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Preface

Engineering Problems for Undergraduate Students contains over 250 example
problems covering key topics in engineering courses. Step-by-step solutions are
presented with clear and detailed explanations. This book will support a thorough
understanding of fundamental concepts in engineering for tertiary-level students.
The problems in this book are quality examples which were carefully selected to
demonstrate the application of abstract concepts in solving practical engineering
problems, with comprehensive guidance provided in the explanations that follow
each step of the solutions.

Topics included in this book are fundamental in the engineering discipline.
Hence, they are versatile in their overarching application across various engineering
sub-specializations. These topics include thermodynamics, fluid mechanics, separa-
tion processes (e.g., flash distillation), reactor design and kinetics (including biore-
actor concepts), and engineering mathematics (e.g., Laplace transform,
differentiation and integration, Fourier series, statistics).

There is also a section included which summarizes key mathematical formula and
other useful data commonly referred to when solving engineering problems. This
book will support step-by-step learning for students taking first or second-year
undergraduate courses in engineering.

Singapore Xian Wen Ng
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Mathematics

Useful Mathematical Formula

Before we begin to tackle mathematics, we should familiarize ourselves with
mathematical formulae or identities that help us observe patterns in problems
and hence deduce more efficient approaches to solutions. I have listed below a
collection of useful identities and formulae that are worth remembering.

Complex Numbers

The complex number z can be expressed in the following forms, where i2 ¼ �1.
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In Cartesian form, where z* is the complex conjugate of z.

z ¼ xþ iy ; z� ¼ x� iy

zj j ¼ x2 þ y2 ¼ zz�

In polar form, where θ is the argument of z.

z ¼ rei θþ2nπð Þ

zj j ¼ r

x ¼ r cos θ ; y ¼ r sin θ

In trigonometric form

z ¼ r cos θ þ i sin θð Þ

cos θ ¼ 1
2

eiθ þ e�iθ
� �

sin θ ¼ 1
2i

eiθ � e�iθ
� �

De Moivre’s Theorem

cos θ þ i sin θð Þn ¼ einθ ¼ cos nθ þ i sin nθ

Hyperbolic Trigonometric Functions

cosh z ¼ cos iz

i sinh z ¼ sin iz

i tanh z ¼ tan iz

2 Mathematics
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Trigonometric Formulae and Identities

Double Angle Formula

sin 2A ¼ 2 sinA cosA

cos 2A ¼ cos 2A� sin 2A ¼ 2 cos 2A� 1 ¼ 1� 2 sin 2A

tan 2A ¼ 2 tanA
1� tan 2A

Negative Angle Formula

It is possible to deduce these results by relating to their graphs. As the cosine curve is
an even function symmetric about the y axis, the negative angle formula below
makes sense. As for the sine and tangent curves, they are odd functions which lead to
the results shown below.

sin �Að Þ ¼ �sinA

cos �Að Þ ¼ cosA

tan �Að Þ ¼ �tanA

Useful Mathematical Formula 3



Addition Formula

sin A� Bð Þ ¼ sinA cosB� cosA sinB

cos A� Bð Þ ¼ cosA cosB� sinA sinB

tan A� Bð Þ ¼ tanA� tanB
1� tanA tanB

Trigonometric Identities

1þ tan 2A ¼ sec 2A

cos 2Aþ sin 2A ¼ 1

1þ cot 2A ¼ cosec 2A

Graphical Transformations and Common Functions

Here are some quick tips about graphical transformations when slight changes are
made to a function.

• f(x) ! f(x + a): means the graph is shifted by a units to the left, i.e., negative
x direction.

• f(x) ! f(x) + a: means the graph is shifted up by a units, i.e., positive y (or) f(x)
direction.

• f(x) ! f(ax): means the graph is “compressed”/“expanded” horizontally. It is
“compressed” if a > 1, and “expanded” if a < 1. For the same y value, x values are
multiplied by 1/a. So for example, if the original graph was y¼ x, and we want to
transform it to y ¼ 2x, we will “compress” the graph of y ¼ x horizontally to
obtain a steeper graph of y¼ 2x. For the same y value for y¼ x, the x values of the
new graph y ¼ 2x will be halved (i.e., multiplied by ½).

