fig. E2.8b. All the impedances
from the primary side can be transferred to the secondary side and combined with the feeder
impedance on the secondary side.

R=(0.80+ 4.01)1L02 +0.003=0.051Q

1
X =(5+836)— +0.015=0.149Q

10°
Feeder Transformer Feeder Load
Supply 3¢,
230 V
27 KVA
0.9 PF
(lag)
O—AANA—"YY M ANN— Y]
(a)
0.8 Jj5 4.01 78.36 0.003 ,0.015 I

10:1

0.051 J0.149 I, = 67.67/-258°
0

o—AMWN—"""
Vs Vv, = 133/0°
o— o

(c)
FIGURE E2.8
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The circuit is shown in Fig. E2.8¢c.

230
Vi =— 0°=133QV
L \/gL

27 X103
L= 3133 0167A

¢ = —cos 10.9= —258°

Vs =133/0° +67.67/— 25.8°(0.051 +0.149)
=133/0° + 10.6571/45.3°
=140.7/3.1°V

Vs =140.7 X 10 = 1407 V

The line-to-line supply voltage is

1407v/3=2437V W

V Connection

It was stated earlier that in the A—A connection of three single-phase transformers, one
transformer can be removed and the system can still deliver three-phase power to a three-phase
load. This configuration is known as an open-delta or V connection. It may be employed in an
emergency situation when one transformer must be removed for repair and continuity of
service is required.

Consider Fig. 2.20a, in which one transformer, shown dotted, is removed. For simplicity the
load is considered to be Y-connected. Figure 2.20b shows the phasor diagram for voltages and
currents. Here Vg, Vgc, and V¢ represent the line-to-line voltages of the primary; V,p, Vi,
and V., represent the line-to-line voltages of the secondary; and Vay, Vi, and V., represent the
phase voltages of the load. For an inductive load, the load currents I,, Iy, and I. will lag
the corresponding voltages V., Vi, and V¢, by the load phase angle ¢.

Transformer windings ab and bc deliver power

Py = Vapla cos(30 + ¢) (2.41)
Ppe =Vl cos(30 — ¢) (2.42)
Let
Vab| = V| =V, voltage rating of the transformer secondary winding
L =|I| =1, current rating of the transformer secondary winding

and ¢ = 0 for a resistive load. Power delivered to the load by the V connection is

P, =P, + P,. = 2VI cos 30° (2.43)
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(a)

(b)
FIGURE 2.20 V connection.

With all three transformers connected in delta, the power delivered is
Pp=3VI (2.44)
From Egs. 2.43 and 2.44,

Py  2cos 30°
—=———=0.58 2.45
R 3 (2.45)

The V connection is capable of delivering 58% power without overloading the transformer
(i.e., not exceeding the current rating of the transformer windings).

2.6.2 THREE-PHASE TRANSFORMER ON A COMMON MAGNETIC
CORE (THREE-PHASE UNIT TRANSFORMER)

A three-phase transformer can be constructed by having three primary and three secondary
windings on a common magnetic core. Consider three single-phase core-type units as shown in
Fig. 2.21a. For simplicity, only the primary windings have been shown. If balanced three-phase
sinusoidal voltages are applied to the windings, the fluxes ®,, @}, and ®. will also be sinusoidal
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FIGURE 2.21 Development of a three-phase core-type transformer.

and balanced. If the three legs carrying these fluxes are merged, the net flux in the merged leg is
zero. This leg can therefore be removed as shown in Fig. 2.21b. This structure is not convenient
to build. However, if section b is pushed in between sections a and ¢ by removing its yokes, a
common magnetic structure, shown in Fig. 2.21¢, is obtained. This core structure can be built
using stacked laminations as shown in Fig. 2.21d. Both primary and secondary windings of a
phase are placed on the same leg. Note that the magnetic paths of legs a and ¢ are somewhat
longer than that of leg b (Fig. 2.21¢). This will result in some imbalance in the magnetizing
currents. However, this imbalance is not significant.

Figure 2.22 shows a picture of a three-phase transformer of this type. Such a transformer
weighs less, costs less, and requires less space than a three-phase transformer bank of the same
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FIGURE 2.22 Photograph of a 3¢
unit transformer.

Courtesy of Westinghouse Canada Inc.

rating. The disadvantage is that if one phase breaks down, the whole transformer must be
removed for repair.

2.7 HARMONICS IN THREE-PHASE TRANSFORMER BANKS

If a transformer is operated at a higher flux density, it will require less magnetic material.
Therefore, from an economic point of view, a transformer is designed to operate in the satu-
rating region of the magnetic core. This makes the exciting current nonsinusoidal, as discussed
in Chapter 1. The exciting current will contain the fundamental and all odd harmonics.
However, the third harmonic is the predominant one, and for all practical purposes harmonics
higher than third (fifth, seventh, ninth, etc.) can be neglected. At rated voltage the third har-
monic in the exciting current can be 5 to 10% of the fundamental. At 150% rated voltage, the
third harmonic current can be as high as 30 to 40% of the fundamental.

In this section we will study how these harmonics are generated in various connections of
the three-phase transformers and ways to limit their effects.

Consider the system shown in Fig. 2.23a. The primary windings are connected in Y and the
neutral point N of the supply is available. The secondary windings can be connected in A.

Switch SW; Closed and Switch SW, Open

Because SW;, is open, no current flows in the secondary windings. The currents flowing in the
primary are the exciting currents. We assume that the exciting currents contain only funda-
mental and third-harmonic currents as shown in Fig. 2.23b. Mathematically,

in =1In sin wt + Iy3 sin 3 wt (2.46)
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(b)
ip = I sin(wt — 120°) + I 13 sin 3(wt — 120°)
ic = Iy sin(wrf — 240°) + I sin 3(wf — 240°)

The current in the neutral line is

iN'N = iA + iB + iC = 3Im3 sin 3wt
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FIGURE 2.23 Harmonic
current in three-phase
transformer connections.
(a) Y-A connection,

(b) Waveforms of
exciting currents.
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Note that fundamental currents in the windings are phase-shifted by 120° from each other,
whereas third-harmonic currents are all in phase. The neutral line carries only the third-har-
monic current, as can be seen in the oscillogram of Fig. 2.24a.

Because the exciting current is nonsinusoidal (Fig. 2.24b), the flux in the core and hence the
induced voltages in the windings will be sinusoidal. The secondary windings are open, and
therefore the voltage across a secondary winding will represent the induced voltage.

VAQ =Va +vp +v.=0 (2.50)

Both SW; and SW, Open

In this case the third-harmonic currents cannot flow in the primary windings. Therefore, the
primary currents are essentially sinusoidal. If the exciting current is sinusoidal, the flux is
nonsinusoidal because of nonlinear B — H characteristics of the magnetic core, and it contains
third-harmonic components. This will induce third-harmonic voltage in the windings. The phase
voltages are therefore nonsinusoidal, containing fundamental and third-harmonic voltages.

VA =Va1 T Va3 (2.51)
VB = VB1 + VB3 (252)
vc =vc1 tves (253)
fundamental third-harmonic
voltages voltages
T
™\"Ph N P

\\ 1/

/T XN

\\ / UP}
N\ N V/
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\ isp / ,
4 N \ /
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FIGURE 2.24 Oscillograms of currents and voltages in a Y—A-connected
transformer.
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The line-to-line voltage is
VAB =VA — VB (2.54)
=vVa1 —VB]1 + VA3 — VB3 (2.55)
Because va3 and vy are in phase and have the same magnitude,
va3 —vp3 =0 (2.56)
Therefore,
VAB = VAl ~ VBI (2.57)

Note that although phase voltages have third-harmonic components, the line-to-line voltages
do not.
The open-delta voltage (Fig. 2.23a) of the secondary is

VAQ =Va +Vp + V¢ (2.58)
= (Va1 Tvp1 tver) + (Vaz + Vb3 +ve3) (2.58a)
=Va3 T Vb3 T V3 (2.58b)
=3v,3 (2.58¢)

The voltage across the open delta is the sum of the three third-harmonic voltages induced in the
secondary windings.

Switch SW; Open and Switch SW, Closed

If switch SW; is closed, the voltage vaq will drive a third-harmonic current around the sec-
ondary delta. This will provide the missing third-harmonic component of the primary exciting
current and consequently the flux and induced voltage will be essentially sinusoidal, as shown
in Fig. 2.24c.

Y-Y System with Tertiary (A) Winding

For high voltages on both sides, it may be desirable to connect both primary and secondary
windings in Y, as shown in Fig. 2.25. In this case third-harmonic currents cannot flow
either in primary or in secondary. A third set of windings, called a tertiary winding, con-
nected in A is normally fitted on the core so that the required third-harmonic component of
the exciting current can be supplied. This tertiary winding can also supply an auxiliary load
if necessary.

2.8 PER-UNIT (PU) SYSTEM

Computations using the actual values of parameters and variables may be lengthy and time-
consuming. However, if the quantities are expressed in a per-unit (pu) system, computations
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3¢
Supply

Tertiary

Primary Secondary
FIGURE 2.25 Y-Y system with a tertiary (A) transformer.

are much simplified. The pu quantity is defined as follows:

actual quantity
base (or reference) value of the quantity

Quantity in pu = (2.59)

There are two major advantages in using a per-unit system: (1) The parameters and variables
fall in a narrow numerical range when expressed in a per-unit system; this simplifies compu-
tations and makes it possible to quickly check the correctness of the computed values. (2) One
need not refer circuit quantities from one side to another; therefore, a common source of
mistakes is removed.

To establish a per-unit system, it is necessary to select base (or reference) values for any two
of power, voltage, current, and impedance. Once base values for any two of the four quantities
have been selected, the base values for the other two can be determined from the relationship
among these four quantities. Usually base values of power and voltage are selected first and
base values of current and impedance are obtained as follows:

Phase,Vbase selected

Ib _ P base
ase
Vbase

(2.60)

Vbase
I base

Zbase = (261)

[ 2

_ " base

— _ base 2.62
Pbase ( )

Although base values can be chosen arbitrarily, normally the rated volt-amperes and rated
voltage are taken as the base values for power and voltage, respectively.

Shase = Ppase = rated volt-amperes (VA)

Vpase = rated voltage (V)
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In the case of a transformer, the power base is the same for both primary and secondary.

However, the values of V4, are different on each side, because rated voltages are different for
the two sides.

Primary side:

Vbase, VB1 = VR1 = rated voltage of primary

Ipase, IB1 = Ir1 = rated current of primary
Vri

Zbase’ ZBI =
Iry

Let

Zeq1 = equivalent impedance of the transformer referred to the primary side
Zeqt,pu = per-unit value of Z.q1 = Z.q1 /Zgi
Zeql
- 2.63
Vri/Ir1 (2.63)

Ir;
=z IRl
eql VRI

Secondary side:

Vbase» VB2 = Vr2 = rated voltage of secondary

Ivase, IB2 = Ir» = rated current of secondary

V
Zbase: Iy = I_RZ
R2

Let

Z.q2 = equivalent impedance referred to the secondary side

Zeq2,pu = per-unit value of Z.q»

= 7 (2.64)

= 2.65
Zpi (2.65)
Zeq2,pu = Zeql,pu (266)

Therefore, the per-unit transformer impedance is the same referred to either side of the
transformer. This is another advantage of expressing quantities in a per-unit system.
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In a transformer, when voltages or currents of either side are expressed in a per-unit system,
they have the same per-unit values.

Il,pu e e :IZ,pu (267)

Vi o=t Y1 _
YPUT Ve Vi aVes (2.68)
L CT '

VR Vmo 2pu

2.8.1 TRANSFORMER EQUIVALENT CIRCUIT IN PER-UNIT FORM

The equivalent circuit of a transformer referred to the primary side is shown in Fig. 2.26a. The
equation in terms of actual values is

V1 =I1Zeq1 +V§ (269)

The equation in per-unit form can be obtained by dividing Eq. 2.69 throughout by the base
value of the primary voltage.

Vi _hiZeq [ V)
VRri1 VRri VRri

_ ]1Zeq1 + aV2

Ir1Zg;  aVgrs

Vl,pu = Il,puZeql,pu + V2,pu (270)

Based on Eq. 2.70, the equivalent circuit in per-unit form is shown in Fig. 2.26b. It has been
shown that the voltages, currents, and impedances in per-unit representation have the same

Zeql Zeql, pu
o————M.—/VW\_o o__.__.M_IYW\___Q
1 I
1 Reql Xeql Lpu
Vl Vé Vl pu V2, pu
O -O (o O
(a) (b)
Zeq, pu
O ANN—"Y YY" —0o—0
I
Vl, pu pu V2, pu

FIGURE 2.26 Trans-
o —0 former equivalent circuit
(0 in per-unit form.
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values whether they are referred to primary or secondary. Hence, the transformer equivalent

circuit in per-unit form for either side is the one shown in Fig. 2.26¢. Note that the values of
Vipu and V; ,, are generally close to 1 pu, and this makes the analysis somewhat easier.

2.8.2 FULL-LOAD COPPER LOSS
Let

P pL = full-load copper loss
~ 2,Reqs (2.71)

The full-load copper loss in per-unit form based on the volt-ampere rating of the transformer is

2
P _1RiReq1
Cu,FL‘pu -

Pbase
11211Req1
Vrilri
_ Reql

Vri/Iri
_ Reql
/g1

~ Regi pu (2.72)

Hence, the transformer resistance expressed in per-unit form also represents the full-load
copper loss in per-unit form. The per-unit value of the resistance is therefore more useful than
its ohmic value in determining the performance of a transformer.

EXAMPLE 2.9

The exciting current of a 1¢, 10 kVA, 2200/220V, 60 Hz transformer is 0.25 A when measured
on the high-voltage side. Its equivalent impedance is 10.4 +731.3 Q when referred to the high-
voltage side. Taking the transformer rating as base,

(a) Determine the base values of voltages, currents, and impedances for both high-voltage
and low-voltage sides.

(b) Express the exciting current in per-unit form for both high-voltage and low-voltage sides.
(c) Obtain the equivalent circuit in per-unit form.
(d) Find the full-load copper loss in per-unit form.

(e) Determine the per-unit voltage regulation (using the per-unit equivalent circuit from part
¢) when the transformer delivers 75% full load at 0.6 lagging power factor.
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Solution

(a)

(b)

()

Ppase = 10,000 VA, a = 10.
Using the subscripts H and L to indicate high-voltage and low-voltage sides, the base
values of voltages, currents, and impedances are
Vbasen = 2200V =1 pu
Viaser, =220V =1 pu

10,000

Topeeri = 2" =4.55A=1
base,H 2200 55 pu

10,000
Ibase,L = 2—20 :455A: lpu

22

Ziase 1 = 4—;);) —483.520=1pu
22

Ziaser, = % =4.8350=1pu
0.25

The exciting current referred to the low-voltage side is 0.25 X 10 =2.5A. Its per-unit
value is
2.5
Note that although the actual values of the exciting current are different for the two
sides, the per-unit values are the same. For this transformer, this means that the exciting
current is 5.5% of the rated current of the side in which it is measured.

10.4 +j31.3

Zegu|p, = 8350 0.0215 +;0.0647 pu

I¢5L|pu -

The equivalent impedance referred to the low-voltage side is
1

100

=0.104+;0.313Q

Zeqr = (10.4 +j31.3)

Its per-unit value is

_0.104 +;0.313

= =0. +50.
Zeq,1lpu 2835 0.0215 +;0.0647 pu

The per-unit values of the equivalent impedances referred to the high-and low-voltage
sides are the same. The per-unit equivalent circuit is shown in Fig. E2.9.
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Zeq pu =
0.0215 + j0.0647 pu
o— 4+ ANN—"""""0——0
—_
Vi I, V2. pu
o— —_0 FIGURE E2.9
(d) Pewrr = 4.552 X 10.4 W
=215W
215
Peyrrlp, = 10,000 =0.0215 pu

Note that this is same as the per-unit value of the equivalent resistance.
(e) From Fig. E2.9

I1=0.75/—53.13°pu
V,=1/0° pu
Zeqpu = 0.0215 +0.0647 pu
V1 =1/0°+0.75/—53.13°(0.0215 +50.0647)
=1.0486/9° pu

1.0486 — 1.0

Voltage regulation = 10

=0.0486 pu

=486% (see Example 2.3)
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Note that the computation in the per-unit system involves smaller numerical values than
the computation using actual values (see Example 2.3). Also, the value of V; in pu form

promptly gives a perception of voltage regulation. M

PROBLEMS

2.1 A1y, 4600/460V, 60 Hz, transformer is connected to a 1y, 60 Hz, 4600V power supply. The
maximum flux density in the core is 0.85 T. If the induced voltage per turn in 10V, determine

(a) The primary turns (N;) and the secondary turns (N>).

(b) The cross-sectional area (A.) of the core.

2.2 The flux in the core of a 1 ¢ transformer varies with time as shown in Fig. P2.2. The primary coil
has 400 turns and the secondary coil has 100 turns. Sketch the waveform of the induced voltage e;

in the primary winding.
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FIGURE P2.2

A single-phase transformer has 800 turns on the primary winding and 400 turns on the secondary
winding. The cross-sectional core area is 50 cm?. If the primary winding is connected to a 1,
1000V, 60 Hz supply, calculate

(a) The maximum value of the flux density in the core, Bpax.
(b) The induced voltage in the secondary winding.
A single-phase transformer has 500 turns in the primary winding. When it is connected to a 1 ¢,

120V, 60 Hz power supply, the no-load current is 1.6 A and the no-load power is 80 W.
Neglect the winding resistance and leakage reactance of the winding. Calculate

(a) The core loss current, ..

(b) The magnetizing current, Ip,.

(c) The peak value of the core flux, ®pax.

(d) The magnetizing impedance Z,,, magnetizing reactance Xy, core loss resistance R..

A coil with 100 turns is connected to a 120V, 60 Hz power supply. If the magnetizing current is
5 A, calculate the following:

(a) The peak value of the flux, ®pax.

(b) The peak value of the mmf, MMFp.

(c) The reactance of the coil, Xy,.

(d) The inductance of the coil, Ly,.

A 1¢, 5kVA, 240/120V, 60 Hz transformer has a core loss of 100 W at rated voltage and copper
loss of 120 W at rated current. Calculate the efficiency for the following load condition:

(a) It is delivering 5 kVA at rated voltage and a power factor of 0.8.

(b) Tt is delivering 2 kVA at rated voltage and a power factor of 0.8.

A 1y, 1200kVA, 240/120V, 60 Hz transformer has a no load loss of 3.2 kW at rated voltage and a
copper loss of 9.5 kW at rated current. Determine the efficiency for the following load conditions:
(a) 1200kVA at unity power factor.

(b) 1200kVA at 0.9 power factor.

(c) 1200kVA at 0.0 power factor (i.e., pure L or C load).

A resistive load varies from 1 to 0.5 Q. The load is supplied by an ac generator through an ideal
transformer whose turns ratio can be changed by using different taps as shown in Fig. P2.8. The
generator can be modeled as a constant voltage of 100 V (rms) in series with an inductive reac-
tance of j1 Q. For maximum power transfer to the load, the effective load resistance seen at the

transformer primary (generator side) must equal the series impedance of the generator—that is,
the referred value of R to the primary side is always 1 Q.
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(a) Determine the range of turns ratio for maximum power transfer to the load.
(b) Determine the range of load voltages for maximum power transfer.

(c) Determine the power transferred.

R
1oov'-9 Load[]O.5<R<1Q

29

2.10

20V

2.12

2.13

a:l FIGURE P2.8

A 1¢, two-winding transformer has 1000 turns on the primary and 500 turns on the secondary.
The primary winding is connected to a 220 V supply and the secondary winding is connected to a
5 kVA load. The transformer can be considered ideal.

(a) Determine the load voltage.
(b) Determine the load impedance.

(c) Determine the load impedance referred to the primary.

A 1¢, 10kVA, 220/110V, 60 Hz transformer is connected to a 220 V supply. It draws rated current
at 0.8 power factor leading. The transformer may be considered ideal.

(a) Determine the kVA rating of the load.
(b) Determine the impedance of the load.

For the circuit shown in Fig. P2.11, consider the transformer to be ideal with the turns ratio 1:100.
Calculate the actual load voltage V, and the supply current 7.

j5Q 520 kQ

i
L

V, 2 30kQ

1:100 FIGURE P2.11

A 1, 2400/240V transformer has R; =0.75Q and X; =1.5Q. It is drawing 100 A at a lagging
power factor of 0.8. Determine the induced voltage E; in the primary winding.

A 1¢, 100kVA, 1000/100 V transformer gave the following test results:
open-circuit test (HV side open)
100V, 6.0A,400 W
short-circuit test
50V, 100 A, 1800 W
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(a) Determine the rated voltage and rated current for the high-voltage and low-voltage sides.
(b) Derive an approximate equivalent circuit referred to the HV side.
(c) Determine the voltage regulation at full load, 0.6 PF leading.
(d) Draw the phasor diagram for condition (c).
2.14 A 1¢, 25 kVA, 220/440V, 60 Hz transformer gave the following test results.
Open circuit test (440 V side open): 220V, 9.5A, 650 W
Short-circuit test (220V side shorted): 37.5 V, 55 A, 950 W
(a) Derive the approximate equivalent circuit in per-unit values.
(b) Determine the voltage regulation at full load, 0.8 PF lagging.

(¢) Draw the phasor diagram for condition (b).
2.15 A 1¢, 10kVA, 2400/120V, 60 Hz transformer has the following equivalent circuit parameters:
Zeqn =5+j25Q
Rey) = 64k Q
Xnmv) =9.6kQ

Standard no-load and short-circuit tests are performed on this transformer.
Determine the following:

No-load test results : Voe, Ioe, and Py
Short-circuit test results : Ve, Ise, and Py

2.16 A 1¢, 100 kVA, 11,000/2200 V, 60 Hz transformer has the following parameters.

Ry =6.0Q
Liv =0.08 H
Lyyv) = 160 H
Reuy) = 125kQ
Ry =0.28Q
Ly =0.0032 H

Obtain an equivalent circuit of the transformer:
(a) Referred to the high-voltage side.
(b) Referred to the low-voltage side.
2.17 A 1¢, 440V, 80kW load, having a lagging power factor of 0.8, is supplied through a feeder of

impedance 0.6 +j1.6Q and a 1¢, 100kVA, 220/440V, 60 Hz transformer. The equivalent
impedance of the transformer referred to the high-voltage side is 1.15 +;j4.5 Q.

(a) Draw the schematic diagram showing the transformer connection.
(b) Determine the voltage at the high-voltage terminal of the transformer.
(c) Determine the voltage at the sending end of the feeder.
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A 1¢, 3kVA, 240/120V, 60 Hz transformer has the following parameters:

RHV =0.25 Q, RLV =0.05Q
XHV=O.75 Q, XLV=O.189

(a) Determine the voltage regulation when the transformer is supplying full load at 110V and
0.9 leading power factor.

(b) If the load terminals are accidentally short-circuited, determine the currents in the high-
voltage and low-voltage windings.

A single-phase, 300 kVA, 11kV/2.2kV, 60 Hz transformer has the following equivalent circuit
parameters referred to the high-voltage side:

Rc(HV) =57.6kQ, Xm(HV) =16.34kQ
Req(Hv) =2.784(Q) Xeq(HV) =8.450Q

(a) Determine
(i) No-load current as a percentage of full-1¢ load current.
(ii) No-load power loss (i.e., core loss).
(iii) No-load power factor.
(iv) Full-load copper loss.

(b) If the load impedance on the low-voltage side is Zj,,q = 16/60° Q determine the voltage
regulation using the approximate equivalent circuit.

A 1¢, 250 kVA, 11kV/2.2kV, 60 Hz transformer has the following parameters.

Ruv=13Q Xuv =450
RLV =OOSQ XLV =016
Rewy) =2.4kQ Xm(Ly) = 0.8 kQ

(a) Draw the approximate equivalent circuit (i.e., magnetizing branch, with R. and X, con-
nected to the supply terminals) referred to the HV side and show the parameter values.

(b) Determine the no-load current in amperes (HV side) as well as in per unit.

(c) If the low-voltage winding terminals are shorted, determine
(i) The supply voltage required to pass rated current through the shorted winding.
(ii) The losses in the transformer.

(d) The HV winding of the transformer is connected to the 11kV supply and a load,
Z1 =15/ —=90° Q is connected to the low-voltage winding.
Determine:
(i) Load voltage.

.s . V. — |V
(ii) Voltage regulation = Valioag — V2]

no load
X 100.
|V2 |load
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(a) The transformer is connected to a supply on the LV (low-voltage) side, and the HV (high-
voltage) side is shorted. For rated current in the HV winding, determine:

(a) The current in the LV winding.
(b) The voltage applied to the transformer.
(c) The power loss in the transformer.
(b) The HV side of the transformer is now connected to a 2300 V supply and a load is connected

to the LV side. The load is such that rated current flows through the transformer, and the
supply power factor is unity. Determine:

(a) The load impedance.
(b) The load voltage.
(c) Voltage regulation (use Eq. 2.16).

A 1¢, 25kVA, 2300/230V transformer has the following parameters:

Zequ=4.0+500Q
Rep =450
X = 3009

The transformer is connected to a load whose power factor varies. Determine the worst-case
voltage regulation for full-load output.

For the transformer in Problem 2.22:

(a) Determine efficiency when the transformer delivers full load at rated voltage and 0.85 power
factor lagging.

(b) Determine the percentage loading of the transformer at which the efficiency is a maximum
and calculate this efficiency if the power factor is 0.85 and load voltage is 230 V.

A 1¢, 10 kVA, 2400/240 V, 60 Hz distribution transformer has the following characteristics:

Core loss at full voltage = 100 W
Copper loss at half load = 60 W

(a) Determine the efficiency of the transformer when it delivers full load at 0.8 power factor
lagging.

(b) Determine the per-unit rating at which the transformer efficiency is a maximum. Determine
this efficiency if the load power factor is 0.9.

(¢) The transformer has the following load cycle:
No load for 6 hours
70% full load for 10 hours at 0.8 PF
90% full load for 8 hours at 0.9 PF

Determine the all-day efficiency of the transformer.
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The transformer of Problem 2.24 is to be used as an autotransformer.

(a) Show the connection that will result in maximum kVA rating.

(b) Determine the voltage ratings of the high-voltage and low-voltage sides.

(c) Determine the kVA rating of the autotransformer. Calculate for both high-voltage and low-
voltage sides.

A 1¢, 10kVA, 460/120V, 60 Hz transformer has an efficiency of 96% when it delivers 9 kW at 0.9
power factor. This transformer is connected as an autotransformer to supply load to a 460V
circuit from a 580V source.

(a) Show the autotransformer connection.

(b) Determine the maximum kVA the autotransformer can supply to the 460V circuit.

(c) Determine the efficiency of the autotransformer for full load at 0.9 power factor.
Reconnect the windings of a 1¢, 3kVA, 240/120V, 60 Hz transformer so that it can supply a load
at 330V from a 110V supply.

(a) Show the connection.

(b) Determine the maximum kVA the reconnected transformer can deliver.

Three 1¢, 10kVA, 460/120V, 60 Hz transformers are connected to form a 3¢, 460/208 V trans-

former bank. The equivalent impedance of each transformer referred to the high-voltage side is
1.0 +72.0 Q. The transformer delivers 20 kW at 0.8 power factor (leading).

(a) Draw a schematic diagram showing the transformer connection.

(b) Determine the transformer winding current.

(c) Determine the primary voltage.

(d) Determine the voltage regulation.

Three 1¢, 100 kVA, 2300/460 V, 60 Hz transformers are connected to form a 3¢, 2300/460 V trans-
former bank. The equivalent impedance of each transformer referred to its low-voltage side is
0.045 +0.16 Q. The transformer is connected to a 3¢ source through 3¢ feeders, the impedance of
each feeder being 0.5 +;1.5 Q. The transformer delivers full load at 460 V and 0.85 power factor
lagging.

(a) Draw a schematic diagram showing the transformer connection.

(b) Determine the single-phase equivalent circuit.

(c) Determine the sending end voltage of the 3¢ source.

(d) Determine the transformer winding currents.

Two identical 250 kVA, 230/460 V transformers are connected in open delta to supply a balanced
3¢ load at 460V and a power factor of 0.8 lagging. Determine

(a) The maximum secondary line current without overloading the transformers.

(b) The real power delivered by each transformer.

(c) The primary line currents.

(d) If a similar transformer is now added to complete the A, find the percentage increase in real
power that can be supplied. Assume that the load voltage and power factor remain
unchanged at 460 V and 0.8 lagging, respectively.
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Three identical single-phase transformers, each of rating 20 kVA, 2300/230V, 60 Hz, are con-
nected Y=Y to form a 3¢ transformer bank. The high-voltage side is connected to a 3¢, 4000V,
60 Hz supply, and the secondary is left open. The neutral of the primary is not connected to the
neutral of the supply. The voltage between the primary neutral and the supply neutral is measured
to be 1200 V.

(a) Describe the voltage waveform between primary neutral and supply neutral. Neglect har-
monics higher than third.

(b) Determine the ratio of (i) phase voltages of the two sides and (ii) line voltages of the two sides.
(c) Determine the ratio of the rms line-to-line voltage to the rms line-to-neutral voltage on each
side.

A 1¢, 200kVA, 2100/210V, 60 Hz transformer has the following characteristics. The impedance

of the high-voltage winding is 0.25+;1.5Q with the low-voltage winding short-circuited. The

admittance (i.e., inverse of impedance) of the low-voltage winding is 0.025 —;0.075 mhos with

the high-voltage winding open-circuited.

(a) Taking the transformer rating as base, determine the base values of power, voltage, current,
and impedance for both the high-voltage and low-voltage sides of the transformer.

(b) Determine the per-unit value of the equivalent resistance and leakage reactance of the
transformer.

(c) Determine the per-unit value of the excitation current at rated voltage.
(d) Determine the per-unit value of the total power loss in the transformer at full-load output
condition.

A single-phase transformer has an equivalent leakage reactance of 0.04 per unit. The full-load
copper loss is 0.015 per unit and the no-load power loss at rated voltage is 0.01 pu. The trans-
former supplies full-load power at rated voltage and 0.85 lagging power factor.

(a) Determine the efficiency of the transformer.

(b) Determine the voltage regulation.

A 1¢, 10kVA, 7500/250V, 60 Hz transformer has Z.,=0.015+;0.06 pu, R.=60pu, and
Xm =20 pu.

(a) Determine the equivalent circuit in ohmic values referred to the low-voltage side.

(b) The high-voltage winding is connected to a 7500 V supply, and a load of 5/90° is connected
to the low-voltage side. Determine the load voltage and load current. Determine the voltage
regulation.

A 1¢, 10kVA, 2200/220V, 60 Hz transformer has the following characteristics:
No-load core loss = 100 W
Full-load copper loss =215W

Write a computer program to study the variation of efficiency with output kVA load and load power
factor. The program should

(a) Yield the results in a tabular form showing power factor, per-unit kVA load (i.e., X), and
efficiency.

(b) Produce a plot of efficiency versus percent kVA load for power factors of 1.0, 0.8, 0.6, 0.4,
and 0.2.



chapter three

ELECTROMECHANICAL
ENERGY CONVERSION

Various devices can convert electrical energy to mechanical energy and vice versa. The
structures of these devices may be different depending on the functions they perform. Some
devices are used for continuous energy conversion, and these are known as motors and gen-
erators. Other devices are used to produce translational forces whenever necessary and are
known as actuators, such as solenoids, relays, and electromagnets. The various converters may
be different structurally, but they all operate on similar principles.

This book deals with converters that use a magnetic field as the medium of energy con-
version. In this chapter the basic principles of force production in electromagnetic energy
conversion systems are discussed. Some general relationships are derived to tie together
all conversion devices and to demonstrate that they all operate on the same basic principle.

3.1 ENERGY CONVERSION PROCESS

There are various methods for calculating the force or torque developed in an energy con-
version device. The method used here is based on the principle of conservation of energy,
which states that energy can neither be created nor destroyed; it can only be changed from one
form to another. An electromechanical converter system has three essential parts: (1) an
electric system, (2) a mechanical system, and (3) a coupling field, as shown in Fig. 3.1. The
energy transfer equation is as follows:

Electrical = mechanical + increase + energy
energy input energy output in stored losses
from source energy in
coupling
field (3.1)

The electrical energy loss is the heating loss due to current flowing in the winding of
the energy converter. This loss is known as the i?R loss in the resistance (R) of the winding.
The field loss is the core loss due to changing magnetic field in the magnetic core. The mechanical
loss is the friction and windage loss due to the motion of the moving components. All these losses
are converted to heat. The energy balance equation 3.1 can therefore be written as

Electrical energy = mechanical energy + increase in stored
input from source output + friction field energy
— resistance loss  and windage loss + core loss (3.2)

93
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Electrical A Coupling Mechanical
system 1 field system Pmech
Electrical Field Mechanical FIGURE 3.1 Electro-
loss loss loss mechanical converter system.

Now consider a differential time interval df during which an increment of electrical energy
dW. (excluding the i’R loss) flows to the system. During this time dt, let dW; be the
energy supplied to the field (either stored or lost, or part stored and part lost) and dWy,
the energy converted to mechanical form (in useful form or as loss, or part useful and part as
loss). In differential forms, Eq. 3.2 can be expressed as

AW, = dWp, +dW; (3.3)

Core losses are usually small, and if they are neglected, dW; will represent the change in the
stored field energy. Similarly, if friction and windage losses can be neglected, then all of dW,
will be available as useful mechanical energy output. Even if these losses cannot be neglected,
they can be dealt with separately, as done in other chapters of this book. The losses do not
contribute to the energy conversion process.

3.2 FIELD ENERGY

Consider the electromechanical system of Fig. 3.2. The movable part can be held in static
equilibrium by the spring. Let us assume that the movable part is held stationary at some air
gap and the current is increased from zero to a value i. Flux will be established in the magnetic
system. Obviously,

dW, =0 (3.4)
and from Egs. 3.3 and 3.4,
dWe = de (35)
Immovable 4—;:__' R:;;r:aiztrie
part \ et
® Movable
R i r e part
—AW—> —
Fm
™
Spring
Do ”
__ FIGURE 3.2 Example of an electrome-

chanical system.
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If core loss is neglected, all the incremental electrical energy input is stored as incremental field
energy. Now,

d\
AW, = ei dt (3.7)
From Egs. 3.5, 3.6, and 3.7,
dWe=1id\ (3.8)

The relationship between coil flux linkage A and current i for a particular air gap length is
shown in Fig. 3.3. The incremental field energy dW; is shown as the crosshatched area in this
figure. When the flux linkage is increased from zero to ), the energy stored in the field is

A
W, = J id) (3.9)
0

This integral represents the area between the X axis and the A — i characteristic, the entire area
shown shaded in Fig. 3.3. Other useful expressions can also be derived for the field energy of
the magnetic system.
Let
H.= magnetic intensity in the core
H, = magnetic intensity in the air gap
l. = length of the magnetic core material
I, = length of the air gap

Then
Ni = Helo + Hyl, (3.10)
Also
A=NO (3.11)
— NAB (3.12)

dw,

FIGURE 3.3 )\—i characteristic for the system in Fig. 3.2 for a
i particular air gap length.
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where A is the cross-sectional area of the flux path

B is the flux density, assumed same throughout

From Eqgs. 3.9, 3.10, and 3.12,

H.Jl.+H,
W = JiggNAdB

For the air gap,

From Egs. 3.13 and 3.14,

W = (chc + Ezg>A dB
J Ho

- (HCdB alo+ Bap ng>
Ho

= | H. dB X volume of magnetic material

2

B .
+ —— X volume of air gap
21

=ch><VC+ng><Vg

=W + ng

where wy. = [Hc.dB. is the energy density in the magnetic material
weg = B%/2, is the energy density in the air gap
V. is the volume of the magnetic material
V, is the volume of the air gap
Wy, is the energy in the magnetic material
Wi, is the energy in the air gap

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
(3.13)

Normally, energy stored in the air gap (W) is much larger than the energy stored in the

magnetic material (Wg.). In most cases Wy, can be neglected.
For a linear magnetic system,

B
H.==
He
Therefore,
B B?
Wie = J—CdBC = ¢
e 2/,

(3.19)

(3.20)

The field energy of the system of Fig. 3.2 can be obtained by using either of Egs. 3.9 and 3.16.
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EXAMPLE 3.1

The dimensions of the actuator system of Fig. 3.2 are shown in Fig. E3.1. The magnetic core is
made of cast steel whose B—H characteristic is shown in Fig. 1.7. The coil has 250 turns, and
the coil resistance is 5 ohms. For a fixed air gap length g = 5mm, a dc source is connected
to the coil to produce a flux density of 1.0 tesla in the air gap.

(a) Find the voltage of the dc source.
(b) Find the stored field energy.

Solution

(a) From Fig. 1.7, magnetic field intensity in the core material (cast steel) for a flux density of
1.0Tis

H. =670 At/m

Length of flux path in the core is

Le

1R

2(10+5)+2(10+5) cm
= 60 cm
The magnetic intensity in the air gap is

B 1.
.= —£ = 70_7 At/m
o 4710

= 795.8 X 10° At/m

The mmf required is

Ni=670X0.6+795.8%103x2x5X10"3 At
= 402 + 7958
= 8360 At
8360
=" A
"7 250
= 3344 A
5cm
4
5cm == \I
|
| |
10 cm } | | Depth = 10 cm
I i
5cm | Sy - J

10 cm FIGURE E3.1
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Voltage of the dc source is

Vi =33.44X5=167.2V

(b) Energy density in the core is

1.0
Wee = J HdB
0

This is the energy density given by the area enclosed between the B axis and the B—H
characteristic for cast steel in Fig. 1.7. This area is

Wg ~ %X1X670

335J/m3

The volume of steel is

Ve = 2(0.05 X 0.10 X 0.20) + 2(0.05 X 0.10 X 0.10)
=0.003 m3

The stored energy in the core is

wg. = 335X0.0037J

=1.005J
The energy density in the air gap is
1.0
=_— "  _J/m3
W a0 /™

397.9 X 10° J/m?
The volume of the air gap is
Vg = 2(0.05 X 0.10 X 0.005) m*
=0.05%x10 3m?3

The stored energy in the air gap is

Wi = 397.9 X 10° X 0.05 X 10 3
= 19.895 joules

The total field energy is

W =1.005+19.89517J
=2091J

Note that most of the field energy is stored in the air gap. H
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FIGURE 3.4 (a) \—i char-

Increased

air gap acteristics for different air
length ] } gap lengths. (b) Graphical
' ' representation of energy
(@) (b) and coenergy.

3.2.1 ENERGY, COENERGY

The A—i characteristic of an electromagnetic system (such as that shown in Fig. 3.2) depends
on the air gap length and the B—H characteristics of the magnetic material. These A\—i char-
acteristics are shown in Fig. 3.4a for three values of air gap length. For larger air gap length, the
characteristic is essentially linear. The characteristic becomes nonlinear as the air gap length
decreases.

For a particular value of the air gap length, the energy stored in the field is represented by the
area A between the ) axis and the \—i characteristic, as shown in Fig. 3.4b. The area B between
the i axis and the A\—i characteristic is known as the coenergy and is defined as

W} = J Adi (3.21)
0

This quantity has no physical significance. However, as will be seen later, it can be used to
derive expressions for force (or torque) developed in an electromagnetic system.
From Fig. 3.4b,

Wi=W;= N (3.22)

Note that Wi > W if the A—i characteristic is nonlinear and Wi = Wy if it is linear.

3.3 MECHANICAL FORCE IN THE
ELECTROMAGNETIC SYSTEM

Consider the system shown in Fig. 3.2. Let the movable part move from one position (say
x = x1) to another position (x =x;) so that at the end of the movement the air gap decreases.
The A—i characteristics of the system for these two positions are shown in Fig. 3.5. The current
(i =v/R) will remain the same at both positions in the steady state. Let the operating points be
a when x =x; and b when x = x;, (Fig. 3.5).

If the movable part has moved slowly, the current has remained essentially constant during
the motion. The operating point has therefore moved upward from point a to b as shown in
Fig. 3.5a. During the motion,
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X = Xy

(a) (b)
FIGURE 3.5 Locus of the operating point for motion in system of Fig. 3.2. (a) At
constant current. (b) At constant flux linkage.

A2
dW, = Jeidl = J id\=area abcd (3.23)

A1
dW; = area Obc — Oad (3.24)

AWy, = dW, —dW;
= area abcd + area Oad — area Obc
= area Oab (3.25)

If the motion has occurred under constant-current conditions, the mechanical work done is
represented by the shaded area (Fig. 3.5a), which, in fact, is the increase in the coenergy.