• f(x) ! af(x): means the graph is “compressed”/“stretched” vertically. It is “com-
pressed” if a < 1, and “stretched” if a > 1. For the same x value, y values are
multiplied by a. So for example, if the original graph was y¼ x2 + k, and we want
to transform it to y ¼ 2(x2 + k), we will “stretch” the graph of y ¼ x2 + k to obtain
the graph of y¼ 2(x2 + k). For the same x value of¼ x2 + k, the y values of the new
graph y ¼ 2(x2 + k) will be doubled (i.e., multiplied by 2).

• f(x) ! � f(x): means a reflection about the x axis.
• f(x) ! f(�x): means a reflection about the y axis.
• f(x) ! f�1(x): means a reflection about the line y ¼ x.

4 Mathematics



Note that the inverse of a function f(x), i.e., f�1(x) can be expressed graphically as
the reflection of f(x) about the line y ¼ x. In the example below, we obtain the graph
of cosh�1x from cosh x.

–3
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y = cosh x

y = cosh–1 x

y = x

x
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Another useful series of graphs to note is the family of y ¼ xn and their inverse
functions of y ¼ x

1
n as shown below. Note that in y ¼ x

1
n, when the index is an even

number, e.g.,y ¼ x
1
2, y ¼ x

1
4, the function is only defined for x� 0. Therefore care has

to be taken when deriving inverse functions via a reflection about the line y ¼ x, and
only the valid region should be considered.

Useful Mathematical Formula 5



The exponential graph is also often encountered in physical problems, such as
exponential behaviors in bacteria growth patterns and residence time distributions of
reactors. It is useful to note the shape of the graphs of f(x) ¼ ex and its inverse
function, f(x) ¼ ln x (which is a reflection of ex about the line y ¼ x).
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7 8
x

Power Series

Taylor’s Series

When we have a known reference point x ¼ a, about which a small deviation of
h occurs, we can use the Taylor series to approximate the value of f(a + h) when h is
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small, by ignoring higher order terms. Note that the Maclaurin’s series is simply a
special case of the Taylor’s series whereby the reference point is x ¼ 0:

f aþ hð Þ ¼ f að Þ þ hf 0 að Þ þ h2

2!
f 00 að Þ þ . . .þ hn

n!
f n að Þ

f aþ hð Þ ffi f að Þ þ hf 0 að Þ for small h

Other Series

Some other useful power series to note are as follows:

• ex ¼ 1þ xþ x2

2! þ x3

3! þ . . .þ xn

n!

• e�x ¼ 1� xþ x2

2! � x3

3! þ . . .þ xn

n!

• cos x ¼ 1� x2

2! þ x4

4! � x6

6! þ . . .

• coshx ¼ 1þ x2

2! þ x4

4! þ x6

6! þ . . .

• sin x ¼ x� x3

3! þ x5

5! þ . . .

• sinhx ¼ xþ x3

3! þ x5

5! þ . . .

• ln 1þ xð Þ ¼ x� x2

2 þ x3

3 � x4

4 , for � 1 < x � 1

• ln 1� xð Þ ¼ �x� x2

2 � x3

3 � x4

4 , for � 1 � x < 1
• (1 + x)�1 ¼ 1� x + x2 � x3 + . . . [this can be derived by differentiating the power

series for ln(1 + x)]
• (1 � x)�1 ¼ 1 + x + x2 + x3 + . . .[this can be derived by differentiating the power

series for � ln (1 � x)]
• (1 � x)�2 ¼ 1 + 2x + 3x2 + 4x3 + . . .[this can be derived by differentiating the

power series for (1 � x)�1]

Fourier Series

f tð Þ ¼ a0
2
þ
X

an cos
nπt

L
þ bn sin

nπt

L

There are certain shortcuts that are useful when considering specific type of
functions.

• For even functions: f tð Þ ¼ a0
2 þP an cos nπtL

• For odd functions: f tð Þ ¼ a0
2 þP bn sin nπt

L

• A product of two even functions or two odd functions is even. For even functions,
we will be able to convert the limits of the integral without changing the final
result as shown below:

Useful Mathematical Formula 7



– If f(t) is odd, then bn ¼ 1
L

Ð L
�L f tð Þ sin nπt

L dt ¼ 2
L

Ð L
0 f tð Þ sin nπt

L dt

– If f(t) is even, then an ¼ 1
L

Ð L
�L f tð Þ cos nπtL dt ¼ 2

L

Ð L
0 f tð Þ cos nπtL dt

• A product of an odd and even function is an odd function.
• The value of cosnπ can also be expressed as (�1)n, for a positive integer n � 1.