AW, = dW,
If /1, is the mechanical force causing the differential displacement dx,

fmdx = dWy, =dW;
o W) 5326
m 0x

i = constant

Let us now consider that the movement has occurred very quickly. It may be assumed that
during the motion the flux linkage has remained essentially constant, as shown in Fig. 3.5b.
It can be shown that during the motion the mechanical work done is represented by the shaded
area Oap, which, in fact, is the decrease in the field energy. Therefore,

foo dx = dWy, = dW;

f = OWe(\, x) (3.27)
me Ox

)\ = constant
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Note that for the rapid motion the electrical input is zero (id\ = 0) because flux linkage has
remained constant and the mechanical output energy has been supplied entirely by the field
energy.

In the limit when the differential displacement dx is small, the areas Oab in Fig. 3.5a and Oap
in Fig. 3.5b will be essentially the same. Therefore the force computed from Egs. 3.26 and 3.27
will be the same.

EXAMPLE 3.2

The A\ —i relationship for an electromagnetic system is given by

i (22
0.09
which is valid for the limits 0 <i < 4A and 3 < g < 10cm. For current i = 3A and air gap

length g = 5cm, find the mechanical force on the moving part, using energy and coenergy of
the field.

Solution

The A—i relationship is nonlinear. From the X\ —i relationship

5= 0.09i'/?
g
The coenergy of the system is
i i 0091/2
W =J Adi= J L di
0 o &
.092
= w—i"’/z joules
3
From Eq. 3.26
L
][m _ awf(l’g)
8g i = constant

— 2~321
== 0.09x 32 5

i = constant

For g=0.05m and i = 3A,

N-m

2
= —0.09% = x3%%x
f 3 0.05°

=—1247N-m
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The energy of the system is

From Eq. 3.27

OWe(\,g)

fm:_ ag

_ M2g
3% 0.09°

A = constant

For g=0.05m and i = 3 A,

~0.09 x 312

0.05 = 3.12 Wb-turn

and

_ 3.123 %2 x0.05
3 X 0.09?

—1247N-m

The forces calculated on the basis of energy and coenergy functions are the same, as they
should be. The selection of the energy or coenergy function as the basis for calculation is a
matter of convenience, depending on the variables given. The negative sign for the force
indicates that the force acts in such a direction as to decrease the air gap length. H

3.3.1 LINEAR SYSTEM

Consider the electromagnetic system of Fig. 3.2. If the reluctance of the magnetic core path is
negligible compared to that of the air gap path, the A—i relation becomes linear. For this
idealized system

A =L(x)i (3.28)

where L(x) is the inductance of the coil, whose value depends on the air gap length. The field
energy is

Wi = Jid)\ (3.29)
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From Egs. 3.28 and 3.29,

=
Il
—
>
E
Q
>
Il
>
(S}

From Egs. 3.27 and 3.30,

A = constant

For a linear system,

From Egs. 3.26 and 3.33,

i = constant

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

Equations 3.32 and 3.34 show that the same expressions are obtained for force whether
analysis is based on energy or coenergy functions. For the system in Fig. 3.2, if the reluctance of

the magnetic core path is neglected,

B
Ni=Hy2g=—£2g
Ho

From Egq. 3.16, the field energy is

BZ
Wi = —£ X volume of air gap
219

BZ
= £ XA2g
219 ¢

where A, is the cross-sectional area of the air gap.

(3.35)

(3.36)
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From Egs. 3.27 and 3.36,

o [ B
m= — | == XA; X2
f ag (2/140 g g
2

— Bg (ZA )
21 ¢

(3.37)

The total cross-sectional area of the air gap is 24,. Hence, the force per unit area of air gap,
called magnetic pressure Fp,, is

B? 5
= e
F,, 2g N/m (3.38)

EXAMPLE 3.3

The magnetic system shown in Fig. E3.3 has the following parameters:

N =500

i=2A

Width of air gap=2.0 cm
Depth of air gap=2.0 cm
Length of air gap =1 mm

Neglect the reluctance of the core, the leakage flux, and the fringing flux.

(a) Determine the force of attraction between both sides of the air gap.
(b) Determine the energy stored in the air gap.

Solution .
_ HoNi
(a) By ="
g
B2
fm= =2 XA
T 2p *
N?%i?
Ho Ag
Zlé
i
o—

—f —

FIGURE E3.3
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471077 X 2)?
_ 4r10” (500 7)6 X2.0%x2.0x10"*
2X1x1x10

=251.33N

BZ
(b) W= —2 XV,
219 ¢

B2
=_—8 XA, X

2#0 Ag lg
=251.33x10737J

= 0.25133 joules W
EXAMPLE 3.4

The lifting magnetic system shown in Fig. E3.4 has a square cross section 6 X 6 cm?. The coil
has 300 turns and a resistance of 6 ohms. Neglect reluctance of the magnetic core and field
fringing in the air gap.
(a) The air gap is initially held at 5mm and a dc source of 120V is connected to the coil.
Determine
(i) The stored field energy.
(ii) The lifting force.
(b) The air gap is again held at 5 mm and an ac source of 120 V (rms) at 60 Hz is connected to
the coil. Determine the average value of the lift force.

o

P

FIGURE E3.4
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Solution

(a) Current in the coil is

120
6
Because the reluctance of the magnetic core is neglected, field energy in the magnetic
core is negligible. All field energy is in the air gaps.

i= =20A

B
Ni = Hgl, = £,
Ho

foNt
2g
471077 % 300 X 20
2X5%x10°3
= 0.754 tesla

B, =

Field energy is
2
W; = —£ X volume of air gap
219

2
= %x2x6x6x5x10*7j
2 X4r10

= 8.1434J

From Eq. 3.37, the lift force is

BZ
—£ Xair gap area
21

2
= L4_7><2><6><6><10‘41\I
2 X 4710

1628.7 N

fm

(b) For ac excitation, the impedance of the coil is
Z=R+jwL
Inductance of the coil is

_ N? FoAg
ly

_ 3002 X 4710 7 x6Xx6x10*
2X5x%x1073

L=

D 2,

o

=40.7x10"3H
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Z=6+7377%X40.7x103Q

=6+715.34Q
Current in the coil is
[ =120
(6% + 15.34%)
=729A
The flux density is
B. = toNi
g zg

The flux density is proportional to the current and therefore changes sinusoidally with
time as shown in Fig. E3.4. The rms value of the flux density is

By = HolNTrms (3.38a)
2g

47107 X 300 X 7.29 T
2X5%x1073
0.2748 T

The lift force is
2

fm==—2 X2A
2py -~ TF (3.38b)

2
oc Bg
The force varies as the square of the flux density, as shown in Fig. E3.4.
2
B
2/”L0 avg
BZ

= IS %24
21 ¢

fm\avg = X 2Ag

2 3.38c
= Bims X air gap area ( )
219
027482 X2X6X6X1074
2x4m1077

=2163N

which is almost one-eighth of the lift force obtained with a dc supply voltage. Lifting
magnets are normally operated from dc sources. W
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3.4 ROTATING MACHINES

The production of translational motion in an electromagnetic system has been discussed
in previous sections. However, most of the energy converters, particularly the higher-power
ones, produce rotational motion. The essential part of a rotating electromagnetic system is
shown in Fig. 3.6. The fixed part of the magnetic system is called the stator, and the moving part
is called the rotor. The latter is mounted on a shaft and is free to rotate between the poles of the
stator. Let us consider a general case in which both stator and rotor have windings carrying
currents, as shown in Fig. 3.6. The current can be fed into the rotor circuit through fixed
brushes and rotor-mounted slip rings.

The stored field energy W; of the system can be evaluated by establishing the currents is and
iy in the windings keeping the system static—that is, with no mechanical output. Consequently,

dWg = egig dt + e, dt

3.39
is d)s + iy d)r ( )

For a linear magnetic system the flux linkages As of the stator winding and ). of the rotor
winding can be expressed in terms of inductances whose values depend on the position 6 of
the rotor.

As = Lgsis + Ly

) ) (3.40)
A = Lyl + Lipiy

where Lg is the self-inductance of the stator winding
L., is the self-inductance of the rotor winding
L., Ls are mutual inductances between stator and rotor windings

For a linear magnetic system Lg. = L;s. Equation 3.40 can be written in the matrix form

is

‘AS (3.41)

Ar

’Lss L
LSF LI"I"

ir
From Egs. 3.39 and 3.40,

dWg = isd(Lssis + Leiy) +ird(Lgris + Lyyiy)
= Lesisdis + Lyciydiy + Lo d(isiy)

s
Stator —a 3 j
. | .
lS ll
|

O~
@y 7
q
[ — | ~
Rotor

| i
I FIGURE 3.6 Basic configuration of a rotating electromagnetic

| system.




Rotating Machines 109

The field energy is
s ivdiy + Ly J " dii)
0 (3.42)

i
Wi = Lgs J isdis + erj
0 0

_ 17 2417 =2 -
= ELSSzS + ierlr + Lgigiy

Following the procedure used to determine an expression for force developed in a translational
actuator, it may be shown that the torque developed in a rotational electromagnetic system is

_ OW(i, 0)

T
00

(3.43)

i = constant

In a linear magnetic system, energy and coenergy are the same, that is, Wy = W}. Therefore,
from Egs. 3.42 and 3.43,

2 dLy i dLg
do T do

(3.44)

The first two terms on the right-hand side of Eq. 3.44 represent torques produced in the
machine because of variation of self-inductance with rotor position. This component of torque
is called the reluctance torgue. The third term represents torque produced by the variation of
the mutual inductance between the stator and rotor windings.

EXAMPLE 3.5

In the electromagnetic system of Fig. 3.6, the rotor has no winding (i.e., we have a reluctance
motor) and the inductance of the stator as a function of the rotor position 6 is
L= Lo + L, cos 20 (Fig. E3.5). The stator current is is = Iy, sin wt.

(a) Obtain an expression for the torque acting on the rotor.

(b) Let 6 = wyt + 6, where wy, is the angular velocity of the rotor and ¢ is the rotor position at
t = 0. Find the condition for nonzero average torque, and obtain an expression for the
average torque.

—7/2 0 /2

FIGURE E3.5
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Solution
(a) Since i, =0, from Eq. 3.44,

dL
“ 122 sinZur L (L + Ly cos 20
=315, sin wtﬁ( o + Ly cos 26)
= — 2L sin 20 sin*wt N - m
1 — cos 2wt
(b) T = —I2 Lysin Z(wmt+6)w

112, La[sin 2(wmt + 8) — 3 sin 2{(wm + w)t + 6}
=— % sin 2{(wm — w)t + 6}]

The average value of each of the three sinusoidally time-varying functions is zero unless,
in one of them, the coefficient of ¢ is zero. Average torque is produced at the following
speeds:

(i) wnp=0
The average torque at zero speed is
Tave = — 112, L, sin 26
From Fig. E3.5

—-L
LzI%

Therefore,

Tag=—11

SIl’l(

Lq — Lq)sin 26

(i) wp=Fw

Corresponding to this condition,

Tavg = 112, Lrsin 26

1
4

12 (Lg — Lg)sin 26

o|—

The reluctance machine can therefore develop an average torque if it rotates, in either
direction, at the angular velocity of the current, which is known as the synchronous speed.
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The average torque varies sinusoidally with 26 (as shown in Fig. E3.5), where § is the rotor
position at time ¢ =0 and is known as the power or torque angle. R

3.5 CYLINDRICAL MACHINES

A cross-sectional view of an elementary two-pole cylindrical rotating machine with a uniform
air gap is shown in Fig. 3.7. The stator and rotor windings are shown as placed on two slots on
the stator and the rotor, respectively. In an actual machine the windings are distributed over
several slots. If the effects of the slots are neglected, the reluctance of the magnetic path is
independent of the position of the rotor. It can be assumed that the self-inductances Ly and L.
are constant and therefore no reluctance torques are produced. The mutual inductance
Ly, varies with rotor position, and the torque produced in the cylindrical machine is

Lsr
T= isirdd—g (3.45)
Let
Ly=Mcos 0 (3.46)

where M is the peak value of the mutual inductance Lg;
0 is the angle between the magnetic axis of the stator and rotor windings

Let the currents in the two windings be
is = Ism COS wst (3.47)
iy = Iym cos (wit + @) (3.48)

The position of the rotor at any instant is

0=wmt +46 (3.49)
Rotor axis
SJO)
=wnt+ 6
®r \
Stator axis
—-R @
-s® FIGURE 3.7 Cross-sectional view of an elementary two-

pole cylindrical rotating machine with a uniform air gap.
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where wy, is the angular velocity of the rotor and ¢ is the rotor position at ¢ = 0. From Eqgs. 3.45
to 3.49,

T

— IsmImM cos wst cos (wrt + @) sin(wmt + 6)

_ LsmlimM
4
+ sin{(wm — (ws + wr))t — a + 6}

[sin{(wm + (ws + wp))t + a + 6}

(
+ sin{(wm + (ws —wy))t — a + 6}
( s

+ sin{(wm — (ws — wy))t + o + 6}] (3.50)
The torque varies sinusoidally with time. The average value of each of the sinusoidal terms in
Eq. 3.50 is zero, unless the coefficient of ¢ is zero in that sinusoidal term. Therefore, the average
torque will be nonzero if

wm = *(ws = wy) (3.51)

The machine will develop average torque if it rotates, in either direction, at a speed that is equal
to the sum or difference of the angular speeds of the stator and rotor currents:

|wm| = |wsTwy| (3.52)

Consider the following cases.

1. w:=0,a=0, wy =ws. The rotor current is a direct current /g and the machine rotates at the
synchronous speed. For these conditions, from Eq. 3.50, the torque developed is

 IgnIrM

T=
2

{sin(2wst + 6) + sin 6} (3.53)

The instantaneous torque is pulsating. The average value of the torque is

IsnIrM
Tavg: _ smzR

siné (3.54)
If the machine is brought up to its synchronous speed (wm = ws), it will develop an average
unidirectional torque and continuous energy conversion can take place at the synchronous
speed. This is the basic principle of operation of a synchronous machine, which normally
has dc excitation in the rotor and ac excitation in the stator. Note (from Eq. 3.50) that at
wm = 0, the machine does not develop an average torque, and therefore the machine is not
self-starting. With one winding on the stator, the machine is called a single-phase syn-
chronous machine. Although it develops an average torque, the instantaneous torque is
pulsating. The pulsating torque may result in vibration, speed fluctuation, noise, and waste
of energy. This may be acceptable in smaller machines but not in larger ones. The pulsating
torque can be avoided in a polyphase machine, and all large machines are polyphase
machines.
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wm = ws — wr. Both stator and rotor windings carry ac currents at different frequencies and
the motor runs at an asynchronous speed (wm # ws, wm # wy). From Eq. 3.50, the torque
developed is
IsmlrmM . .
T=—————sinRuwst +a+06) +sin(—2wt —a+6
+ [sin(2wst — 2wt — a + 6) + sin(a + §)]

The instantaneous torque is pulsating. The average value of the torque is

_ LsermM
4

This is the basic principle of operation of an induction machine, in which the stator
winding is excited by an ac current and ac current is induced in the rotor winding. Note
that the single-phase induction machine is also not self-starting, because at wy, =0 no
average torque is developed. The machine is brought up to the speed wy, = ws — wy so that it
can produce an average torque. To eliminate pulsating torque, polyphase induction
machines are used for high-power applications.

Tovg = sin(a + 6) (3.56)

The mechanism of torque production in electromagnetic systems producing both transla-
tional and rotary motions has been discussed in this chapter. In rotating machines torque can
be produced by variation in the reluctance of the magnetic path or mutual inductance between
the windings.

Reluctance machines are simple in construction, but torque developed in these machines is
small. Cylindrical machines, although more complex in construction, produce larger torques.
Most electrical machines are of the cylindrical type. The performance of the various rotating
electrical machines is discussed in more detail in the following chapters.

PROBLEMS

3.1

3.2

In a translational motion actuator, the A—i relationship is given by
i=2N2+25)\x— 1)

for 0 < x < 1m, where i is the current in the coil of the actuator. Determine the force on the
moving part at x = 0.6 m.

The A—i relationship for an electromagnetic system is given by

L 1.2i1/2
g
where g is the air gap length. For current i = 2 A and g = 10 cm, determine the mechanical force on
the moving part
(a) Using the energy of the system.
(b) Using the coenergy of the system.
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3.3 An actuator system is shown in Fig. P3.3. All dimensions are in centimeters. The mag-
netic material is cast steel, whose magnetization characteristic is shown in Fig. 1.7. The magnetic
core and air gap have a square cross-sectional area. The coil has 500 turns and 4.0 ohms
resistance.

(a) The gap isd=1mm.

(i) Determine the coil current and supply voltage (dc) required to establish an air gap flux
density of 0.5 tesla.

(ii) Determine the stored energy in the actuator system.
(iii) Determine the force of attraction on the actuator arm.

(iv) Determine the inductance of the coil.

(b) The actuator arm is allowed to move and finally the air gap closes.

(i) For zero air gap determine the flux density in the core, force on the arm, and stored
energy in the actuator system.

(ii) Determine the energy transfer (excluding energy loss in the coil resistance) between the
dc source and the actuator. Assume that the arm moved slowly. What is the direction of
energy flow? How much mechanical energy is produced?

i e

: ]

10 — 5 10— 5§ ju—

> 500
4Q turns All dimensions
are in centimeters
+ v - FIGURE P3.3

3.4 Fig. P3.4 shows an electromagnet system for lifting a section of steel channel. The coil has
600 turns. The reluctance of the magnetic material can be neglected up to a flux density of
1.4 tesla.

(a) For a coil current of 15A (dc), determine the maximum air gap g for which the flux density is
1.4 tesla.
(b) For the air gap in part (a), determine the force on the steel channel.

(c) The steel channel has a mass of 1000 kg. For a coil current of 15 A, determine the largest
gap at which the steel channel can be lifted magnetically against the force of gravity
(9.81m/sec?).
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An electromagnet lift system is shown in Fig. P3.5. The coil has 2500 turns. The flux density in the
air gap is 1.25T. Assume that the core material is ideal.

(a) For an air gap, g = 10mm:
(i) Determine the coil current.
(ii) Determine the energy stored in the magnetic system.
(iii) Determine the force on the load (sheet of steel).

(iv) Determine the mass of the load (acceleration due to gravity = 9.81 m/sec?).

(b) If the air gap is 2 mm, determine the coil current required to lift the load.

o,

q D Depth
q 40 mm
q N

q

qd

20| O 20
Pmm[S > 40 mm |<~ mm[<

—{0g

— FIGURE P3.5

The cross section of a cylindrical magnetic actuator is shown in Fig. P3.6. The plunger has a cross-
sectional area 0.0016 m?. The coil has 2500 turns and a resistance of 10 . A voltage of 15V (dc) is
applied to the coil terminals. Assume that the magnetic material is ideal.

(a) Determine the air gap g in mm for which the flux density in the air gap is 1.5 T. Determine
the stored energy for this condition.
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(b) Obtain an expression for the force on the plunger as a function of the air gap length g.
(c) Determine the force on the plunger for the condition of part (a).

(d) Suppose the plunger moves quickly from an initial gap of 5 mm to the fully closed position.
The plunger moves so quickly that the flux linkage of the coil (and hence the flux density in
the air gap) hardly changes during the motion.

(i) Determine the force during the motion.

(ii) Determine the amount of mechanical energy produced during the motion.

71
%\ %

Coil

v

— 0y e

Plunger
L FIGURE P3.6

3.7  The electromagnet shown in Fig. P3.7 can be used to lift a sheet of steel. The coil has 400 turns
and a resistance of 5 ohms. The reluctance of the magnetic material is negligible. The magnetic
core has a square cross section of 5cm by 5cm. When the sheet of steel is fitted to the electro-
magnet, air gaps, each of length g =1mm, separate them. An average force of 550 newtons is
required to lift the sheet of steel.

(a) For dc supply,
(i) Determine the dc source voltage.

(ii) Determine the energy stored in the magnetic field.

(b) For ac supply at 60 Hz, determine the ac source voltage.

-0 V o+
;R

1)

T FIGURE P3.7
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The features of a moving-iron ammeter are shown in Fig. P3.8. When current flows through the
curved solenoid coil, a curved ferromagnetic rod is pulled into the solenoid against the torque of a
restraining spring. The inductance of the coil is L = 4.5 + 186uH, where 6 is angle of deflection in
radians. The spring constant is 0.65 X 103N - m/rad.

(a) Show that the ammeter measures the root-mean-square value of the current.
(b) Determine the deflection in degrees for a current of 10 amperes (rms).

(c) Determine the voltage drop across the ammeter terminal when 10A (rms) at 60 Hz flows
through the ammeter. The coil resistance is 0.015 Q.

Scale

R

Ferromagnetic

rod
Solenoid coil
(stationary)
<)
o t[
Ammeter
terminal FIGURE P3.8

A reluctance machine of the form shown in Fig. 3.6 has no rotor winding. The inductance of the
stator winding is

Ly=0.1—-0.3cos20—0.2cos 46H

A current of 10 A (rms) at 60 Hz is passed through the stator coil.

(a) Determine the values of speed (wp,) of the rotor at which the machine will develop an average
torque.

(b) Determine the maximum torque and power (mechanical) that could be developed by the
machine at each speed.

(c) Determine the maximum torque at zero speed.

A reluctance motor with four rotor poles is shown in Fig. P3.10. The reluctance (%) of the
magnetic system can be assumed to be a sinusoidally varying function of 6 and is given by

R(H) =2 X 10° — 10°cos(46)

The coil has 200 turns and negligible resistance and is connected to a 120 V, 60 Hz, single-phase
supply.
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(a)
(b)

(c)
(d)

FIGURE P3.10

Obtain an expression for the flux (®) as a function of time. (Hint: v=Nd®/dt.)
Show that the torque developed is

1 _LdR
=37

Determine the values of speed (wy,) of the rotor at which the machine will develop an average
torque.

Determine the maximum torque and power (mechanical) that could be developed by the
machine at each speed.

The rotating machine of Fig. 3.7 has the following parameters.

(a)

(b)

Ls, = 0.15H
L., = 006 H
Ly = 0.08 cos fH

The rotor is driven at 3600 rpm. If the stator winding carries a current of 5A (rms) at 60 Hz,
determine the instantaneous voltage and rms voltage induced in the rotor coil. Determine
the frequency of the rotor induced voltage.

Suppose the stator and rotor coils are connected in series, and a current of 5 A (rms) at 60 Hz
is passed through them. Determine the speeds at which the machine will produce an average
torque. Also determine the maximum torque that the machine will produce at each speed.
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DC MACHINES

Applications such as light bulbs and heaters require energy in electrical form. In other applica-
tions, such as fans and rolling mills, energy is required in mechanical form. One form of energy can
be obtained from the other form with the help of converters. Converters that are used to contin-
uously translate electrical input to mechanical output or vice versa are called electric machines.
The process of translation is known as electromechanical energy conversion. An electric machine
is therefore a link between an electrical system and a mechanical system, as shown in Fig. 4.1.
In these machines the conversion is reversible. If the conversion is from mechanical to electrical,
the machine is said to act as a generator. If the conversion is from electrical to mechanical, the
machine is said to act as a motor. Hence, the same electric machine can be made to operate as
a generator as well as a motor. Machines are called ac machines (generators or motors) if the
electrical system is ac and dc machines (generators or motors) if the electrical system is dc.

Note that the two systems in Fig. 4.1, electrical and mechanical, are different in nature. In
the electrical system the primary quantities involved are voltage and current, while the anal-
ogous quantities in the mechanical system are forque and speed. The coupling medium
between these different systems is the field, as illustrated in Fig. 4.2.

4.1 ELECTROMAGNETIC CONVERSION

Three electrical machines (dc, induction, and synchronous) are used extensively for electro-
mechanical energy conversion. In these machines, conversion of energy from electrical
to mechanical form or vice versa results from the following two electromagnetic phenomena:

1. When a conductor moves in a magnetic field, voltage is induced in the conductor.

2. When a current-carrying conductor is placed in a magnetic field, the conductor experiences
a mechanical force.

These two effects occur simultaneously whenever energy conversion takes place from elec-
trical to mechanical or vice versa. In motoring action, the electrical system makes current flow
through conductors that are placed in the magnetic field. A force is produced on each con-
ductor. If the conductors are placed on a structure free to rotate, an electromagnetic torque will
be produced, tending to make the rotating structure rotate at some speed. If the conductors
rotate in a magnetic field, a voltage will also be induced in each conductor. In generating
action, the process is reversed. In this case, the rotating structure, the rotor, is driven by a
prime mover (such as a steam turbine or a diesel engine). A voltage will be induced in the
conductors that are rotating with the rotor. If an electrical load is connected to the winding
formed by these conductors, a current i will flow, delivering electrical power to the load.
Moreover, the current flowing through the conductor will interact with the magnetic field to
produce a reaction torque, which will tend to oppose the torque applied by the prime mover.

119
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Electrical Mechanical
system Electric system
o i machine T n
Motor
Energy flow X .
Generator <=————— FIGURE 4.1 Electromechanical energy conversion.

Electrical Coupling Mechanical
system magnetic system
fields
e . Tn FIGURE 4.2 Coupling field between electrical and
- mechanical systems.

Note that in both motoring and generating actions, the coupling magnetic field is involved in
producing a torque and an induced voltage.

The basic electric machines (dc, induction, and synchronous), which depend on electro-
magnetic energy conversion, are extensively used in various power ratings. The operation of
these machines is discussed in detail in this and other chapters.

Motional Voltage, e
An expression can be derived for the voltage induced in a conductor moving in a magnetic field.
As shown in Fig. 4.3q, if a conductor of length [/ moves at a linear speed v in a magnetic field B,
the induced voltage in the conductor is

e=Bl (4.1)

where B, [, and v are mutually perpendicular. The polarity of the induced voltage can be
determined from the so-called right-hand screw rule.

The three quantities v, B, and e are shown in Fig. 4.3b as three mutually perpendicular
vectors. Turn the vector v toward the vector B. If a right-hand screw is turned in the same way
the motion of the screw will indicate the direction of positive polarity of the induced voltage.

Electromagnetic Force,
For the current-carrying conductor shown in Fig. 4.4a, the force (known as Lorentz force)
produced on the conductor is

f =Bl (4.2)
where B, [, and i are mutually perpendicular. The direction of the force can be determined by
using the right-hand screw rule, illustrated in Fig. 4.4b.

.+-
xxlexx

- B
X indicates B into the paper FIGURE 4.3 Motional voltage.
(a) Conductor moving in the magnetic

(a) ®) field. (b) Right-hand screw rule.
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X X ‘
X X X B
f l / /
X X 1 X // FIGURE 4.4 Electromagnetic
X X X 4 force. (a) Current-carrying
f conductor moving in a mag-
(@) (b) netic field. (b) Force direction.

Turn the current vector i toward the flux vector B. If a screw is turned in the same way, the
direction in which the screw will move represents the direction of the force f.

Note that in both cases (i.e., determining the polarity of the induced voltage and determining
the direction of the force) the moving quantities (v and i) are turned toward B to obtain the
screw movement.

Equations 4.1 and 4.2 can be used to determine the induced voltage and the electromagnetic
force or torque in an electric machine. There are, of course, other methods by which these
quantities (e and f) can be determined.

Basic Structure of Electric Machines
The structure of an electric machine has two major components, stator and rotor, separated
by the air gap, as shown in Fig. 4.5.

Stator: This part of the machine does not move and normally is the outer frame of the
machine.

Rotor: This part of the machine is free to move and normally is the inner part of the
machine.

Both stator and rotor are made of ferromagnetic materials. In most machines, slots are cut
on the inner periphery of the stator and outer periphery of the rotor structure, as shown in
Fig. 4.5a. Conductors are placed in these slots. The iron core is used to maximize the coupling
between the coils (formed by conductors) placed on the stator and rotor, to increase the flux
density in the machine, and to decrease the size of the machine. If the stator or rotor (or both)

Stator S

FIGURE 4.5 Structure of electric machines.
(a) Cylindrical machine (uniform air gap).
(a) (b) (b) Salient pole machine (nonuniform air gap).
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Courtesy of Westinghouse Canada Inc.

(a) (b)
FIGURE 4.6 Laminations. (a) Stator. (b) Rotor.

is subjected to a time-varying magnetic flux, the iron core is laminated to reduce eddy current
losses. The thin laminations of the iron core with provisions for slots are shown in Fig. 4.6.

The conductors placed in the slots of the stator or rotor are interconnected to form windings.
The winding in which voltage is induced is called the armature winding. The winding through
which a current is passed to produce the primary source of flux in the machine is called the field
winding. Permanent magnets are used in some machines to provide the major source of flux in
the machine.

Rotating electrical machines take many forms and are known by many names. The three
basic and common ones are dc machines, induction machines, and synchronous machines.
There are other machines, such as permanent magnet machines, hysteresis machines, and
stepper machines.

DC Machine

In the dc machine, the field winding is placed on the stator and the armature winding on the
rotor. These windings are shown in Fig. 4.7. A dc current is passed through the field winding to
produce flux in the machine. Voltage induced in the armature winding is alternating. A
mechanical commutator and a brush assembly function as a rectifier or inverter, making the
armature terminal voltage unidirectional.

Induction Machine

In this machine the stator windings serve as both armature windings and field windings. When
the stator windings are connected to an ac supply, flux is produced in the air gap and revolves
at a fixed speed known as synchronous speed. This revolving flux induces voltage in the stator
windings as well as in the rotor windings. If the rotor circuit is closed, current flows in the rotor
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(@) (b)

(c)

FIGURE 4.7 DC machine. (a) Stator. (b) Rotor. (¢) Schematic cross-sectional view for a
2-pole machine.

winding and reacts with the revolving flux to produce torque. The steady-state speed of the
rotor is very close to the synchronous speed. The rotor can have a winding similar to the stator
or a cage-type winding. The latter is formed by placing aluminum or copper bars in the rotor
slots and shorting them at the ends by means of rings. Figure 4.8 shows the structure of the
induction machine.

Synchronous Machine
In this machine, the rotor carries the field winding and the stator carries the armature winding.
The structure of the synchronous machine is shown in Fig. 4.9. The field winding is excited by
direct current to produce flux in the air gap. When the rotor rotates, voltage is induced in the
armature winding placed on the stator. The armature current produces a revolving flux in the air
gap whose speed is the same as the speed of the rotor—hence the name synchronous machine.
These three major machine types, although they differ in physical construction and appear to
be quite different from each other, are in fact governed by the same basic laws. Their behavior
can be explained by considering the same fundamental principles of voltage and torque pro-
duction. Various analytical techniques can be used for the machines, and various forms of
torque or voltage equations can be derived for them, but the forms of the equations will differ
merely to reflect the difference in construction of the machines. For example, analysis will
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(d)

FIGURE 4.8 Induction machine. (a) Stator. (b) Rotor—cage type. (¢) Rotor—wound type.
(d) Schematic cross-sectional view.

show that in dc machines, the stator and rotor flux distributions are fixed in space, and a torque
is produced because of the tendency of these two fluxes to align. The induction machine is an
ac machine and differs in many ways from the dc machine, but works on the same principle.
Analysis will indicate that the stator flux and the rotor flux rotate in synchronism in the air gap,
and the two flux distributions are displaced from each other by a torque-producing displace-
ment angle. The torque is produced because of the tendency of the two flux distributions to
align with each other. It must be emphasized at the outset that ac machines are not funda-
mentally different from dc machines. Their construction details are different, but the same
fundamental principles underlie their operation.

The three basic and commonly used machines—dc, induction, and synchronous—are
described, analyzed, and discussed in separate chapters. In this chapter the various aspects of
the steady-state operation of the dc machine are studied in detail.

4.2 DC MACHINES

The dc machines are versatile and extensively used in industry. A wide variety of volt-ampere or
torque-speed characteristics can be obtained from various connections of the field windings.
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(@) (b)

(c)
FIGURE 4.9 Synchronous machine. (a) Stator. (b) Rotor. (¢) Schematic cross-
sectional view for a 2-pole machine.

Although a dc machine can operate as either a generator or a motor, at present its use as a
generator is limited because of the widespread use of ac power. The dc machine is extensively
used as a motor in industry. Its speed can be controlled over a wide range with relative ease.
Large dc motors (in tens or hundreds of horsepower) are used in machine tools, printing
presses, conveyors, fans, pumps, hoists, cranes, paper mills, textile mills, rolling mills, and so
forth. Additionally, dc motors still dominate as traction motors used in transit cars and loco-
motives. Small dc machines (in fractional horsepower rating) are used primarily as control
devices—such as tachogenerators for speed sensing and servomotors for positioning and
tracking. The dc machine definitely plays an important role in industry.

4.2.1 CONSTRUCTION

In a dc machine, the armature winding is placed on the rotor and the field windings are placed
on the stator. The essential features of a two-pole dc machine are shown in Fig. 4.10. The stator
has salient poles that are excited by one or more field windings, called shunt field windings and
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Interpole

Field windings
(shunt and series)

Compensating
winding

d-axis (pole axis)

Armature
winding

FIGURE 4.10 Schematic diagram of a dc machine.

series field windings. The field windings produce an air gap flux distribution that is symmetrical
about the pole axis (also called the field axis, direct axis, or d-axis).

The voltage induced in the turns of the armature winding is alternating. A commutator—
brush combination is used as a mechanical rectifier to make the armature terminal voltage
unidirectional and also to make the mmf wave, due to the armature current fixed in
space. The brushes are so placed that when the sides of an armature turn (or coil) pass
through the middle of the region between field poles, the current through it changes
direction. This makes all the conductors under one pole carry current in one direction. As
a consequence, the mmf due to the armature current is along the axis midway between the
two adjacent poles, called the guadrature (or g) axis. In the schematic diagram of Fig. 4.10,
the brushes are shown placed on the g-axis to indicate that when a turn (or coil) under-
goes commutation, its sides are in the g-axis. However, because of the end connection, the
actual brush positions will be approximately 90° from the position shown in Fig. 4.10 (see
also Fig. 4.17).

Note that because of the commutator and brush assembly, the armature mmf (along the
g-axis) is in quadrature with the field mmf (d-axis). This positioning of the mmfs will maximize
torque production. The armature mmf axis can be changed by changing the position of the
brush assembly as shown in Fig. 4.11. For improved performance, interpoles (in between two
main field poles) and compensating windings (on the face of the main field poles) are required.
These will be discussed in Sections 4.3.5 and 4.3.1, respectively.

Armature Armature Armature
mmf mmf

FIGURE 4.11 Shift of brush
position.
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4.2.2 EVOLUTION OF DC MACHINES

Consider a two-pole dc machine as shown in Fig. 4.12a. The air gap flux density distribution of
the field poles is shown in Fig. 4.12b. Consider a turn a-b placed on diametrically opposite slots
of the rotor. The two terminals a and b of the turn are connected to two slip rings. Two sta-
tionary brushes pressing against the slip rings provide access to the revolving turn a-b.

The voltage induced in the turn is due primarily to the voltage induced in the two sides of the
turn under the poles. Using the concept of “conductor cutting flux” (Eq. 4.1), these two voltages
are in series and aid each other. The voltage induced in the turn, e,, (same as the voltage e,
across the brushes), is alternating in nature, and its waveform is the same as that of the flux
density distribution wave in space.

Let us now replace the two slip rings by two commutator segments (which are copper seg-
ments separated by insulating materials) as shown in Fig. 4.13a. Segment C, is connected to
terminal a of the turn and segment Cy, to terminal b of the turn. For counterclockwise motion of
the rotor the terminal under the N pole is positive with respect to the terminal under the S pole.
Therefore, brush terminal B; is always connected to the positive end of the turn (or coil) and
brush terminal B; to the negative end of the turn (or coil). Consequently, although the voltage
induced in the turn, e,, is alternating, the voltage at the brush terminals, e1;, is unidirectional
as shown in Fig. 4.13b. This voltage contains a significant amount of ripple. In an actual

S, Sy~ slip rings
B, By-brushes (stationary)

(a)

B () }
N , N \
[
s /S A
Flux density-distribution in air gap
€12
€ab ’ \
= B(6) 2lv 0
\N4 \
FIGURE 4.12 Induced voltage in a dc

machine. (a) Two-pole dc machine.
(b) (b) Induced voltage in a turn.
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FIGURE 4.13 Voltage rectifica-
tion by commutators and brushes.
(a) DC machine with commutator
segments. (b) Single-turn

(c) machine. (¢) Multiturn machine.

machine, a large number of turns are placed in several slots around the periphery of the rotor.
By connecting these in series through the commutator segments (to form an armature wind-
ing), a good dc voltage (having a small amount of ripple) can be obtained across the brushes of
the rotor armature, as shown in Fig. 4.13c.

Note that turn a—b is short-circuited by the brushes when its sides pass midway between the
field poles (i.e., the g-axis). In the case of a dc motor, current will be fed into the armature
through the brushes. The current in the turn will reverse when the turn passes the interpolar
region and the commutator segments touch the other brushes. This phenomenon is illustrated
by the three positions of the turn in Fig. 4.14.

4.2.3 ARMATURE WINDINGS

As stated earlier, in the dc machine the field winding is placed on the stator to excite the field
poles, and the armature winding is placed on the rotor so that the commutator and brush
combination can rectify the voltage. There are various ways to construct an armature winding.
Before these are discussed, some basic components of the armature winding and terms related
to it are defined.
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(a) (d)

(c)
FIGURE 4.14 Current reversal in a turn by commutators and brushes.
(a) End a touches brush By; current flows from a to b. (b) The turn is
shorted; turn is in interpolar region. (¢) End a touches brush B,;
current flows from b to a.

A turn consists of two conductors connected to one end by an end connector.

A coil is formed by connecting several turns in series.

A winding is formed by connecting several coils in series.

The turn, coil, and winding are shown schematically in Fig. 4.15. The beginning of the turn,
or coil, is identified by the symbol S, and the end of the turn or coil by the symbol F.

End connection

Conductor

S; Fy

Turn Coil Winding
FIGURE 4.15 Turn, coil, and winding.
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FIGURE 4.16 Mechanical and electrical degrees. (a) Four-pole dc machine. (b) Flux
density distribution.

Most dc machines, particularly larger ones, have more than two poles, so most of the armature
conductors can be in the region of high air gap flux density. Figure 4.16a shows the stator of a dc
machine with four poles. This calls for an armature winding that will also produce four poles on
the rotor. The air gap flux density distribution due to the stator poles is shown in Fig. 4.16b. Note
that for the four-pole machine, in going around the air gap once (i.e., one mechanical cycle), two
cycles of variation of the flux density distribution are encountered. If we define

0ma = mechanical degrees or angular measure in space
0.q = electrical degrees or angular measure in cycles

then, for a p-pole machine,
0ea =5 0ma (4.3)

The distance between the centers of two adjacent poles is known as pole pitch or pole span.
Obviously,

_ 3604
One pole pitch = 180°,4

The two sides of a coil are placed in two slots on the rotor surface. The distance between the
two sides of a coil is called the coil pitch. If the coil pitch is one pole pitch, it is called a full-pitch
coil. If the coil pitch is less than one pole pitch, the coil is known as a short-pitch (or fractional-
pitch) coil. Short-pitch coils are desirable in ac machines for various reasons (see Appendix A).
The dc armature winding is mostly made of full-pitch coils.

There are a number of ways in which the coils of the armature windings of a dc machine can
be interconnected. Two kinds of interconnection, lap and wave, are very common. These are
illustrated in Figs. 4.17 and 4.18, respectively.

Lap Winding

Figure 4.17 illustrates an unrolled lap winding of a dc armature, along with the commutator
segments (bars) and stationary brushes. The brushes are located under the field poles at
their centers. Consider the coil shown by dark lines with one end connected to the commutator
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FIGURE 4.17 Lap winding. (a) Unrolled winding. (b) Equivalent coil representation.

bar numbered 2. The coil is placed in slots 2 and 7 such that the coil sides are placed in similar
positions under adjacent poles. The other end of the coil is connected to the commutator
bar numbered 3. The second coil starts at commutator 3 and finishes at the next commutator,
numbered 4. In this way all the coils are added in series and the pattern is continued until
the end of the last coil joins the start of the first coil. This is called a lap winding, because as the
winding progresses, the coil laps back on itself. It progresses in a continuous loop fashion.

Note that there is one coil between two adjacent commutator bars. Also note that 1/p of the
total coils of the winding are connected in series between two adjacent brushes and the total
voltage induced in these series-connected coils will appear across these two brushes. The
brushes making up the positive set are connected together, as are the brushes in the negative
set. In a four-pole machine, therefore, there are four parallel paths between the positive and
negative terminals of the armature, as shown in Fig. 4.17b.
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In a lap winding, the number of parallel paths (a) is always equal to the number of poles (p), and
also to the number of brushes.

Wave Winding
The layout of a wave-wound armature winding is shown in Fig. 4.18a. The coil arrangement
and the end connections are illustrated by the dark lines shown in Fig. 4.18a for two coils. One
end of the coil starts at commutator bar 2, and the coil sides are placed in slots 7 and 12. The
other end of the coil is connected to commutator bar 13. The second coil starts at this com-
mutator bar and is placed in slots 18 and 2, and ends on commutator bar 3. The coil con-
nections are continued in this fashion. The winding is called a wave winding, because the coils
are laid down in a wave pattern.