Note that the difference between Taylor’s series and Fourier series is that the
Taylor’s series approximates values around a reference point, and for small devia-
tions from this reference point, only initial terms to be considered.

For the Fourier series, all terms in the series need to be accounted for as the
approximation comprises an integral over the entire interval (based on periodicity of
function) considered. Fourier series can be used for functions that are not periodic,
by “making them periodic”.

Differentiation Techniques

One of the most commonly used techniques for differentiation is the product rule,
whereby for two functions u ¼ u(x) and v ¼ v(x), we have

d uvð Þ
dx

¼ u
dv

dx
þ v

du

dx

We may also use the quotient rule when the form of the expression is already in a
quotient form.

d
u

v

� �
dx

¼
v
du

dx
� u

dv

dx
v2

Integration Techniques

A useful technique in integration is the method of integration by parts which is as
follows

ð b
a
udv ¼ uv½ 	ba � v

ð b
a
du

8 Mathematics



Useful Integrals

Below are some useful integral values to note as shortcuts in simplifying expres-
sions, due to their exact values.

ð1
�1

e�x2dx ¼ ffiffiffi
π

p

ð1
�1

xe�x2dx ¼ 0, odd functionð Þ
ð1
�1

x2e�x2dx ¼
ffiffiffi
π

p
2

Partial Fractions

It is important to be familiar with converting fractions into partial fractions as
it is a convenient form to convert into Laplace transforms or to perform
integration or differentiation.

Problem 1

Determine the partial fractions for the following expressions:

(a)
x2 þ 3x

x� 4ð Þ x2 þ xþ 1ð Þ
(b)

11� x� x2

xþ 2ð Þ x� 1ð Þ2

(c)
7

�2x 4� xð Þ
(d)

x3 þ 2x2 � xþ 1
x� 1ð Þ xþ 2ð Þ

(e)
2x2 � 7x� 1
xþ 1ð Þ x� 2ð Þ

Solution 1

Worked Solution

(a) In order to express a fraction as a sum of partial fractions, we will first have to
factorize the denominator of this fraction. We note that in this example, the
fraction’s denominator is already in the most factorized form. Therefore we can

Partial Fractions 9



proceed to express it as a sum of two fractions, with each factor in the denom-
inator becoming the single denominator to each partial fraction as shown below.

x2 þ 3x
x� 4ð Þ x2 þ xþ 1ð Þ ¼

A

x� 4
þ Bxþ C

x2 þ xþ 1

One key point to note is that if the denominator of the partial fraction is first
order (or linear) in x, then the numerator is one order lower (i.e., a constant term).
Therefore we have inserted the constant A in the first partial fraction with a linear
denominator “x � 4”. Separately, the second partial fraction has a second-order
(or quadratic) denominator “x2 + x + 1”, therefore, we have inserted a numerator
which is a linear expression.

In order to solve for the constant A, we can apply the cover up rule. This rule
is such that we let x � 4 ¼ 0 which gives us x ¼ 4. We cover up (x � 4) in the
original fraction, and substitute x ¼ 4 into the remaining fraction. The resulting
value will be the value of A. This is shown below

A ¼ 42 þ 3 4ð Þ
42 þ 4þ 1
� � ¼ 4

3

To solve for B and C, we can observe by comparison between the left and
right sides of the equation.

x2 þ 3x
x� 4ð Þ x2 þ xþ 1ð Þ ¼

4
3

x� 4
þ Bxþ C

x2 þ xþ 1

¼
4
3 x2 þ xþ 1ð Þ þ Bxþ Cð Þ x� 4ð Þ

x� 4ð Þ x2 þ xþ 1ð Þ

The coefficient of x2 in the numerator on the left-hand side is 1; therefore,
1 ¼ 4

3 þ B ! B ¼ �1
3.

The constant term in the numerator on the left-hand side is 0; therefore,
0 ¼ 4

3 � 4C ! C ¼ 1
3. [Note that we can also choose to compare the coefficient

of the x term but it may require more steps.]
Finally, we have the following partial fractions:

x2 þ 3x
x� 4ð Þ x2 þ xþ 1ð Þ ¼

4
3

x� 4
þ �1

3xþ 1
3

x2 þ xþ 1
¼ 4

3 x� 4ð Þ þ
1� x

3 x2 þ xþ 1ð Þ

(b) This example is slightly different as one of its factors is squared. There is a
slightly different treatment which will be shown here. In this case, we will need
to note that we have two fractions to express for the squared term, one is B

x�1 and
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the other is C
x�1ð Þ2. Also note that the numerators for both fractions are constants,

i.e., B and C.

11� x� x2

xþ 2ð Þ x� 1ð Þ2 ¼
A

xþ 2
þ B

x� 1
þ C

x� 1ð Þ2

In this case, the cover up rule will help us find the constants A and C.

A ¼ 11� �2ð Þ � �2ð Þ2
�2� 1ð Þ2 ¼ 1

C ¼ 11� 1� 12

1þ 2ð Þ ¼ 3

The value of B can be found by comparison of left and right sides of the
equation.

11� x� x2

xþ 2ð Þ x� 1ð Þ2 ¼
1

xþ 2
þ B

x� 1
þ 3

x� 1ð Þ2

¼ x� 1ð Þ2 þ B xþ 2ð Þ x� 1ð Þ þ 3 xþ 2ð Þ
xþ 2ð Þ x� 1ð Þ2

The coefficient of x2 in the numerator of the left-hand side is �1; therefore,
�1 ¼ 1 + B ! B ¼ �2.

Finally, we have the following partial fractions:

11� x� x2

xþ 2ð Þ x� 1ð Þ2 ¼
1

xþ 2
� 2
x� 1

þ 3

x� 1ð Þ2

(c) In this example, all of the numerators of the partial fractions can be found using
the cover up rule, since they are simple linear factors.

7
�2x 4� xð Þ ¼

A

�2x
þ B

4� x

Using cover up rule, we have

A ¼ 7
4� 0

¼ 7
4

B ¼ 7
�2 4ð Þ ¼ �7

8
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Finally, we have the following partial fractions:

7
�2x 4� xð Þ ¼

7
�8x

� 7
8 4� xð Þ

(d) In this example, we have an improper fraction, where the numerator is of order
3 (or cubic) which is greater than that of the denominator (order 2, or quadratic).
The slight difference in approach to this problem is that we need to include a
linear function of x, i.e., (x + k) to the sum of partial fractions, as this linear
function will account for the difference in the orders.

x3 þ 2x2 � xþ 1
x� 1ð Þ xþ 2ð Þ ¼ xþ kð Þ þ A

x� 1
þ B

xþ 2

Using cover up rule, we can find the values of A and B,

A ¼ 13 þ 2 1ð Þ2 � 1þ 1
1þ 2ð Þ ¼ 1

B ¼ �2ð Þ3 þ 2 �2ð Þ2 � �2ð Þ þ 1
�2� 1ð Þ ¼ �1

To find k, we can compare the left- and right-hand side of the equation,

x3 þ 2x2 � xþ 1
x� 1ð Þ xþ 2ð Þ ¼ xþ kð Þ þ 1

x� 1
� 1
xþ 2

¼ xþ kð Þ x� 1ð Þ xþ 2ð Þ þ xþ 2ð Þ � x� 1ð Þ
x� 1ð Þ xþ 2ð Þ

The constant term in the numerator on the left-hand side is 1; therefore,
1 ¼ �2k + 2 + 1 ! k ¼ 1.

Finally, we have the following partial fractions:

x3 þ 2x2 � xþ 1
x� 1ð Þ xþ 2ð Þ ¼ xþ 1ð Þ þ 1

x� 1
� 1
xþ 2

(e) This example is also an improper fraction (proper fraction is when the order of
numerator is less than that of denominator). The difference here as compared to
part d is that in this case, the term to add is a constant term (order zero).