Note that between two adjacent commutator bars there are p/2 coils connected in series, as
opposed to a single coil in the lap winding. Between two adjacent brushes there are 1 /p of the total
commutator bars. Between two adjacent brushes, therefore, there are (p/2)(1/p), or 1, of all the
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FIGURE 4.18 Wave winding. (a) Unrolled winding. (b) Equivalent coil representation.
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coils. This indicates that in the wave winding, the coils are arranged in two parallel paths, irre-
spective of the number of poles, as illustrated in Fig. 4.18b. Note also in Fig. 4.18a that the two
brushes of the same polarity are connected essentially to the same point in the winding, except that
there is a coil between them. However, between the positive and negative brushes, a large number
of coils are connected in series. Although two brush positions are required, one positive and one
negative, in a wave winding (and this minimum number is often used in small machines), in large
machines more brush positions are used in order to decrease the current density in the brushes.

In wave windings, the number of parallel paths (a) is always two and there may be two or more
brush positions.

Also note from Figs. 4.17a and 4.18a that when the coil ends pass the brushes, the current
through the coil reverses. This process is known as commutation, and it happens when the coil
sides are in the interpolar region. During the time when two adjacent commutator bars make
contact with a brush, one coil is shorted by the brush in the lap winding and p/2 coils in
the wave winding. The effects of these short-circuited coils, undergoing commutation, will be
discussed later.

In small dc motors, the armature is machine wound by putting the wire into the slots one
turn at a time. In larger motors, the armature winding is composed of prefabricated coils that
are placed in the slots.

Because many parallel paths can be provided with a lap winding, it is suitable for high-
current, low-voltage dc machines, whereas wave windings having only two parallel paths are
suitable for high-voltage, low-current dc machines.

4.2.4 ARMATURE VOLTAGE

As the armature rotates in the magnetic field produced by the stator poles, voltage is induced
in the armature winding. In this section an expression will be derived for this induced voltage.
We can start by considering the induced voltage in the coils due to change of flux linkage
(Faraday’s law) or by using the concept of “conductor cutting flux.” Both approaches will
provide the same expression for the armature voltage.

The waveform of the voltage induced in a turn is shown in Fig. 4.12b, and because a turn is
made of two conductors, the induced voltage in a turn a—b (Fig. 4.12) from Eq. 4.1 is

ey = 2B(0)lwmr (4.4)
where [ is the length of the conductor in the slot of the armature

wm is the mechanical speed

r is the distance of the conductor from the center of the armature—that is, the radius of
the armature

The average value of the induced voltage in the turn is
e, = 2B(0)lwmr (4.5)

Let
® = flux per pole

27l
A = area per pole = %V
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Then
== ¢ dp
BO) =7 = Zm (4.6)
From Egs. 4.5 and 4.6,
__Pp
[T 7wm (47)

The voltages induced in all the turns connected in series for one parallel path across the
positive and negative brushes will contribute to the average terminal voltage E,. Let

N = total number of turns in the armature winding

a =number of parallel paths

Then
N _
E,= —a (4.8)
From Egs. 4.7 and 4.8,
E,= @ dwm
Ta
E, =K, 9w, (49)
where K, is known as the machine (or armature) constant and is given by
Np
= 4.10
*  ma ( )
or 2
p
K,=— 4.11
2 2ma ( )

where Z is the total number of conductors in the armature winding. In the MKS system, if ® is
in webers and wy, in radians per second, then E, is in volts.

This expression for induced voltage in the armature winding is independent of whether the
machine operates as a generator or a motor. In the case of generator operation, it is known as a
generated voltage, and in motor operation it is known as back emf (electromotive force).

4.2.5 DEVELOPED (OR ELECTROMAGNETIC) TORQUE

There are various methods by which an expression can be derived for the torque developed
in the armature (when the armature winding carries current in the magnetic field produced
by the stator poles). However, a simple method is to use the concept of Lorentz force, as
illustrated by Eq. 4.2.

Consider the turn aa’b’b shown in Fig. 4.19, whose two conductors aa’ and bb’ are placed
under two adjacent poles. The force on a conductor (placed on the periphery of the armature) is

f. = B(0)li. = B(0) z;—a (4.12)
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FIGURE 4.19 Torque production in dc machine.

where i, is the current in the conductor of the armature winding
I, is the armature terminal current

The torque developed by a conductor is

T.=fur (4.13)
The average torque developed by a conductor is
= =1
T.=B(0) Zzar (4.14)
From Egs. 4.6 and 4.14,
=  Ppl,
T.= 4.15
¢ 2ma (4.15)

All the conductors in the armature winding develop torque in the same direction and thus
contribute to the average torque developed by the armature. The total torque developed is

T=2NT. (4.16)
From Egs. 4.15 and 4.16,
N,
7=""P | =K%, (4.17)
a

In the case of motor action, the electrical power input (E.l,) to the magnetic field by the
electrical system must be equal to the mechanical power (Twy,) developed and withdrawn from
the field by the mechanical system. The converse is true for generator action. This is confirmed
from Egs. 4.9 and 4.17.

Electrical power, E.I, =K, ow,I, = Twy, mechanical power (4.17a)

EXAMPLE 4.1

A four-pole dc machine has an armature of radius 12.5 cm and an effective length of 25 cm.
The poles cover 75% of the armature periphery. The armature winding consists of 33 coils,
each coil having seven turns. The coils are accommodated in 33 slots. The average flux density
under each pole is 0.75T.
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1. If the armature is lap-wound,
(a) Determine the armature constant K.
(b) Determine the induced armature voltage when the armature rotates at 1000 rpm.

(c) Determine the current in the coil and the electromagnetic torque developed when the
armature current is 400 A.

(d) Determine the power developed by the armature.

2. If the armature is wave-wound, repeat parts (a) to (d) above. The current rating of the coils
remains the same as in the lap-wound armature.

Solution

1. Lap-wound dc machine

N; Z
@ k=N Zp
ma 2aw

Z=2X33X7=462, a=p=4

462 X 4
T axdxa 3
27X 0.125 X 0.25 X 0.7
(b) Pole area, A, = 2~ 0 540 5%0.75
=36.8 X 10°m?
®=A,xB=36.8%x10"°x0.75
=0.0276 Wb
E, = Ka®wy, = 73.53 X 0.0276 X % X 27
=212.5V
(©) Lon="2 =290 _ 190 A
4
T =K,®I, =73.53%0.0276 X 400 =811.8 N- m
(d) P, =E,l, =212.5 X400 = 85.0 kW
or

=Twmn =811.8X % X 27 =85.0 kW
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2. Wave-wound dc machine
p=4, a=2, Z =462

(a) _ 462%4

a_2><2><7r:147'06

Wm = % X 27w =104.67 rad/sec

(b) E, =147.06 X 0.0276 X 104.67 =425 V
(c) Ioi =100 A

I,=2x%100=200 A

T =147.06 X 0.0276 X 200 =811.8 N- m

(d) P,=425x200=85.0 kW H

4.2.6 MAGNETIZATION (OR SATURATION) CURVE
OF A DC MACHINE

A dc machine has two distinct circuits, a field circuit and an armature circuit. The mmfs
produced by these two circuits are at quadrature—the field mmf is along the direct axis and the
armature mmf is along the quadrature axis. A simple schematic representation of the dc
machine is shown in Fig. 4.20.

The flux per pole of the machine will depend on the ampere turns F,, provided by one or more
field windings on the poles and the reluctance # of the magnetic path. The magnetic circuit of a
two-pole dc machine is shown in Fig. 4.21a. The flux passes through the pole, air gap, rotor
teeth, rotor core, rotor teeth, air gap, and opposite pole and returns through the yoke of the
stator of the machine. The magnetic equivalent circuit is shown in Fig. 4.21b, where different
sections of the magnetic system in which the flux density can be considered reasonably uni-
form are represented by separate reluctances.

The magnetic flux ® that crosses the air gap under each pole depends on the magnetomotive
force F, (hence the field current) of the coils on each pole. At low values of flux ®, the magnetic

g-axis

d-axis
—_—

[

Field circuit Armature circuit FIGURE 4.20 DC machine representation.
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(a)

R,
y
¢ F g g Y g g F, 9
dp o oy Ry Re o kg TPy
R
AN FIGURE 4.21 Magnetic
circuit. (a) Cross-sectional
(b) view. (b) Equivalent circuit.

material may be considered to have infinite permeability, making the reluctances for magnetic
core sections zero. The magnetic flux in each pole is then

2F, F
==P_"P (4.18)

o=
2Ry Rg

If F}, is increased, flux ® will increase and saturation will occur in various parts of the magnetic
circuit, particularly in the rotor teeth. The relationship between field excitation mmf F, and
flux ® in each pole is shown in Fig. 4.22. With no field excitation, the flux in the pole is the
residual flux left over from the previous operation. As the field excitation is increased, the flux
increases linearly, as long as the reluctance of the iron core is negligible compared with that of
the air gap. Further increase in the field excitation will result in saturation of the iron core, and
the flux increase will no longer be linear with the field excitation. It is assumed here that the
armature mmf has no effect on the pole flux (d-axis flux), because the armature mmf acts along
the g-axis. We shall reexamine this assumption later on.

> F, FIGURE 4.22 Flux-mmf relation in a dc machine.
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) FIGURE 4.23 Magnetization curve.

The induced voltage in the armature winding is proportional to flux times speed (Eq. 4.9).
It is more convenient if the magnetization curve is expressed in terms of armature induced
voltage E, at a particular speed. This is shown in Fig. 4.23. This curve can be obtained by
performing tests on a dc machine. Figure 4.24 shows the magnetization curve obtained
experimentally by rotating the dc machine at 1000 rpm and measuring the open-circuit
armature terminal voltage as the current in the field winding is changed. This magnetization
curve is of great importance, because it represents the saturation level in the magnetic system
of the dc machine for various values of the excitation mmf.

4.2.7 CLASSIFICATION OF DC MACHINES

The field circuit and the armature circuit can be interconnected in various ways to provide a
wide variety of performance characteristics—an outstanding advantage of dc machines. Also,
the field poles can be excited by two field windings, a shunt field winding and a series field
winding. The shunt winding has a large number of turns and takes only a small current (less
than 5% of the rated armature current). A picture of a shunt winding is shown in Fig. 4.25.
This winding can be connected across the armature (i.e., parallel with it), hence the name
shunt winding. The series winding has fewer turns but carries a large current. It is connected in

120 — Magnetization curve at 1000 rpm
100
80

60

E,, volts

40

20

0 02 04 06 08 10 12 14
Iy, amps FIGURE 4.24 Test result: magnetization curve.
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Courtesy of General Electric Canada Inc.

FIGURE 4.25 Shunt field winding.

series with the armature, hence the name series winding. If both shunt and series windings are
present, the series winding is wound on top of the shunt winding, as shown in Fig. 4.26.

The various connections of the field circuit and armature circuit are shown in Fig. 4.27. In
the separately excited dc machine (Fig. 4.27a), the field winding is excited from a separate
source. In the self-excited dc machine, the field winding can be connected in three different
ways. The field winding may be connected in series with the armature (Fig. 4.21b), resulting in
a series dc machine; it may be connected across the armature (i.e., in shunt), resulting in a
shunt machine (Fig. 4.27¢); or both shunt and series windings may be used (Fig. 4.27d),
resulting in a compound machine. If the shunt winding is connected across the armature, it is
known as short-shunt machine. In an alternative connection, the shunt winding is connected
across the series connection of armature and series winding, and the machine is known as long-
shunt machine. There is no significant difference between these two connections, which are
shown in Fig. 4.27d. In the compound machine, the series winding mmf may aid or oppose
the shunt winding mmf, resulting in different performance characteristics.

FIGURE 4.26 Series winding on top
of shunt winding.

Courtesy of General Electric Canada Inc.
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winding
Series Shunt
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Series Shunt
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Shunt
winding

Short shunt Long shunt

(d)
FIGURE 4.27 Different connections of dc machines. (a) Separately excited dc
machine. (b) Series dc machine. (¢) Shunt dc machine. (d) Compound dc machine.

A rheostat is normally included in the circuit of the shunt winding to control the field current
and thereby to vary the field mmf.

Field excitation may also be provided by permanent magnets. This may be considered as a
form of separately excited machine, the permanent magnet providing the separate but constant
excitation.

In the following sections the operation of the various dc machines, first as generators and
then as motors, will be studied.

4.3 DC GENERATORS

The dc machine operating as a generator is driven by a prime mover at a constant speed and the
armature terminals are connected to a load. In many applications of dc generators, knowledge
of the variation of the terminal voltage with load current, known as the external or (terminal)
characteristic, is essential.

4.3.1 SEPARATELY EXCITED DC GENERATOR

As stated in Section 4.2.7, in the separately excited dc generator, the field winding is connected
to a separate source of dc power. This source may be another dc generator, a controlled rec-
tifier, or a diode rectifier, or a battery. The steady-state model of the separately excited dc
generator is shown in Fig. 4.28. In this model

Ry, is the resistance of the field winding.

Ry, is the resistance of the control rheostat used in the field circuit.

R¢ =Ry, + Ry, is the total field circuit resistance.



142 chapter 4 DC Machines

FIGURE 4.28 Steady-state model of a separately
excited dc generator.

R, is the resistance of the armature circuit, including the effects of the brushes. Sometimes
R, is shown as the resistance of the armature winding alone; the brush—contact voltage drop
is considered separately and is usually assumed to be about 2 V.

R; is the resistance of the load.
In the steady-state model, the inductances of the field winding and armature winding are not

considered.
The defining equations are the following:

Ve =R¢l; (4.19)
E,.=Vi+1,R, (4.20)
E, =K, 9wy (4.21)
Vi=1LRy (4.22)
I,=1 (4.23)
From Eq. 4.20,
Vi=E, - Ral, (4.24)

Equation 4.20 defines the terminal or external characteristic of the separately excited dc
generator; the characteristic is shown in Fig. 4.29. As the terminal (i.e., load) current I, increases,

K
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0 20 40 60 80 100 1, FIGURE 4.29 Terminal characteristic of a

% rated current separately excited dc generator.
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the terminal voltage V, decreases linearly (assuming E, remains constant) because of the voltage
drop across R,. This voltage drop IR, is small, because the resistance of the armature circuit R,
is small. A separately excited dc generator maintains an essentially constant terminal voltage.

At high values of the armature current a further voltage drop (AVar) occurs in the terminal
voltage; that is known as armature reaction (or the demagnetization effect) and causes a
divergence from the linear relationship. This effect can be neglected for armature currents
below the rated current. It will be discussed in the next section.

The load characteristic, defined by Eq. 4.22, is also shown in Fig. 4.29. The point of intersection
between the generator external characteristic and the load characteristic determines the oper-
ating point—that is, the operating values of the terminal voltage V; and the terminal current I,.

Armature Reaction (AR)

With no current flowing in the armature, the flux in the machine is established by the mmf
produced by the field current, as shown in Fig. 4.30a. However, if the current flows in the
armature circuit, it produces its own mmf (hence flux) acting along the g-axis. Therefore,
the original flux distribution in the machine due to the field current is disturbed. The flux
produced by the armature mmf opposes flux in the pole under one half of the pole and aids
under the other half of the pole, as shown in Fig. 4.30b. Consequently, flux density under the
pole increases in one half of the pole and decreases under the other half of the pole. If
the increased flux density causes magnetic saturation, the net effect is a reduction of flux per
pole. This is illustrated in Fig. 4.30c.

To have a better appreciation of the mmf and flux density distribution in a dc machine,
consider the developed diagram of Fig. 4.31a. The armature mmf has a sawtooth waveform as
shown in Fig. 4.31b. For the path shown by the dashed line, the net mmf produced by the
armature current is zero, because it encloses equal numbers of dot and cross currents.
The armature mmf distribution is obtained by moving this dashed path and considering the dot
and cross currents enclosed by the path. The flux density distribution produced by the arma-
ture mmf is also shown in Fig. 4.315 by a solid curve. Note that in the interpolar region (i.e.,
near the g-axis), this curve shows a dip. This is due to the large magnetic reluctance in this
region. In Fig. 4.31c¢ the flux density distributions caused by the field mmf, the armature mmf,
and their resultant mmf are shown. Note that

B Near one tip of a pole, the net flux density shows saturation effects (dashed portion).
B The zero flux density region moves from the g-axis when armature current flows.

B If saturation occurs, the flux per pole decreases. This demagnetizing effect of armature
current increases as the armature current increases.

Atno load (I, = I = 0) the terminal voltage is the same as the generated voltage (Vio = Ea0). As the
load current flows, if the flux decreases because of armature reaction, the generated voltage will
decrease (Eq. 4.21). The terminal voltage will further decrease because of the IR, drop (Eq. 4.24).

In Fig. 4.32, the generated voltage for an actual field current I¢,cqual) is Eap. When the load
current I, flows, the generated voltage is E, = V; + [,R,. If E, < E,, the flux has decreased
(assuming the speed remains unchanged) because of armature reaction, although the actual
field current J¢(,cyyan in the field winding remains unchanged. In Fig. 4.32, the generated voltage
E, is produced by an effective field current It.s). The net effect of armature reaction can
therefore be considered as a reduction in the field current. The difference between the actual
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(c) FIGURE 4.30 Armature reaction effects.

field current and effective field current can be considered as armature reaction in equiva-
lent field current. Hence,

It (etr) = Ifactual) — Tr(AR) (4.25)

where If(ag) is the armature reaction in equivalent field current.

Compensating Winding

The armature mmf distorts the flux density distribution and also produces the demagnetizing
effect known as armature reaction. The zero flux density region shifts from the g-axis because
of armature mmf (Fig. 4.31), and this causes poor commutation leading to sparking (Section
4.3.5). Much of the rotor mmf can be neutralized by using a compensating winding, which is
fitted in slots cut on the main pole faces. These pole face windings are so arranged that the mmf
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Compensating
windings
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Courtesy of General Electric Canada Inc.
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FIGURE 4.33 Compensating winding. (a) Developed diagram. (b) Schematic
diagram. (c) Photograph.

produced by currents flowing in these windings opposes the armature mmf. This is shown in
the developed diagram of Fig. 4.33a. The compensating winding is connected in series with the
armature winding so that its mmf is proportional to the armature mmf. Figure 4.33b shows a
schematic diagram and Fig. 4.33¢ shows the stator of a dc machine having compensating
windings. These pole face windings are expensive, so they are used only in large machines or in
machines that are subjected to abrupt changes of armature current. The dc motors used in steel
rolling mills are large, as well as subjected to rapid changes in speed and current. Such dc
machines are always provided with compensating windings.

EXAMPLE 4.2

A 12 kW, 100V, 1000 rpm dc shunt generator has armature resistance R, = 0.1 Q, shunt field
winding resistance Rp, =80, and N;=1200 turns per pole. The rated field current is
1 ampere. The magnetization characteristic at 1000 rpm is shown in Fig. 4.24.

The machine is operated as a separately excited dc generator at 1000 rpm with rated field
current.
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(a) Neglect the armature reaction effect. Determine the terminal voltage at full load.
(b) Consider that armature reaction at full load is equivalent to 0.06 field amperes.
(i) Determine the full-load terminal voltage.

(ii) Determine the field current required to make the terminal voltage V, = 100 V at full-
load condition.

Note: In this book, to avoid confusion, rating data on a dc machine is considered to apply to the
armature, whether the machine is used as a generator or motor.

Solution
In a dc shunt generator, the main field winding is the shunt field winding. Also, from the data
on the machine,

Rated armature voltage E,|,q = 100 V

Rated armature power (or full load) = 12 kW

Rated armature current (or full load) I,|,,.q = 12,000/100 =120 A

Rated speed = 1000 rpm

Rated field current I¢| . =1A

(a) Vi=E,— LR,
=100 —-120%0.1
=88V
(b) (i) From Eq. 4.25,
Ttieiry = 1 — 0.06
=0.94A
From Fig. 4.24, at this field current,
E,=98V
Vi=E, — IR,
=98-120x%0.1
=86V
(ii) E,=Vi+I,R,
=100+ 120x%0.1
=112V
From Fig. 4.24, the effective field current required is
Tttty = 1.4 A

From Eq. 4.25,
If(actual) =1.4+0.06
=146 A 1
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FIGURE 4.34 Schematic of a shunt or self-excited dc machine.

4.3.2 SHUNT (SELF-EXCITED) GENERATOR

In the shunt or self-excited generator the field is connected across the armature so that the
armature voltage can supply the field current. Under certain conditions, to be discussed here,
this generator will build up a desired terminal voltage.

The circuit for the shunt generator under no-load conditions is shown in Fig. 4.34. If
the machine is to operate as a self-excited generator, some residual magnetism must exist in the
magnetic circuit of the generator. Figure 4.35 shows the magnetization curve of the dc machine.
Also shown in this figure is the field resistance line, which is a plot of R¢l; versus I;. A simplistic
explanation of the voltage buildup process in the self-excited dc generator is as follows.

Assume that the field circuit is initially disconnected from the armature circuit and the
armature is driven at a certain speed. A small voltage, E,., will appear across the armature
terminals because of the residual magnetism in the machine. If the switch SW is now closed
(Fig. 4.34) and the field circuit is connected to the armature circuit, a current will flow in the
field winding. If the mmf of this field current aids the residual magnetism, eventually a current
In will flow in the field circuit. The buildup of this current will depend on the time constant
of the field circuit. With Iy flowing in the field circuit, the generated voltage is Ej—from
the magnetization curve—but the terminal voltage is Vi = IgR; < E,. The increased armature
voltage E, will eventually increase the field current to the value Iy, which in turn will build

Ea
Field resistance line
LR, versus I
Ea2 - — —
E, |
E | . . .
Gl | I FIGURE 4.35 Voltage buildup in a self-excited dc

o Iyl generator.
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Critical field circuit resistance.

I FIGURE 4.36 Effect of field resistance.

up the armature voltage to E,;. This process of voltage buildup continues. If the voltage drop
across R, is neglected (i.e., R, < Ry), the voltage builds up to the value given by the crossing
point (P in Fig. 4.35) of the magnetization curve and the field resistance line. At this point,
E, = I{R; = V; (assume R, is neglected), and no excess voltage is available to further increase the
field current. In the actual case, the changes in I; and E, take place simultaneously and
the voltage buildup follows approximately the magnetization curve, instead of climbing the flight
of stairs.

Figure 4.36 shows the voltage buildup in the self-excited dc generator for various field circuit
resistances. At some resistance value R, the resistance line is almost coincident with the linear
portion of the magnetization curve. This coincidence condition results in an unstable voltage
situation. This resistance is known as the critical field circuit resistance. If the resistance is
greater than this value, such as Ry, buildup (Vi4) will be insignificant. On the other hand, if the
resistance is smaller than this value, such as Ry or Ry, the generator will build up higher
voltages (V1,V2). To sum up, three conditions are to be satisfied for voltage buildup in a self-
excited dc generator:

1. Residual magnetism must be present in the magnetic system.
2. Field winding mmf should aid the residual magnetism.

3. Field circuit resistance should be less than the critical field circuit resistance.

EXAMPLE 4.3
The dc machine in Example 4.2 is operated as a self-excited (shunt) generator at no load.

(a) Determine the maximum value of the generated voltage.

(b) Determine the value of the field circuit control resistance (Rg.) required to generate rated
terminal voltage.

(¢) Determine the value of the critical field circuit resistance.
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Solution
(a) The maximum voltage will be generated at the lowest value of the field circuit resistance,
Ri.=0. Draw a field resistance line (Fig. E4.3b) for R;=Rp, =80 Q. The maximum

generated voltage is
E,=111volts

(b) Vt :Ea — IaRa
~F,
=100V

Draw a field resistance line that intersects the magnetization curve at 100 V (Fig. E4.3b).

For this case,
If =1A

R = g =100 Q= Rg, + Ry

Rg. =100—-80=20 Q

E,, volts

FIGURE E4.3
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(c) Draw the critical field resistance line passing through the linear portion of the magneti-
zation curve (Fig. E4.3b). For I; =0.5, E, is 85 V.

85
Rf(CI‘it) = ﬁ = 170 Q

Ri.=170-80=90Q W
Voltage-Current Characteristics

The circuit of the self-excited dc generator on load is shown in Fig. 4.37. The equations that
describe the steady-state operation on load are

E,=Vi+ LR, (4.25a)

E, = K, 9wy, = function of I; (4.25b)
— magnetization curve (or open-circuit saturation curve)

Vi=IiR; = I}(Rg, + Rg.) (4.25¢)

Vi=ILRy (4.25d)

IL,=I+1 (4.25e)

The terminal voltage (V) will change as the load draws current from the machine. This
change in the terminal voltage with current (also known as voltage regulation) is due to the
internal voltage drop I,R, (Eq. 4.25a) and the change in the generated voltage caused by
armature reaction (Eq. 4.25b). In finding the voltage-current characteristics (V; versus I,) we
shall first neglect the armature reaction and then subsequently consider its effects.

Without Armature Reaction

The voltage—current characteristic of the self-excited generator can be obtained from the
magnetization curve and the field resistance line, as illustrated in Fig. 4.38. Note that
the vertical distance between the magnetization curve and the field resistance line represents
the IR, voltage drop. Consider the various points on the field resistance line, which also
represents the terminal voltage V. For each terminal voltage, such as Vy;, compute the
armature current I,; from the I, R, voltage drop, which is the vertical distance between V;; and
E,;. If this calculation is performed for various terminal voltages, the voltage—current char-
acteristic of the dc generator, shown in Fig. 4.38b, is obtained. Note that (Fig. 4.37) at I; =0,
I, = I, and therefore the actual no-load voltage, Vy, is not the voltage given by the crossing

-o— FIGURE 4.37 Self-excited dc generator with load.
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FIGURE 4.38 Terminal characteristic of a self-excited dc generator.

point P of the magnetization curve and the field resistance line, as predicted earlier because of
neglecting R,. However, for all practical purposes Vg = V,,.

A convenient way to construct the voltage-current characteristic from the magnetization
curve and field resistance line is to draw a vertical line at point P. This vertical line represents
the I,R, drop. In Fig. 4.38, the vertical line pg represents the voltage drop I,R,. A line gbn is
drawn parallel to Op. Therefore pq = ab = mn = I,; R,. The same armature current results in two
terminal voltages, V; and Vi,. To obtain the value of the maximum armature current that can
be drawn from the dc generator, a line rs is drawn parallel to Op and tangential to the mag-
netization curve. This will result in the maximum vertical distance, sk, between the field
resistance line and the magnetization curve. Also note that if the machine terminals are shorted
(i.e., Ry — 0), the field current is zero and the machine currents (I, =1, = Iy = E,/R,) are not
very high. However, before Ry is reduced to zero, the armature current may be large enough
(such as the current /i,y in Fig. 4.38b) to cause damage to the machine.

From Figs. 4.29 and 4.38b it is apparent that the terminal voltage drops faster with the
armature current in the self-excited generator. The reason is that as the terminal voltage
decreases with load in the self-excited generator, the field current also decreases, resulting in
less generated voltage, whereas in the separately excited generator, the field current and hence
the generated voltage remain unaffected.
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100 —

ta

E,, volts

1y, amps FIGURE 4.39 Determination of terminal voltage.

With Armature Reaction

When armature current flows, it produces an internal voltage drop I,R,. If the armature pro-
duces demagnetizing effects on the pole, there will be a further voltage drop in the terminal
voltage. The terminal voltage will therefore drop faster than shown in Fig. 4.38b in the presence
of armature reaction.

In Fig. 4.39, let pg (= I,R,) represent the voltage drop for a particular value of the armature
current I,. If armature reaction is not present, the terminal voltage is Vi1. Let gr (=Ifr))
represent armature reaction in equivalent field current for this value of armature current. A
line #c is drawn parallel to Op and intersects the magnetization curve at c. The triangle pgr is
drawn as abc such that a is on the field resistance line and ¢ is on the magnetization curve.
Therefore, in the presence of armature reaction, the terminal voltage is Vi,, which is lower than
Vi1, where Vi is the terminal voltage if armature reaction is not present. Note that V; = Vy,,
E,=Vi+I,R, = Vi +ab and Iycgy) = It — Igar) = It — be. The terminal voltage corresponding to
any other value of the armature current can be determined by constructing a triangle similar
to pgr, such that pg is proportional to I,R, and gr is proportional to If,g), and fitting this
triangle between the magnetization curve and the field resistance line.

EXAMPLE 4.4

The dc machine in Example 4.2 is operated as a self-excited generator.

(a) The no-load terminal voltage is adjusted to 100 V. Determine the full-load terminal
voltage. Neglect armature reaction effects.

(b) Repeat (a), assuming that the effect of armature reaction at full load is equivalent to 0.06
field amperes—that is, Iyar) = 0.06 A.

(c) Determine the maximum value of the armature current that the generator can supply and
the corresponding value of the terminal voltage. Assume that Ifag) is proportional to .

(d) Determine the short-circuit current of the generator.
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Solution

(a) Draw the field resistance line Op such that it intersects the magnetization curve at 100 V
(Fig. E4.4a).

Ia|FL =120A
I,R,=120X0.1=12V=pgq

Fit I,R, =12 V=a'b’ between the magnetization curve and the field resistance line
(Fig. E4.4).
Vt =80V

(b) Construct the triangle pgr with pg =12 V and gr=0.06 A, and fit this triangle as abc
between the magnetization curve and the field resistance line (Fig. E4.4).

Vi=75V

(c) Draw a tangent CR parallel to Op. Extend the triangle pgr to touch the tangent at R. Draw
AC parallel to pR and construct the triangle pOR = ABC. Note that pQ = AB represents
I.R,, QR =BC represents Iag), and triangle ABC is the largest triangle that will fit
between the magnetization curve and the field resistance line.

I,R,=AB=17V

17
I= g7 =170A
V,=53V

120
— RALQ E,
q
/ r
100 — /
/b P
~
8o|— A\ 72 v
= a
g G B
X 60 f—
A > >
2|8
40— > 1 i
™ -
n N >
1
20— 2
| | | | | |

0 0.2 04 0.6 08 10 1.2 14
1y, amps FIGURE E4.4
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(d) With the generator terminals short-circuited, V; =0 and so Iy = 0 (Fig. E4.3a). The gen-
erated voltage is due to residual magnetism and

E.=E. =6V
ILR,=6V
6
L= — =60A
01 %

Note that because Iz =0, the machine operates at a low flux level in the linear region
of the magnetization curve, and so there will be no demagnetizing effect due to armature
reaction. W

4.3.3 COMPOUND DC MACHINES

Many practical applications require that the terminal voltage remains constant when load
changes. But when dc machines deliver current, the terminal voltage drops because of I,R,
voltage drop and a decrease in pole fluxes caused by armature reaction.

To overcome the effects of I,R, drop and decrease of pole fluxes with armature current,
a winding can be mounted on the field poles along with the shunt field winding. This additional
winding, known as a series winding, is connected in series with the armature winding and carries
the armature current. This series winding may provide additional ampere-turns to increase or
decrease pole fluxes, as desired. A dc machine that has both shunt and series windings is known
as a compound dc machine. A schematic diagram of the compound machine is shown in
Fig. 4.40. Note that in a compound machine the shunt field winding is the main field winding,
providing the major portion of the mmf in the machine. It has many turns of smaller cross-
sectional area and carries a lower value of current compared to the armature current. The series
winding has fewer turns, larger cross-sectional area, and carries the armature current. It pro-
vides mmf primarily to compensate the voltage drops caused by I,R, and armature reaction.

Figure 4.41 shows the two connections for the compound dc machine. In the short-shunt
connection, the shunt field winding is connected across the armature, whereas in the long-
shunt connection, the shunt field winding is connected across the series combination of arma-
ture and series winding. The equations that govern the steady-state performance are as follows.

Series and shunt
field
wdgs.

FIGURE 4.40 Compound dc machine.
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(a) (b)

FIGURE 4.41 Equivalent circuits of compound dc machines. (a) Short shunt. (b)
Long shunt.
Short Shunt
Vi=E, — I,LR, — iRy (4.26)
ILi=1,—1I; (4.27)

where Ry, is the resistance of the series field windings.

Long Shunt
Vi=E, - Ia(Ra + Rsr) (428)
L=I,—1I (429)
— Vt
Iy = Rifw TRy (4.30)

For either connection, assuming magnetic linearity, the generated voltage is
E, =K, (P, = Dg)wm (4.31)

where @y, is the flux per pole produced by the mmf of the shunt field winding
g, is the flux per pole produced by the mmf of the series field winding
When these two fluxes aid each other, the machine is called a cumulative compound machine,
and when they oppose each other, the machine is called a differential compound machine.

Note that both shunt field mmf and series field mmf act on the same magnetic circuit.
Therefore, the total effective mmf per pole is

Fog =Fg, £ Fsr — FaR (4.32)
Nelgerry = Nilp = Noplse — Nelgar) (4.33)
where N is the number of turns per pole of the shunt field winding

Ng; is the number of turns per pole of the series field winding

Far is the mmf of the armature reaction
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\A
Overcompound
Vt(rated) ——————
Flat compound
Undercompound
Differential compound
1, FIGURE 4.42 V—I characteristics of
0 13 rated) compound dc generators.
From Eq. 4.33,

N,
Ty = It = strlsr — Ifar) (4.34)

The voltage—current characteristics of the compound dc generator are shown in Fig. 4.42.
With increasing armature current the terminal voltage may rise (overcompounding), decrease
(undercompounding), or remain essentially flat (flat compounding). This depends on the
degree of compounding—that is, the number of turns of the series field winding. For differential
compounding (i.e., mmf of the series field winding opposed to that of the shunt field winding),
the terminal voltage drops very quickly with increasing armature current. In fact, the armature
current remains essentially constant. This current-limiting feature of the differentially com-
pounded dc generator makes it useful as a welding generator.

EXAMPLE 4.5

The dc machine in Example 4.2 is provided with a series winding so that it can operate as a
compound dc machine. The machine is required to provide a terminal voltage of 100 V at no
load as well as at full load (i.e., zero voltage regulation) by cumulatively compounding the
generator. If the shunt field winding has 1200 turns per pole, how many series turns per pole
are required to obtain zero voltage regulation? Assume a short-shunt connection, and that
the series winding has a resistance Ry = 0.01 Q.

Solution
Vily =100 V
From Example 4.3(b), R; = 100 Q. Now, from Fig. 4.41a,

L=I+1,

(E.4.5a)
120=1; + 1,
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Also, from Fig. 4.41a,
IfRf = Iler + Vl

_VitIiRy

1
£ R;

X [ X 0.
(= 100 X7 x0.01 (E.4.5b)
100

From Egs. E4.5a and E4.5b,
I;=1.01A
I,=11899A
From Fig. 4.41a,
E, =V + IRy +I,R,
=100+ 118.99 X0.01 + 120X 0.1
=113.2V

From the magnetization curve (Example 4.2 and Fig. 4.24), the shunt field current required
to generate E, = 113.2 Vis 1.45 A (= Ifcfp).

From Eq. 4.34,
Tg(efry = It + strlt — Ifar)
1.45=1.01+ Nox X 118.99 — 0.06
' ' 1200 ’ '

Ng = 5.04 turns per pole H

4.3.4 SERIES GENERATOR

The circuit diagram of a series generator is shown in Fig. 4.43. The series field winding pro-
vides the flux in the machine when the armature current flows through it. Note that the field

FIGURE 4.43 Equivalent circuit of a dc series generator.
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I(R, + R,) versus I,

Slope (R, + R
v, : v, P! a s
|
bL p
Ia(Ra + RSI’)
FIGURE 4.44 Magnetization curve (E, versus [)
L=Ih=I and I, (R, + Ry;) versus I,.

circuit is not complete unless a load is connected to the machine. The equations governing the
steady-state operation are

Ea:Vt+Ia(Ra+Rsr) (435)
Li=1I, (4.36)

The magnetization curve E, versus I, (Fig. 4.44) for the series machine can be obtained by
separately exciting the series field. To obtain the terminal voltage—current characteristic
(i.e., Vi versus I,), draw a straight line (Fig. 4.44) having the slope R, + Ry;. This straight line
represents the voltage drop across R, and R.. As shown in Fig. 4.44, the vertical distance
between the magnetization curve and this straight line is the terminal voltage for a par-
ticular value of I,. (If the effect of armature reaction is considered, the terminal voltage will
be less, as shown in Fig. 4.44 by dashed lines, where ab represents armature reaction in
equivalent armature current.) The terminal voltages for various values of the terminal
current can thus be obtained from Fig. 4.44. These voltages are plotted in Fig. 4.45. If the
load is a resistance of value Ry, the load characteristic, V; (= RLI;) versus [, is a straight line
with slope Ry. The operating point for this load is the point of intersection (point p in Fig.
4.45) of the magnetization curve and the load characteristic. Note that if Ry is too large, the
terminal voltage will be very small—that is, the series generator will not build up any
appreciable voltage.

Terminal characteristic
(V; versus 1)

Load characteristic
(Slope R))

FIGURE 4.45 External characteristic (V; versus I;) of a
I series generator.
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4.3.5 INTERPOLES OR COMMUTATOR POLES

The purpose of commutators and brushes in a dc machine is to reverse the current in a con-
ductor when it goes from one pole to the next. This is illustrated in Fig. 4.46a. When the
conductor x is under the north pole, it carries a dot current, but after passing through the brush
it comes under the south pole (conductor y) and thus carries the cross current. In the developed
diagram shown in Fig. 4.46b, the position of a coil (or turn) undergoing commutation is shown.
When the coil passes the brush, its current changes direction. Figure 4.46¢ shows a linear
change of current in the coil. This is an ideal situation, providing a smooth transfer of current.

However, current commutation in a dc machine is not linear, for two reasons.

Coil inductance. The coil (Fig. 4.46b) undergoing commutation has inductance, which will

delay current change.

Coil undergoing
commutation

(c)

-~ x "y
N s N
N N
| [ [z [ | [ [—
Commutator Brush
segments
(b)
+Ic0|| l
|
|
|
|
|
|
N
(d)
Interpole °
winding — ™S ®
1
lla]
tel
Armature ___7
winding o

(f) ®,, ®; oppose each other, irrespective of
direction of 1.

FIGURE 4.46 Current communication in dc machine.
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Reactance voltage. The coil undergoing commutation is in the interpolar region, as can be
seen in Fig. 4.46b. The armature winding mmf acts along the g-axis and therefore produces
flux in the interpolar region. Consequently, when the coil moves in this region, a voltage,
called a reactance voltage, is induced in the coil. This reactance voltage delays current
change in the coil.

The actual current through a coil undergoing commutation is shown in Fig. 4.46d. When the
coil is about to leave the brushes, the current reversal is not complete. Therefore, the current
has to jump to its full value almost instantaneously, and this will cause sparking.

To improve commutation, a small pole, called an interpole or commutation pole, is created.
Its winding carries the armature current in such a direction that its flux opposes the g-axis
flux (Fig. 4.46¢) produced by armature current flowing in the armature winding. As a result,
the net flux in the interpolar region is almost zero. If current in the armature winding
reverses, the current in the interpole also reverses and hence these fluxes always oppose, as
shown in Fig. 4.46f.

Recall that the compensating winding on the pole face also provides flux in the g-axis.
However, it cannot completely remove fluxes from the interpolar region. Similarly, interpoles
cannot completely overcome the demagnetizing effects of armature reaction on the main poles.
Consequently, both pole face compensating windings and interpoles are essential for improved
performance of a dc machine. In almost all modern dc machines of large size, both interpoles
and compensating windings are used. Figure 4.33¢ shows the smaller interpoles (in between
the larger main poles) and the pole face compensating windings in a large dc machine.

4.4 DC MOTORS

The dc machine can operate both as a generator and as a motor. This is illustrated in Fig. 4.47.
When it operates as a generator, the input to the machine is mechanical power, and the output
is electrical power. A prime mover rotates the armature of the dc machine, and dc power is
generated in the machine. The prime mover can be a gas turbine, a diesel engine, or an elec-
trical motor. When the dc machine operates as a motor, the input to the machine is electrical
power, and the output is mechanical power. If the armature is connected to a dc supply, the
motor will develop mechanical torque and power. In fact, the dc machine is used more as
a motor than as a generator. DC motors can provide a wide range of accurate speed and torque
control.

In both modes of operation (generator and motor) the armature winding rotates in the
magnetic field and carries current. Therefore, the same basic equations 4.9 and 4.17 hold good
for both generator and motor action.

Pmechanical DC Pelectrical Pmechamcal DC Pe!ectrical
machine machine
1 I to establish flux 1 I
(a) (&)

FIGURE 4.47 Reversibility of a dc machine. (a) Generator. (b) Motor.
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4.4.1 SHUNT MOTOR

A schematic diagram of a shunt dc motor is shown in Fig. 4.48. The armature circuit and the
shunt field circuit are connected across a dc source of fixed voltage V. An external field rheostat
(R¢.) is used in the field circuit to control the speed of the motor. The motor takes power from
the dc source, and therefore the current I; flows into the machine from the positive terminal of
the dc source. As both field circuit and armature circuit are connected to a dc source of fixed
voltage, the connections for separate and shunt excitation are the same. The behavior of the
field circuit is independent of the armature circuit.
The governing equations for steady-state operation of the dc motor are as follows:

Vi=ILR, +E, (4.35a)
L=1L+1I (4.36a)

E, = K,®wn, (4.37)
=V, — LR, (4.38)

The armature current I, and the motor speed wy, depend on the mechanical load connected
to the motor shaft.