2x2 � 7x� 1
xþ 1ð Þ x� 2ð Þ ¼ K þ A

xþ 1
þ B

x� 2

12 Mathematics



Using cover up rule, we can find the values of A and B,

A ¼ 2 �1ð Þ2 � 7 �1ð Þ � 1
�1� 2ð Þ ¼ �8

3

B ¼ 2 2ð Þ2 � 7 2ð Þ � 1
2þ 1ð Þ ¼ �7

3

We can find K by comparison,

2x2 � 7x� 1
xþ 1ð Þ x� 2ð Þ ¼ K �

8
3

xþ 1
�

7
3

x� 2
¼ K xþ 1ð Þ x� 2ð Þ � 8

3 x� 2ð Þ � 7
3 xþ 1ð Þ

xþ 1ð Þ x� 2ð Þ

The coefficient of the x2 term in the numerator on the left-hand side is 2;
therefore, 2 ¼ K.

Finally, we have the following partial fractions:

2x2 � 7x� 1
xþ 1ð Þ x� 2ð Þ ¼ 2� 8

3 xþ 1ð Þ �
7

3 x� 2ð Þ

Differentiation and Integration

Mathematical techniques are used to solve engineering problems. It is common
that we will encounter differentiation and integration problems as engineering
often involves breaking up a complex problem into small elements for analysis
(differential elements) and integration helps scale the solution for the differen-
tial element back to fit the entire system.

Problem 2

Solve the following differential equations by using appropriate substitutions:

(a) dy
dx � y ¼ xy5

(b) 1
y2

dy
dx þ 1

y ¼ cos x� sin x

(c) dy
dx þ

2�3x2ð Þy
x3 ¼ 2

Solution 2

Worked Solution

In these problems, we show how we can apply useful substitutions to simplify higher
order differential equations into equations of order 1 with respect to the variables.

Differentiation and Integration 13



The key observation here is that the term “a( y)” is of one order (with respect to
variable y) higher than the term “b( y)” in the following form. Then the substitution
can be made for the lower order term b( y). This is demonstrated in the two examples
below.

a yð Þdy
dx

þ b yð Þ ¼ c xð Þ

(a) We have the following differential equation.

1
y5

dy

dx
� 1
y4

¼ x

One useful substitution we can make is as follows:

v ¼ 1
y4

ð1Þ

We can then apply the Chain Rule:

dy

dx
¼ dy

dv

dv

dx

� �
¼ 1

dv
dy

dv

dx

� �

dv

dy
¼ � 4

y5

dy

dx
¼ �y5

4
dv

dx

� �
ð2Þ

We can now substitute our results in (1) and (2) back into the differential
equation,

1
y5

�y5

4
dv

dx

� �	 

� v ¼ x

dv

dx
þ 4v ¼ �4x

One trick to solving ODEs of the form: dvdx þ Av ¼ f xð Þ, where A is a constant,
is to let e

R
Adx. Then the equation can be simplified to the form:

d
dx ye

Ð
Adx

� �
¼ e
Ð
Adxf xð Þ which is easier to solve. Let us demonstrate this in

this example. Now, we create the term e
R
4dx ¼ e4x. And we can solve the right-

hand side of the integral using integration by parts.
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d

dx
ve4x
� � ¼ �4xð Þe4x

ve4x ¼ �
ð
4xe4xdx

Integration by parts is defined as
Ð b
a udv ¼ uv½ 	ba � Ð ba vdu; therefore, we let

u ¼ x, and dv ¼ 4e4xdx

ve4x ¼ � xe4x �
ð
e4xdx

� �
¼ �xe4x þ e4x

4
þ c1

Now we can substitute vwith its original expression. c1 can be evaluated if we
apply boundary conditions, i.e., for a specific value of x, its corresponding
y value is known.

1
y4

e4x
� � ¼ �xe4x þ e4x

4
þ c1

y4 ¼ 1

�xþ 1
4 þ c1e�4x

(b)
1
y2

dy

dx
þ 1

y
¼ cos x� sin x

One useful substitution we can make is

v ¼ 1
y

ð1Þ

Then we can similarly apply the Chain Rule:

dy

dx
¼ dy

dv

dv

dx

� �
¼ 1

dv
dy

dv

dx

� �

dv

dy
¼ � 1

y2

dy

dx
¼ �y2

dv

dx

� �
ð2Þ
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Substituting our results in (1) and (2) back into the differential equation,

1
y2

�y2
dv

dx

� �	 

þ v ¼ cos x� sin x

dv

dx
þ �1ð Þv ¼ sin x� cos x

Now, we create the term e
R
(�1)dx ¼ e�x. And we can solve the right-hand side

of the integral using integration by parts.

d

dx
ve�xð Þ ¼ sin x� cos xð Þe�x

ve�x ¼
ð

sin x� cos xð Þe�xdx

Using integration by parts where u ¼ e�x, and dv ¼ (sinx � cos x)dx

ve�x ¼ e�x � cos x� sin xð Þ �
ð

� cos x� sin xð Þ �e�xð Þdx

¼ e�x � cos x� sin xð Þ �
ð

cos xþ sin xð Þ e�xð Þdx

Using integration by parts again, where u ¼ e�x, and dv ¼ (cosx + sin x)dx

ve�x ¼ e�x � cos x� sin xð Þ � e�x sin x� cos xð Þ �
ð

sin x� cos xð Þ �e�xð Þdx
	 


ð
sin x� cos xð Þe�xdx ¼ e�x � cos x� sin xð Þ � e�x sin x� cos xð Þ

þ
ð

sin x� cos xð Þ �e�xð Þdx

2
ð

sin x� cos xð Þe�xdx ¼ e�x � cos x� sin xð Þ � e�x sin x� cos xð Þ

ve�x ¼ e�x � cos x� sin xð Þ � e�x sin x� cos xð Þ
2

þ c1

v ¼ 1
y
¼ 1

2
� cos x� sin xð Þ � 1

2
sin x� cos xð Þ þ c1e

x ¼ � sin xþ c1e
x

y ¼ 1
� sin xþ c1ex
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(c) dy

dx
þ 2� 3x2ð Þ

x3
y ¼ 2

Now, we create the term e
Ð 2�3x2ð Þ

x3
dx. This term requires some simplification as

shown.

e
Ð 2�3x2ð Þ

x3
dx ¼ e

Ð
2
x3
dx�
Ð

3x2

x3
dx ¼ e�x�2�ln x3 ¼ e�x�2

x3
¼ 1

x3ex�2

Substituting back into the ODE, we have

d

dx
y

1

x3ex�2

� �
¼ 2

1

x3ex�2

� �

y
1

x3ex�2 ¼
ð

2

x3ex�2 dxþ c1

To help solve the integral on the right-hand side of the above equation, we can
use another substitution, u ¼ x�2, then x3 ¼ u�3/2 and
du
dx ¼ �2x�3 or dx ¼ �1

2 x
3du ¼ �1

2 u
�3=2du.

ð
2

x3ex�2 dxþ c1 ¼
ð

2

u�3=2eu
�1
2
u�3=2du

� �
þ c1

¼
ð
�e�uduþ c1 ¼ e�u þ c1 ¼ e�x�2 þ c1

Finally, we have the solution

y ¼ x3ex
�2

e�x�2 þ c1
� �

¼ x3 þ c1x
3ex

�2

Problem 3

Solve the following differential equations by using appropriate substitutions:

(a) y� xð Þdydx þ 2xþ 3yð Þ ¼ 0

(b) xþ y� 2ð Þ2dydx þ xþ y� 2ð Þ2 þ 3x4 ¼ 0

Solution 3

Worked Solution

In these examples, we can make appropriate substitutions that help us simplify the
equation into a form that is variable separable.
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(a) We are given the following,

y� xð Þdy
dx

þ 2xþ 3yð Þ ¼ 0

dy

dx
¼ � 2xþ 3yð Þ

y� x

One useful substitution we can make is

y ¼ vx

dy

dx
¼ vþ x

dv

dx

Equating both expressions of dy
dx, we have

� 2xþ 3yð Þ
y� x

¼ vþ x
dv

dx

� 2xþ 3vxð Þ
vx� x

¼ vþ x
dv

dx

�x
dv

dx
¼ vþ 2þ 3v

v� 1

v� 1
v2 þ 2vþ 2

dv ¼ �1
x
dx

ð 1
2 2vþ 2ð Þ � 2

v2 þ 2vþ 2
dv ¼ � ln xþ c1

1
2
ln v2 þ 2vþ 2
� �� ð 2

v2 þ 2vþ 2
dv ¼ � ln xþ c1

To evaluate the integral
Ð

2
v2þ2vþ2 dv, we can apply the following technique

where we make use of the trigonometric identity 1 + tan2 θ ¼ sec2 θ.