Power Flow and Efficiency

The power flow in a dc machine is shown in Fig. 4.49. The various losses in the machine are
identified and their magnitudes as percentages of input power are shown. A short-shunt
compound dc machine is considered as an example (Fig. 4.49a).

With the machine operating as a generator (Fig. 4.49b), the input power is the mechanical
power derived from a prime mover. Part of this input power is lost as rotational losses required
to rotate the machine against windage and friction (rotor core loss is also included in the
rotational loss). The rest of the power is converted into electrical power E.I,. Part of this
developed power is lost in R, (which includes brush contact loss), part is lost in
R; (= R + Ry ), and part is lost in Ry.. The remaining power is available as the output electrical
power. Various powers and losses in a motoring operation are shown in Fig. 4.49¢.

The percentage losses depend on the size of the dc machine. The range of percentage losses
shown in Fig. 4.49 is for dc machines in the range 1 to 100 kW or 1 to 100 hp. Smaller
machines have a larger percentage of losses, whereas larger machines have a smaller per-
centage of losses.

+0

ol

FIGURE 4.48 Shunt dc motor equivalent circuit.
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FIGURE 4.49 Power losses in a dc machine.

The efficiency of the machine is

EXAMPLE 4.6

Eff — P output
P input

163

The dc machine (12 kW, 100 V, 1000 rpm) of Example 4.2 is connected to a 100 V dc supply
and is operated as a dc shunt motor. At no-load condition, the motor runs at 1000 rpm, and the

armature takes 6 amperes.
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(a) Find the value of the resistance of the shunt field control rheostat (Ry.).
(b) Find the rotational losses at 1000 rpm.

(¢) Find the speed, electromagnetic torque, and efficiency of the motor when rated current
flows in the armature.

(i) Consider that the air gap flux remains the same as that at no load.

(ii) Consider that the air gap flux is reduced by 5% when rated current flows in the
armature because of armature reaction.

(d) Find the starting torque if the starting armature current is limited to 150% of its rated
value.

(i) Neglect armature reaction.
(ii) Consider armature reaction, /fag) =0.16 A.

Solution
(a) Noload, I, =6 A.

E,=V,—IL,R,
=100 -6X%0.1
=994V
From the magnetization curve (Fig. 4.24), generating E, = 99.4 V at 1000 rpm requires
I; =0.99 A.
Ri=Ri. +Rypy = 1_: = % =101 Q
Ri. =101 — Ry,
=101 — 80
=21Q

(b) At no load, the electromagnetic power developed is lost as rotational power.
Protational =E,[,=994X6=596.4 W

(c) The motor is loaded and I, =I,|,,,.q = 120 A (Example 4.2).
(i) No armature reaction—that is, ®np, = Prr.

Ealy, =994V
Eulp = Vi — LR, =100 — 120 X 0.1 =88 V

E.lp _ Ka®rrwrL _ wrL

Ealni  Ka®npwne  wnL

Eulpy 88
= = 22 %1000 = 885.31
Ealy N7 994 pm

WFL
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Wm = 88531 X 27 =92.71 rad/sec
60
X
T = Eala _ 88 X120 =1139N-m

wm 9271

Pout = Eala — Protational
=10,560 — 596.4
=9963.6 W

P = Vi, = V(I +If)
=100(120 + 0.99)

=12,099 W

e = Pour _ 9963.6

o/ — 0,
P 12,099 X 100% = 82.35%

(ii) With armature reaction, ®g, = 0.95®.

Ealp, _ Ka®rLwrL
E.lxi  Ka®npwno

88 WFL
—~ =095 ==
99.4 0 S(UNL
88 1
= — X — X = .
WFL 994 X095 1000=931.91 rpm

Note that the speed increases if flux decreases, because of armature reaction.

1.91
Wy = 9319 X 27w =97.59 rad/sec
60
88 X 120
Eff = ?ZL(;Z X 100% = 82.35%, assuming rotational losses do

not change with speed

(d) T=K,ol,.
(i) If armature reaction is neglected, the flux condition under load can be obtained from
the no-load condition.
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1000
Ealx. =994V = Kubum = Kud— = X 2

K,®=0.949 V/rad/sec
I,=15X120=180A
Tsiart =0.949 X 180 =170.82 N - m
(i) I;=0.99 A. When I, = 180 A
Tieeity = It — Iiar) = 0.99 — 0.16 = 0.83 A
From the magnetization curve (Fig. 4.24), the corresponding generated voltage is

E, =935V (= K,Pwp,) at 1000 rpm

935 935

K.®= =
T om 1000 X 27/60

=0.893 V/rad/sec

Tstare =0.893 X180=160.71N-m ®H

EXAMPLE 4.7

The dc machine of Example 4.2 runs at 1000 rpm at no load (I, =6 A, Example 4.6) and at
932 rpm at full load (I, = 120 A, Example 4.6) when operated as a shunt motor.

(a) Determine the armature reaction effect at full load in ampere-turns of the shunt field
winding.
(b) How many series field turns per pole should be added to make this machine into a

cumulatively compound motor (short-shunt) whose speed will be 800 rpm at full load?
Neglect the resistance of the series field winding.

(c¢) If the series field winding is connected for differential compounding, determine the speed
of the motor at full load.

Solution
(a) From Example 4.6,
I;=0.99 A
At full load,
E,=100—120x0.1 =88V at 932 rpm

The effective field current (I.fr)) at full load can be obtained from the magnetization
curve (Fig. 4.24) of the machine, if we first find E, at 1000 rpm.
1000

Ea|1000 = W X88=94.42V
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From the magnetization curve, for E, = 94.42 V at 1000 rpm,
(eff) =0.86 A= If - If(AR>
Ifar) = If — 0.86 = 0.99 — 0.86
=0.13A

The corresponding ampere-turns = N¢/gsg)
=1200X%0.13
=159 At/pole

(b) E,=88YV at 800 rpm.

1000
Ealio0 = gpg X 88=110V

From the magnetization curve for E, = 110 V at 1000 rpm,
N

NS: (Ia +1It) — Ifar)

Ny
1.32=099 + =3-(120 +0.99) — 0.13

Ny =4.56 turns/pole

(¢) For differential compounding,

4.56 X 120.99
et =0.99 = == 022 — 0,13

=0.99 -0.46-0.13
=04A
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From the magnetization curve, at 1000 rpm and I; =0.4 A, E, =65 V. But E, =88 V at

full load (parts a and b). If the operating speed is # rpm,
65=K®1200
88 = Kodn
or
88
n= o X1000=13439rpm N

Torque-Speed Characteristics

In many applications dc motors are used to drive mechanical loads. Some applications require
that the speed remain constant as the mechanical load applied to the motor changes. On the
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FIGURE 4.50 Separately excited dc motor.

other hand, some applications require that the speed be controlled over a wide range. An
engineer who wishes to use a dc motor for a particular application must therefore know the
relation between torque and speed of the machine. In this section the torque-speed char-
acteristics of the various dc motors are discussed.

Consider the separately excited dc motor shown in Fig. 4.50. The voltage, current, speed, and
torque are related as follows:

E, =K ®wyn =V, — I,R, (4.39)
T =K,ol, (4.40)
From Egq. 4.39, the speed is
Vi — LR,
=t” "2t 4.4
“mT TR (441)
From Egs. 4.40 and 4.41,
Vi R,
wm = L 4.42
"= Kd  KO) (4.42)

If the terminal voltage V; and machine flux ® are kept constant, the torque-speed characteristic
is as shown in Fig. 4.51. The drop in speed as the applied torque increases is small, providing a
good speed regulation. In an actual machine, the flux ® will decrease because of armature
reaction as T or I, increases, and as a result the speed drop will be less than that shown in
Fig. 4.51. The armature reaction therefore improves the speed regulation in a dc motor.

SW

|
P K92

Speed, 23N

FIGURE 4.51 Torque-speed characteristics of a
LI separately excited dc motor.
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Equation 4.42 suggests that speed control in a dc machine can be achieved by the following
methods:

1. Armature voltage control (V).
2. Field control (®).
3. Armature resistance control (R,).

In fact, speed in a dc machine increases as V, increases and decreases as ® or R, increases. The
characteristic features of these different methods of speed control of a dc machine will be
discussed further.

Armature Voltage Control

In this method of speed control the armature circuit resistance (R,) remains unchanged, the
field current I; is kept constant (normally at its rated value), and the armature terminal voltage
(V) is varied to change the speed. If armature reaction is neglected, from Eq. 4.42,

wm =KV, — K, T (4.43)

where K;=1/K,®
K> =R, /(K,®)*

For a constant load torque, such as that applied by an elevator or hoist crane load, the speed
will change linearly with V; as shown in Fig. 4.52a. If the terminal voltage is kept constant and
the load torque is varied, the speed can be adjusted by V; as shown in Fig. 4.52b.

In an actual application, when speed is changed by changing the terminal voltage, the
armature current is kept constant (needs a closed-loop operation). From Eq. 4.39, if I, is
constant,

E,xV;

Mwm

Therefore, as V; increases, the speed increases linearly (Fig. 4.52¢). From Eq. 4.40, if I, remains
constant, so does the torque (Fig. 4.52¢). The input power from the source (P=V,l,) also
changes linearly with speed (Fig. 4.52¢). If R, is neglected, the values of Vi, E,, and P are zero at
zero speed and change linearly with speed (Fig. 4.52d).

The armature voltage control scheme provides a smooth variation of speed control from zero
to the base speed. The base speed is defined as the speed obtained at rated terminal voltage.
This method of speed control is, however, expensive, because it requires a variable dc supply
for the armature circuit.

Field Control

In this method the armature circuit resistance R, and the terminal voltage V; remain fixed and
the speed is controlled by varying the current (I;) of the field circuit. This is normally achieved
by using a field circuit rheostat (R;.) as shown in Fig. 4.53a.



170 chapter 4 DC Machines

Ym “m
Vi
Va
Q
N 7 Vt2
NN Vt3
S Via
> V; T
(a) b)

LR

a

Tpase
(c) (@)

FIGURE 4.52 Armature voltage control of a dc motor. (a) Variable speed.
(b) Adjustable speed. (¢) Operation under constant torque. (d) Operation with R, = 0.

If magnetic linearity is assumed, the flux in the machine (®) will be proportional to the field
current (If). Therefore,
K.® = Kl (4.44)
From Egs. 4.42 and 4.44,
_ W Ry
UK (Kedy)
For the no-load condition, T =~ 0. From Eq. 4.45,
Vi
Kl

(4.45)

~
~

The speed varies inversely with the field current as shown in Fig. 4.53b. Note that if the field
circuit breaks (i.e., It — 0), the speed can become dangerously high.
For a particular value of I, from Eq. 4.45,

Wm = K3 — K4T (446)

V.
where K3 = —> represents no-load speed
Kyl

R,
(K¢Ir)*

K4=
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(c)
FIGURE 4.53 Field control.

(d)
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At a particular value of I, the speed remains essentially constant at a particular level as
the torque increases. The level of speed can be adjusted by I; as shown in Fig. 4.53¢c. Thus,
like armature voltage control, field control can also provide variable speed as well as adjustable

speed operation.

Speed control from zero to a base speed is usually obtained by armature voltage control (V).
Speed control beyond the base speed is obtained by decreasing the field current, called field
weakening. At the base speed, the armature terminal voltage is at its rated value. If armature
current is not to exceed its rated value (heating limit), speed control beyond the base speed is
restricted to constant power, known as constant-power operation.

P =VI,, constant

~ E,I,
Twm = E.l,
T— E.l, __ constant
Wm - Wm
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The torque, therefore, decreases with speed in the field weakening region. The features of
armature voltage control (constant-torque operation) and field control (constant-power oper-
ation) are shown in Fig. 4.53d.

Field control is simple to implement and is less expensive, because the control is at the low
power level of the field circuit. However, because of large inductance in the field circuit, change
of field current will be slow, which will result in a sluggish response for the speed.

Armature Resistance Control

In this method, the armature terminal voltage V, and the field current I; (hence ®) are kept

constant at their rated values. The speed is controlled by changing resistance in the armature

circuit. An armature circuit rheostat R,., as shown in Fig. 4.54q, is used for this purpose.
From Eq. 4.42,

Vi Rat R

on= g WT (4.47)
If Vi and ® remain unchanged,
wm = Ks — KgT (4.48)
where Ks= K‘:t(b represents no-load speed
_ Ri+ R,
T &)

R,=0
Raelmax
T
T*
(a) (b)
wm
J P
“hase
T
T*
|
R, Whase =— R,e
(c) (d)

FIGURE 4.54 Armature resistance control.
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The speed-torque characteristics for various values of the external armature circuit resis-
tance are shown in Fig. 4.54b. The value of R, can be adjusted to obtain various speeds such
that armature current I, (hence torque T = K,®I,) remains constant. Figure 4.54b shows the
various values of R,. required to operate at a particular value of torque, T*. The speed resis-
tance curve for a constant-torque operation is shown in Fig. 4.54c. The speed can be varied
from zero to a base speed at constant torque, as shown in Fig. 4.54d, by changing the external
resistance Rc.

Armature resistance control is simple to implement. However, this method is less efficient
because of losses in R,.. Many transit system vehicles are still controlled by this method. The
resistance R,. should be designed to carry the armature current. It is therefore more expensive
than the rheostat (Rg.) used in the field control method.

EXAMPLE 4.8

A variable-speed drive system uses a dc motor that is supplied from a variable-voltage source.
The torque and power profiles are shown in Fig. 4.53d. The drive speed is varied from 0 to
1500 rpm (base speed) by varying the terminal voltage from 0 to 500 V with the field current
maintained constant.

(a) Determine the motor armature current if the torque is held constant at 300 N - m up to the
base speed.

(b) The speed beyond the base speed is obtained by field weakening while the armature
voltage is held constant at 500 V. Determine the torque available at a speed of 3000 rpm if
the armature current is held constant at the value obtained in part (a).

Neglect all losses.

Solution
(a) N, =1500 rpm, V=500V ~E,
500
Ka® = 1550 % 271/60 31831
T 300
I, = X3 - 31831 =94.2477 A
(b) n=3000 rpm, V,=E,=500V
500
Ka® = 500 % 27/60 1.5916

T=15916Xx94.2477=150N"-m

or I'=—=—-—"——-——=150N-m H
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4.4.2 SERIES MOTOR

A schematic diagram of a series motor is shown in Fig. 4.55a. An external resistance R, is

shown in series with the armature. This resistance can be used to control the speed of the

series motor. The basic machine equations 4.9 and 4.17 hold good for series dc motors, where

® is produced by the armature current flowing through the series field winding of turns N;.
If magnetic linearity is assumed,

K.® =K1, (4.49)

From Egs. 4.9, 4.17, and 4.49,
E, = Kglawnm (4.50)
T =Ky I? (4.51)

Equation 4.51 shows that a series motor will develop unidirectional torque for both dc and ac
currents. Also, from Fig. 4.55a,

E,=Vi—I,(R, + Rye t Ry) (4.52)
From Egs. 4.50 and 4.52,
W R, + Ry + Ry
CKela Ky

(4.53)

Wm

From Egs. 4.51 and 4.53,
. Vi R, + Ry + Rae
\/Esr\/T KSF

The torque-speed characteristics for various values of R, are shown in Fig. 4.55b. For a particular
value of R,., the speed is almost inversely proportional to the square root of the torque. A high
torque is obtained at low speed and a low torque is obtained at high speed—a characteristic
known as the series motor characteristic. Series motors are therefore used where large starting
torques are required, as in subway cars, automobile starters, hoists, cranes, and blenders.

The torque-speed characteristics of the various dc motors are shown in Fig. 4.56. The series
motor provides a variable speed characteristic over a wide range.

(4.54)

Wm

Vi= constant

(a) (b)
FIGURE 4.55 Series motor.
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Differential compound

Separately excited

Cumulative compound

Series motor

FIGURE 4.56 Torque-speed characteristics of
T different dc motors.

EXAMPLE 4.9

A 220V, 7 hp series motor is mechanically coupled to a fan and draws 25 amps and runs at
300rpm when connected to a 220 V supply with no external resistance connected to the
armature circuit (i.e., R,e = 0). The torque required by the fan is proportional to the square of
the speed. R, = 0.6 Q and Ry = 0.4 Q. Neglect armature reaction and rotational loss.

(a) Determine the power delivered to the fan and the torque developed by the machine.

(b) The speed is to be reduced to 200 rpm by inserting a resistance (R,e) in the armature
circuit. Determine the value of this resistance and the power delivered to the fan.

Solution

(a) From Fig. 4.55a
Eo=Vi —I,(Ra + Ry + Rye)

=220 —25(0.6 + 0.4 +0)
=195V
P=E.I,
=195x25
= 4880 W

_ 4880

746 hp =6.54 hp

_ 4880
300 X 27/60

=1552N-m



176 chapter 4 DC Machines

(b) T =KI?
155.2 = K25°
Ko =0.248

200\ 2

=68.98 N -m
From Eq. 4.54

200 200 06+04+R.
60 +/0.248/68.98 0.248

Rpe=170

P=Twy =68.98 X % X 21 =1444W — 1.94 hp

or
68.98 = 0.24812
I, =16.68 amps
E, =Kglawm
=0.248 X 16.68 X 200 X 2w
60
=86.57V
E, =V, —I,(Ra + Rg + Rye)
86.57 =220 — 16.68(0.6 + 0.4 + R,.)
R, =79
P=E,l, =86.57 X 16.68
=1444 W —-194hp ®

4.4.3 STARTER

If a dc motor is directly connected to a dc power supply, the starting current will be danger-

ously high. From Fig. 4.57a,

_Vi—E,
R,

I, (4.55)
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The back emf E, (= K,®wy,) is zero at start. Therefore,

V.
Ia‘stan: R_; (456)

Since R, is small, the starting current is very large. The starting current can be limited to a
safe value by the following methods:

1. Insert an external resistance, R, (Fig. 4.57b), at start.
2. Use a low dc terminal voltage (V) at start. This, of course, requires a variable-voltage
supply.
With an external resistance in the armature circuit, the armature current as the motor speeds
up is
Vi —E
Ia _ t a

= R. TR (4.57)

The back emf E, increases as the speed increases. Therefore, the external resistance R,. can
be gradually taken out as the motor speeds up without the current exceeding a certain limit.

(a) (&)

R,
off 5
A I,
Handle

F If
Shunt
field

E
+ O

lectromagnet

t L

- o -O—

(c)
FIGURE 4.57 Development of a dc motor starter.
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This is done using a starter, shown in Fig. 4.57c¢. At start, the handle is moved to position 1. All
the resistances, Ry, R», R3, and Ry, appear in series with the armature and thereby limit the
starting current. As the motor speeds up, the handle is moved to positions 2, 3, 4, and finally 5.
At position 5 all the resistances in the starter are taken out of the armature circuit. The handle
will be held in position 5 by the electromagnet, which is excited by the field current I;.

EXAMPLE 4.10
A 10 kW, 100 V, 1000 rpm dc machine has R, =0.1  and is connected to a 100 V dc supply.

(a) Determine the starting current if no starting resistance is used in the armature circuit.

(b) Determine the value of the starting resistance if the starting current is limited to twice the
rated current.

(c) This dc machine is to be run as a motor, using a starter box. Determine the values of
resistances required in the starter box such that the armature current I, is constrained
within 100 to 200% of its rated value (i.e., 1 to 2 pu) during start-up.

Solution
(a) 10000
Ia‘rated = W =100 A
V 1
Ia|star[ = IT; = % =1000 A= 10]3|I’a[ed =10 pu
(b) 100
200=575 + Rae
R, . =040

(¢) An arrangement of the resistances in the starter box is shown in Fig. E4.10a, where R,.1,
Rae2, . . . represent total resistances of the box for positions 1, 2, . . ., respectively. The
handle will be moved to a new position when I, decreases to 100 A (rated armature
current). The variation of current I, and speed n with time is shown in Fig. E4.10b.

Rae1. From part (b)

Roe1 =0.4 Q
= total resistance in starter box

R.c>. At any speed.
Vi = E; + Ia(Ra +Rae)

7 T
fixed  jncreases decreases
with with

speed speed
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50%— — —

815% - — —————— =
75%f————

(a)
FIGURE E4.10

At t=t; (i.e., before the handle is moved to position 2),
I,=100 A
and
Eqap = Vi — I.(Ra + Raet)
=100 — 100(0.1 + 0.4)

=50V
Att=t; (i.e., after the handle is moved to position 2),
Vl - Ea2
I,=200A= L2
00 Ra + Rae2
or
100 — 50
200 —
0.1 +Rae
R, =0.150Q

Rus. At 1 =13, 1, =100 A.
E.3 =100 — 100(0.1 + 0.15)
=100 - 25
=75V

(&)

179
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Att=t],

100 - 75
I,=200 A= ———
0.1 + Rye3

Rae3 =0.025 Q

Raes. At t=1;, I, = 100 A.
Eas =100 — 100(0.1 + 0.025)
=875V
Att=t,,
100 — 87.5

a:2 = -
s 00 0.1 + Raes

Rae4 = —-0.0375Q

The negative value of R,.4 indicates that it is not required—that is, Rpes =0. At T =1¢,
(i.e., after the handle is moved to position 4), the armature current without any resistance
in the box will not exceed 200 A. In fact, the value of I, when the handle is moved to
position 4 at t =t¢4 is

_ 100 - 87.5
0.1

Therefore, three resistances in the starter box are required. Their values are
Ry =Rpe1 —Rpe2=04-0.15=0.25Q
Ry =Ry — Rue3=0.15-0.025=0.125 Q
R3=Rues — Raes =0.025-0=0.025Q ®

I, —125A

4.5 SPEED CONTROL

There are numerous applications where control of speed is required, as in rolling mills, cranes,
hoists, elevators, machine tools, and transit system and locomotive drives. DC motors are
extensively used in many of these applications. Control of the speed of dc motors below and
above the base (or rated) speed can easily be achieved. Besides, the methods of control are
simpler and less expensive than those applicable to ac motors. The technology of speed control
of dc motors has evolved considerably over the past quarter-century. In the classical method, a
Ward-Leonard system with rotating machines is used for speed control of dc motors. Recently,
solid-state converters have been used for this purpose. In this section, various methods of speed
control of dc motors are discussed.

4.5.1 WARD-LEONARD SYSTEM

This system was introduced in the 1890s. The system, shown in Fig. 4.58a, uses a motor—
generator (M-G) set to control the speed of the dc drive motor. The motor of the M-G set
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motor
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Ifg ]fm I -
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i«—————M—G set—>+<—DC drive motor ——s{ V; control I; control
(a) )

FIGURE 4.58 Ward-Leonard system.

(which is usually an ac motor) runs at a constant speed. By varying the generator field current
I, the generator voltage V, is changed, which in turn changes the speed of the dc drive motor.
The system is operated in two control modes.

V; Control

In the armature voltage control mode, the motor current Iy, is kept constant at its rated value.
The generator field current /g, is changed such that V; changes from zero to its rated value. The
speed will change from zero to the base speed. The torque can be maintained constant during
operation in this range of speed, as shown in Fig. 4.58b.

I¢ Control

The field current control mode is used to obtain speed above the base speed. In this mode, the
armature voltage V; remains constant and the motor field current Iy, is decreased (field
weakening) to obtain higher speeds. The armature current can be kept constant, thereby
operating the motor in a constant-horsepower mode. The torque obviously decreases as speed
increases, as shown in Fig. 4.58b.

4.5.2 SOLID-STATE CONTROL

In recent years, solid-state converters have been used as a replacement for rotating motor—
generator sets to control the speed of dc motors. Figure 4.59 shows the block diagram of a
solid-state converter system. The converters used are controlled rectifiers or choppers, which
are discussed in Chapter 10.

Controlled Rectifiers

If the supply is ac, controlled rectifiers can be used to convert a fixed ac supply voltage into a
variable-voltage dc supply. The operation of the phase-controlled rectifiers is described in
Chapter 10.
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Solid-state . DC
Power supply converter DC variable g
drive Load
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|
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voltage
v Solid-state
field
controller
*f FIGURE 4.59 Block diagram of solid-
a state control of dc motors.

If all the switching devices in the converter are controlled devices, such as silicon-controlled
rectifiers (SCRs), the converter is called a full converter. If some devices are SCRs and some are
diodes, the converter is called a semiconverter. In Fig. 4.60, the firing angle o of the SCRs
determines the average value (V;) of the output voltage v;. The control voltage V. changes the
firing angle « and therefore changes V. The relationship between the average output voltage V;
and the firing angle « is as follows.

Single-phase input. Assume that the dc current i, is continuous. For a full converter
(from Eq. 10.3)

2V2V,
V= Vv, cos o (4.58)
s
For a semiconverter (from Eq. 10.5),
2V
V= % (1 +cos a) (4.59)

Three-phase input. For a full converter (from Eq. 10.10),

36V,
Vi= Pcos a (4.60)
s
Controlled
rectifiers
I
1¢ or 3¢
[o3
VC
Control signal Firing circuit FIGURE 4.60 Speed control of dc motors

to change V; by controlled rectifiers.
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Fullconverter

Semiconverter

Per unit

o3
0° 90° 180° FIGURE 4.61 Controlled-rectifier characteristics.

For a semiconverter (from Eq. 10.10a),

3V6V,

™

Vi= (1 +cos a) (4.61)

where V,, is the rms value of the ac supply phase voltage. The variation of the motor terminal
voltage V; as a function of the firing angle a is shown in Fig. 4.61 for both semiconverter and
full-converter systems. If the I,R, drop is neglected (V; ~ E,), the curves in Fig. 4.61 also
show the variation of E, (hence speed) with the firing angle.

Although instantaneous values of voltage v, and current i, are not constant, but change with
time, in terms of average values the basic dc machine equations still hold good.

Vi=E, + IR, (4.61a)
E. = K,®wn (4.61b)
T = K,®I, (4.61c)

EXAMPLE 4.11

The speed of a 10 hp, 220 V, 1200 rpm separately excited dc motor is controlled by a single-
phase full converter as shown in Fig. 4.60 (or Fig. 10.21a). The rated armature current is 40 A.
The armature resistance is R, = 0.25 Q and armature inductance is L, = 10 mH. The ac supply
voltage is 265 V. The motor voltage constant is K,® = 0.18 V/rpm. Assume that motor current
is continuous and ripple-free.

For a firing angle o = 30° and rated motor current, determine the
(a) Speed of the motor.
(b) Motor torque.

(c) Power to the motor.
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Solution
(a) From Egq. 4.58, the average terminal voltage is

_ 2\/§><265C
T

V; os 30°

=206.6 V
The back emf is
E,=V,— LR,
=206.6 — 40 X 0.25
=196.6 V

Hence, the speed in rpm is

196.6
N =75 = 10922 rpm

(b) K,®=0.18 V/rpm

_ 0.18 X 60
27

=1.72 V- sec/rad

V - sec/rad

T=172X40
=68.75 N-m

(¢) The power to the motor is
P=(iy)2 Ra+Eal,

rms

Since i, is ripple-free (i.e., constant),

(ia)rms = (ia)average = Ia

P=I’R,+E.I,

= tha
=206.6 X 40
=8274 W 1

EXAMPLE 4.12

The speed of a 125 hp, 600 V, 1800 rpm, separately excited dc motor is controlled by a 3¢
(three-phase) full converter as shown in Fig. 4.60 (or Fig. 10.27a). The converter is operated
from a 3¢, 480 V, 60 Hz supply. The rated armature current of the motor is 165 A. The motor
parameters are R, =0.0874 Q, L, =6.5 mH, and K,®=0.33 V/rpm. The converter and ac
supply are considered to be ideal.
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(a) Find no-load speeds at firing angles a =0° and a=30°. Assume that at no load, the
armature current is 10% of the rated current and is continuous.

(b) Find the firing angle to obtain the rated speed of 1800 rpm at rated motor current.
(c) Compute the speed regulation for the firing angle obtained in part (b).

Solution
(a) No-load condition. The supply phase voltage is

v, =0 577w
V3
From Egq. 4.60, the motor terminal voltage is
X
V= Mcos o =648 cos
v
For a=0°,
Vi=648V
E,=Vi-1,R,
=648 — (16.5X0.0874)
=646.6 V
No-load speed is
E, 646.6
NO—@—W—19S9TPITI

For a=30°,
V. =648 cos 30°=561.2V
E,=561.2—(16.5x%0.0874) =559.8 V

The no-load speed is
559.8

(b) Full-load condition. The motor back emf E, at 1800 rpm is

E,=033X1800=594V

The motor terminal voltage at rated current is
V=594 + (165 X 0.0874)
=608.4V
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Therefore,

648 cos a =608 V

608.4
cosa = m =0.94
a=20.1°

(¢) Speed regulation. At full load, the motor current is 165 A and the speed is 1800 rpm. If the
load is thrown off, keeping the firing angle the same at a=20.1°, the motor current
decreases to 16.5 A. Therefore,

E.=608.4— (16.5 X 0.0874)

=606.96 V
and the no-load speed is
606.96
0= 933 1839.3 rpm
The speed regulation is
1839.3 — 1800

X 100%=2.18% M
1300 100% = 2.18%

Choppers

A solid-state chopper converts a fixed-voltage dc supply into a variable-voltage dc supply. A
schematic diagram of a chopper is shown in Fig. 4.62a. The chopper is a high-speed on-off
switch, as illustrated in Fig. 4.62b. The switch S can be a conventional thyristor (i.e., SCR), a
gate turn-off (GTO) thyristor, or a power transistor. The operation of choppers is described in
detail in Chapter 10.

When the switching device in the chopper (Fig. 4.62b) is on, v; =V (supply voltage) and
motor current i, increases. When it is off, motor current i, decays through the diode (D),
making v; = 0. The waveforms of voltage v, and current i, are shown in Fig. 4.62¢. The output
voltage v, is a chopped voltage derived from the input voltage V. The average output voltage V,,
which determines the speed of the dc motor, is

Z‘OI'l
=aV (4.63)

where f,, is the on time of the chopper
T is the chopping period
« is the duty ratio of the chopper
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From Eq. 4.63, it is obvious that the motor terminal voltage varies linearly with the duty ratio of
the chopper.

EXAMPLE 4.13

The speed of a separately excited dc motor is controlled by a chopper as shown in Fig. 4.62a. The
dc supply voltage is 120 V, the armature circuit resistance R, = 0.5 Q, the armature circuit
inductance L, =20 mH, and the motor constant is K,® =0.05 V/rpm. The motor drives a
constant-torque load requiring an average armature current of 20 A. Assume that motor current
is continuous.
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Determine the

(a) Range of speed control.
(b) Range of the duty cycle a.

Solution

Minimum speed is zero, at which E, = 0. Therefore, from Eq. 4.61a,

Vi=I1,R,=20X05=10V

From Eq. 4.63,
10 =120«
o= L
12

Maximum speed corresponds to a = 1, at which Vy =V =120 V. Therefore,

E,=V,-I,R,
=120 — (20 X 0.5)
=110V

From Eq. 4.61b,

(a) The range of speed is 0 < N < 2200 rpm.
(b) The range of the duty cycleis 5 <a<1. ®

4.5.3 CLOSED-LOOP OPERATION

DC motors are extensively used in many drives where speed control is desired. In many
applications where a constant speed is required, open-loop operation of dc motors may not be
satisfactory. In open-loop operation, if load torque changes, the speed will change, too. In a
closed-loop system, the speed can be maintained constant by adjusting the motor terminal
voltage as the load torque changes. The basic block diagram of a closed-loop speed control
system is shown in Fig. 4.63. If an additional load torque is applied, the motor speed
momentarily decreases and the speed error ey increases, which increases the control signal V..
The control signal increases the converter output voltage (the control signal decreases the firing
angle if the converter is a phase-controlled rectifier, or increases the duty ratio if the converter
is a chopper). An increase in the motor armature voltage develops more torque to restore the
speed of the motor. The system thus passes through a transient period until the developed
torque matches the applied load torque.
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Power
supply

V. K N
[/— > Converter m?)tcor Load

Speed
controller

Feedback FIGURE 4.63 Closed-loop speed
control system.

There are other advantages of closed-loop operation, such as greater accuracy, improved
dynamic response, and stability of operation. In a closed-loop system the drive character-
istics can also be made to operate at constant torque or constant horsepower over a certain
speed range, a requirement in traction systems. Circuit protection can also be provided
in a closed-loop system. In fact, most industrial drive systems operate as closed-loop
feedback systems.

In a dc motor, the armature resistance (R,) and inductance (L,) are small. The time constant
(11 = La/R,) of the armature circuit is also small. Consequently, a small change in the armature
terminal voltage may result in a quick and large change in the armature current, which may
damage the solid-state devices used in the converter. An inner current loop can be provided so
that the motor current can be clamped to a specified value.' A block diagram of such a system is
shown in Fig. 4.64. The output of the speed controller represents a torque command. Because
torque is proportional to armature current, the output of the speed controller also represents
the current command I3, which is then compared with the actual current I,. A limit on the
output of the speed controller will therefore clamp the value of the motor current I,.

The speed controller and current controller can have proportional (P) or proportional-
integral (PI) control.! The selection depends on the requirement of drive performance.

Power
supply
V. \4 N
\L l/—— < Converter ! 4 Motor Load
Speed Current I,
controller controller K
Feedback |

FIGURE 4.64 Closed-loop speed control with inner current loop.

1p. C. Sen, T hyristor DC Drives, Wiley-Interscience, New York, 1981.
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4.6 PERMANENT MAGNET DC (PMDC) MOTORS

In permanent magnet dc (PMDC) motors, the stator wound poles of a conventional dc motor
are replaced by permanent magnets. The rotor has a conventional dc armature, with com-
mutator segments and brushes. Unlike the salient-pole field structure of the conventional dc
motor (Fig. 4.7), permanent magnet motors have a relatively smooth stator structure, as shown
in Fig. 4.65. The outer shell is made of magnetic material and the permanent magnets, which
are radially magnetized, are mounted on the inner periphery of the outer shell.

PMDC motors have several advantages. Because of the absence of the field windings, copper
loss is absent, and this increases efficiency. No space is required for field windings; consequently,
these motors are smaller than corresponding wound pole motors and, in some cases, cheaper as
well. Although permanent magnet materials tend to be more expensive, the reduction in the size
of the motor reduces the cost of other materials, which compensates, at least in part, for the extra
magnet cost. PMDC motors have a definite cost advantage in the smaller size range.

The PMDC motors have some disadvantages. There is a risk of demagnetization, which may
be caused by excessive armature current. Demagnetization may also be caused by excessive
heating, which can occur if the motor is overloaded over a prolonged period. The magnetic
field is always present, even when the motor is not being used. The enclosure of the motor
should be carefully designed so that no foreign matter is attracted that would be harmful to the
motor. In addition, permanent magnets cannot normally produce the high flux density of a
wound pole motor. However, with the development of high-flux-density rare earth magnets,
PMDC motors are becoming viable alternatives to dc shunt motors.

The speed of a PMDC motor cannot be controlled by field flux, and thus speed control must
be achieved by changing the armature voltage. These motors are therefore used only where
motor speeds below base speed are required. They do not offer the flexibility of operation
beyond the base speed.

PMDC motors are being produced in the millions each year and are being used in many
applications, ranging from fractional horsepower to several horsepower. They are used
extensively in automobiles—to operate windshield wipers and washers, to raise and lower
windows, to operate pumps, to drive blowers for heaters and air conditioners, and so on. They

Outer shell

Radially magnetized
permanent magnets FIGURE 4.65 Cross-sectional view of a PMDC motor.
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are often employed in equipment that is supplied from battery sources. PMDC motors up to
200 hp have been developed for industrial applications.

The types of permanent magnet materials used for PMDC motors include alnicos, ferrites,
and rare earth materials (samarium-cobalt and neodymium-iron-boron). Alnicos are used in
low-current, high-voltage applications because of low coercivity and high flux density. Ferrites
are used in cost-sensitive applications, such as in air conditioners, compressors, and refrig-
erators. For size-sensitive applications rare earth materials are used—for example, in the
automobile industry. Large industrial PMDC motors use rare earth materials. Servo industrial
drives requiring high performance and high torque/inertia ratios use rare earth materials.
Neodymium-iron-boron is cheaper than samarium-cobalt. However, the latter can stand higher
temperatures than the former.

Most of the dc motors likely to be used in the future are PMDC motors.

4.7 PRINTED CIRCUIT BOARD (PCB) MOTORS

The printed circuit board (or disk armature) motor, using permanent magnets, has a configura-
tion radically different from that of the conventional dc motor. Figure 4.66 shows the construction
of such a motor. The rotor has no iron and is formed of a disk of nonconducting, nonmagnetic
material. The entire armature winding and the commutator are printed in copper on both sides of
the disk. The brushes are placed around its inner periphery. The disk armature is placed between
two sets of permanent magnets mounted on ferromagnetic end plates. This configuration

PM Pole PCB Disk (rotor) PM Pole

Courtesy of PMI Motion Technologies

FIGURE 4.66 PCB motor assembly.
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provides axial flux through the armature. The radial current flowing through the disk armature
interacts with the axial flux to produce torque that rotates the rotor, as in any dc motor.
This type of motor has several advantages:

Because of its low rotor inertia, it has a high torque/inertia ratio and thus can provide rapid
acceleration and deceleration. The motor can accelerate from 0 to 4000 rpm in 10
milliseconds.

The armature inductance is low, because there is no iron in the rotor. Because of the low
inductance, there is little arcing, which leads to longer brush life and high-speed capability.
Low armature inductance makes the armature time constant low. Consequently, the arma-
ture current can build up very quickly (in less than 1 millisecond), which implies that full
torque is available almost instantly, a key to quick motion response and accurate tracking.

The motor has no cogging torque, because the rotor is nonmagnetic.
These motors are particularly suitable for applications requiring high performance char-
acteristics. Examples are high-speed tape readers, X—Y recorders, point-to-point tool posi-

tioners, robots, and other servo drives. Typical sizes of these motors are in the fractional
horsepower ranges. However, integral horsepower sizes are also available.

PROBLEMS

4.1 Two dc machines of the following rating are required:

DC machine 1: 120V, 1500 rpm, four poles
DC machine 2: 240 V, 1500 rpm, four poles

Coils are available that are rated at 4 volts and 5 amperes. For the same number of coils to be
used for both machines, determine the
(a) Type of armature winding for each machine.
(b) Number of coils required for each machine.

(¢) kW rating of each machine.

4.2 A four-pole dc machine has a wave winding of 300 turns. The flux per pole is 0.025 Wb. The dc
machine rotates at 1000 rpm.

(a) Determine the generated voltage.

(b) Determine the kW rating if the rated current through the turn is 25 A.

4.3 A dc machine (6 kW, 120V, 1200 rpm) has the following magnetization characteristics at

1200 rpm.
It (A) 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.8 1.0 1.2
E, V) 5 20 40 60 79 93 102 114 120 125

The machine parameters are R, =0.2 Q, R, = 100 Q. The machine is driven at 1200 rpm and is
separately excited. The field current is adjusted at Iy = 0.8 A. A load resistance Ry =2 Q is con-
nected to the armature terminals. Neglect armature reaction effect.
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(a) Determine the quantity K,® for the machine.

(b) Determine E, and I,.

(c) Determine torque T and load power Pr.

Repeat Problem 4.3 if the speed is 800 rpm.

The dc generator in Problem 4.3 rotates at 1500 rpm, and it delivers rated current at rated ter-
minal voltage. The field winding is connected to a 120 V supply.

(a) Determine the value of the field current.

(b) Determine the value of Ry required.

The dc machine in Problem 4.3 has a field control resistance whose value can be changed from

0 to 150 Q. The machine is driven at 1200 rpm. The machine is separately excited, and the field
winding is supplied from a 120 V supply.

(a) Determine the maximum and minimum values of the no-load terminal voltage.

(b) The field control resistance (Ry.) is adjusted to provide a no-load terminal voltage of 120 V.
Determine the value of Rg. Determine the terminal voltage at full load for no armature
reaction and also if Jgag) = 0.1 A.

Repeat Problem 4.6 if the speed is 1500 rpm.

The dc machine in Problem 4.3 is separately excited. The machine is driven at 1200 rpm and
operates as a generator. The rotational loss is 400 W at 1200 rpm, and the rotational loss is
proportional to speed.

(a) For a field current of 1.0 A, with the generator delivering rated current, determine the ter-
minal voltage, the output power, and the efficiency.

(b) Repeat part (a) if the generator is driven at 1500 rpm.

The dc machine in Problem 4.6 is self-excited.