ð
2

v2 þ 2vþ 2
dv ¼ 2

ð
1

vþ 1ð Þ2 þ 1
dv

Let tan θ ¼ v + 1, and this means dv ¼ sec2θ dθ, so we have the following.
[Note that other substitutions that show similar patterns in terms of their trigo-
nometric identities also work, for example, we can also use the substitution,
sinh θ ¼ v + 1, since it also helps us simplify the expression with the identity
1 + sinh2 θ ¼ cosh2 θ and the fact that d

dθ sinh θ ¼ cosh θ.]

2
ð

1

vþ 1ð Þ2 þ 1
dv ¼ 2

ð
1

tan 2 θ þ 1
sec 2 θ
� �

dθ ¼ 2
ð
1dθ ¼ 2θ ¼ 2 tan �1 vþ 1ð Þ
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Substituting this back into our earlier equation, and replacing v with our
original variables, we obtain the solution for y.

1
2
ln v2 þ 2vþ 2
� �� 2 tan �1 vþ 1ð Þ ¼ � ln xþ c1

1
2
ln

y

x

� �2
þ 2

y

x

� �
þ 2

� �
� 2 tan �1 y

x

� �
þ 1

� �
¼ � ln xþ c1

(b) xþ y� 2ð Þ2dy
dx

þ xþ y� 2ð Þ2 þ 3x4 ¼ 0

We can substitute v ¼ x + y � 2 to simplify the equation, then dv
dx ¼ 1þ dy

dx

v2
dv

dx
� 1

� �
þ v2 þ 3x4 ¼ 0

ð
v2dv ¼

ð
�3x4dx

1
3
v3 ¼ �3

5
x5 þ c1

1
3

xþ y� 2ð Þ3 ¼ �3
5
x5 þ c1

Problem 4

Second-order differential equations may take on several forms. Depending on
which form we have, we arrive at solutions that can be either exponential or
oscillatory or a combination of both. Let us explore some examples here. Solve
the ODEs below and comment on their physical significance.

(a) d2y
dx2 � 6dydx þ 8y ¼ 0, where y(0)¼0, y0(0)¼1

(b) d2y
dx2 þ 4y ¼ 0, where y(0)¼0, y0(0)¼1

(c) d2y
dx2 þ 2dydx þ y ¼ 0, where y(0)¼0, y0(0)¼1

(d) d2y
dx2 þ 4dydx þ 5y ¼ 0, where y(0)¼0, y0(0)¼1

Solution 4

Worked Solution

(a) We can first find the characteristic roots of the equation denoted by λ. In this
example, we have two distinct (λ1 6¼ λ2) real roots. This scenario yields an
exponential solution.
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d2y

dx2
� 6

dy

dx
þ 8y ¼ 0

λ2 � 6λþ 8 ¼ 0

λ� 4ð Þ λ� 2ð Þ ¼ 0 ! λ ¼ 2 or 4

Note that in this case since λ > 0, the solution exponentially “explodes” in
value as x increases. Not all systems are physically meaningful when this
happens, hence we need to conscious of its significance. In order for stable
solutions (i.e., exponential decay), we require λ < 0. The solution to this problem
is y ¼ Ae2x + Be4x. We can derive this by guessing a trial solution of exponential
form. Let us substitute y ¼ eλx into the ODE.

d2y

dx2
� 6

dy

dx
þ 8y ¼ λ2eλx � 6λeλx þ 8eλx ¼ 0

eλx λ2 � 6λþ 8
� � ¼ 0 ! λ ¼ 2 or 4 as aboveð Þ

y ¼ Ae2x þ Be4x

The constants A and B can be evaluated when we apply boundary conditions,
e.g., known values of y and dy

dx at known values of x (usually at spatial
boundaries for spatial (or positional) coordinate x)

y 0ð Þ ¼ 0

0 ¼ Aþ B ð1Þ
y0 0ð Þ ¼ 1

1 ¼ 2Aþ 4B ð2Þ

Solving the simultaneous Eqs. (1) and (2), we have the solution as follows.