(a) Determine the maximum and minimum values of the no-load terminal voltage.

(b) Ry is adjusted to provide a no-load terminal voltage of 120 V. Determine the value of Ry.

(i) Assume no armature reaction. Determine the terminal Voltage at rated armature cur-
rent. Determine the maximum current the armature can deliver. What is the terminal
voltage for this situation?

(ii) Assume that ] f(ar) = 0.1 A at I, =50 A and consider armature reaction proportional to
armature current. Repeat part (i).

A dc machine (10 kW, 250V, 1000 rpm) has R, =0.2 Q and R, = 133 Q2. The machine is self-
excited and is driven at 1000 rpm. The data for the magnetization curve are

I (A) 0
E, V) 10

0.1
40

2.0
263

0.2 0.3 0.4
80 120 150

0.5 0.75
170 200

1.0 1.5
220 245

(a) Determine the generated voltage with no field current.
(b) Determine the critical field circuit resistance.
(c) Determine the value of the field control resistance (Ry. ) if the no-load terminal voltage is 250 V.
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(d) Determine the value of the no-load generated voltage if the generator is driven at 800 rpm

and R, =0.
(e) Determine the speed at which the generator is to be driven such that no-load voltage is 200 V
with R = 0.

The self-excited dc machine in Problem 4.10 delivers rated load when driven at 1000 rpm. The
rotational loss is 500 watts.

(a) Determine the generated voltage.

(b) Determine the developed torque.

(c) Determine current in the field circuit. Neglect the armature reaction effect.

(d) Determine the efficiency.

A dc shunt machine (24 kW, 240 V, 1000 rpm) has R, = 0.12 Q, N; = 600 turns/pole. The machine
is operated as a separately excited dc generator and is driven at 1000 rpm. When I; = 1.8 A, the

no-load terminal voltage is 240 V. When the generator delivers full-load current, the terminal
voltage drops to 225 V.

(a) Determine the generated voltage and developed torque when the generator delivers full load.
(b) Determine the voltage drop due to armature reaction.

(c) The full-load terminal voltage can be made the same as the no-load terminal voltage by
increasing the field current to 2.2 A or by using series winding on each pole. Determine the
number of turns per pole of the series winding required if Iy is kept at 1.8 A.

A dc shunt generator (20 kW, 200 V, 1800 rpm) has R, = 0.1 Q, Ry, = 150 Q. Assume that E, = V;
at no load. Data for the magnetization curve at 1800 rpm are

1.0
200

1.25
214

1.5

E, V) 5 335 67 175 190 223

It (A) 0.0 0.125 0.25
134 160

05 ‘ 0.625

0.75 ‘ 0.875

1. The machine is self-excited.
(a) Determine the maximum generated voltage.

(b) At full-load condition, V, =V, (rated), I, = I, (rated), I; = 1.25 A. Determine the value of
the field control resistance (Ry.).

(¢) Determine the electromagnetic power and torque developed at full-load condition.
(d) Determine the armature reaction effect in equivalent field amperes (Ifar)) at full load.

(e) Determine the maximum value of the armature current assuming that If(ar) is propor-
tional to I,.

2. The shunt generator is now connected as a long shunt compound generator.
(a) Show the generator connection.
(b) Determine the number of turns per pole of the series field winding required to make the no-
load and full-load terminal voltage V; =200 V. Ry = 0.04 Q and Ny = 1200 turns/pole.

The dc generator in Problem 4.13 has a series field winding of 3 turns per pole and Ry = 0.03 Q.
Determine the terminal voltage for following connections of the dc generator, if the armature
delivers rated current and R;. = 0. Assume no armature reaction.
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(a) Shunt-excited generator, with the series field winding not used.
(b) Long-shunt cumulative compound generator.
(c) Long-shunt differential compound generator.

A dc series machine (9.25 kW, 185V, 1500 rpm) has R, + Ry. = 0.3 Q. The data for the magneti-
zation curve are as follows:

I,(a) 0 10 20 30 40 50 60
E,(v) 10 50 106 156 184 200 208

Determine the terminal voltage at

(a) I,=20A.
(b) I,=40A.
(c) I,=60A.

if the dc series machine operates as a generator.

A separately excited dc motor has the following nameplate data: 100 hp, 440 V, 2000 rpm.
(a) Determine the rated torque.

(b) Determine the current at rated output if the efficiency of the motor is 90% at rated output.

A 240 V separately exited dc motor has an armature resistance of R, =0.06 Q. When it is con-
nected to a 240 V supply, it draws 90 A from the supply and rotates at 1200 rpm.

(a) Find the torque developed by the motor at this operating condition.

(b) If the torque developed is 280 N - m for the same excitation and same supply voltage, then
find the speed and armature current.

A 25 kW, 120 V separately excited dc machine has an armature resistance of R, = 0.025 2. When
operated with a constant field current and constant speed of 2500 rpm, the open circuit armature
voltage is 120 V.

(a) If the dc machine is connected to a 125 V supply, determine
(i) Whether the dc machine is operating as a generator, or a motor.
(ii) The armature current.
(iii) The supply power.
(iv) The developed power.
(v) The developed torque.
(b) Repeat (a) if the dc machine is connected to a 115V supply.

The dc machine of Problem 4.13 is operated at It = 1.0 A. The terminal voltage of the dc machine
is 220V, and the developed torque is 100 N - m. Determine the speed of the dc machine when it
operates

(a) As a motor.

(b) As a generator.

The dc machine in Problem 4.13 is operated as a dc shunt motor. Determine the minimum and
maximum no-load speeds if Ry is varied from 0 to 200 2.
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Repeat Problem 4.20 for the full-load condition if R;. =0 Q.

(a) Assume no armature reaction.

(b) Assume a 10% reduction of flux at full load.

The dc shunt machine in Problem 4.13 is provided with a series field winding of N, = 5 turns/pole

and Ry, =0.05 Q. It is connected as a long-shunt compound machine. If Ri. =50 Q, and the
machine is operated as a cumulative compound motor

(a) Determine its no-load speed.

(b) Determine its full-load speed. Assume no armature reaction.

Repeat Problem 4.22 if the dc motor is connected as a differentially compounded motor.

The compound dc machine in Problem 4.22 is operated as a series motor by not using the shunt
field winding. Determine the speed and torque at

(a) 50% rated current.

(b) 100% rated current.

A dc machine is connected across a 240-volt line. It rotates at 1200 rpm and is generating
230 volts. The armature current is 40 amps.

(a) Is the machine functioning as a generator, or as a motor?

(b) Determine the resistance of the armature circuit.

(c) Determine power loss in the armature circuit resistance and the electromagnetic power.
(d) Determine the electromagnetic torque in newton-meters.

(e) If the load is thrown off, what will the generated voltage and the rpm of the machine be,
assuming

(i) No armature reaction.

(ii) 10% reduction of flux due to armature reaction at 40 amps armature current.

A 240 V dc shunt motor has an armature resistance of 0.05 2. When the motor is connected to its
supply, the armature current is 20 A, the field current is 12 A, and the speed is 1200 rpm.

Now, a load is applied to the shaft, and the armature current increases to 300 A and the speed
drops to 1150 rpm.

Determine, for the loaded condition,

(a) Rotational loss.
(b) Field circuit loss.
(c¢) Efficiency at the loaded condition.

A 500 V dc shunt motor has an armature resistance of R, =0.25 Q and field circuit resistance
of Ry =240 Q. The motor drives a mechanical load, which requires a torque proportional
to speed. When the motor-load system is connected to a 500 V supply, it takes 100 A and rotates
at 1100 rpm.

The speed is to be reduced to 900 rpm by inserting a resistance in series with the armature.
The field current is kept the same.

Determine the value of the added series resistance.

A 500 V dc shunt motor has an armature circuit resistance of R, =0.2 Q and a field circuit
resistance of R;=250 2. The motor is connected to a mechanical load whose torque is
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independent of speed. When the motor is connected to a 500 V supply, the armature current is
40 A and the speed is 1600 rpm.

Determine the speed of the system if a resistance of 0.5 2 is inserted in series with the armature.
The dc shunt machine in Problem 4.13 is used as a motor to drive a load that requires a constant
power of 15.36 kW. The motor is connected to a 300 V dc supply.

(a) Determine the speed range possible with a field rheostat of 200 Q.
(b) Determine the efficiency at the lowest and highest speeds. For this part, assume a constant

rotational loss of 300 W over the speed range.

A permanent magnet dc motor drives a mechanical load requiring a constant torque of 25 N - m.
The motor produces 10 N - m with an armature current of 10 A. The resistance of the armature
circuit is 0.2 Q. A 200 V dc supply is applied to the armature terminals. Determine the speed of the
motor.

A dc shunt motor drives an elevator load that requires a constant torque of 300 N - m. The motor
is connected to a 600 V dc supply and the motor rotates at 1500 rpm. The armature resistance is
0.5 Q.

(a) Determine the armature current.

(b) If the shunt field flux is reduced by 10%, determine the armature current and the speed of the
motor.

A dc shunt motor (50 hp, 250 V) is connected to a 230 V supply and delivers power to a load
drawing an armature current of 200 amperes and running at a speed of 1200 rpm. R, =0.2 Q.

(a) Determine the value of the generated voltage at this load condition.

(b) Determine the value of the load torque. The rotational losses are 500 watts.
(c) Determine the efficiency of the motor if the field circuit resistance is 115 Q.
A dc shunt machine (23 kW, 230V, 1500 rpm) has R, =0.1 Q.

1. The dc machine is connected to a 230 V supply. It runs at 1500 rpm at no-load and 1480 rpm
at full-load armature current.

(a) Determine the generated voltage at full load.

(b) Determine the percentage reduction of flux in the machine due to armature reaction at
full-load condition.

2. The dc machine now operates as a separately excited generator and the field current is kept
the same as in part 1. It delivers full load at rated voltage.

(a) Determine the generated voltage at full load.

(b) Determine the speed at which the machine is driven.

(c) Determine the terminal voltage if the load is thrown off.
A dc shunt machine (10 kW, 250 V, 1200 rpm) has R, = 0.25 Q. The machine is connected to a
250 V dc supply, draws rated armature current, and rotates at 1200 rpm.

(a) Determine the generated voltage, the electromagnetic power developed, and the torque
developed.

(b) The mechanical load on the motor shaft is thrown off, and the motor draws 4 A armature
current.
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(i) Determine the rotational loss.
(ii) Determine speed, assuming no armature reaction.

(iii) Determine speed, assuming 10% change in flux due to armature reaction, for a change
of armature current from rated value to 4 A.

A 240V, 2 hp, 1200 rpm dc shunt motor drives a load whose torque varies directly as the speed.
The armature resistance of the motor is 0.75 Q. With I; =1 A, the motor draws a line current of
7 A and rotates at 1200 rpm. Assume magnetic linearity and neglect armature reaction effect.

(a) The field current is now reduced to 0.7 A. Determine the operating speed of the motor.

(b) Determine the line current, mechanical power developed, and efficiency for the operating,
condition of part (a). Neglect rotational losses.

Repeat Problem 4.35 if the load torque is constant. Determine the torque.

A 125V, 5kW, 1800 rpm dc shunt motor requires only 5 volts to send full-load current through
the armature when the armature is held stationary.

(a) Determine the armature current if full-line voltage is impressed across the armature at
starting.

(b) Determine the value of the external resistance needed in series with the armature to limit the
starting current to 1.5 times the full-load current.

(c) The motor is coupled to a mechanical load by a belt. Determine the generated voltage at full-
load condition (Vi =125V, n=1800 rpm, I, =l taed))- If the belt breaks, determine the
speed of the motor. Neglect rotational losses and assume 10% reduction of flux due to
armature reaction at full load.

A dc motor is mechanically connected to a constant-torque load. When the armature is connected
to a 120V dc supply, it draws an armature current of value 8 A and runs at 1800 rpm. The
armature resistance is R, = 0.08 Q. Accidentally, the field circuit breaks and the flux drops to the
residual flux, which is only 5% of the original flux.

(a) Determine the value of the armature current immediately after the field circuit breaks (i.e.,
before the speed has had time to change from 1800 rpm).

(b) Determine the theoretical final speed of the motor after the field circuit breaks.

A 600 V dc series motor has armature and field winding resistance of 0.5 Q. When connected to a
600V supply, it operates at 500 rpm and takes 75 A. If the load torque is reduced to half,
determine

(a) The armature current.

(b) The speed at which it will operate.

Assume that the flux is proportional to current and neglect armature reaction.

A 240V dc series motor has an armature and field resistance of 0.5 Q. The motor develops a
torque of 16 N - m with a current of 22 A. The motor is connected to a mechanical system that
requires a constant torque of 24 N - m.

Determine the speed at which the motor will drive the load.

At standstill, a dc series motor draws 5 amperes and develops 5 N - m torque when connected to a
5V dc supply. The series motor is mechanically coupled to a load. It draws 10 amperes when
connected to a 120 V dc supply and drives the load at 300 rpm. Assume magnetic linearity.
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(a) Determine the torque developed by the motor.

(b) Determine the value of the external resistance required to be connected series with the
motor.

A dc series motor (230 V, 12 hp, 1200 rpm) is connected to a 230 V supply, draws a current of
40 amperes, and rotates at 1200 rpm. R, = 0.25 Q and Ry = 0.1 Q. Assume magnetic linearity.

(a) Determine the power and torque developed by the motor.

(b) Determine the speed, torque, and power if the motor draws 20 amperes.

A 50 hp, 200V, 1800 rpm shunt motor requires a starter box. During the start, the armature
current is constrained within the range 200 to 400 A. The armature circuit resistance is 0.15 Q.
Determine the required number of resistors and the value of each resistor in the starter box.

The Ward-Leonard speed control system shown in Fig. 4.58a uses two identical dc machines of
rating 250 V, 5 kW, 1200 rpm. The armature resistance of each machine is 0.5 ohms. The gen-
erator is driven at a constant speed of 1200 rpm. The magnetization characteristic of each
machine at 1200 rpm is as follows:

0.1
60

0.2
120

0.3
160

0.4
190

0.5
212

0.6
230

0.7
242

0.8
250

1.0
262

1.2
270

1.4
273

Iy (A) 0.0
E, (V) 5

Neglect the effect of armature reaction.

(a) If the motor field current Iy, is kept constant at 0.8 A, determine the maximum and mini-
mum values of the generator field current, Iy, required for the motor to operate in a speed
range of 200 to 1200 rpm at full-load armature current.

(b) The generator field current is kept at 1.0 amps and the motor field current is reduced to
0.2 amp. Determine the speed of the motor at full-load armature current.

Repeat Example 4.11 if a single-phase semiconverter (Fig. 4.60 or Fig. 10.24a) is used to control
the speed of the dc motor.

Repeat Example 4.12 if a three-phase semiconverter is used to control the speed of the dc motor.

A dc series motor drives an elevator load that requires a constant torque of 200 N - m. The dc
supply voltage is 400 V and the combined resistance of the armature and series field winding is
0.75 Q. Neglect rotational losses and armature reaction effect.

(a) The speed of the elevator is controlled by a solid-state chopper. At 50% duty cycle (i.e.,
a = 0.5) of the chopper, the motor current is 40 amps. Determine the speed and the horse-
power output of the motor and the efficiency of the system.

(b) The elevator is controlled by inserting resistance in series with the armature of the series
motor. For the speed of part (a), determine the values of the series resistance, horsepower
output of the motor, and efficiency of the system.
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INDUCTION (ASYNCHRONOUS)
MACHINES

The induction machine is the most rugged and the most widely used machine in industry. Like
the dc machine discussed in the preceding chapter, the induction machine has a stator and
a rotor mounted on bearings and separated from the stator by an air gap. However, in
the induction machine both stator winding and rotor winding carry alternating currents. The
alternating current (ac) is supplied to the stator winding directly and to the rotor winding by
induction—hence the name induction machine.

The induction machine can operate both as a motor and as a generator. However, it is seldom
used as a generator supplying electrical power to a load. The performance characteristics as a
generator are not satisfactory for most applications. The induction machine is extensively used
as a motor in many applications.

The induction motor is used in various sizes. Small single-phase induction motors (in frac-
tional horsepower rating; see Chapter 7) are used in many household appliances, such as
blenders, lawn mowers, juice mixers, washing machines, refrigerators, and stereo turntables.

Large three-phase induction motors (in tens or hundreds of horsepower) are used in pumps,
fans, compressors, paper mills, textile mills, and so forth.

The linear version of the induction machine has been developed primarily for use in trans-
portation systems.

The induction machine is undoubtedly a very useful electrical machine. Single-phase
induction motors are discussed in Chapter 7. Two-phase induction motors are used primarily
as servomotors in a control system. These motors are discussed in Chapter 8. Three-phase
induction motors are the most important ones, and are most widely used in industry. In this
chapter, the operation, characteristic features, and steady-state performance of the three-phase
induction machine are studied in detail.

5.1 CONSTRUCTIONAL FEATURES

Unlike dc machines, induction machines have a uniform air gap. A pictorial view of the three-
phase induction machine is shown in Fig. 5.1a. The stator is composed of laminations of high-
grade sheet steel. A three-phase winding is put in slots cut on the inner surface of the stator
frame as shown in Fig. 5.15. The rotor also consists of laminated ferromagnetic material, with
slots cut on the outer surface. The rotor winding may be either of two types, the squirrel-cage type
or the wound-rotor type. The squirrel-cage winding consists of aluminum or copper bars
embedded in the rotor slots and shorted at both ends by aluminum or copper end rings as shown
in Fig. 5.2a. The wound-rotor winding has the same form as the stator winding. The terminals of
the rotor winding are connected to three slip rings, as shown in Fig. 5.2b. Using stationary

200
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Courtesy of Westinghouse Canada Inc.

Courtesy of Westinghouse Canada Inc.

(a) (b)
FIGURE 5.1 Three-phase induction machine. (a) Induction machine with enclosure.
(b) Stator with three-phase winding.

Courtesy of Westinghouse

Courtesy of Westinghouse
Canada Inc.

Canada Inc.

(a) (b)
FIGURE 5.2 Rotor of an induction machine. (a) Squirrel-cage rotor. (b) Wound-rotor type.

brushes pressing against the slip rings, the rotor terminals can be connected to an external
circuit. In fact, an external three-phase resistor can thus be connected for the purpose of speed
control of the induction motor, as shown in Fig. 5.39 and discussed in Section 5.13.6. It is
obvious that the squirrel-cage induction machine is simpler, more economical, and more rugged
than the wound-rotor induction machine.

The three-phase winding on the stator and on the rotor (in the wound-rotor type) is a dis-
tributed winding. Such windings make better use of iron and copper and also improve the mmf
waveform and smooth out the torque developed by the machine. The winding of each phase is
distributed over several slots. When current flows through a distributed winding, it produces an
essentially sinusoidal space distribution of mmf. The properties of a distributed winding are
discussed in Appendix A.

Figure 5.3a shows a cross-sectional view of a three-phase squirrel-cage induction machine.
The three-phase stator winding, which in practice would be a distributed winding, is repre-
sented by three concentrated coils for simplicity. The axes of these coils are 120 electrical
degrees apart. Coil aa’ represents all the distributed coils assigned to the phase-a winding for
one pair of poles. Similarly, coil bb’ represents the phase-b distributed winding, and coil cc’
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Stator

(a) () (c)
FIGURE 5.3 Three-phase squirrel-cage induction machine. (a) Cross-sectional
view. (b) Y-connected stator winding. (¢) A-connected stator winding.

represents the phase-c distributed winding. The ends of these phase windings can be connected
in a wye (Fig. 5.3b) or a delta (Fig. 5.3¢) to form the three-phase connection. As shown in the
next section, if balanced three-phase currents flow through these three-phase distributed
windings, a rotating magnetic field of constant amplitude and speed will be produced in the air
gap and will induce current in the rotor circuit to produce torque.

5.2 ROTATING MAGNETIC FIELD

In this section we study the magnetic field produced by currents flowing in the polyphase
windings of an ac machine. In Fig. 5.4a the three-phase windings, represented by aa’, bb’, and cc/,
are displaced from each other by 120 electrical degrees in space around the inner circumference
of the stator. A two-pole machine is considered. The concentrated coils represent the
actual distributed windings. When a current flows through a phase coil, it produces a sinusoi-
dally distributed mmf wave centered on the axis of the coil representing the phase winding. If
an alternating current flows through the coil, it produces a pulsating mmf wave, whose ampli-
tude and direction depend on the instantaneous value of the current flowing through the
winding. Figure 5.4b illustrates the mmf distribution in space at various instants due to an
alternating current flow in coil aa’. Each phase winding will produce similar sinusoidally
distributed mmf waves, but displaced by 120 electrical degrees in space from each other.

Let us now consider a balanced three-phase current flowing through the three-phase
windings. The currents are

i, = I, cos wt (5.1)
iy = I cos(wt — 120°) (5.2)
ic = Iy cos(wt +120°) (5.3)

These instantaneous currents are shown in Fig. 5.4c. The reference directions, when positive-
phase currents flow through the windings, are shown by dots and crosses in the coil sides in
Fig. 5.4a. When these currents flow through the respective phase windings, each produces a
sinusoidally distributed mmf wave in space, pulsating along its axis and having a peak located
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ir¢/ Axis of phase a

(a) (b)

FIGURE 5.4 Pulsating
() mmf.

along the axis. Each mmf wave can be represented by a space vector along the axis of its phase
with magnitude proportional to the instantaneous value of the current. The resultant mmf
wave is the net effect of the three component mmf waves, which can be computed either
graphically or analytically.

5.2.1 GRAPHICAL METHOD

Let us consider situations at several instants of time and find out the magnitude and direction
of the resultant mmf wave. From Fig. 5.4c, at instant ¢ = ¢y, the currents in the phase windings
are as follows:

ia=1In flowing in phase winding a (5.4)

flowing in phase winding b (5.5)

) I
le = jm flowing in phase winding c (5.6)
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The current directions in the representative coils are shown in Fig. 5.5a by dots and crosses.
Because the current in the phase-a winding is at its maximum, its mmf has its maximum value
and is represented by a vector F, = F.x along the axis of phase a, as shown in Fig. 5.5a.
The mmfs of phases b and c are shown by vectors F, and F, respectively, each having magnitude
Fmax/2 and shown in the negative direction along their respective axes. The resultant of the three
vectors is a vector F = 3Fy, acting in the positive direction along the phase-a axis. Therefore, at
this instant, the resultant mmf wave is a sinusoidally distributed wave, which is the same as that
due to phase-a mmf alone, but with 3 the amplitude of the phase-a mmf wave. The component
mmf waves and the resultant mmf wave at this instant (¢ = ¢y) are shown in Fig. 5.5b.
At a later instant of time #; (Fig. 5.4¢), the currents and mmfs are as follows:

i, =0, F,= (5.7)
. V3 V3
p = TIm’ Fy = TFmax (58)
. V3 V3
lc= Tlm; FCZTFmax (5 9)

a-axis b-axis c-axis

@ t=1ty=1t, (b) att =t

(e) ¢ =t (@ ¢t=t¢, (e) t =ty

FIGURE 5.5 Rotating magnetic field by graphical method: mmfs at various instants.
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The current directions, component mmf vectors, and resultant mmf vector are shown in
Fig. 5.5¢. Note that the resultant mmf vector F has the same amplitude %Fmax att =t as it had
at t =tg, but it has rotated counterclockwise by 90° (electrical degrees) in space.

Currents at other instants ¢t =¢, and ¢t =13 are also considered, and their effects on the
resultant mmf vector are shown in Figs. 5.5d and 5.5e, respectively. It is obvious that
as time passes, the resultant mmf wave retains its sinusoidal distribution in space with con-
stant amplitude, but moves around the air gap. In one cycle of the current variation,
the resultant mmf wave comes back to the position of Fig. 5.5a. Therefore, the resultant mmf
wave makes one revolution per cycle of the current variation in a two-pole machine. In a p-pole
machine, one cycle of variation of the current will make the mmf wave rotate by 2/p revolu-
tions. The revolutions per minute # (rpm) of the traveling wave in a p-pole machine for a
frequency f cycles per second for the currents are

2 120f
n=-f60=—>_ 5.10
pf » (5.10)

It can be shown that if i, flows through the phase-a winding but 7}, flows through the phase-c
winding and i, flows through the phase-b winding, the traveling mmf wave will rotate in the
clockwise direction. Thus, a reversal of the phase sequence of the currents in the windings
makes the rotating mmf rotate in the opposite direction.

5.2.2 ANALYTICAL METHOD

Again we shall consider a two-pole machine with three phase windings on the stator. An
analytical expression will be obtained for the resultant mmf wave at any point in the air gap,
defined by an angle 6. The origin of the angle 6 can be chosen to be the axis of phase a, as shown
in Fig. 5.6a. At any instant of time, all three phases contribute to the air gap mmf along the path
defined by 6. The mmf along 6 is

F(0) = Fa(6) + Fy(0) + F.(6) (5.11)

__t:tz

Motion of wave

/ :

_ Axis of
phase a

(a) (b)
FIGURE 5.6 Motion of the resultant mmf.
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At any instant of time, each phase winding produces a sinusoidally distributed mmf wave with
its peak along the axis of the phase winding and amplitude proportional to the instantaneous
value of the phase current. The contribution from phase a along 0 is

F,(6) = Ni, cos 6 (5.12)

where N is the effective number of turns in phase a

i, is the current in phase a

Because the phase axes are shifted from each other by 120 electrical degrees, the contributions
from phases b and ¢ are, respectively,

Fy(0) = Niy, cos(6 — 120°) (5.13)
F.(0) = Ni. cos(0 + 120°) (5.14)

The resultant mmf at point 6 is
F(0) = Ni, cos 0 + Niy, cos(6 — 120°) + Ni. cos(6 + 120°) (5.15)

The currents i,, i, and i, are functions of time and are defined by Egs. 5.1, 5.2, and 5.3,
and thus

F(0,t) = NI, cos wt cos 0
+ NI, cos(wt — 120°) cos(f — 120°)
+ NI, cos(wt +120°) cos(6 + 120°) (5.16)

Using the trigonometric identity
cos A cos B=1cos(A —B) +1cos(A +B) (5.17)

each term on the right-hand side of Eq. 5.16 can be expressed as the sum of two cosine
functions, one involving the difference and the other the sum of the two angles. Therefore,

F(0,t) = % NI, cos(wt — 6) + %Nlm cos(wt + 0)

+1 NI cos(wt — 6) + 1 NI cos(wr + 6 — 240°)

+1 NIy cos(wt — 0) + 3 NI cos(wt + 6+ 240°) (5.18)
Forward-rotating Backward-rotating
components components

= 3 NIy, cos(wt — 0) (5.19)
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The expression of Eq. 5.19 represents the resultant mmf wave in the air gap. This represents
an mmf rotating at the constant angular velocity w (=27f). At any instant of time, say ¢,
the wave is distributed sinusoidally around the air gap (Fig. 5.6b) with the positive peak
acting along 6 = wt;. At a later instant, say t,, the positive peak of the sinusoidally distributed
wave is along 0 = wt,; that is, the wave has moved by w(t; —#1) around the air gap.

The angular velocity of the rotating mmf wave is w = 27f radians per second and its rpm for a
p-pole machine is given by Eq. 5.10.

It can be shown in general that an m-phase distributed winding excited by balanced mi-phase
currents will produce a sinusoidally distributed rotating field of constant amplitude when the
phase windings are wound 27/m electrical degrees apart in space. Note that a rotating mag-
netic field is produced without physically rotating any magnet. All that is necessary is to pass a
polyphase current (ac) through the polyphase windings of the machine.

5.3 INDUCED VOLTAGES

In the preceding section it was shown that when balanced polyphase currents flow through a
polyphase distributed winding, a sinusoidally distributed magnetic field rotates in the air gap of
the machine. This effect can be visualized as one produced by a pair of magnets, for a two-pole
machine, rotating in the air gap, the magnetic field (i.e., flux density) being sinusoidally dis-
tributed with the peak along the center of the magnetic poles. The result is illustrated in
Fig. 5.7. The rotating field will induce voltages in the phase coils aa’, bb’, and cc’. Expressions
for the induced voltages can be obtained by using Faraday’s laws of induction.
The flux density distribution in the air gap can be expressed as

B(0) = Bmax cos ¢ (5.20)
The air gap flux per pole, ®,, is

m/2
B, = / B(0)ird = 2Boay Ir (5.21)
—m/2

where [ is the axial length of the stator
r is the radius of the stator at the air gap

FIGURE 5.7 Air gap flux density distribution.
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Let us consider that the phase coils are full-pitch coils of N turns (the coil sides of each phase
are 180 electrical degrees apart as shown in Fig. 5.7). It is obvious that as the rotating field
moves (or the magnetic poles rotate) the flux linkage of a coil will vary. The flux linkage for coil
aa’ will be maximum (=N®,) at wt = 0° (Fig. 5.7a) and zero at wt = 90°. The flux linkage \,(wt)
will vary as the cosine of the angle wt. Hence,

Aa(wt) = N®, cos wt (5.22)

Therefore, the voltage induced in phase coil aa’ is obtained from Faraday’s law as

€y = _dh =wN®, sin wt (5.23)
dt
= Enax Sin wit (5.23a)

The voltages induced in the other phase coils are also sinusoidal, but phase-shifted from each
other by 120 electrical degrees. Thus,

eb = Emax sin(wf — 120°) (5.24)

ec = Emax sin(wt + 120°) (5.25)

From Egq. 5.23, the rms value of the induced voltage is

wN®,  2xf
Eums = =2 = 2L N
V2o ov2 o ?
= 4.44fN®, (5.26)

where f is the frequency in hertz. Equation 5.26 has the same form as that for the induced
voltage in transformers (Eq. 1.40). However, ®, in Eq. 5.26 represents the flux per pole of the
machine.

Equation 5.26 shows the rms voltage per phase. The N is the total number of series turns per
phase, with the turns forming a concentrated full-pitch winding. In an actual ac machine,
each phase winding is distributed in a number of slots (see Appendix A) for better use of the
iron and copper and to improve the waveform. For such a distributed winding, the emfs
induced in various coils placed in different slots are not in time phase, and therefore the phasor
sum of the emfs is less than their numerical sum when they are connected in series for the
phase winding. A reduction factor Ky, called the winding factor, must therefore be applied. For
most three-phase machine windings, Ky is about 0.85 to 0.95. Therefore, for a distributed
phase winding, the rms voltage per phase is

Erms = 4.44fN @, Kw (5.27)

where N, is the number of turns in series per phase.
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5.4 POLYPHASE INDUCTION MACHINE

We shall now consider the various modes of operation of a polyphase induction machine. We
shall first consider the standstill behavior of the machine, and then study its behavior in the
running condition.

5.4.1 STANDSTILL OPERATION

Let us consider a three-phase wound-rotor induction machine with the rotor circuit left open-
circuited. If the three-phase stator windings are connected to a three-phase supply, a rotating
magnetic field will be produced in the air gap. The field rotates at synchronous speed n, given
by Eq. 5.10. This rotating field induces voltages in both stator and rotor windings at the same
frequency f1. The magnitudes of these voltages, from Eq. 5.27, are

E1 = 4.44f1N1¢‘pKWl (528)
E> = 4.44f,N,®, K> (5.29)
Therefore,
E;  Ni Kwi
— = 5.30
E, N Kw ( )

The winding factors Kw; and Kw> for the stator and rotor windings are normally the same.
Thus,

Ey Ny _ .
TN, turns ratio (5.31)

5.4.2 PHASE SHIFTER

Notice that the rotor can be held in such a position that the axes of the corresponding phase
windings in the stator and the rotor make an angle 3 (Fig. 5.8a). In such a case, the induced

€1

E, e
B E, W
FIGURE 5.8 Induction

(a) (b (c) machine as phase shifter.

E| 9 Stator phase a
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voltage in the rotor winding will be phase-shifted from that of the stator winding by the angle 3
(Figs. 5.8b and 5.8¢). Thus, a stationary wound-rotor induction machine can be used as a phase
shifter. By turning the rotor mechanically, a phase shift range of 360° can be achieved.

5.4.3 INDUCTION REGULATOR

The stationary polyphase induction machine can also be used as a source of variable polyphase
voltage if it is connected as an induction regulator as shown in Fig. 5.9a. The phasor diagram is
shown in Fig. 5.9b to illustrate the principle. As the rotor is rotated through 360°, the output
voltage V,, follows a circular locus of variable magnitude. If the induced voltages E; and E, are
of the same magnitude (i.e., identical stator and rotor windings), the output voltage may be
adjusted from zero to twice the supply voltage.

The induction regulator has the following advantages over a variable autotransformer:

B A continuous stepless variation of the output voltage is possible.
B No sliding electrical connections are necessary.

However, the induction regulator suffers from the disadvantages of higher leakage induc-
tances, higher magnetizing current, and higher costs.

5.4.4 RUNNING OPERATION

If the stator windings are connected to a three-phase supply and the rotor circuit is closed, the
induced voltages in the rotor windings produce rotor currents that interact with the air gap
field to produce torque. The rotor, if free to do so, will then start rotating. According to Lenz’s
law, the rotor rotates in the direction of the rotating field such that the relative speed between
the rotating field and the rotor winding decreases. The rotor will eventually reach a steady-state
speed n that is less than the synchronous speed g at which the stator rotating field rotates in
the air gap. It is obvious that at n = n, there will be no induced voltage and current in the rotor
circuit, and hence no torque.

The difference between the rotor speed n and the synchronous speed #; of the rotating field is
called the slip s and is defined as

ng—n
s=— (5.32)
Mg
E,
o YV _o LLOCUS of E,
~YY YY" E ST
O- 2 V{7 E \\
o 8 2 \
o / R
° |o [e Stator v / \
Vi windings 0 + +
E Rotor \ E, =V |
2 windings \ ! " //
\\ //
~ -
(a) (b)

FIGURE 5.9 Induction regulator.
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If you were sitting on the rotor, you would find that the rotor was slipping behind the rotating
field by the slip rpm = ns — n = sns. The frequency f of the induced voltage and current in the
rotor circuit will correspond to this slip rpm, because this is the relative speed between
the rotating field and the rotor winding. Thus, from Eq. 5.10,

fo= 155 (ns—n)

=i (5.33)

This rotor circuit frequency f> is also called slip frequency. The voltage induced in the rotor
circuit at slip s is

Ezs = 4.44f2N2(I)psz
= 4.44sf, N, ®,Kw>
=sE, (5.34)

where E; is the induced voltage in the rotor circuit at standstill—that is, at the stator frequency /7.
The induced currents in the three-phase rotor windings also produce a rotating field. Its
speed (rpm) 1, with respect to the rotor is

_ 1201,
p
1205f1

p
= Sng

(5.35)

Because the rotor itself is rotating at n rpm, the induced rotor field rotates in the air gap at
speed n +ny = (1 — s)ns + sns = ns rpm. Therefore, both the stator field and the induced rotor
field rotate in the air gap at the same synchronous speed 7. The stator magnetic field and the
rotor magnetic field are therefore stationary with respect to each other. The interaction
between these two fields can be considered to produce the torque. As the magnetic fields tend to
align, the stator magnetic field can be visualized as dragging the rotor magnetic field.

EXAMPLE 5.1

A 39,460V, 100 hp, 60 Hz, four-pole induction machine delivers rated output power at a slip of
0.05. Determine the

(a) Synchronous speed and motor speed.
(b) Speed of the rotating air gap field.
(c) Frequency of the rotor circuit.
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(d) Slip rpm.
(e) Speed of the rotor field relative to the
(i) rotor structure.
(ii) stator structure.
(iii) stator rotating field.
(f) Rotor induced voltage at the operating speed, if the stator-to-rotor turns ratio is 1:0.5.

Solution
(a) L _ 120 _ 120X 60
S p 4

= 1800 rpm
n=(1-s)ns=(1-0.05)1800=1710 rpm

(b) 1800 rpm (same as synchronous speed)
(c) fz =Sf1 =0.05x60=3Hz
(d) slip rpm =sngs=0.05 X 1800 = 90 rpm

(e) (i) 90 rpm
(ii) 1800 rpm

(iii) O rpm
(f) Assume that the induced voltage in the stator winding is the same as the applied voltage.
Now,

E> =sE,
N>

—s2E

S N] 1

=0.05%X0.5X% 460V
V3

=6.64V/phase W

5.5 THREE MODES OF OPERATION

The induction machine can be operated in three modes: motoring, generating, and plugging.
To illustrate these three modes of operation, consider an induction machine mechanically
coupled to a dc machine, as shown in Fig. 5.10a.

5.5.1 MOTORING

If the stator terminals are connected to a three-phase supply, the rotor will rotate in the
direction of the stator rotating magnetic field. This is the natural (or motoring) mode of
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FIGURE 5.10 Three modes of
(e) operation of an induction machine.

operation of the induction machine. The steady-state speed n is less than the synchronous
speed ns, as shown in Fig. 5.10b.

5.5.2 GENERATING

The dc motor can be adjusted so that the speed of the system is higher than the synchronous
speed and the system rotates in the same direction as the stator rotating field as shown in
Fig. 5.10c. The induction machine will produce a generating torque—that is, a torque acting
opposite to the rotation of the rotor (or acting opposite to the stator rotating magnetic field).
The generating mode of operation is utilized in some drive applications to provide regenerative
braking. For example, suppose an induction machine is fed from a variable-frequency supply to
control the speed of a drive system. To stop the drive system, the frequency of the supply
is gradually reduced. In the process, the instantaneous speed of the drive system is higher
than the instantaneous synchronous speed because of the inertia of the drive system. As a
result, the generating action of the induction machine will cause the power flow to reverse and
the kinetic energy of the drive system will be fed back to the supply. The process is known as
regenerative braking.
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5.5.3 PLUGGING

If the dc motor of Fig. 5.10a is adjusted so that the system rotates in a direction opposite to the
stator rotating magnetic field (Fig. 5.10d), the torque will be in the direction of the rotating field
but will oppose the motion of the rotor. This torque is a braking torque.

This mode of operation is sometimes utilized in drive applications where the drive system is
required to stop very quickly. Suppose an induction motor is running at a steady-state speed. If
its terminal phase sequence is changed suddenly, the stator rotating field will rotate opposite to
the rotation of the rotor, producing the plugging operation. The motor will come to zero speed
rapidly and will accelerate in the opposite direction, unless the supply is disconnected at
zero speed.

The three modes of operation and the typical torque profile of the induction machine in the
various speed ranges are illustrated in Fig. 5.10e.

5.6 INVERTED INDUCTION MACHINE

In a wound-rotor induction machine the three-phase supply can be connected to the rotor
windings through the slip rings and the stator terminals can be shorted, as shown in Fig. 5.11.
A rotor-fed induction machine is also known as an inverted induction machine. The three-
phase rotor current will produce a rotating field in the air gap, which will rotate at the syn-
chronous speed with respect to the rotor. If the rotor is held stationary, this rotating field will
also rotate in the air gap at the synchronous speed. Voltage and current will be induced in the
stator windings and a torque will be developed. If the rotor is allowed to move, it will rotate,
according to Lenz’s law, opposite to the rotation of the rotating field so that the induced voltage
in the stator winding is decreased. At a particular speed, therefore, the frequency of the stator
circuit will correspond to the slip rpm.

5.7 EQUIVALENT CIRCUIT MODEL

The preceding sections have provided an appreciation of the physical behavior of the induction
machine. We now proceed to develop an equivalent circuit model that can be used to study and
predict the performance of the induction machine with reasonable accuracy. In this section, a
steady-state per-phase equivalent circuit will be derived.

Stator terminals

O WRIM

Rotor terminals

3¢ power
supply FIGURE 5.11 Inverted wound-rotor induction machine.
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—f b

G Rotor

Stator gap FIGURE 5.12 Three-phase wound-rotor induction motor.

For convenience, consider a three-phase wound-rotor induction machine as shown in
Fig. 5.12. In the case of a squirrel-cage rotor, the rotor circuit can be represented by an
equivalent three-phase rotor winding. If currents flow in both stator and rotor windings,
rotating magnetic fields will be produced in the air gap. Because they rotate at the same speed
in the air gap, they will produce a resultant air gap field rotating at the synchronous speed. This
resultant air gap field will induce voltages in both stator windings (at the supply frequency f1)
and rotor windings (at slip frequency f2). It appears that the equivalent circuit may assume a
form identical to that of a transformer.

5.7.1 STATOR WINDING

The stator winding can be represented as shown in Fig. 5.13a, where

V1 = per-phase terminal voltage

R, = per-phase stator winding resistance

L = per-phase stator leakage inductance

E; = per-phase induced voltage in the stator winding

L, = per-phase stator magnetizing inductance

R. =per-phase stator core loss resistance
Note that there is no difference in form between this equivalent circuit and that of the trans-
former primary winding. The difference lies only in the magnitude of the parameters. For
example, the excitation current I, is considerably larger in the induction machine because of
the air gap. In induction machines it is as high as 30 to 50 percent of the rated current,
depending on the motor size, whereas it is only 1 to 5 percent in transformers. Moreover, the
leakage reactance X is larger because of the air gap, and also because the stator and rotor

windings are distributed along the periphery of the air gap rather than concentrated on a core,
as in the transformer.

5.7.2 ROTOR CIRCUIT

The rotor equivalent circuit at slip s is shown in Fig. 5.13b, where

E, = per-phase induced voltage in rotor at standstill (i.e., at stator frequency f;)
R, = per-phase rotor circuit resistance
L, = per-phase rotor leakage inductance
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FIGURE 5.13 Development of the induction machine equivalent circuit.

Note that this circuit is at frequency f>. The rotor current I, is

SE2

L= Ry +jsXs (5.36)
The power involved in the rotor circuit is
P, =I3R; (5.37)
which represents the rotor copper loss per phase.
Equation 5.36 can be rewritten as
L= E; (5.38)

(R2/s) +jXa
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Equation 5.38 suggests the rotor equivalent circuit of Fig. 5.13¢. Although the magnitude and
phase angle of I, are the same in Egs. 5.36 and 5.38, there is a significant difference between
these two equations and the circuits (Figs. 5.13b and 5.13c¢) they represent. The current I, in
Eq. 5.36 is at slip frequency f>, whereas I, in Eq. 5.38 is at line frequency f;. In Eq. 5.36 the rotor
leakage reactance sX, varies with speed but resistance R, remains fixed, whereas in Eq. 5.38
the resistance R /s varies with speed but the leakage reactance X, remains unaltered. The per-
phase power associated with the equivalent circuit of Fig. 5.13c¢ is
R, P

leg? = (5.39)

Because induction machines are operated at low slips (typical values of slip s are 0.01 to 0.05),
the power associated with Fig. 5.13c is considerably larger. Note that the equivalent circuit of
Fig. 5.13c is at the stator frequency, and therefore this is the rotor equivalent circuit as seen
from the stator. The power in Eq. 5.39 therefore represents the power that crosses the air gap
and thus includes the rotor copper loss as well as the mechanical power developed. Equation
5.39 can be rewritten as

P=Py,=1; [R2+ %(1 —s)] (5.40)
R
:@TZ (5.40a)

The corresponding equivalent circuit is shown in Fig. 5.13d. The speed-dependent resistance
R,(1 —s)/s represents the mechanical power developed by the induction machine.

R
Pmech :I%?Z(l _S)

(5.41)
=(1—5)Py
_L1osy, (5.42)
s
and
Py =I5R; = 5Py, (5.43)
Thus,
Pog:Py:pmech = Listl —s (5.44)

Equation 5.44 indicates that of the total power input to the rotor (i.e., power crossing the air
gap, P,g), a fraction s is dissipated in the resistance of the rotor circuit (known as rotor copper
loss), and the fraction 1—s is converted into mechanical power. Therefore, for efficient
operation of the induction machine, it should operate at a low slip so that more of the air gap
power is converted into mechanical power. Part of the mechanical power will be lost to
overcome the windage and friction. The remainder of the mechanical power will be available
as output shaft power.
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5.7.3 COMPLETE EQUIVALENT CIRCUIT

The stator equivalent circuit, Fig. 5.13a, and the rotor equivalent circuit of Fig. 5.13¢ or 5.13d
are at the same line frequency f1 and therefore can be joined together. However, E; and E; may
be different if the turns in the stator winding and the rotor winding are different. If the turns
ratio (a = N1/N>) is considered, the equivalent circuit of the induction machine is that shown in
Fig. 5.13¢. Note that the form of the equivalent circuit is identical to that of a two-winding
transformer, as expected.

EXAMPLE 5.2

A 3¢, 15 hp, 460V, four-pole, 60 Hz, 1728 rpm induction motor delivers full output power to a
load connected to its shaft. The windage and friction loss of the motor is 750 W. Determine the

(a) Mechanical power developed.
(b) Air gap power.
(¢) Rotor copper loss.

Solution
(a) Full-load shaft power =15 X746 = 11,190 W

Mechanical power developed = shaft power + windage and friction loss

=11,190+750=11,940 W

_ 120 x60

(b) Synchronous speed 7 7] = 1800 rpm
. _ 1800 —-1728
Slip = —goo =004
. 11,940
Air gap power Py, = 1004 12,437.5W
(c) Rotor copper loss P, = 0.04 X 12,437.5
=4975W 1

5.7.4 VARIOUS EQUIVALENT CIRCUIT CONFIGURATIONS

The equivalent circuit shown in Fig. 5.13¢ is not convenient for predicting the performance
of the induction machine. As a result, several simplified versions have been proposed in various
textbooks on electric machines. There is no general agreement on how to treat the shunt
branch (i.e., R. and Xp,), particularly the resistance R. representing the core loss in
the machine. Some of the commonly used versions of the equivalent circuit are discussed here.
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(a) (&)
FIGURE 5.14 Approximate equivalent circuit.

Approximate Equivalent Circuit

If the voltage drop across R; and X is small and the terminal voltage V; does not appreciably
differ from the induced voltage E;, the magnetizing branch (i.e., R. and Xy,) can be moved to
the machine terminals as shown in Fig. 5.14a. This approximation of the equivalent circuit will
considerably simplify computation, because the excitation current () and the load component
(I%) of the machine current can be directly computed from the terminal voltage V; by dividing it
by the corresponding impedances.

Note that if the induction machine is connected to a supply of fixed voltage and frequency, the
stator core loss is fixed. At no load, the machine will operate close to synchronous speed.
Therefore, the rotor frequency f3 is very small and hence rotor core loss is very small. At a lower
speed, /> increases and so does the rotor core loss. The total core losses thus increase as the speed
falls. On the other hand, at no load, friction and windage losses are maximum, and as speed falls,
these losses decrease. Therefore, if a machine operates from a constant-voltage and constant-
frequency source, the sum of core losses and friction and windage losses remains essentially
constant at all operating speeds. These losses can thus be lumped together and termed the
constant rotational losses of the induction machine. If the core loss is lumped with the windage
and friction loss, R, can be removed from the equivalent circuit, as shown in Fig. 5.14b.

IEEE-Recommended Equivalent Circuit

In the induction machine, because of its air gap, the exciting current 7, is high—of the order
of 30 to 50 percent of the full-load current. The leakage reactance X; is also high. The IEEE
recommends that in such a situation, the magnetizing reactance X, not be moved to the
machine terminals (as is done in Fig. 5.14b) but be retained at its appropriate place, as shown
in Fig. 5.15. The resistance R. is, however, omitted, and the core loss is lumped with the

FIGURE 5.15 IEEE-recommended equivalent
circuit.
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|
|
|
|
|
|

[ }
Air l gap

FIGURE 5.16 Thevenin equivalent circuit.

windage and friction losses. This equivalent circuit (Fig. 5.15) is to be preferred for situations
in which the induced voltage E; differs appreciably from the terminal voltage V.

5.7.5 THEVENIN EQUIVALENT CIRCUIT

In order to simplify computations, Vi, Ry, X, and X, can be replaced by the Thevenin
equivalent circuit values Vy,, Ry, and Xy, as shown in Fig. 5.16, where
Xm

v 5.45
R+ (X, + Xm)2 2 (545)

Vin=

If R% < (X3 +Xm)2, as is usually the case,

Xm
Vin TS (5.45a)
= KV (5.45b)

The Thevenin impedance is

JXm(R1 +7X1)

Zn=p + (X1 + Xm)
:Rth+thh
If R? < (X) +Xm)?,
X, \°
Ry~ (—2m )\ R 4
th <X1+Xm) 1 (5.46)
= KiR, (5.46a)

and since X1 < Xp,

Xen =X, (5.47)
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5.8 NO-LOAD TEST, BLOCKED-ROTOR TEST,
AND EQUIVALENT CIRCUIT PARAMETERS

The parameters of the equivalent circuit, R., Xi,, R1, X1, X3, and R;, can be determined from the
results of a no-load test, a blocked-rotor test, and measurement of the dc resistance of the stator
winding. The no-load test on an induction machine, like the open-circuit test on a transformer,
gives information about exciting current and rotational losses. This test is performed by
applying balanced polyphase voltages to the stator windings at the rated frequency. The rotor is
kept uncoupled from any mechanical load. The small power loss in the machine at no load is
due to the core loss and the friction and windage loss. The total rotational loss at the rated
voltage and frequency under load is usually considered to be constant and equal to its value at
no load.

The blocked-rotor test on an induction machine, like the short-circuit test on a trans-
former, gives information about leakage impedances. In this test the rotor is blocked so
that the motor cannot rotate, and balanced polyphase voltages are applied to the stator
terminals. The blocked-rotor test should be performed under the same conditions of rotor
current and frequency that will prevail in the normal operating conditions. For example,
if the performance characteristics in the normal running condition (i.e., low-slip region)
are required, the blocked-rotor test should be performed at a reduced voltage and rated
current. The frequency also should be reduced because the rotor effective resistance and
leakage inductance at the reduced frequency (corresponding to lower values of slip) may
differ appreciably from their values at the rated frequency. This will be particularly true
for double-cage or deep-bar rotors, as discussed in Section 5.11, and also for high-power
motors.

The IEEE recommends a frequency of 25 percent of the rated frequency for the blocked-
rotor test. The leakage reactances at the rated frequency can then be obtained by considering
that the reactance is proportional to frequency. However, for normal motors of less than 20-hp
rating, the effects of frequency are negligible, and the blocked-rotor test can be performed
directly at the rated frequency.

The determination of the equivalent circuit parameters from the results of the no-load and
blocked-rotor tests is illustrated by the following example.

EXAMPLE 5.3

The following test results are obtained from a 3¢, 60 hp, 2200V, six-pole, 60 Hz squirrel-cage
induction motor.

1. No-load test:
Supply frequency = 60 Hz
Line voltage = 2200 V
Line current =4.5 A

Input power = 1600 W
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2. Blocked-rotor test:
Frequency = 15 Hz
Line voltage =270V
Line current =25 A

Input power = 9000 W

3. Average dc resistance per stator phase:
R, =280
(a) Determine the no-load rotational loss.

(b) Determine the parameters of the IEEE-recommended equivalent circuit of Fig. 5.15.

(c) Determine the parameters (Vi,, Ry, Xin) for the Thevenin equivalent circuit of
Fig. 5.16.

Solution
(a) From the no-load test, the no-load power is

Pyp = 1600 W
The no-load rotational loss is
Prot = Pxi — 3I3R;
= 1600 —3 X 4.5* X 2.8

=14299W

(b) IEEE-recommended equivalent circuit. For the no-load condition, R)/s is very high.
Therefore, in the equivalent circuit of Fig. 5.15, the magnetizing reactance Xy, is shunted
by a very high resistive branch representing the rotor circuit. The reactance of this
parallel combination is almost the same as X;,. Therefore, the total reactance Xy,
measured at no load at the stator terminals, is essentially X; + X;,. The equivalent circuit
at no load is shown in Fig. E5.3a.

22
V= 2200 _ 1270.2 V/phase
V3
The no-load impedance is
1% 1270.2
Za= 012102 565070
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(a) No-load equivalent circuit (b) Blocked-rotor equivalent circuit
based on Fig. 5.15 based on Fig. 5.15

(c) Blocked-rotor equivalent circuit for improved value for R5 FIGURE E5.3

The no-load resistance is

Pa. 1600
Ra= %= = =26340
NT32 T 3%as?

The no-load reactance is
Xni = (Z, — RIZ\IL)I/Z

= (282.27% — 26.34%)!/2

=281.0Q
Thus, X7 + X, = Xn = 281.0 Q.

For the blocked-rotor test the slip is 1. In the equivalent circuit of Fig. 5.15,

the magnetizing reactance X, is shunted by the low-impedance branch jX} + Rj.
Because | X | > |R) +jX}|, the impedance Xy, can be neglected and the equivalent circuit

for the blocked-rotor test reduces to the form shown in Fig. E5.3b. From the blocked-
rotor test, the blocked-rotor resistance is

Rpr = ——
BL 31%

_ 9000
3 x252

=4.80Q
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Therefore, R, = Rgp, — R; = 4.8 — 2.8 =2 Q). The blocked-rotor impedance at 15 Hz is

The blocked-rotor reactance at 15 Hz is

XpL = (6.24° — 4.8%)'/2
=3980
Its value at 60 Hz is

Xpr =3.98 X % =15.92Q

XL =X4 +X£

Hence,

15.92
X1=X§=%=7.969 (at 60 Hz)

The magnetizing reactance is therefore

Xm=281.0—-796=273.040Q2

Comments: The rotor equivalent resistance R} plays an important role in the perfor-
mance of the induction machine. A more accurate determination of R} is recommended
by the IEEE as follows: The blocked resistance Rgy is the sum of R; and an equivalent
resistance, say R, which is the resistance of R} +jX} in parallel with X;, as shown in
Fig. E5.3c; therefore,

- X
RY + (X} + Xm)®

R,
If X + X > R), as is usually the case,

Xn \°
R~ (—2m ) R
() ®
or

X} + Xm\
R,=(=2_"")R
=)

Now R=RpL —R;1 =4.8-2.8=20. So,

7.96 +273.04
R = (

2
X2=2.
273.04 ) 2=2120
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(¢) From Eq. 5.45,

273.04

Vin = 55 5273.04 V!

= 097V1

From Eq. 5.46a,

Ry, ~ 0.97°R; =0.97>X2.8=2.63Q

From Eq. 5.47,
Xn~X1=7960 1

5.9 PERFORMANCE CHARACTERISTICS

225

The equivalent circuits derived in the preceding section can be used to predict the performance
characteristics of the induction machine. The important performance characteristics in the
steady state are the efficiency, power factor, current, starting torque, maximum (or pull-out)

torque, and so forth.
The mechanical torque developed Tp,ech per phase is given by

Prech = Tmech@mech = 15 % (1-s) (5.48)
where
Wmech = Zéigz (5.48a)
The mechanical speed wpecn is related to the synchronous speed by
Wmech = (1 = $)wsyn (5.49)
= "2on(1 -s)
and
Weyn = % X 2w = 47717[1 (5.50)
From Egs. 5.48, 5.49, and 5.40a,
TinechWsyn = 15% =Py (5.51)
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Tnech = Wslyn Pag (552)
1 LR
=132 (5.52a)
Wsyn = S
1 R
= —I}=2 (5.53)
Wsyn S

From the equivalent circuit of Fig. 5.16 and Eq. 5.53,

1 Vi R!
Timech = — — =2 (5.54)
Wsyn (Rth + RZ/S) + (Xth +X2) S

Note that if the approximate equivalent circuits (Fig. 5.14) are used to determine I}, in
Eq. 5.54, Vy,, Ry, and Xy, should be replaced by Vi, Ry, and X}, respectively. The prediction of
performance based on the approximate equivalent circuit (Fig. 5.14) may differ by 5 percent
from those based on the equivalent circuit of Fig. 5.15 or 5.16.

For a three-phase machine, Eq. 5.54 should be multiplied by 3 to obtain the total torque
developed by the machine. The torque-speed characteristic is shown in Fig. 5.17. At low values
of slip,

/ !

R R
Rn+ =2>Xu+X, and —2>> Ry,
S S
and thus
2
LV
ec wsyn R/z

T

(5.55)

@

Brake
(Plugging) Motor Generator

FIGURE 5.17 Torque-speed profile at
different voltages.
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The linear torque-speed relationship is evident in Fig. 5.17 near the synchronous speed. Note
that if the approximate equivalent circuits (Fig. 5.14) are used, in Eq. 5.55, Vy, should be
replaced by V;. At larger values of slip,

/

R
Ry, + ?2 < Xp+X,

and
V2 I
! e R (5.56)
Wsyn (Xth +X§) S

T mech ~

The torque varies almost inversely with slip near s = 1, as seen from Fig. 5.17.

Equation 5.54 also indicates that at a particular speed (i.e., a fixed value of s) the torque
varies as the square of the supply voltage Vy, (hence V). Figure 5.17 shows the T — n profile at
various supply voltages. This aspect will be discussed further in a later section on speed control
of induction machines by changing the stator voltage.

An expression for maximum torque can be obtained by setting dT'/ds = 0. Differentiating
Eg. 5.54 with respect to slip s and equating the result to zero gives the following condition
for maximum torque:

Ry

o =R+ (X + X072 (5.57)

This expression can also be derived from the fact that the condition for maximum torque
corresponds to the condition for maximum air gap power (Eq. 5.52). This occurs, by the
familiar impedance-matching principle in circuit theory, when the impedance of R} /s equals in
magnitude the impedance between it and the supply voltage V; (Fig. 5.16) as shown in Eq. 5.57.

The slip s, at maximum torque Ty is
Ry
STy = (5.58)
[R2 + (X +X3)°]'/?
The maximum torque per phase from Egs. 5.54 and 5.58 is
1 %8
Trnax = 1 (5.59)

2Wsyn Rth + [thh + (Xth +X£)2}1/2

Equation 5.59 shows that the maximum torque developed by the induction machine is
independent of the rotor circuit resistance. However, from Eq. 5.58 it is evident that the value
of the rotor circuit resistance R, determines the speed at which this maximum torque will
occur. The torque-speed characteristics for various values of R, are shown in Fig. 5.18. In a
wound-rotor induction motor, external resistance is added to the rotor circuit to make the
maximum torque occur at standstill so that high starting torque can be obtained. As the motor
speeds up, the external resistance is gradually decreased and finally taken out completely.
Some induction motors are, in fact, designed so that maximum torque is available at start—
that is, at zero speed.
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T

R,
increasing

| FIGURE 5.18 Torque-speed characteristics for

n varying R;.

If the stator resistance R; is small (hence, Ry, is negligibly small), from Egs. 5.58 and 5.59,

/
max Xth _"_Xé
! Vi (5.61)

Tinax =~ —
T 2w Xin + X5

Equation 5.61 indicates that the maximum torque developed by an induction machine is
inversely proportional to the sum of the leakage reactances.

From Eqg. 5.54, the ratio of the maximum developed torque to the torque developed at any
speed is

Tinax (R +R,/s)* + (X + X5)* s

= 5.62
T (Ryy+ R /51, + (X +X3)° STy, (5.62)
If Ry (hence Ry,) is negligibly small,
Tmax . (RY/s)’+ X +X3)° s (5.63)
T (RIZ/STmax)z + (Xth +X£)2 ST""”‘
From Egs. 5.60 and 5.63,
Toas _ (RL5)+ (Ry/s1,,)° s
T Z(RIZ/STmax)Z STmaX
— S%max + 52
- 2sp.s (5.64)

max

Equation 5.64 shows the relationship between torque at any speed and the maximum torque in
terms of their slip values.
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Stator Current
From Fig. 5.15, the input impedance is

R/
Z1 =R; +jX, +Xm//<52 +jX§)

=Ry +jX1 + Xm//Z, (5.65)
. JXm (R, /s +7X5)
=Ry +iX; + .
LT R s + (X + XD) (5.65a)
=|Z4| /6, (5.65b)
The stator current is
v
Li=-t=1,+1, (5.65¢)
Z

At synchronous speed (i.e., s = 0), R, /s is infinite, so I, = 0. The stator current /; is the exciting
current /4. At larger values of slip Z, (=R}, /s + jX}) is low and therefore I} (and hence I) is large.
In fact, the typical starting current (i.e., at s = 1) is five to eight times the rated current. The
typical stator current variation with speed is shown in Fig. 5.19.

Input Power Factor
The supply power factor is given by

PF = cos 6
where 0, is the phase angle of the stator current I;. This phase angle 0; is the same as the

impedance angle of the equivalent circuit of Fig. 5.15. The typical power factor variation with
speed is shown in Fig. 5.20.

pu

- N W e oJo

n
—ng 0 s FIGURE 5.19 Stator current as a function of speed.
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PF

08—

0 ng " FIGURE 5.20 Power factor as a function of speed.

Efficiency

In order to determine the efficiency of the induction machine as a power converter, the various
losses in the machine are first identified. These losses are illustrated in the power flow diagram
of Fig. 5.21. For a 3¢ machine, the power input to the stator is

Pin=3V1]1 COS 01 (566)
The power loss in the stator windings is
Py =3[R, (5.67)

where R; is the ac resistance (including skin effect) of each phase winding at the operating
temperature and frequency.

Power is also lost as hysteresis and eddy current loss in the magnetic material of the
stator core.

The remaining power, P,,, crosses the air gap. Part of it is lost in the resistance of the rotor
circuit.

P, =3[R, (5.68)

where R; is the ac resistance of the rotor winding. If it is a wound-rotor machine, R, also
includes any external resistance connected to the rotor circuit through slip rings.

Stator Rotor Friction and

core loss core loss windage loss
1 p
g

F mech 1
P, R)ut
Fpatt
Stator Cu loss Rotor Cu loss FIGURE 5.21 Power flow in an
2 2
QITR,y) GIZR) induction motor.
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Power is also lost in the rotor core. Because the core losses are dependent on the frequency f>
of the rotor, these may be negligible at normal operating speeds, where f, is very low.

The remaining power is converted into mechanical form. Part of this is lost as windage and
friction losses, which are dependent on speed. The rest is the mechanical output power Py,
which is the useful power output from the machine.

The efficiency of the induction motor is

Eff = (5.69)

The efficiency is highly dependent on slip. If all losses are neglected except those in the
resistance of the rotor circuit,

Py = Pin
P; =5sP,,
Pout = Prmech = Pag(1 —5)
and the ideal efficiency is

P out

Eff(ideal) = P.
in

=1-s (5.70)

Sometimes Eff(qea is also called the internal efficiency, as it represents the ratio of the
power output to the air gap power. The ideal efficiency as a function of speed is shown in
Fig. 5.22. It indicates that an induction machine must operate near its synchronous speed if
high efficiency is desired. This is why the slip is very low for normal operation of the induction
machine.

If other losses are included, the actual efficiency is lower than the ideal efficiency of Eq. 5.70,
as shown in Fig. 5.22. The full-load efficiency of a large induction motor may be as high as
95 percent.

Eff

1= Ideal Va
efficiency, £
1 -3 \;/
// Actual
// L4 efficiency
0.5 p

! n

0 ng . .
FIGURE 5.22 Efficiency as a function of speed.
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5.10 POWER FLOW IN THREE MODES OF OPERATION

It was pointed out in Section 5.5 that the induction machine can be operated in three modes:
motoring, generating, and plugging. The power flow in the machine will depend on the mode
of operation. However, the equations derived in Section 5.9 for various power relationships
hold good for all modes of operation. If the appropriate sign of the slip s is used in these
expressions, the sign of the power will indicate the actual power flow. For example, in the
generating mode, the slip is negative. Therefore, from Eq. 5.40a the air gap power P,, is neg-
ative (note that the copper loss P, in the rotor circuit is always positive). This implies that the
actual power flow across the air gap in the generating mode is from rotor to stator.

The power flow diagram in the three modes of operation is shown in Fig. 5.23. The core
losses and the friction and windage losses are all lumped together as a constant rotational loss.

In the motoring mode, slip s is positive. The air gap power P,, (Eq. 5.40a) and the developed
mechanical power P .., (Eq. 5.42) are positive, as shown in Fig. 5.23a.

In the generating mode s is negative, and therefore both P,, and Py, are negative, as shown
in Fig. 5.23b. In terms of the equivalent circuit of Fig. 5.13¢ the resistance [(1 —s)/s|R; is
negative, which indicates that this resistance represents a source of energy.

In the plugging mode, s is greater than one, and therefore P, is positive but Py, is negative,
as shown in Fig. 5.23c¢. In this mode the rotor rotates opposite to the rotating field and therefore
mechanical energy must be put into the system. Power therefore flows from both sides, and as a
result the loss in the rotor circuit, P,, is enormously increased. In terms of the equivalent circuit
of Fig. 5.13e, the resistance [(1 —s)/s]R> is negative and represents a source of energy.

Example 5.7 will further illustrate the power flow in the three modes of operation of an
induction machine.

(a)

P
S
. ‘ ~— = Fya
Pcul Pcu2 F mech
)
Prot
P elec i _
— - < Py FIGURE 5.23 Power flow for various
} P Fae P Prnech modes of operation of an induction machine.

cu2

(a) Motoring mode, 0 < s < 1. (b) Generating
(c) mode, s < 0. (¢) Plugging mode, s > 1.
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EXAMPLE 5.4

A three-phase, 460V, 1740 rpm, 60 Hz, four-pole wound-rotor induction motor has the fol-
lowing parameters per phase:

R; =0.25 ohms, R, =0.2 ohms
X; =X}, =0.5 ohms, Xy = 30 ohms

The rotational losses are 1700 watts. With the rotor terminals short-circuited, find

(a) (i) Starting current when started direct on full voltage.

(ii) Starting torque.
(b) (i) Full-load slip.

(ii) Full-load current.

(iii) Ratio of starting current to full-load current.

(iv) Full-load power factor.

(v) Full-load torque.

(vi) Internal efficiency and motor efficiency at full load.
(¢) () Slip at which maximum torque is developed.

(ii) Maximum torque developed.

(d) How much external resistance per phase should be connected in the rotor circuit so that
maximum torque occurs at start?

Solution

(a) Vi = @ = 265.6 volts/phase
1 A /p

(i) At start s = 1. The input impedance is

Zy =025 +j0.5 + 12202 +/0.5)

021305
~ 1.08/66° Q
I, = % = 245.9/-66° A
(ii) Weyn = % X 27 =188.5 rad/sec
Vin = (?).()25565 ?;)6(.)5)) ~ 2613V
7, =005 +i05) oo o

0.25 +30.5
=0.24 +j0.49
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Ryp=0240
X =0.49 ~ X,

Wsyn Wsyn
_ 3 261.3° 02
188.5(0.24 1 0.2)% + (0.49 + 0.5 1
= 183W X (241.2)* x 0.2

1
s=1852N-m

Ty =

1800 — 1740

1300 =0.0333

(b) @

(i) Ry_ 02

s ~ 00333 °o01®

(730)(6.01 +j0.5)
6.01 +730.5

Zy=(0.25+j0.5) +

=0.254;0.5 + 5.598 +1.596

=6.2123/19.7° Q

;o 2656
L 6.2123/19.7

=42.754/—19.7°

(i) Iy _ 2459 _
I 42754 >

(iv) PF = cos(19.7°) = 0.94 (lagging)

) 3 (261.3)°
T= 2 2
188.5(0.24 + 6.01)" + (0.49 + 0.5)

3 2
= —— X41. X 6.
[Rgs (41297 x6.01

=163.11N-m

X 6.01

(vi) Air gap power:
Pag = Tweyn = 163.11 X 188.5 =30,746.2 W
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Rotor copper loss:

P =sP,g =0.0333X30,746.2=1023.9W
Prech = (1 —0.0333)30,746.2 = 29,722.3 W
Pout = Prech — Prot = 29,722.3 — 1700 = 28,022.3 W
Pinput =3Vl cosd
=3X265.6X42.754X0.94=32,0224W

28,022.3
=7 X = . 2
Effmotor 320224 100 = 87.5%

Effiniernal = (1 —5) =1 —0.0333 =0.967 — 96.7%

(¢) (i) From Eq. 5.58,

0.2 0.2
sp = - ~0.1963
Trs 10247 1 (0.49 +0.5)7] 2 1.0187

(ii) From Egq. 5.59,

r o~ 3 261.37
T 2X188.5 0.24 + [0.24% + (0.49 + 0.5)%] /2
=431.68N-m
Tmax _ 431.68
T 163.11 =2:65
/+ / /+ /
(d) sy, = RZ Rexl — RZ Rext

0.242 +(0.49 +0.5)7'2  1.0186

R, ,=1.0186—0.2=0.8186 Q2 /phase
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Note that for parts (a) and (b), it is not necessary to use Thevenin’s equivalent circuit.

Calculation can be based on the equivalent circuit of Fig. 5.15 as follows:

Zy =Ry +jX; + R +jXe
=0.25+;0.5 + 5.598 +71.596
3
Wsyn
3
1885

=163N-m N

T =

IR,

X 42.754% X 5.598
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EXAMPLE 5.5

A three-phase, 460 V, 60 Hz, six-pole wound-rotor induction motor drives a constant load of
100 N - m at a speed of 1140 rpm when the rotor terminals are short-circuited. It is required to
reduce the speed of the motor to 1000 rpm by inserting resistances in the rotor circuit.
Determine the value of the resistance if the rotor winding resistance per phase is 0.2 ohms.
Neglect rotational losses. The stator-to-rotor turns ratio is unity.

Solution

The synchronous speed is

nsg = M =1200 rpm
Slip at 1140 rpm:

o 1200110
Slip at 1000 rpm:

e 200t

From the equivalent circuits, it is obvious that if the value of R} /s remains the same, the
rotor current I, and the stator current /; will remain the same, and the machine will develop
the same torque (Eq. 5.54). Also, if the rotational losses are neglected, the developed torque is
the same as the load torque. Therefore, for unity turns ratio,

& — RZ + Rext
S1 S2
02 0.2+ Rey
0.05 0.167

Rext = 0.468 2/phase W

EXAMPLE 5.6

The rotor current at start of a three-phase, 460 volt, 1710 rpm, 60 Hz, four-pole, squirrel-cage
induction motor is six times the rotor current at full load.

(a) Determine the starting torque as percent of full-load torque.
(b) Determine the slip and speed at which the motor develops maximum torque.
(c) Determine the maximum torque developed by the motor as percent of full-load torque.
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Solution

Note that the equivalent circuit parameters are not given. Therefore, the equivalent circuit
parameters cannot be used directly for computation.

(a) The synchronous speed is

X
= 2050
The full-load slip is
1800 — 1710
SFL = W =0.05

From Eq. 5.52a,

_ IR, D3R,

T
Wsyn s
Thus,
T _ ‘ Iosy) ZSFL
TrL | 1L

T = 6% X 0.05 X Tp. = 1.8TFL

=180% TFL
(b) From Egq. 5.64,
TSt — ZSTmax
Trax 1 +s%

max

Tr  2s7,,.SFL

max
2

)
Tinax SToax + SFL

From these two expressions,

2 2
Ty ST, TSR

TFL SFL + SFL XS%-
max

sk +0.0025
©0.05+0.05 %52

7. +0.0025=0.09 +0.09s7.

1/2
o = (0.0875) .

0.91

Speed at maximum torque = (1 —0.31) X 1800
= 1242 rpm
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(c) From Eq. 5.64,

1+s2
Tiax = 2 = Tt
SdeX
1+0.312
1.87T,
2x0.31 8Tk

=3.18Tr., =318% T M

EXAMPLE 5.7

A three-phase source of variable frequency is required for an experiment. The frequency-
changer system is as shown in Fig. E5.7. The induction machine is a three-phase, six-pole,
wound-rotor type whose stator terminals are connected to a three-phase, 460 volt, 60 Hz
supply. The variable-frequency output is obtained from the rotor terminals. The frequency is to
be controlled over the range 15-120 Hz.

(a) Determine the speed in rpm of the system to give 15 Hz and 120 Hz.

(b) If the open-circuit rotor voltage is 240 volts when the rotor is at standstill, determine the
rotor voltage available on open circuit with 15 Hz and 120 Hz.

(c¢) If all the losses in the machine are neglected, what fraction of the output power is supplied
by the ac supply, and what fraction is supplied by the dc machine at 15 Hz and 120 Hz?

Solution
(a) Forf> =15 Hz, the slip is

s= ié = iE = il
f 60 4
The synchronous speed is
120 X 60
ng = — 6 1200 rpm
3¢ _ e
dc
P
lT T T Fyc T T
Induction \] DC
machine machine
4
)
3¢
variable-
frequency

source FIGURE E5.7 Induction machine as phase shifter.
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The speed of the system for f, = 15 Hz is
n=(1xs)n,= (1 i%) X 1200

=900 and 1500 rpm

For f, = 120 Hz,

s= i@= +=2.0

0
n=(1+2.0)1200
= —1200 and 3600 rpm

(b) sE, =s X 240

For /> =15Hz, sE,=60V
For /> =120Hz, sE> =480V

(¢) Power from the supply:

Pac =Py = 2
Power from the shaft:
Pge= —(1 = s)Pyy = (a S_S) X P,
For f, = 15 Hz,
=P P2 _ \4p, —ap,

Poe = S04y —(1/3)
_ -0/, {1+ (/4)

Py = 2, P,
+(1/4) —(1/4)
= _3P2, + 5P2
For f, = 120 Hz,
_b P _
Pac= 350 —5 = 0-5P2 —0.5P2
_ —(1-20)_ —(1+20)
Poe=—50 230 P

= 0.5P2, 1.5P2

239
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The results are summarized in the following table:

Mode of
Operation of
Induction Stator Shaft Rotor
f,(Hz) rpm Machine Slip sE; (V) Input, P, Input, Pg. Output
15 900 Motor +(1/4) 60 4P, - 3P, P,
1500 Generator —(1/4) 60 —4p, 5P, P,
120 —~1200 Plugging +2.0 480 0.5P, 0.5P, P,
3600 Generator -2.0 480 —-0.5P, 1.5P, P,

For practical reasons, high-speed operation should be avoided. The speed range is
therefore 900 to —1200 rpm for the varying output frequency in the range 15 to 120 Hz.
The speed 900 rpm implies that the dc machine rotates in the same direction as the
rotating field, whereas —1200 rpm implies that the dc machine rotates opposite to
the rotating field. W

5.11 EFFECTS OF ROTOR RESISTANCE

In a conventional squirrel-cage motor at full load, the slip and the current are low, but the power
factor and the efficiency are high. However, at start, the torque and power factor are low, but the
current is high. If the load requires a high starting torque (Fig. 5.24), the motor will accelerate
slowly. This will make a large current flow for a longer time, thereby creating a heating problem.

The resistances in the rotor circuit greatly influence the performance of an induction motor.
A low rotor resistance is required for normal operation, when running, so that the slip is low
and the efficiency high. However, a higher rotor resistance is required for starting so that the
starting torque and power factor are high and the starting current is low. An induction motor
with a fixed rotor circuit resistance therefore requires a compromise design of the rotor for
starting and running conditions. Various types of induction motors are available in which the
rotor circuit resistance is changed or can change with speed to suit the particular application.

Load requiring
high starting
torque

Load requiring
low starting
torque

n
0 ns FIGURE 5.24 Loads with different torque requirements.



Effects of Rotor Resistance 241

5.11.1 WOUND-ROTOR MOTORS

In wound-rotor induction motors external resistances can be connected to the rotor winding
through slip rings (Fig. 5.39a). Equation 5.58 shows that the slip at which maximum torque
occurs is directly proportional to the rotor circuit resistance.

ST o (sz +Rext) (571)

max

where R, is the per-phase rotor winding resistance
Ry is the per-phase resistance connected externally to the rotor winding

The external resistance Ry can be chosen to make the maximum torque occur at standstill
(s1,..) =1 if high starting torque is desired. This external resistance can be decreased as the
motor speeds up, making maximum torque available over the whole accelerating range, as
shown in Fig. 5.25. Equation 5.59 indicates that the maximum torque remains the same, as it is
independent of the rotor circuit resistance.

Note that most of the rotor /2R loss is dissipated in the external resistances. Thus, the rotor
heating is lower during the starting and acceleration period than it would be if the resistances
were incorporated in the rotor windings. The external resistance is eventually cut out so that
under running conditions the rotor resistance is only the rotor winding resistance, which is
designed to be low to make the rotor operate at high efficiency and low full-load slip.

Apart from high starting torque requirements, the external resistance can also be used for
varying the running speed. This will be discussed in Section 5.13.6.

The disadvantage of the wound-rotor induction machine is its higher cost than the squirrel-
cage motor.

5.11.2 DEEP-BAR SQUIRREL-CAGE MOTORS

The rotor frequency changes with speed. At standstill, the rotor frequency equals the supply
frequency. As the motor speeds up, the rotor frequency decreases to a low value. At full-load
running condition, the rotor frequency is in the range of 1 to 3 Hz with a 60 Hz supply
connected to the stator terminals. This fact can be utilized to change the rotor resistance

) Continuous variation of R,

Load

Running
condition

FIGURE 5.25 Maximum torque obtained by varying
0 ng rotor resistance throughout the speed range.
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automatically. The rotor bars can be properly shaped and arranged so that their effective
resistance at supply frequency (say 60 Hz) is several times the resistance at full-load rotor
frequency (1 to 3 Hz). This change in the resistance of the rotor bars is due to what is com-
monly known as the skin effect.

Figure 5.26a shows a squirrel-cage rotor with deep and narrow bars. The slot leakage fluxes
produced by the current in the bar are also shown in the figure. All the leakage flux lines will
close paths below the slot. It is obvious that the leakage inductance of the bottom layer is
higher than that of the top layer because the bottom layer is linked with more leakage flux. The
current in the high-reactance bottom layer will be less than the current in the low-reactance
upper layer; that is, the rotor current will be pushed to the top of the bars. The result will be an
increase in the effective resistance of the bar. Because this nonuniform current distribution
depends on the reactance, it is more pronounced at high frequency (i.e., when the motor is at
standstill) than at low frequency (i.e., when the motor is running at full speed). The deep rotor
bars may be designed so that the effective rotor resistance at standstill is several times its
effective resistance at rated speed. At full speed, the rotor frequency is very low (1—3 Hz), the
rotor current is almost uniformly distributed over the cross section of the rotor bar, and
the rotor ac effective resistance, R,., is almost the same as the dc resistance, Ry.. A typical
variation of the ratio R,./Rg4. with rotor frequency is shown in Fig. 5.26b.

(a) (6)

Deep-bar cage

Conventional cage

FIGURE 5.26 Deep-bar rotor and
(e (d) characteristics.
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The rotor bars can take other shapes, such as broader at the base than at the top of the slot,
as shown in Fig. 5.26¢. This shape will further increase the ratio R,./Ry. with frequency.

With proper design of the rotor bars, a flat-topped torque-speed characteristic, as shown in
Fig. 5.26d, can be obtained.

5.11.3 DOUBLE-CAGE ROTORS

Low starting current and high starting torque may also be obtained by building a double-cage
rotor. In this type of rotor construction, the squirrel-cage windings consist of two layers of bars
(as shown in Fig. 5.27a), each layer short-circuited by end rings. The outer cage bars have a
smaller cross-sectional area than the inner bars and are made of relatively higher-resistivity
material. Thus, the resistance of the outer cage is greater than the resistance of the inner cage.
The leakage inductance of the inner cage is increased by narrowing the slots above it. At
standstill most of the rotor current flows through the upper cage, thereby increasing the
effective resistance of the rotor circuit. At low rotor frequencies, corresponding to low slips
(such as at full-load running condition), reactance is negligible, the lower-cage bars share the
current with the outer bars, and the rotor resistance approaches that of two cages in parallel.
Because both cages carry current under normal running conditions, the rating of the motor is
somewhat increased.

In both double-cage and deep-bar rotors, the effective resistance and leakage inductance vary
with the rotor frequency. The equivalent circuit of a double-cage rotor can be represented by
the circuit shown in Fig. 5.27b, where

L, = per-phase leakage inductance of the upper-cage bars
R}, = per-phase resistance of the upper-cage bars
L’ = per-phase leakage inductance of the lower-cage bars
R, = per-phase resistance of the lower-cage bars
It should be recognized that the values of these parameters depend on the rotor frequency.
Both double-cage and deep-bar cage rotors can be designed to provide the good starting

characteristics resulting from higher rotor resistance and, concurrently, the good running char-
acteristics resulting from low rotor resistance. The rotor design in these cases is based on a

O_I\N\/_/'YYV\
R, X X5 = 2nfiL;
Vl Xm El
o
(a) (b)

FIGURE 5.27 Double-cage rotor bars and the equivalent circuit.
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compromise between starting and running performance. However, these motors are not as flexible
as the wound-rotor machine with external rotor resistance. In fact, when starting requirements are
very severe, the wound-rotor motor should be used.

5.12 CLASSES OF SQUIRREL-CAGE MOTORS

Industrial needs are diverse. To meet the various starting and running requirements of a variety
of industrial applications, several standard designs of squirrel-cage motors are available from
manufacturers’ stock. The torque-speed characteristics of the most common designs, readily
available and standardized in accordance with the criteria established by the National Elec-
trical Manufacturers’ Association (NEMA), are shown in Fig. 5.28. The most significant design
variable in these motors is the effective resistance of the rotor cage circuits.

Class A Motors

Class A motors are characterized by normal starting torque, high starting current, and low
operating slip. The motors have low rotor circuit resistance and therefore operate efficiently
with a low slip (0.005 < s < 0.015) at full load. These machines are suitable for applications
where the load torque is low at start (such as fan or pump loads) so that full speed is achieved
rapidly, thereby eliminating the problem of overheating during starting. In larger machines,
low-voltage starting is required to limit the starting current.

Class B Motors

Class B motors are characterized by normal starting torque, low starting current, and low
operating slip. The starting torque is almost the same as that in class A motors, but the starting
current is about 75 percent of that for class A. The starting current is reduced by designing for
relatively high leakage reactance by using either deep-bar rotors or double-cage rotors. The
high leakage reactance lowers the maximum torque. The full-load slip and efficiency are as
good as those of class A motors.

300

200

100

FIGURE 5.28 Torque-speed characteristics for different classes of
induction motors.
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Motors of this class are good general-purpose motors and have a wide variety of industrial
applications. They are particularly suitable for constant-speed drives, where the demand
for starting torque is not severe. Examples are drives for fans, pumps, blowers, and motor—
generator sets.

Class C Motors

Class C motors are characterized by high starting torque and low starting current. A double-
cage rotor is used with higher rotor resistance than is found in class B motors. The full-load slip
is somewhat higher and the efficiency lower than for class A and class B motors. Class C motors
are suitable for driving compressors, conveyors, crushers, and so forth.

Class D Motors

Class D motors are characterized by high starting torque, low starting current, and high
operating slip. The rotor cage bars are made of high-resistance material such as brass instead
of copper. The torque-speed characteristic is similar to that of a wound-rotor motor with some
external resistance connected to the rotor circuit. The maximum torque occurs at a slip of 0.5
or higher. The full-load operating slip is high (8 to 15 percent), and therefore the running
efficiency is low. The high losses in the rotor circuit require that the machine be large (and
hence expensive) for a given power. These motors are suitable for driving intermittent loads
requiring rapid acceleration and high-impact loads such as punch presses or shears. In the case
of impact loads, a flywheel is fitted to the system. As the motor speed falls appreciably with load
impact, the flywheel delivers some of its kinetic energy during the impact.

5.13 SPEED CONTROL

An induction motor is essentially a constant-speed motor when connected to a constant-voltage
and constant-frequency power supply. The operating speed is very close to the synchronous
speed. If the load torque increases, the speed drops by a very small amount. It is therefore
suitable for use in substantially constant-speed drive systems. Many industrial applications,
however, require several speeds or a continuously adjustable range of speeds. Traditionally, dc
motors have been used in such adjustable-speed drive systems. However, dc motors are
expensive, require frequent maintenance of commutators and brushes, and are prohibitive in
hazardous atmospheres. Squirrel-cage induction motors, on the other hand, are cheap and
rugged have no commutators, and are suitable for high-speed applications. The availability of
solid-state controllers, although more complex than those used for dc motors, has made it
possible to use induction motors in variable-speed drive systems.

In this section various methods for controlling the speed of an induction motor are
discussed.

5.13.1 POLE CHANGING

Because the operating speed is close to the synchronous speed, the speed of an induction motor
can be changed by changing the number of poles of the machine (Eq. 5.10). This can be done
by changing the coil connections of the stator winding. Normally, poles are changed in
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the ratio 2 to 1. This method provides two synchronous speeds. If two independent sets of
polyphase windings are used, each arranged for pole changing, four synchronous speeds can be
obtained for the induction motor.

Squirrel-cage motors are invariably used in this scheme, because the rotor can operate with
any number of stator poles. It is obvious, however, that the speed can be changed only in
discrete steps, and that the elaborate stator winding makes the motor expensive.

5.13.2 LINE VOLTAGE CONTROL

Recall that the torque developed in an induction motor is proportional to the square of the
terminal voltage. A set of T—#n characteristics with various terminal voltages is shown in Fig. 5.29.
If the rotor drives a fan load, the speed can be varied over the range #; to 1, by changing the
line voltage. Note that the class D motor will allow speed variation over a wider speed range.

The terminal voltage V; can be varied by using a three-phase autotransformer or a solid-state
voltage controller, as shown in Fig. 5.30. The auto-transformer provides a sinusoidal voltage for
the induction motor, whereas the motor terminal voltage with a solid-state controller is non-
sinusoidal. Speed control with a solid-state controller is commonly used with small squirrel-
cage motors driving fan loads. In large power applications, an input filter is required; other-
wise, large harmonic currents will flow in the supply line.

The thyristor voltage controller shown in Fig. 5.30b is simple to understand, but complicated
to analyze. The operation of the voltage controller is discussed in Chapter 10. The command
signal for a particular set speed fires the thyristors at a particular firing angle («) to provide a
particular terminal voltage for the motor. If the speed command signal is changed, the firing
angle (a) of the thyristors changes, which results in a new terminal voltage and thus a new
operating speed.

Open-loop operation is not satisfactory if precise speed control is desired for a particular
application. In such a case, closed-loop operation is needed. Figure 5.30c shows a simple block
diagram of a drive system with closed-loop operation. If the motor speed falls because of any
disturbance, such as supply voltage fluctuation, the difference between the set speed and the

T T
V=1pu
Fan load
— VvV = 0.707 - Fan load
V =025
! |
|
|
| n | >N
0 "1/n2j\ns 0 ny ny, ng
(a) (b) Class D motor

FIGURE 5.29 Torque-speed characteristics for various terminal voltages.



Speed Control 247

Induction
i motor
M
3¢ o__/vvwwngx_‘

supply

Fan
load

Fan

Set Firing
speed \ circuit

(&)

Tach

v, (speed
sensor)
36 | - M B Load
supply %—_‘

Firing
Sicit FIGURE 5.30 Starting and speed con-
trol. (a) Autotransformer voltage control-
T ler. (b) Solid-state voltage controller.
NS (¢) Closed-loop operation of voltage

(c) controller.

motor speed increases. This changes the firing angle of the thyristors to increase the terminal
voltage, which in turn develops more torque. The increased torque tends to restore the speed to
the value prior to the disturbance.

Note that for this method of speed control the slip increases at lower speeds (Fig. 5.29),
making the operation inefficient. However, for fans, or similar centrifugal loads in which torque
varies approximately as the square of the speed, the power decreases significantly with decrease
in speed. Therefore, although the power lost in the rotor circuit (=sP,;) may be a significant
portion of the air gap power, the air gap power itself is small, and therefore the rotor will not
overheat. The voltage controller circuits are simple and, although inefficient, are suitable for fan,
pump, and similar centrifugal drives.
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5.13.3 LINE FREQUENCY CONTROL

The synchronous speed and hence the motor speed can be varied by changing the frequency
of the supply. Application of this speed control method requires a frequency changer. Figure 5.31
shows a block diagram of an open-loop speed control system in which the supply frequency of
the induction motor can be varied. The operation of the controlled rectifier (ac to dc) and the
inverter (dc to ac) is described in Chapter 10.

From Eq. 5.27, the motor flux is

O, ]75 (5.72)

If the voltage drop across R; and X; (Fig. 5.15) is small compared to the terminal voltage V;—
that is, Vi =~ E;—then
|4

(I>poc 7 (573)

To avoid high saturation in the magnetic system, the terminal voltage of the motor must be
varied in proportion to the frequency. This type of control is known as constant volts per hertz.
At low frequencies, the voltage drop across Ry and X; (Fig. 5.15) is comparable to the terminal
voltage V1, and therefore Eq. 5.73 is no longer valid. To maintain the same air gap flux density,
the ratio V/f is increased for lower frequencies. The required variation of the supply voltage
with frequency is shown in Fig. 5.32. In Fig. 5.31 the machine voltage will change if the input
voltage to the inverter V; is changed; V; can be changed by changing the firing angle of the
controlled rectifier. If the output voltage of the inverter can be changed in the inverter itself

3
1
36 O—— Controlled [— ! Invertor | \A

ifi \%4 —"LL
supply ] r&‘?_'gg' T il (dc-ac)
TV control chontrol
(@)
\'A
LL ‘v
| l it
0 T 27

/ \/ w FIGURE 5.31 Open-loop speed
control of an induction motor
by input voltage and frequency
(b) control.
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| | FIGURE 5.32 Required variation in voltage with change in frequency
0 50 100 to maintain constant air gap flux density.

(as in pulse-width-modulated inverters), the controlled rectifier can be replaced by a simple
diode rectifier circuit, which will make V; constant.

The torque-speed characteristics for variable-frequency operation are shown in Fig. 5.33. At
the base frequency fi,,sc the machine terminal voltage is the maximum that can be obtained
from the inverter. Below this frequency, the air gap flux is maintained constant by changing V;
with f1; hence, the same maximum torques are available. Beyond fi,.e., since Vi cannot be
further increased with frequency, the air gap flux decreases, and so does the maximum
available torque. This corresponds to the field-weakening control scheme used with dc motors.
Constant-horsepower operation is possible in the field-weakening region.

In Fig. 5.33 the torque-speed characteristic of a load is superimposed on the motor torque-
speed characteristic. Note that the operating speeds 1 - - - ng are close to the corresponding
synchronous speeds. In this method of speed control, therefore, the operating slip is low and
efficiency is high.

The inverter in Fig. 5.31 is known as a voltage source inverter. The motor line-to-line ter-
minal voltage is a quasi-square wave of 120° width. However, because of motor inductance, the
motor current is essentially sinusoidal. A current source inverter (see Chapter 10) can be used

3.0

20
Constant hp

Load

1.0
torque

FIGURE 5.33 Torque-speed char-
acteristics of an induction motor with
n variable-voltage, variable-frequency
0 ny np n3 mg ng ng Ny ng control.
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I i
3¢ Oo— Controlled Y Y Y'Y 5 Current source
supplyo_ rectifier inverter
O0—] (ac-dc) (Csh
I control f control by
/Z
I +\J— 1
(a)
i
i I
T
| L o o
0 T 2n 3z

° \\/ N " "
(c)
(b)
FIGURE 5.34 Induction motor drive system with a current source inverter and the

corresponding characteristics.

to control the speed of an induction motor. The open-loop block diagram of a drive system
using a current source inverter is shown in Fig. 5.34. The magnitude of the current is regulated
by providing a current loop around the rectifier as shown in Fig. 5.34a. The filter inductor in the
dc link smooths out the current. The motor current waveform is a quasi-square wave having
120° pulse width. The motor terminal voltage is essentially sinusoidal. The torque-speed
characteristics of an induction motor fed from a current source inverter are also shown in Fig.
5.34. These characteristics have a very steep slope near synchronous speed. Although a current
source inverter is rugged and desirable from the standpoint of protection of solid-state devices,
the drive system should be properly operated, otherwise the system will not be stable.

5.13.4 CONSTANT-SLIP FREQUENCY OPERATION

For efficient operation of an induction machine, it is desirable to operate it at a fixed or con-
trolled slip frequency (which is also the rotor circuit frequency). High efficiency and high
power factors are obtained if the slip frequency f> is maintained below the breakdown fre-
quency fap, which is the rotor circuit frequency at which the maximum torque is developed.

Consider the block diagram of Fig. 5.35. The signal f;, represents a frequency corresponding
to the speed of the motor. To this a signal f5 representing the slip (or rotor circuit) frequency is
added or subtracted. The resultant f represents the stator frequency:

fi=fa = h (5.74)
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+ O—

Inverter 7

(dc-ac) IM Tach
= O] ——-———/ NS

FIGURE 5.35 Constant slip frequency (f2)
operation.

Addition of f> to f; will correspond to motoring action, and subtraction of f; from f, will
correspond to regenerative braking action of the induction machine. At any speed of the motor,
the signal /> will represent the rotor circuit frequency—that is, the slip frequency.

5.13.5 CLOSED-LOOP CONTROL

Most industrial drive systems operate as closed-loop feedback systems. Figure 5.36 shows a
block diagram of a speed control system employing slip frequency regulation and constant-
volt/hertz operation. At the first summer junction the difference between the set speed n* and
the actual speed » represents the slip speed ny, and hence the slip frequency. If the slip fre-
quency nears the breakdown frequency, its value is clamped, thereby restricting the operation
below the breakdown frequency. At the second summer, the slip frequency is added to the
frequency f,, (representing the motor speed) to generate the stator frequency f1. The function
generator provides a signal such that a voltage is obtained from the controlled rectifier for
constant-volt/hertz operation.

A simple speed control system using a current source inverter is shown in Fig. 5.37. The slip
frequency is kept constant, and the speed is controlled by controlling the dc link current 74, and
hence the magnitude of the motor current.

In traction applications, such as subway cars or other transit vehicles, the torque is con-
trolled directly. A typical control scheme for transit drive systems is shown in Fig. 5.38. As the
voltage available for a transit system is a fixed-voltage dc supply, a pulse-width-modulated

Tach
3 Controlled —NVT‘ \g;?g:
¢| O—— rectifier V, Soure
supply o (ac-dc) T
‘ (vSI)

v, h
i i h

: T n 1
Function /¥ L]
generator £ ¥+

2 | n FIGURE 5.36 Speed
(3 T control system employing
‘/1 i slip frequency regulation
Slip and constant V/f

regulator Setspeed n*  Gperation.
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(PWM) voltage source inverter is considered in which the output voltage can be varied. It can
be shown (Example 5.8) that if the slip frequency is kept constant, the torque varies as
the square of the stator current. The torque command is fed through a square root function
generator to produce the current reference I*. The signal representing the difference between
I* and the actual current I; will change the output voltage of the PWM inverter to make I close
to the desired value of I* representing the torque command. For regenerative braking of
the transit vehicle, the sign of the slip frequency f> is negative. The induction motor will operate
in the generating mode (f, >f1) and feed back the kinetic energy stored in the drive system to
the dc supply.

EXAMPLE 5.8

Show that if the slip frequency is kept constant, the torque developed by an induction machine
is proportional to the square of the input current.

Solution

For variable-frequency operation, the terminal voltage V; is changed with frequency f; to
maintain machine flux at a desired level. In the low-frequency region, V; is low. The voltage
drop across R; and X; may be comparable to V. Therefore, V; cannot be assumed to be equal
to E;. In the equivalent circuit, the shunt branch X;, should not be moved to the machine
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terminals. Therefore, for variable-frequency operation, the equivalent circuit of Fig. 5.15 is
more appropriate to use for prediction of performance. From Fig. 5.15,

JXm
I, = I v
2= Ry Js) + X + X 5.73)
(Xm)?
(1) = ——— S (5.76)
(Ry /)" + (X5 + Xm)
2
r=_1 I’ZZR— (5.77)
Weyn S
where
47T fz
Weyp = — and s=-=
Y p h fi
From Egs. 5.76 and 5.77,
2
7= p > . (5.78)
R; - 27 (Lin + Lb)f>
R,
Equation 5.78 shows that if > remains constant,
Tx[; | (5.79)

EXAMPLE 5.9

Show that if the rotor frequency f is kept constant, the torque developed by an induction
machine is proportional to the square of the flux in the air gap.

Solution

From the equivalent circuit of Fig. 5.15,

E
2 1
fi=— 2 21172 (5.80)
[(Ryf1/f2)” + (2mf1Ly)”|

From Egs. 5.77 and 5.80,

_p_(Er) f2 (5.81)

ARy \fi ) 1+ (2nfL,/R,)? '
2 2L /1%

If /> remains constant, from Egs. 5.81 and 5.72,

T (Ei/fi)’=®2 o (5.82)
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5.13.6 CONSTANT-FLUX, ¢, (OR E/f) OPERATION

To achieve high torque throughout the speed range, the motor air gap flux (®,) should be
maintained constant. The motor flux should not be allowed to decrease at lower frequencies as
a result of the increasing effects of the stator resistance. As the motor flux is proportional to
E/f, it can be maintained constant if the air gap voltage E, rather than terminal voltage V, is
varied linearly with the stator frequency.

It is evident from Eq. 5.81 that the motor torque depends on the motor flux (&, « E/f) and
rotor frequency (f2). Under constant-flux operation, for maximum torque

dT
— =0 5.83
d, 583
From Egs. 5.81 and 5.83,
2nfoply = R) (5.84)
where f5}, = rotor frequency at which maximum torque is developed (also called breakdown
frequency).
From Eq. 5.84, R
=2
o= 57 (5.385)
From Egs. 5.81 and 5.85, the maximum torque per phase is
2
p E] 1
Thax = 7|+ .
47 (fl ) 4rL), (5.86)

5.13.7 CONSTANT-CURRENT OPERATION

The motor can be operated at constant current by providing a current loop around the ac-dc
converter as shown in Fig. 5.34a. Since the motor rms current I; is proportional to the dc link
current I, the motor current can be maintained at a value corresponding to a set current I*.

From Eq. 5.78, the torque developed depends on the motor current I; and rotor frequency f>.
Under constant-current operation, for maximum torque,

dr
df>

From Egs. 5.78 and 5.87, the condition for maximum torque is

=0 (5.87)

27(Ln + L)oo = R (5.88)

where /5, = rotor frequency at which maximum torque is developed.
From Eq. 5.88,

R,

fan = m (5.89)



From Egs. 5.89 and 5.78, the maximum torque developed per phase is
_ Ly, 12@
ax
R, 12
_ Trpon 12 RIZ
R, '4r(Lyn+L})

T,

4Ly + L) !
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(5.90)

Equations 5.85 and 5.89 reveal that the rotor frequency at which maximum torque is
developed is much smaller in the constant-current operation. For this reason the slope of the
torque-speed characteristics in Fig. 5.34c is very steep compared with that in Fig. 5.33.

EXAMPLE 5.10

For the induction machine of Example 5.4, determine the breakdown frequencies for the

following operations.

(a) Motor operated from a 3¢, 460V, 60 Hz supply.
(b) Motor operated under constant-flux condition.

(c) Motor operated under constant-current condition.

Solution
(a) From Eq. 5.58,

_ 0.2
Tmax —
{0.242 + (0.49 + 0.5)%}"/°

=0.1963
for = 0.1963 X 60
=11.7797 Hz
0.5
I =1. X -3
(b) L, 550 1.33x10°H
From Eq. 5.85,
0.2
= %  _=2393H
o= 5 T3 %10 3
(o) Lo 30 _ 7958 X 10 > H

~ 2760
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From Eq. 5.89,

0.2
(79.58 + 1.33) x 10 3

fop = >

=0.3934Hz W

5.13.8 ROTOR RESISTANCE CONTROL

In Section 5.11.1 it was pointed out that the speed of a wound-rotor induction machine can be
controlled by connecting external resistance in the rotor circuit through slip rings, as
shown in Fig. 5.39a. The torque-speed characteristics for four external resistances are shown
in Fig. 5.39b. The load T—n characteristic is also shown by the dashed line. By varying the
external resistance 0 < Ry < Rexs, the speed of the load can be controlled in the range
ny; < n < ns. Note that by proper adjustment of the external resistance (Rex = Rex2), maximum
starting torque can be obtained for the load.

The scheme shown in Fig. 5.39a requires a three-phase resistance bank, and for balanced
operation all three resistances should be equal for any setting of the resistances. Manual
adjustment of the resistances may not be satisfactory for some applications, particularly for a
closed-loop feedback control system. Solid-state control of the external resistance may provide
smoother operation. A block diagram of a solid-state control scheme with open-loop operation
is shown in Fig. 5.39¢. The three-phase rotor power is rectified by a diode bridge. The effective
value R, of the external resistance Rex can be changed by varying the on-time (also called the
duty ratio o, Chapter 10) of the chopper connected across Rey. It can be shown that!

R, = (1 = a)Rex (5.91)
When a = 0.0, that is, when the chopper is off all the time, RZX = Rex. When a = 1.0—that is, the
chopper is on all the time—R,, is short-circuited by the chopper, so R, =0. In this case,
the rotor circuit resistance consists of the rotor winding resistance only. Therefore, by varying
« in the range 1> a >0, the effective resistance is varied in the range 0 < R;X < Ry, and
torque-speed characteristics similar to those shown in Fig. 5.39b are obtained.

The rectified voltage V3 (Fig. 5.39¢) depends on the speed, and hence the slip, of the machine.
At standstill, let the induced voltage in the rotor winding be E, (Eq. 5.29). From Eq. 5.34 and
Eq. 10.9 (for a 3¢ full-wave diode rectifier with six diodes), the rectified voltage V at slip s is

VdIS‘Vd‘SZIIS%EZ (592)
Y

The electrical power in the rotor circuit is

P2 :Spag

1P, C. Sen and K. H. J. Ma, Rotor Chopper Control for Induction Motor Drives: TRC Strategy, IA-IEEE Trans-
actions, vol. IA-11, no. 1, pp. 43-49, 1975.
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—

If the power lost in the rotor winding is neglected, the power P, is the dc output power of the
rectifier. Hence,

SPag ~ Valg (593)
From Egs. 5.92 and 5.93,
3v6
STUJSyn :STEZId (594)

Tocld
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This linear relationship between the developed torque and the rectified current is an advantage
from the standpoint of closed-loop control of this type of speed drive system. A block diagram
for closed-loop operation of the solid-state rotor resistance control system is shown in
Fig. 5.39d. The actual speed n is compared with the set speed n*, and the error signal represents
the torque command or the current reference I;. This current demand I is compared with the
actual current Iy, and the error signal changes the duty ratio a of the chopper to make current
I4 close to the value I}.

The major disadvantage of the rotor resistance control method is that the efficiency is low at
reduced speed because of higher slips (Eq. 5.70). However, this control method is often
employed because of its simplicity. In applications where low-speed operation is only a small
proportion of the work, the low efficiency is acceptable. A typical application of the rotor
resistance control method is the hoist drive of a shop crane. This method also can be used in
fan or pump drives, where speed variation over a small range near the top speed is required.

5.13.9 ROTOR SLIP ENERGY RECOVERY

In the scheme just discussed, if the slip power lost in the resistance could be returned to the ac
source, the overall efficiency of the drive system would be very much increased. A method for
recovering the slip power is shown in Fig. 5.40a. The rotor power is rectified by the diode

03 a2 al

el
IR ~
<+%
—te—

[

(a) ()

|
Tach LYY\ -

__».._.
=+
| <+
Ne—

n* Q:/ Id* \f
(c)

FIGURE 5.40 Slip power recovery. (a) Open-loop operation. (b) Torque-speed
characteristics for different firing angles. (¢) Closed-loop speed control.



Starting of Induction Motors 259

bridge. The rectified current is smoothed out by the smoothing choke. The output of the rec-
tifier is then connected to the dc terminals of the inverter, which inverts this dc power to ac
power and feeds it back to the ac source. The inverter is a controlled rectifier operated in the
inversion mode (see Chapter 10).

At no load, the torque required is very small and from Eq. 5.94 I; ~ 0.
From Fig. 5.40a,

If the no-load slip is sg, then, from Egs. 5.92 and 10.10 (Chapter 10),

S0 3\/6E2 = _3\/6V1 CcOS «
7r 7r
or
so= —(Vi/E3)cos a (5.95)

The firing angle a of the inverter will therefore set the no-load speed. If the load is applied, the
speed will decrease. The torque-speed characteristics at various firing angles are shown in
Fig. 5.40b. These characteristics are similar to those of a dc separately excited motor at various
armature voltages.

As shown earlier, the torque developed by the machine is proportional to the dc link current
I4 (Eq. 5.94). A closed-loop speed control system using the slip power recovery technique is
shown in Fig. 5.40c.

This method of speed control is useful in large power applications where variation of speed
over a wide range involves a large amount of slip power.

5.14 STARTING OF INDUCTION MOTORS

Squirrel-cage induction motors are frequently started by connecting them directly across the
supply line. A large starting current of the order of 500 to 800 percent of full-load current may
flow in the line. If this causes appreciable voltage drop in the line, it may affect other drives
connected to the line. Also, if a large current flows for a long time, it may overheat the motor
and damage the insulation. In such a case, reduced-voltage starting must be used.

A three-phase step-down autotransformer, as shown in Fig. 5.41a, may be employed as a
reduced-voltage starter. As the motor approaches full speed, the autotransformer is switched
out of the circuit.

A star-delta method of starting may also be employed to provide reduced voltage at start. In
this method, the normal connection of the stator windings is delta while running. If these
windings are connected in star at start, the phase voltage is reduced, resulting in less current at
starting. As the motor approaches full speed, the windings will be connected in delta, as shown
in Fig. 5.41b.

A solid-state voltage controller, as shown in Fig. 5.41¢, can also be used as a reduced-voltage
starter. The controller can provide smooth starting. This arrangement can also be used to
control the speed of the induction motor, as discussed earlier in Section 5.13.
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FIGURE 5.41 Starting methods for squirrel-cage induction motors. (a) One-step
starting autotransformer. (b) Star-delta starting. (¢) Solid-state voltage controller
for starting.

Note that although reduced-voltage starting reduces the starting current, it also results in a
decrease in the starting torque, because the torque developed is proportional to the square of
the terminal voltage (see Eq. 5.54).

5.15 TIME AND SPACE HARMONICS

Induction machines are often controlled by voltage source inverters or current source inver-
ters, as discussed in Section 5.13.3. The machine currents are therefore nonsinusoidal. They
contain fundamental and harmonic components of current. The harmonic currents produce
rotating fields in the air gap that rotate at higher speeds than the rotating field produced by the
fundamental current. The time harmonic currents and their rotating fields produce parasitic
torques in the machine.

The winding of a phase of an induction machine is distributed over a finite number of slots in
the machine. As a result, when current flows through the winding the mmf produced is non-
sinusoidally distributed in the air gap (see Appendix A). The air gap flux, therefore, consists of
fundamental and harmonic components of fluxes. These harmonic fluxes produced by a
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distributed winding are known as space harmonics. The space harmonics also produce para-
sitic torques in the machine.

5.15.1 TIME HARMONICS

While considering the effects of time harmonics, we shall assume that when current flows
through a phase winding, it produces sinusoidally distributed mmf in the air gap. In other
words, we shall assume a sinusoidally distributed winding (see Appendix A) and no space
harmonics.

Let phase currents in the three-phase induction machine be as follows:

o]

ia=Y_ In(max) coOs huwt (5.96)
h=1

ib=">  In(max) cosh(wt — 120°) (5.97)
h=1

ic =Y In(max) cos h(wf +120°) (5.98)
h=1

where 1 is the order of harmonics
Ij(ma) is the amplitude of the /th-order harmonic current

Assume that turns of a phase winding are sinusoidally distributed. From Fig. 5.6a, the mmf
along 0 due to current in phase a is

F,=Ni,cos0 (5.99)

where N is the turns per phase. From Egs. 5.96 and 5.99,

Fa(0,t)= ZNIh(max> cos hwt cos 0 (5.100)
h=1
= ZFh(max) cos hwt cos (5.101)
h=1
where
Fh(max) = Nlh(max) (5102)

Similarly, contributions from phases b and c are, respectively,

Fy(0,1) = > Fh(max) cos h(wt — 120°) cos(6 — 120°) (5.103)
h=1

Fe(6,1) =) Fpmax) cos h(wt + 120°) cos(6 + 120°) (5.104)
h=1
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The resultant mmf along 6 is

F(0,1) =F,(0,t) + Fp(0,1) + F.(6, t) (5.105)
= Z Fi(max)[cos(hwt) cos 6 + cos h(wt — 120°) cos(6 — 120°)
A= (5.106)
+ cosh(wt + 120°) cos (0 — 120°)]
Fundamental mmf
From Eq. 5.106,
F1(0, 1) = F(max)[cos wt cos 6 + cos (wt — 120°) cos (§ — 120°)
+ cos(wt +120°) cos(f — 120°)]
(5.107)

= EFI (max) cos(f — wt)

The fundamental mmf is therefore a rotating mmf that rotates in the forward direction (i.e.,
in the direction of 6) at an angular speed of w radians per second.
Third Harmonic mmf

From Eq. 5.106,

F3(0, 1) = F3(max){cos3wt[cos 6 + cos( — 120°) + cos (6 + 120°)]}

= F3(max) X0
_o (5.108)

Note that in a three-phase, three-wire system, third harmonic current is absent. Therefore,
F3(may) is also zero.

Fifth Harmonic mmf
From Egq. 5.106, it can be shown that

F5(6, t) = 3Fs5(max) cos(6 + 5uwt) (5.109)

The fifth harmonic mmf wave is also a rotating wave that rotates in the opposite direction
(with respect to the rotation of the fundamental wave) and at five times the speed of the fun-
damental wave.

Seventh Harmonic mmf
From Egq. 5.106, it can be shown that

F7(9, Z) :%F7(max) cos(9—7wt) (5110)
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TABLE 5.1 Synchronous Speeds for
Different Time Harmonic mmf Waves in a
3¢, Four-Pole, 60 Hz Induction Machine

Current Harmonic  Synchronous Speed (rpm)

1800
0
—5 X 1800 = —9000
7 X 1800 = 12,600

~N U1 W=

The seventh harmonic mmf wave therefore rotates in the same direction as the fundamental
wave, but at seven times the speed of the fundamental wave.

Other Harmonic mmf Waves
In general, all odd harmonic mmf waves of order / = 6m = 1, where m is an integer, are
present. These are represented by

Fp,(0, 1) =3 Fjy(max)c0s(0 * hwt) (5.111)

The hth-order mmf wave rotates at a speed hw radians per second. It rotates in the same
direction as the fundamental wave if 7 = 61 + 1, and in the opposite direction if 7 = 6m — 1.

Effects on T —n Characteristic

For a four-pole, three-phase, 60 Hz induction machine the speeds of the rotating mmf waves
corresponding to various time harmonic currents are shown in Table 5.1. The torque-speed
characteristics corresponding to fundamental, fifth, and seventh harmonic currents are shown
in Fig. 5.42. In the normal region of operation of the induction motor, the magnitudes of the
parasitic torques are very small. Therefore, time harmonics produce no significant effects on
the operation of the induction motor. This is further illustrated in Example 5.10.

P - 1800 5

_9000 b rpm——
\ Normal
operating

region

FIGURE 5.42 T—n characteristics for different time harmonic currents.
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EXAMPLE 5.11

The speed of a 3¢, 5hp, 208 V, 1740 rpm, 60 Hz, four-pole induction motor is controlled by a
current source inverter (Fig. 5.34a). The phase current is a quasi-square wave of 120° pulse
width, as shown in Fig. 5.34b. The phase current can be expressed in a Fourier series as follows:

i=1.1Isinwt —0.22] sin 5wt — 0.16I sin 7wt + - --

The parameters of the single-phase equivalent circuit of the induction machine at funda-
mental frequency (60 Hz) are

R =059, X1=X,=1.00Q
R, =059, Xm=350Q
At full load, the induction machine draws a peak current of 10 amps (=I in Fig. 5.34b).

(a) Draw the equivalent circuit for the i#th harmonic current.
(b) Determine the torques produced by the fundamental current.
(c) Determine the parasitic torques produced by the fifth and seventh harmonic currents.

Solution

(a) The equivalent circuit for the 4th harmonic current is shown in Fig. E5.11.

(b) h=1:

120f 120 X 60

ns=-—p ) = 1800 rpm
1800 — 1740
R, 0.5
2 =150
s1 0.0333
Xm=350Q
X,=1Q
7. = j35(15 +41)
' 1541 +/35
=12.08 +j6.0
=Ry +jXi
R, XX,
1, {
— Zh-—-|—> Rh
|
o |
P —I»

FIGURE E5.11
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2
A X
Pg1:3><1fR1:3><<11 10) X 12.08
V2
=21925W
P :
le_glzﬂzll_ég,l\} m

(c) h=5:
X5 X
S L LU
—9000 — 1740
$5= 9000 1.19
R, 05 _
Q_—1.19_0'429
hXpm =5%X35=1750
hX,=5%x1=50Q
_ j175(0.42 +5)
57 0.42+j5+,175
=0.4+j4.86Q
0.22 X 102
Pis=3X[—"22"") x04=29W
& ( V2 >
2.9
Ts = = —0.00307 N -
5= [9000/60) X 27 -00307N-m
h=17
X7 X
ng = w =12,600 rpm
12,600 — 1740
S7-W—0862
R, 05 _
;—70.862—0.589

hXm=7X35=245Q
hX,=7x1=17Q

_ j245(0.58 +17)
" 0.58 4,7 +j245

=0.549 +6.807 Q2

265
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2
. X
pr=3 (21619 05
V2

=2.107W
2.107

T, = =0.0016 N -
77 (12,600/60) X 27 m

Note that the parasitic torques produced by time harmonics are insignificant compared to
the fundamental torque. W

5.15.2 SPACE HARMONICS

An ideal sinusoidal distribution of mmf is possible only if the machine has an infinitely large
number of slots and the turns of a winding are sinusoidally distributed in the slots. This is not
practically possible to attain. In a practical machine the winding is distributed in a finite
number of slots. As a result, when current flows through a winding, the mmf distribution in
space has a stairlike waveform as shown in Fig. 5.43 (see also Appendix A).

The mmf distribution contains a fundamental and a family of space harmonics of order
h = 6m = 1, where m is a positive number. The fundamental and the fifth harmonic component
of mmf are also shown in Fig. 5.43.

In a three-phase machine, when sinusoidally varying currents flow through the windings, the
space harmonic waves rotate at (1/hk) times the speed of the fundamental wave. The space
harmonic waves rotate in the same direction as the fundamental wave if & = 61 + 1 and in the
opposite direction if & = 6m — 1.

A space harmonic wave of order / is equivalent to a machine with 4p number of poles.
Therefore, the synchronous speed of the /th space harmonic wave is

ne 120
M) = 77 = —hpf (5.112)

Effects on T-n Characteristics
For a three-phase, four-pole, 60 Hz machine, the synchronous speeds of the space harmonics
are shown in Table 5.2. The torque-speed characteristics for the fundamental flux and fifth and

mmf

Fundamental

mmf distribution

FIGURE 5.43 MMF distribution in the air gap.
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TABLE 5.2 Synchronous Speeds for Space Harmonics of a
3¢, Four-Pole, 60 Hz Induction Machine

Space Harmonic Synchronous Speed (rpm)
1 1800
5 1800 -360
5
7 g =257.1
1 - % = —163.6
13 1513% =138.5

seventh space harmonic fluxes are shown in Fig. 5.44. The effects of space harmonics are
significant. If the effect of seventh harmonic torque is appreciable, the motor may settle to a
lower speed—such as the operating point A instead of the desired operating point B. The motor
therefore crawls. To reduce the crawling effect, the fifth and seventh space harmonics should
be reduced, and this can be done by using a chorded (or short-pitched) winding, as discussed in
Appendix A.

5.16 LINEAR INDUCTION MOTOR (LIM)

A linear version of the induction machine can produce linear or translational motion. Consider
the cross-sectional view of the rotary induction machine shown in Fig. 5.45a. Instead of a
squirrel-cage rotor, a cylinder of conductor (usually made of aluminum) enclosing the rotor’s
ferromagnetic core is considered. If the rotary machine of Fig. 5.45a is cut along the line xy and
unrolled, a linear induction machine, shown in Fig. 5.45b, is obtained. Instead of the terms

FIGURE 5.44 Parasitic
torques due to space
harmonics.

et
\/"_ \/‘_ rprn 1800
257

360
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(a) (&)

FIGURE 5.45 Induction motors. (a) Rotary induction motor. (b) Linear
induction motor (LIM).

stator and rotor, it is more appropriate to call them primary and secondary members,
respectively, of the linear induction machine.

If a three-phase supply is connected to the stator of a rotary induction machine, a flux density
wave rotates in the air gap of the machine. Similarly, if a three-phase supply is connected to the
primary of a linear induction machine, a traveling flux density wave is created that travels
along the length of the primary. This traveling wave will induce current in the secondary
conductor. The induced current will interact with the traveling wave to produce a translational
force F (or thrust). If one member is fixed and the other is free to move, the force will make the
movable member move. For example, if the primary in Fig. 5.45b is fixed, the secondary is free
to move, and the traveling wave moves from left to right, the secondary will also move to the
right, following the traveling wave.

LIM Performance
The synchronous velocity of the traveling wave is

Vs =2T,f m/sec (5.113)
where T}, is the pole pitch and f is the frequency of the supply. Note that the synchronous

velocity does not depend on the number of poles. If the velocity of the moving member is V,
then the slip is

(5.114)

The per-phase equivalent circuit of the linear induction motor has the same form as that of
the rotary induction motor as shown in Fig. 5.15. The thrust-velocity characteristic of the
linear induction motor also has the same form as the torque-speed characteristic of a rotary
induction motor, as shown in Fig. 5.46. The thrust is given by

_ air gap power, P,
synchronous velocity, Vg

_ 3R s

v newtons (5.115)
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Thrust, F

Synchronous
speed

Speed, V FIGURE 5.46 Thrust-speed characteristic of a LIM.

A linear induction motor requires a large air gap, typically 15—30 mm, whereas the air gap for a
rotary induction motor is small, typically 1—1.5 mm. The magnetizing reactance Xy, is there-
fore quite low for the linear induction motor. Consequently, the excitation current is large, and
the power factor is low. The LIM also operates at a larger slip. The loss in the secondary is
therefore high, making the efficiency low.

The LIM shown in Fig. 5.45b is called a single-sided LIM or SLIM. Another version is used in
which primary is on both sides of the secondary, as shown in Fig. 5.47. This is known as a
double-sided LIM or DLIM.

Applications
An important application of a LIM is in transportation. Usually a short primary is on the
vehicle and a long secondary is on the track, as shown in Fig. 5.48. A transportation test vehicle
using such a LIM is shown in Fig. 5.49.

A LIM can also be used in other applications, such as materials handling, pumping of liquid
metal, sliding-door closers, and curtain pullers.

End Effect
Note that the LIM primary has an entry edge at which a new secondary conductor continuously
comes under the influence of the magnetic field. The secondary current at the entry edge will

Secondary

00000000000QQQ
\»ezmmm Primary
l FIGURE 5.47 Double-sided LIM (DLIM).

Short Aluminum
primary [ sheet

} Long secondary

N

FIGURE 5.48 LIM for a vehicle.
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FIGURE 5.49 Transportation test
vehicle using LIM.

Courtesy of Urban Transportation Development

Corporation, Kingston, Canada

tend to prevent the buildup of air gap flux. As a result, the flux density at the entry edge will be
significantly less than the flux density at the center of the LIM. The LIM primary also has an
exit edge at which the secondary conductor continuously leaves. A current will persist in the
secondary conductor after it has left the exit edge in order to maintain the flux. This current
produces extra resistive loss. These phenomena at the entry edge and the exit edge are known
as end effects in a linear machine. The end effect reduces the maximum thrust that the motor
can produce. Naturally, the end effect is more pronounced at high speed.

EXAMPLE 5.12
The linear induction motor shown in Fig. 5.48 has 98 poles and a pole pitch of 50 cm.

(a) Determine the synchronous speed and the vehicle speed in km/hr if frequency is 50 Hz
and slip is 0.25.

(b) If the traveling wave moves left to right with respect to the vehicle, determine the
direction in which the vehicle will move.

Solution
(a) Vi =2X50X% 1072 X 50 = 50 m/sec
50 X 60 X 60
= 1000 km/hr
=180 km/hr

V =(1-0.25)180 = 135 km/hr
(b) Righttoleft. |
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PROBLEMS

5.1

5.2

5.3

5.4
5.5
5.6

A 3¢, 460V, 60 Hz, 4-pole, Y-connected wound-rotor induction machine has 230 V between the
slip rings at standstill when the stator is connected to a 3¢, 460 V, 60 Hz power supply. The rotor is
mechanically connected to a dc motor whose speed can be changed. Determine the magnitude
and frequency of the voltage between the slip rings when the induction machine is driven at the
following speeds:

(a) 1620 rpm in the same direction as the rotating field.
(b) 1620 rpm in the opposite direction to the rotating field.
(c) 1800 rpm in the same direction as the rotating field.
(d) 1800 rpm in the opposite direction to the rotating field.
(e) 3600 rpm in the same direction as the rotating field.

A three-phase, 5 hp, 208 V, 60 Hz induction motor runs at 1746 rpm when it delivers rated output
power.

(a) Determine the number of poles of the machine.

(b) Determine the slip at full load.

(c) Determine the frequency of the rotor current.

(d) Determine the speed of the rotor field with respect to the
(i) Stator.
(ii) Stator rotating field.

A 3¢, 460V, 100 hp, 60 Hz, six-pole induction machine operates at 3% slip (positive) at full load.
(a) Determine the speeds of the motor and its direction relative to the rotating field.
(b) Determine the rotor frequency.
(c) Determine the speed of the stator field.
(d) Determine the speed of the air gap field.
(e) Determine the speed of the rotor field relative to
(i) the rotor structure.

(ii) the stator structure.

(iii) the stator rotating field.
Repeat Problem 5.3 if the induction machine is operated at 3% slip (negative).
Repeat Problem 5.3 if the induction machine operates at 150% slip (positive).
A 3¢, 10 hp, 208V, six-pole, 60 Hz, wound-rotor induction machine has a stator-to-rotor turns
ratio of 1:0.5 and both stator and rotor windings are connected in star.

(a) The stator of the induction machine is connected to a 3¢, 208 V, 60 Hz supply, and the motor
runs at 1140 rpm.

(i) Determine the operating slip.

(ii) Determine the voltage induced in the rotor per phase and frequency of the induced
voltage.

(iii) Determine the rpm of the rotor field with respect to the rotor and with respect to the
stator.
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(b) If the stator terminals are shorted and the rotor terminals are connected to a 3¢, 208 V, 60 Hz
supply and the motor runs at 1164 rpm,

(i) Determine the direction of rotation of the motor with respect to that of the rotating
field.

(ii) Determine the voltage induced in the stator per phase and its frequency.

A 3¢, 460V, 60 Hz, 20 kW induction machine draws 25 A at a power factor of 0.9 lagging when
connected to a 3¢, 460 V, 60 Hz power supply. The core loss is 900 W, stator copper loss is 1100 W,
rotor copper loss is 550 W, and friction and winding loss is 300 W. Calculate

(a) The air gap power, P,.

(b) The mechanical power developed, P cch.

(c) The output horse power.

(d) The efficiency.

The machine in Problem 5.7 is a 4-pole machine. For the operating condition of Problem 5.7,
determine

(a) The synchronous speed, #s.

(b) The rotor speed, n.

(c) The developed torque.

(d) The output torque.

A 3¢, 2-pole, 60 Hz, induction motor operates at 3546 rpm while delivering 20 kW to a load.
Neglect all losses. Determine

(a) The slip of the motor.

(b) The developed torque.

(c) The speed of the motor if the torque is doubled. Assume that in the low slip region, the
torque speed curve is linear.

(d) The power supplied by the motor for the load condition of (c).
A 3¢, 6-pole, 60 Hz, induction motor runs at 1140 rpm and draws 90 kW from the supply. The

core loss and copper losses in the stator is 4.8 kW. The windage and friction loss is 2.1 kW.
Calculate

(a) The air gap power.

(b) The rotor copper loss.

(c) The mechanical power delivered to the load.

(d) The load torque.

(e) The efficiency.

A 3¢, 10 hp, 460V, 60 Hz, 4-pole induction motor runs at 1730 rpm at full-load. The stator copper
loss is 200 W and the windage and friction loss is 320 W. Determine
(a) The mechanical power developed, Pech.

(b) The air gap power, P,.

(c) The rotor copper loss, Peys.

(d) The input power, Py,.

(e) The efficiency of the motor.
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A 3¢, 2.5 hp, 210 V, 60 Hz, 4-pole induction motor runs at 1700 rpm. The rotational losses are
150 W. If the rotor resistance per phase is 0.025 (2, determine the rotor current.

The following test results are obtained from a 3¢, 100 hp, 460V, eight-pole, star-connected
squirrel-cage induction machine.

No-load test: 460V, 60Hz, 40 A, 4.2 kW

Blocked-rotor test: 100V, 60 Hz, 140 A, 8.0kW
Average dc resistance between two stator terminals is 0.152 Q.
(a) Determine the parameters of the equivalent circuit.

(b) The motor is connected to a 3¢, 460V, 60 Hz supply and runs at 873 rpm. Determine the
input current, input power, air gap power, rotor copper loss, mechanical power developed,
output power, and efficiency of the motor.

The following test results are obtained for a 3¢, 280V, 60 Hz, 6.5 A, 500 W induction machine.

Blocked-rotor test: 44V, 60Hz, 25A, 1250 W
No-load test: 208V, 60Hz, 6.5A, 500 W
The average resistance measured by a dc bridge between two stator terminals is 0.54 Q.
(a) Determine the no-load rotational loss.
(b) Determine the parameters of the equivalent circuit.
(c) What type of induction motor is this?
(d) Determine the output horsepower at s =0.1.

A 3¢, 280V, 60 Hz, 20 hp, four-pole induction motor has the following equivalent circuit para-
meters.

R =0.120Q R,=0.19
X, =X, =025Q
X =10.00

The rotational loss is 400 W. For 5% slip, determine

(a) The motor speed in rpm and radians per sec.

(b) The motor current.

(c¢) The stator cu-loss.

(d) The air gap power.

(e) The rotor cu-loss.

(f) The shaft power.

(g) The developed torque and the shaft torque.

(h) The efficiency.

Use the IEEE-recommended equivalent circuit (Fig. 5.15).
The motor in Example 5.5 is taken to Europe where the supply frequency is 50 Hz.

(a) What supply voltage is to be used, and why?
(b) The motor is operated with the supply voltage of part (a) and at a slip of 3%.
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(i) Determine synchronous speed, motor speed, and rotor frequency.

(ii) Determine motor current, power factor, torque developed, and efficiency. Assume
rotational loss to be proportional to motor speed.

A 3¢, 460V, 60 Hz, six-pole induction motor has the following single-phase equivalent circuit
parameters:

R =020 X;=1.055Q
R,=0.280 X, =1.055Q
Xm=339Q

The induction motor is connected to a 3¢, 460V, 60 Hz supply.
(a) Determine the starting torque.
(b) Determine the breakdown torque and the speed at which it occurs.

(c) The motor drives a load for which 71 = 1.8 N - m. Determine the speed at which the motor
will drive the load. Assume that near the synchronous speed the motor torque is propor-
tional to slip. Neglect rotational losses.

Use the approximate equivalent circuit of Fig. 5.14b.

A 3¢, 208V, 60 Hz, six-pole induction motor has the following equivalent circuit parameters:

Ry = 0.075Q R,=0.11Q
Ly=L,=025mH
Lyn=15.0mH

The motor drives a fan. The torque required for the fan varies as the square of the speed and is
given by

Tpan = 12.7 X 107302,

Determine the speed, torque, and power of the fan when the motor is connected to a 3¢, 208V,
60 Hz supply. Use the approximate equivalent circuit of Fig. 5.14b, and neglect rotational losses.
For operation at low slip, the motor torque can be considered proportional to slip.

A 3¢, 100kVA, 460V, 60 Hz, eight-pole induction machine has the following equivalent circuit
parameters:

R, =0.079, X;=020Q
R, =0.05, X;=020
Xin =650

(a) Derive the Thevenin equivalent circuit for the induction machine.

(b) If the machine is connected to a 3¢, 460V, 60 Hz supply, determine the starting torque, the
maximum torque the machine can develop, and the speed at which the maximum torque is
developed.

(c) If the maximum torque is to occur at start, determine the external resistance required in
each rotor phase. Assume a turns ratio (stator to rotor) of 1.2.
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A 3¢, 25 hp, 460V, 60 Hz, 1760 rpm, wound-rotor induction motor has the following equivalent
circuit parameters:

R =025Q, X;=12Q
R,=02Q, X,=1.1Q
Xm =35.00

The motor is connected to a 3¢, 460V, 60 Hz, supply.

(a) Determine the number of poles of the machine.

(b) Determine the starting torque.

(c) Determine the value of the external resistance required in each phase of the rotor circuit
such that the maximum torque occurs at starting. Use Thevenin’s equivalent circuit.

Repeat Problem 5.20 using the approximate equivalent circuit of Fig. 5.14b.

A three-phase, 460 V, 60 Hz induction machine produces 100 hp at the shaft at 1746 rpm. Determine
the efficiency of the motor if rotational losses are 3500 W and stator copper losses are 3000 W.

A 440V, 60 Hz, six-pole, 3¢ induction motor is taking 50 kVA at 0.8 power factor and is running at
a slip of 2.5%. The stator copper losses are 0.5 kW and rotational losses are 2.5 kW. Compute

(a) The rotor copper losses.
(b) The shaft hp.

(c) The efficiency.

(d) The shaft torque.

A 3¢ wound-rotor induction machine is mechanically coupled to a 3¢ synchronous machine
as shown in Fig. P5.24. The synchronous machine has four poles, and the induction machine has
six poles. The stators of the two machines are connected to a 3¢, 60 Hz power supply. The rotor
of the induction machine is connected to a 3¢ resistive load. Neglect rotational losses and
stator resistance losses. The load power is 1 pu. The synchronous machine rotates at the syn-
chronous speed.

(a) The rotor rotates in the direction of the stator rotating field of the induction machine.
Determine the speed, frequency of the current in the resistive load, and power taken by the
synchronous machine and by the induction machine from the source.

(b) Repeat (a) if the phase sequence of the stator of the induction machine is reversed.

SM IM

FIGURE P5.24
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A 3¢ induction machine is mechanically coupled to a dc shunt machine. The rating and para-
meters of the machines are as follows:
Induction machine:

3¢, 5kVA, 208V, 60 Hz, four-pole, 1746 rpm

Ri=025Q,X;=055Q,R,=035Q,X,=1.1Q, X, =38Q
DC machine:

220V, 5 kW, 1750 rpm

R,=040Q, R, =1009, R, =100 Q

The induction machine is connected to a 3¢, 208 V, 60 Hz supply, and the dc machine is con-
nected to a 220 V dc supply. The rotational loss of each machine of the M-G set may be considered
constant at 225 W.

The system rotates at 1710 rpm in the direction of the rotating field of the induction machine.
(a) Determine the mode of operation of the induction machine.
(b) Determine the current taken by the induction machine.

(c) Determine the real and reactive power at the terminals of the induction machine and
indicate their directions.

(d) Determine the copper loss in the rotor circuit.
(e) Determine the armature current (and its direction) of the dc machine.

The field current of the dc machine in the M-G set of Problem 5.25 is decreased so that the speed
of the set increases to 1890 rpm. Repeat parts (a) to (e) of Problem 5.25.

The M-G set in Problem 5.25 is rotating at 1710 rpm in the direction of the rotating field. The
phase sequence of the supply connected to the induction machine is suddenly reversed. Repeat
parts (a) to (e) of Problem 5.25.

A 3¢, 250kW, 460V, 60 Hz, eight-pole induction machine is driven by a wind turbine. The
induction machine has the following parameters.

R;=0.0159Q, R, =0.035Q
L; =0.385mH, L, =0.358 mH, Ly,=1724mH

The induction machine is connected to a 460 V infinite bus through a feeder having a resistance of
0.01 Q and an inductance of 0.0 8 mH. The wind turbine drives the induction machine at a slip
of —25%.

(a) Determine the speed of the wind turbine.

(b) Determine the voltage at the terminals of the induction machine.

(c) Determine the power delivered to the infinite bus and the power factor.

(d) Determine the efficiency of the system. Assume the rotational and core losses to be 3 kW.

The motor of Example 5.5 is running at rated (full-load) condition. The motor is stopped by
plugging (for rapid stopping)—that is, switching any two stator leads and removing the power
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from the motor at the moment the rotor speed goes through zero. Determine the following, at the
time immediately after switching the stator leads:

(a) The slip.

(b) The rotor circuit frequency.

(c) The torque developed and its direction with respect to rotor motion.

A 3¢, 460V, 250 hp, eight-pole wound-rotor induction motor controls the speed of a fan. The
torque required for the fan varies as the square of the speed. At full load (250 hp) the motor slip is
0.03 with the slip rings short-circuited. The slip-torque relationship of the motor can be assumed

to be linear from no load to full load. The resistance of each rotor phase is 0.02 ohms. Determine
the value of resistance to be added to each rotor phase so that the fan runs at 600 rpm.

A 3¢, squirrel-cage induction motor has a starting torque of 1.75 pu and a maximum torque of
2.5 pu when operated from rated voltage and frequency. The full-load torque is considered as 1 pu
of torque. Neglect stator resistance.

(a) Determine the slip at maximum torque.

(b) Determine the slip at full-load torque.

(c) Determine the rotor current at starting in per unit—consider the full-load rotor current as 1 pu.
(d) Determine the rotor current at maximum torque in per unit of full-load rotor current.

A 3¢, 460V, 60 Hz, four-pole wound-rotor induction motor develops full-load torque at a slip of
0.04 when the slip rings are short-circuited. The maximum torque it can develop is 2.5 pu. The

stator leakage impedance is negligible. The rotor resistance measured between two slip rings is
0.5Q.

(a) Determine the speed of the motor at maximum torque.
(b) Determine the starting torque in per unit. (Full-load torque is one per-unit torque.)

(c) Determine the value of resistance to be added to each phase of the rotor circuit so that
maximum torque is developed at the starting condition.

(d) Determine the speed at full-load torque with the added rotor resistance of part (c).
The approximate per-phase equivalent circuit for a 3¢, 60 Hz, 1710 rpm double-cage rotor

induction machine is shown in Fig. P5.33. The standstill rotor impedances referred to the stator
are as follows:

Outer cage: 40+71.5Q
Inner cage: 0.5+j4.5Q
I3
O_W/—Nv\
R, X I

X; X3
v, X, E

R; R3

s s
o 4 ¢

Outer Inner

cage cage FIGURE P5.33
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If stator impedance is neglected,

(a) Determine the ratio of currents in the outer and inner cages for standstill and full-load
conditions.

(b) Determine the starting torque of the motor as percent of the full-load torque.
(c) Determine the ratio of torques due to the outer and inner cages for standstill and full-load
conditions.

A 3¢, 460V, 60 Hz, four-pole double-cage induction motor has the following equivalent circuit
parameters (Fig. 5.27b):

Ly = 134mH R,=438Q
L, =451 mH, R';=120Q
L4 =11.41mH

The stator impedance (R; and X;) may be neglected. The motor rotates at 95% of synchronous
speed. Determine the torques produced by the inner cage and the outer cage and the total torque.

The motor in Example 5.5 is connected in Y. If the motor is connected in A, what would be the
starting current?

A 3¢, 200 hp, 460V, 1760 rpm, 60 Hz induction motor has a power factor of 0.85 lagging and an
efficiency of 90% at full load. If started with rated voltage, the starting current is six times larger
than the rated current of the motor. An autotransformer is used to start the motor at reduced
voltage.

(a) Determine the rated motor current.

(b) Determine the autotransformer output voltage to make the motor starting current twice the
full-load current.

(c) Determine the ratio of the starting torque at the reduced voltage of part (b) to the torque at
rated voltage.

A 3¢,460V, 60 Hz, 1755 rpm, 100 hp, four-pole squirrel-cage induction motor has negligible stator
resistance and leakage inductance. The motor is to be operated from a 50 Hz supply.

(a) Determine the supply voltage if the air gap flux is to remain at the same value if it were
operated from a 3¢, 460V, 60 Hz supply.

(b) Determine the speed at full-load torque if the motor operates from the 50 Hz supply of
part (a).

A 3¢, 460V, 60 Hz, 50 hp, 1180 rpm induction motor has the following parameters:

R =0.191Q

R}, =0.0707

L;=2mH (stator leakage inductance)

L, =2mH (rotor leakage inductance, referred to stator)
Ly =448 mH

(a) Determine the values of the rated current and rated torque (use the equivalent circuit of
Fig. 5.15).
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(b) Use
I1aea = 1 pu of current
Trated = 1 pu of torque
Viated = 1 pu of voltage

g = 1 pu of speed
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Plot in per-unit values torque versus speed for V; = 1 pu and stator frequency f; = 60 Hz.
On the same graph, plot in per-unit values torque versus speed for I; =1 pu and f1 = 60 Hz.

5.39 For the induction machine of Example 5.5,

(a) Determine the maximum torques (in newton - meters as well as in per unit) developed by

the induction motor for the following operations.
(i) Motor operated from a 3¢, 460V, 60 Hz supply.

(ii) Motor operated under constant-flux operation. Consider E/f for the full-load operat-

ing condition of Example 5.4.

(iii) Motor operated under constant current of rated value.

(b) Write a computer program and plot the torque versus f> for the three conditions of part (a).

Vary f, from zero to 60 Hz.

5.40 The speed of a 3¢, 5 hp, 208 V, 60 Hz, four-pole induction motor is controlled by a voltage source

inverter. The phase voltage has the following component voltages:

Fundamental voltage, rms = 100 V.
Fifth harmonic voltage, rms =15 V.

Seventh harmonic voltage, rms = 10 V.

The parameters of the single-phase equivalent circuit of the induction machine at fundamental

frequency (60 Hz) are as follow:

R; = negligible, R,=050
X = negligible, X;=1.0Q
Xm=35Q

The induction motor is loaded, and it rotates at 1710 rpm.

(a) Determine the torque produced by the fundamental voltage.
(b) Determine the torque produced by the fifth harmonic voltage.

(c) Determine the torque produced by the seventh harmonic voltage.

5.41 The speed of a 3¢, 5 hp, 208 V, 60 Hz, four-pole induction motor is controlled by a voltage source

inverter. The phase voltage has the following component voltages:

Fundamental voltage, rms = 100 V.
Fifth harmonic voltage, rms =18 V.

Seventh harmonic voltage, rms = 12 V.
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The parameters of the single-phase equivalent circuit of the induction machine at fundamental
frequency (60 Hz) are

R =079, R, =060
X1 =X,=12Q
Xm = very large

The induction motor is loaded, and it rotates at 1710 rpm.

(a) Determine the torque produced by the fundamental voltage.
(b) Determine the torque produced by the fifth harmonic voltage.

(a) What causes space harmonics in an ac machine? Briefly describe their effects on the torque—
speed characteristic of a 3¢ induction motor.

(b) Determine the synchronous speed (in rpm) for the fifth space harmonic flux wave of a 3¢,
eight-pole, 60 Hz induction motor. What is its direction of motion with respect to the fun-
damental space flux wave?

The linear induction motor shown in Fig. 5.48 has 60 poles and has a pole pitch of 50 cm.

(a) Determine the synchronous speed and the vehicle speed in km/hr if the frequency is 50 Hz
and the slip is 0.25.

(b) If the traveling wave moves left to right with respect to the vehicle, determine the direction
in which the vehicle will move.

A LIM has seven poles, and the pole pitch is 30 cm. The parameters of the single-phase equivalent
circuit are

R =0.15Q, R,=0250Q
L; = 0.5mH, L;=0.8mH
L,y =5.0mH

The LIM is connected to a 3¢ variable-voltage, variable-frequency supply. At 300V, 50 Hz, the
speed of the LIM is 75 km/hr.
(a) Determine the slip.
(b) Determine the input current, input power, power factor, air gap power, mechanical power
developed, power loss in the secondary, and thrust produced.

A LIM has ten poles, and the pole pitch is 30 cm. The parameters of the single-phase equivalent
circuit are

Ry =0.15Q, R,=0.250Q

Ly = 0.5mH, L, =08mH
The LIM is fed from a current source inverter, and it drives a vehicle. The controller, shown in
Fig. 5.35, keeps the rotor frequency constant at f> = 5 Hz. The fundamental LIM current is 200 A

(rms). Neglect the effects of the harmonic currents on thrust. For f1 = 60Hz and f> = —5 Hz,
determine

(a) The mode of operation—that is, motoring or generating.
(b) The value of f;,.
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(c) The slip.
(d) The cruising speed (velocity) in km/hr.
(e) The air gap power and its direction of flow.

(f) The thrust.
Repeat Problem 5.45 for f, = + 5 Hz.
For Problem 5.46, determine the starting thrust.

A 3¢, 460V, 60 Hz, 1025 rpm squirrel-cage induction motor has the following equivalent circuit
parameters:

Ry =0.069, X;=0250Q
R, =03Q, X, =0.350Q
Xm =780

Neglect the core losses and windage and friction losses. Use the equivalent circuit of Fig. 5.15 for
computation. Write a computer program to study the performance characteristics of this machine
operating as a motor over the speed range zero to synchronous speed. The program should yield

(a) A computer printout in tabular form showing the variation of torque, input current, input
power factor, and efficiency with speed.
(b) A plot of the performance characteristics.

(¢) Input current, torque, input power factor, and efficiency at the rated speed of 1025 rpm.
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SYNCHRONOUS MACHINES

A synchronous machine rotates at a constant speed in the steady state. Unlike in induction
machines, the rotating air gap field and the rotor in the synchronous machine rotate at the
same speed, called the synchronous speed. Synchronous machines are used primarily as
generators of electrical power. In this case they are called synchronous generators or alter-
nators. They are usually large machines generating electrical power at hydro, nuclear, or
thermal power stations. Synchronous generators with power ratings of several hundred MVA
(mega-volt-amperes) are quite common in generating stations. It is anticipated that machines
of several thousand MVA ratings will be used in the twenty first century. Synchronous
generators are the primary energy conversion devices of the world’s electric power systems
today. In spite of continuing research for more direct energy conversion techniques, it is con-
ceded that synchronous generators will continue to be used well into the next century.

Like most rotating machines, a synchronous machine can also operate as both a generator
and a motor. In large sizes (several hundred or thousand kilowatts) synchronous motors are
used for pumps in generating stations, and in small sizes (fractional horsepower) they are used
in electric clocks, timers, record turntables, and so forth where constant speed is desired. Most
industrial drives run at variable speeds. In industry, synchronous motors are used mainly
where a constant speed is desired. In industrial drives, therefore, synchronous motors are not
as widely used as induction or dc motors. A linear version of the synchronous motor (LSM) is
being considered for high-speed transportation systems of the future.

An important feature of a synchronous motor is that it can draw either lagging or leading
reactive current from the ac supply system. A synchronous machine is a doubly excited
machine. Its rotor poles are excited by a dc current and its stator windings are connected to the
ac supply (Fig. 6.1). The air gap flux is therefore the resultant of the fluxes due to both rotor
current and stator current. In induction machines, the only source of excitation is the stator
current, because rotor currents are induced currents. Therefore, induction motors always
operate at a lagging power factor, because lagging reactive current is required to establish flux
in the machine. On the other hand, in a synchronous motor, if the rotor field winding provides
just the necessary excitation, the stator will draw no reactive current; that is, the motor will
operate at a unity power factor. If the rotor excitation current is decreased, lagging reactive
current will be drawn from the ac source to aid magnetization by the rotor field current, and
the machine will operate at a lagging power factor. If the rotor field current is increased,
leading reactive current will be drawn from the ac source to oppose magnetization by the rotor
field current, and the machine will operate at a leading power factor. Thus, by changing
the field current, the power factor of the synchronous motor can be controlled. If the motor is
not loaded, but is simply floating on the ac supply system, it will thus behave as a variable
inductor or capacitor as its rotor field current is changed. A synchronous machine with no load
is called a synchronous condenser. It may be used in power transmission systems to regulate line
voltage. In industry, synchronous motors are sometimes used with other induction motors and

282
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Salient pole Cylindrical
or
nonsalient pole

Rotor

(a)

(b) (©)
FIGURE 6.1 Basic structure of the three-phase synchronous machine.

operated in an overexcited mode so that they draw leading current to compensate the lagging
current drawn by the induction motors, thereby improving the overall plant power factor.
Example 6.1 illustrates the use of synchronous motors for power factor improvement. The
power factor characteristics of synchronous motors will be further discussed in a later section.

EXAMPLE 6.1

In a factory a 3¢, 4 kV, 400 kVA synchronous machine is installed along with other induction
motors. The following are the loads on the machines:

Induction motors: 500 kVA at 0.8 PF lagging.
Synchronous motor: 300 kVA at 1.0 PF.
(a) Compute the overall power factor of the factory loads.

(b) To improve the factory power factor, the synchronous machine is overexcited (to draw
leading current) without any change in its load. Without overloading the motor, to what
extent can the factory power factor be improved? Find the current and power factor of the
synchronous motor for this condition.
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Solution

(a) Induction motors:

Power =500 X 0.8 =400 kW

Reactive power = 500 X 0.6 = 300 kVAR
Synchronous motor:

Power =300 kW
Reactive power = 0.0
Factory:
Power =700 kW
Reactive power = 300 kVAR

Complex power = V 7007 + 3002 = 762 kVA

700 .
Power factor = e 0.92 lagging

(b) The maximum leading kVAR that the synchronous motor can draw without exceeding its
rating is
V/400°-300% = 264.58 kVAR
Factory kVAR =300 —j264.48
=735.42 (i.e., lagging)
New factory kVA = V/700% + 35.422
=700.9 kVA

700
Improved factory power factor =

700.9
=0.996
Synchronous motor current:

400 kVA

Ioy = —— Y2 _ 5774 A
SM™ 3% 4 kv

Synchronous motor power factor:

300 kW

PFSM = m =0.75 lead
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6.1 CONSTRUCTION OF THREE-PHASE SYNCHRONOUS
MACHINES

The stator of the three-phase synchronous machine has a three-phase distributed winding
similar to that of the three-phase induction machine. Unlike the dc machine, the stator
winding, which is connected to the ac supply system, is sometimes called the armature
winding. Tt is designed for high voltage and current.

The rotor has a winding called the field winding, which carries direct current. The field
winding on the rotating structure is normally fed from an external dc source through slip rings
and brushes. The basic structure of the synchronous machine is illustrated in Fig. 6.1.

Synchronous machines can be broadly divided into two groups:

1. High-speed machines with cylindrical (or nonsalient pole) rotors.
2. Low-speed machines with salient pole rotors.

The cylindrical or nonsalient pole rotor has one distributed winding and an essentially
uniform air gap. These motors are used in large generators (several hundred megawatts) with
two or sometimes four poles and are usually driven by steam turbines. The rotors are long and
have a small diameter, as shown in Fig. 6.2. On the other hand, salient pole rotors have con-
centrated windings on the poles and a nonuniform air gap. Salient pole generators have a large
number of poles, sometimes as many as 50, and operate at lower speeds. The synchronous
generators in hydroelectric power stations are of the salient pole type and are driven by water
turbines. These generators are rated for tens or hundreds of megawatts. The rotors are shorter
but have a large diameter as shown in Fig. 6.3. Smaller salient pole synchronous machines in
the range of 50 kW to 5 MW are also used. Such synchronous generators are used indepen-
dently as emergency power supplies. Salient pole synchronous motors are used to drive pumps,
cement mixers, and some other industrial drives.

FIGURE 6.2 High-speed cylindrical-
rotor synchronous generator.

Courtesy of General Electric Canada Inc.
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Courtesy of General Electric Canada Inc.

Courtesy of General Electric Canada Inc.

(a)
FIGURE 6.3 Low-speed salient pole synchronous generator. (a) Stator. (b) Rotor.

In the following sections the steady-state performance of the cylindrical-rotor synchronous
machine will be studied first. Then the effects of saliency in the rotor poles will be considered.

6.2 SYNCHRONOUS GENERATORS

Refer to Fig. 6.4a and assume that when the field current I; flows through the rotor field
winding, it establishes a sinusoidally distributed flux in the air gap. If the rotor is now rotated
by the prime mover (which can be a turbine or diesel engine or dc motor or induction motor), a
revolving field is produced in the air gap. This field is called the excitation field, because it is
produced by the excitation current I;. The rotating flux so produced will change the flux linkage
of the armature windings aa’, bb’, and cc’ and will induce voltages in these stator windings.
These induced voltages, shown in Fig. 6.4b, have the same magnitudes but are phase-shifted by
120 electrical degrees. They are called excitation voltages E;. The rotor speed and frequency of
the induced voltage are related by

1201

n=

(6.1)

(a) ()
FIGURE 6.4 Excitation voltage in synchronous machines.
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or
_np
=120 (6-2)

where # is the rotor speed in rpm
p is the number of poles

The excitation voltage in rms from Eq. 5.27 is
E; = 444 fONK,, (6.3)

Where & is the flux per pole due to the excitation current I¢
N is the number of turns in each phase

K., is the winding factor

From Egs. 6.2 and 6.3,
Ef OCI’Z(I)f (64)

The excitation voltage is proportional to the machine speed and excitation flux, and the latter
in turn depends on the excitation current ;. The variation of the excitation voltage with the
field current is shown in Fig. 6.5. The induced voltage at It = 0 is due to the residual magnetism.
Initially the voltage rises linearly with the field current, but as the field current is further
increased, the flux ®; does not increase linearly with I; because of saturation of the magnetic
circuit, and therefore E; levels off. If the machine terminals are kept open, the excitation
voltage is the same as the terminal voltage and can be measured using a voltmeter. The curve
shown in Fig. 6.5 is known as the open-circuit characteristic (OCC) or magnetization charac-
teristic of the synchronous machine.

If the stator terminals of the machine (Fig. 6.1¢) are connected to a 3¢ load, stator current I,
will flow. The frequency of I, will be the same as that of the excitation voltage E¢. The stator
currents flowing in the 3¢ windings will also establish a rotating field in the air gap. The net air
gap flux is the resultant of the fluxes produced by rotor current Iy and stator current I,.

Let ® be the flux due to It and ®, be the flux due to I,, known as the armature reaction
flux. Then,

occC

n (speed)
constant

FIGURE 6.5 Open circuit characteristic (OCC) or magnetization
1y characteristic of a synchronous machine.
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&, = §; + ¢, = resultant air gap flux, assuming no saturation

It may be noted that the resultant and the component fluxes rotate in the air gap at the same
speed, governed by Eq. 6.1. The space phasor diagram for these fluxes is shown in Fig. 6.6. The
rotor field mmf F; (due to ;) and the flux ®; produced by the mmf F; are represented along the
same line. The induced voltage E; lags the flux ®; by 90°. Assume that the stator current I,
lags E; by an angle 6. The mmf F, (due to the current I,) and the flux ®, produced by the mmf F,
are along the same axis as the current I,. The resultant mmf F is the vector sum of the mmfs F;
and F,. Assuming no saturation, the resultant flux @, is also the vector sum of the fluxes ®;
and ®,. The space phasor relationship of mmfs and fluxes will be discussed further in later
sections.

6.2.1 THE INFINITE BUS

Synchronous generators are rarely used to supply individual loads. These generators, in gen-
eral, are connected to a power supply system known as an infinite bus or grid. Because a large
number of synchronous generators of large sizes are connected together, the voltage and fre-
quency of the infinite bus hardly change. Loads are tapped from the infinite bus at various load
centers. A typical infinite bus or grid system is shown in Fig. 6.7. Transmission of power is
normally at higher voltage levels (in hundreds of kilovolts) to achieve higher efficiency of power
transmission. However, generation of electrical energy by the synchronous generators or
alternators is at relatively lower voltage levels (20— 30 kV). A transformer is used to step up the
alternator voltage to the infinite bus voltage. At the load centers, the infinite bus (or grid)
voltage is stepped down through several stages to bring the voltage down to the domestic
voltage level (115/230 V) or industrial voltage levels such as 4.16 kV, 600 V, or 480 V.

In a power plant the synchronous generators are connected to or disconnected from the
infinite bus, depending on the power demand on the grid system. The operation of connecting a
synchronous generator to the infinite bus is known as paralleling with the infinite bus. Before
the alternator can be connected to the infinite bus, the incoming alternator and the infinite bus
must have the same
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FIGURE 6.7 Infinite bus (or grid) system.
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In the power plant the satisfaction of these conditions is checked by an instrument known as a
synchroscope, shown in Fig. 6.8. The position of the indicator indicates the phase difference
between the voltages of the incoming machine and the infinite bus. The direction of motion of
the indicator shows whether the incoming machine is running too fast or too slow—that is,
whether the frequency of the incoming machine is higher or lower than that of the infinite bus.
The phase sequence is predetermined, because if phase sequence is not correct, it will produce
a disastrous situation. When the indicator moves very slowly (i.e., frequencies almost the same)
and passes through the zero phase point (vertical up position), the circuit breaker is closed and
the alternator is connected to the infinite bus.

A set of synchronizing lamps can be used to check that the conditions for paralleling the
incoming machine with the infinite bus are satisfied. In a laboratory, such a set of lamps can be
used to demonstrate what happens if the conditions are not satisfied. Figure 6.9 shows the
schematic of the laboratory setup for this purpose. The prime mover can be a dc motor or an
induction motor. It can be adjusted to a speed such that the frequency of the synchronous
machine is the same as that of the infinite bus. For example, if the synchronous machine has
four poles, the prime mover can be adjusted for 1800 rpm so that the frequency is 60 cycles—
the same as that of the infinite bus. The field current I; can then be adjusted so that the two
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Courtesy of Dr. P. C. Sen

FIGURE 6.8 Synchroscope.

Infinite bus

0 o 9
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Circuit ° o o Synchronizing
breaker / / / QLD <L> L) lamps
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FIGURE 6.9 Schematic dia-
Prime :[i: gram for paralleling a syn-
Synch t .
IOVEL UEEHOEEEAESEIEE chronous generator with the
infinite bus using synchroniz-
ing lamps.

voltmeters (V; and V,) read the same. If the phase sequence is correct, all the lamps will have
the same brightness, and if the frequencies are not exactly the same, the lamps will brighten
and darken in step.

Let us examine what we expect to observe in the lamps if the conditions are not satisfied. The
phenomena can be explained by drawing phasor diagrams for the voltages of the incoming
machine and the infinite bus. Let
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EjA, Eg, Ec represent the phasor voltages of the infinite bus.

E., Ey, E. represent the phasor voltages of the incoming machine.

Ena, Emy, Ecc represent the phasor voltages of the synchronizing lamps. The magnitude of
these will represent the brightness of the corresponding lamps.

1. Voltages are not the same, but frequency and phase sequence are the same.

Referring to Fig. 6.10a, one sees that the two sets of phasor voltages (Ea, Ep, Ec and
E., E,, E.) rotate at the same speed. The lamp voltages Ea,, Egp, and Ec. have equal mag-
nitudes, and therefore all the three lamps will glow with the same intensity. To make the
voltages equal, the field current Iy must be adjusted.

h £,

E E
E. ; E. 3 AR

Instant ¢ = ¢, Instant ¢ = ¢,

Bb

FIGURE 6.10 Phasor voltages of the incoming machine and infinite bus.



292 chapter 6 Synchronous Machines

2. Frequencies are not the same, but voltages and phase sequences are the same.

The two sets of phasor voltages rotate at different speeds, depending on the frequencies.
Assume that the phase voltages are in phase at an instant ¢ = ¢; (Fig. 6.10b). At this instant, the
voltages across the lamps are zero, and therefore they are all dark. If f; >, at a later instant
t =t, phasors E,, Eg, and Ec will move ahead of phasors E,, E}, and E.. Equal voltages will
appear across the three lamps, and they will glow with the same intensity. It is therefore
evident that if the frequencies are different, the lamps will darken and brighten in step.

To make the frequencies the same, the speed has to be adjusted until the lamps brighten
and darken very slowly in step. It may be noted that as the speed of the incoming machine is
adjusted, its voltages will change. Therefore, simultaneous adjustment of the field current I;
will also be necessary to keep the voltages the same.

3. Phase sequences are not the same, but voltages and frequencies are the same.

Let the phase sequence of the voltages of the infinite bus be E,, Eg, Ec, and of the
incoming bus be E,, E., Ep, as shown in Fig. 6.10c. The voltages across the lamps are of
different magnitudes, and therefore the lamps will glow with different intensities. If the fre-
quencies are slightly different, one set of phasor voltages will pass the other set of phasor
voltages, and the lamps will darken and brighten out of step.

To make the phase sequence the same, interchange connections to two terminals; for
instance, connect a to B and b to A (Fig. 6.9).

4. Phase is not the same, but voltage, frequency, and phase sequence are the same.

The two sets of phasor voltages will maintain a steady phase difference (as shown in Fig.
6.10d), and the lamps will glow with the same intensity. To make the phase the same or the
phase difference zero, the frequency of the incoming machine is slightly altered. At zero
phase difference, all the lamps will be dark, and if the circuit breaker is closed, the incoming
machine will be connected to the infinite bus. Once the synchronous machine is connected
to the infinite bus, its speed cannot be changed further. However, the real power transfer from
the machine to the infinite bus can be controlled by adjusting the prime mover power. The
reactive power (and hence the machine power factor) can be controlled by adjusting the field
current. Real and reactive power control will be discussed in detail in later sections.

6.3 SYNCHRONOUS MOTORS

When a synchronous machine is used as a motor, one should be able to connect it directly to
the power supply like other motors, such as dc motors or induction motors. However, a
synchronous motor is not self-starting. If the rotor field poles are excited by the field current
and the stator terminals are connected to the ac supply, the motor will not start; instead, it
vibrates. This can be explained as follows.

Let us consider a two-pole synchronous machine. If it is connected to a 3¢, 60 Hz ac supply,
stator currents will produce a rotating field that will rotate at 3600 rpm in the air gap. Let us
represent this rotating field by two stator poles rotating at 3600 rpm, as shown in Fig. 6.11a. At
start (¢ = 0), let the rotor poles be at the position shown in Fig. 6.11a. The rotor will therefore
experience a clockwise torque, making it rotate in the direction of the stator rotating poles.
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Att =t1, let the stator poles move by half a revolution, shown in Fig. 6.11b. The rotor poles have
hardly moved, because of the high inertia of the rotor. Therefore, at this instant the rotor
experiences a counterclockwise torque, tending to make it rotate in the direction opposite to
that of the stator poles. The net torque on the rotor in one revolution will be zero, and therefore
the motor will not develop any starting torque. The stator field is rotating so fast that the rotor
poles cannot catch up or lock onto it. The motor will not speed up, but will vibrate.

Two methods are normally used to start a synchronous motor: (a) use a variable-frequency
supply or (b) start the machine as an induction motor. These methods will now be described.

Start with Variable-Frequency Supply
By using a frequency converter, a synchronous motor can be brought from standstill to its
desired speed. The arrangement is shown schematically in Fig. 6.12. The motor is started with a
low-frequency supply. This will make the stator field rotate slowly so that the rotor poles can
follow the stator poles. Afterward, the frequency is gradually increased and the motor brought
to its desired speed.

The frequency converter is a costly power conditioning unit, and therefore this method is
expensive. However, if the synchronous motor has to run at variable speeds, this method may
be used.

Start as an Induction Motor

If the frequency converter is not available, or if the synchronous motor does not have to run at
various speeds, it can be started as an induction motor. For this purpose an additional winding,
which resembles the cage of an induction motor, is mounted on the rotor. This cage-type
winding is known as a damper or amortisseur winding and is shown in Fig. 6.13.

Vif

3¢ | Frequency Synchronous
supply converter motor

I, * \ FIGURE 6.12 Starting of a synchronous motor using a

f CO”*“"W ‘ ¥ieonie! variable-frequency supply.
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FIGURE 6.13 Cage-type damper (or
amortisseur) winding in a synchro-
nous machine.

Courtesy of General Electric Canada Inc.

To start the motor, the field winding is left unexcited; often it is shunted by a resistance. If
the motor terminals are now connected to the ac supply, the motor will start as an induction
motor, because currents will be induced in the damper winding to produce torque. The motor
will speed up and will approach synchronous speed. The rotor is then closely following the
stator field poles, which are rotating at the synchronous speed. Now if the rotor poles are
excited by a field current from a dc source, the rotor poles, closely following the stator poles,
will be locked to them. The rotor will then run at synchronous speed.

If the machine runs at synchronous speed, no current will be induced in the damper winding.
The damper winding is therefore operative for starting. Note that if the rotor speed is different
from the synchronous speed because of sudden load change or other transients, currents will
be induced in the damper winding to produce a torque to restore the synchronous speed. The
presence of this restorative torque is the reason for the name “damper” winding. Also note that
a damper winding is not required to start a synchronous generator and parallel it with the
infinite bus. However, both synchronous generators and motors have damper windings to
damp out transient oscillations.

6.4 EQUIVALENT CIRCUIT MODEL

In the preceding sections the qualitative behavior of the synchronous machine as both a
generator and a motor has been discussed to provide a “feel” for the machine behavior. We can
now develop an equivalent circuit model that can be used to study the performance char-
acteristics with sufficient accuracy. Since the steady-state behavior will be studied, the circuit
time constants of the field and damper windings need not be considered. The equivalent circuit
will be derived on a per-phase basis.

The current I; in the field winding produces a flux ®; in the air gap. The current I, in the
stator winding produces flux ®,. Part of it, ®,;, known as the leakage flux, links with the stator
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FIGURE 6.14 Equivalent circuit of a synchronous machine.

winding only and does not link with the field winding. A major part, ®,,, known as the armature
reaction flux, is established in the air gap and links with the field winding. The resultant air gap
flux ®, is therefore due to the two component fluxes, ®; and ®,,.. Each component flux induces a
component voltage in the stator winding. In Fig. 6.14a, E; is induced by ®¢, E,. by ®,,, and the
resultant voltage E, by the resultant flux ®,. The excitation voltage Ef can be found from
the open-circuit curve of Fig. 6.5. However, the voltage E,., known as the armature reaction
voltage, depends on ®,, (and hence on I,). From Fig. 6.14a,

E.=E. +E; (6.5)
or
Et=—Eu +E; (6.6)

From the phasor diagram of Fig. 6.14b, the voltage E,; lags ®,, (or I,) by 90°. Therefore, I,
lags the phasor —E,; by 90°. In Eq. 6.6, the voltage —E,, can thus be represented as a voltage
drop across a reactance X, due to the current I,. Equation 6.6 can be written as

E¢=1,jXu + E; (67)
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This reactance X, is known as the reactance of armature reaction or the magnetizing reactance
and is shown in Fig. 6.14c. If the stator winding resistance R, and the leakage reactance X,
(which accounts for the leakage flux ®,) are included, the per-phase equivalent circuit is
represented by the circuit of Fig. 6.14d. The resistance R, is the effective resistance and is
approximately 1.6 times the dc resistance of the stator winding. The effective resistance
includes the effects of the operating temperature and the skin effect caused by the alternating
current flowing through the armature winding.

If the two reactances X, and X, are combined into one reactance, the equivalent circuit
model reduces to the form shown in Fig. 6.14e, where

Xs =X + X (called synchronous reactance)

Zs =R, +jX;s (called synchronous impedance)

The synchronous reactance X takes into account all the flux, magnetizing as well as leakage,
produced by the armature (stator) current.

The values of these machine parameters depend on the size of the machine. 