1 ¼ �2Bþ 4B ! B ¼ 1
2
,A ¼ �1

2

y ¼ �1
2
e2x þ 1

2
e4x

(b) We can first find the characteristic roots of the equation denoted by λ, where
y ¼ eλx. In this example, we have distinct (λ1 6¼ λ2) imaginary roots.

d2y

dx2
þ 4y ¼ 0

eλx λ2 þ 4
� � ¼ 0

20 Mathematics



λ� 2ið Þ2
� �

¼ 0

λþ 2ið Þ λ� 2ið Þ ¼ 0 ! λ ¼ �2i

This differential equation yields a purely oscillatory solution. Note that this
type of solution does not “decay” as it does not have any exponential component
with negative power that reduces the solution at large values of x. Not all systems
are physically meaningful when this happens, hence we need to conscious of its
significance:

y ¼ Ae2ix þ Be�2ix

Note that in general for complex numbers, we can express
eniθ ¼ cos nθ + i sin nθ ¼ (cos θ + i sin θ)n, where θ is the argument, and is
commonly defined θ ¼ ωt in terms of angular frequency ω and independent
variable of time t in physical problems. Analogously, we can obtain the follow-
ing sinusoidal form of solution for our problem.

y ¼ A cos 2xþ i sin 2xð Þ þ B cos �2xð Þ þ i sin �2xð Þð Þ
¼ Aþ Bð Þ cos 2xþ i A� Bð Þ sin 2x

¼ Aþ Bð Þ e2ix þ e�2ix

2

	 

þ i A� Bð Þ e2ix � e�2ix

2i

	 


We know that AþB
2 is just another constant, which we can denote as C.

Similarly for A�B
2 ¼ D. We also know that e2ix + e�2ix ¼ cos 2x and

e2ix � e�2ix ¼ sin 2x. Therefore,

y ¼ C cos 2xþ D sin 2x

As a shortcut, when we see the form of solution, y ¼ Ae2ix + Be�2ix, we can
express directly as a sum of cosine and sine functions in y¼ C cos 2x + D sin 2x.

To solve for the constants, we can apply boundary conditions.

C ¼ 0

2D ¼ 1 ! D ¼ 1
2

Therefore we have the solution,

y ¼ 1
2
sin 2x
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(c) In this problem, we have two identical real roots (λ1 ¼ λ2).

d2y

dx2
þ 2

dy

dx
þ y ¼ 0

eλx λ2 þ 2λþ 1
� � ¼ 0

λþ 1ð Þ2 ¼ 0 ! λ ¼ �1

This scenario also yields an exponential solution, of the form below. Note that
in this case we have a stable solution (i.e., exponential decay at large values of x)
since λ < 0:

y ¼ Ae�x þ Bxe�x

We can apply boundary conditions to find A and B,

0 ¼ A

�Aþ B ¼ 1 ! B ¼ 1

y ¼ xe�x

(d) We can first find the characteristic roots of the equation denoted by λ. In this
example, we have distinct (λ1 6¼ λ2) roots that have both real and imaginary parts.
Therefore the solution will have both exponential and oscillatory components.

d2y

dx2
þ 4

dy

dx
þ 5y ¼ 0

eλx λ2 þ 4λþ 5
� � ¼ 0

λ ¼
�4�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42 � 4 1ð Þ 5ð Þ

q
2 1ð Þ ¼ �2�

ffiffiffiffiffiffi
4i2

p

2
¼ �2� i

Applying our derivation from part b, we can deduce a solution of this form

y ¼ e�2x A cos xþ B sin xð Þ

The part of the solution “e�2x
” damps (reduces amplitude as x increases) the

oscillations, via an exponential decay. The other part of the solution
“A cos x + B sin x” describes the purely oscillatory (sinusoidal) part of the
system.
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We can apply boundary conditions to find A and B,

A ¼ 0

B ¼ 1

Therefore

y ¼ e�2x sin xð Þ

Problem 5

Solve the following inhomogenous ODEs, using the method of undetermined
coefficients.

(a) d2y
dx2 � 4dydx þ 4y ¼ e3x þ e2x, where y(0)¼0, y0(0)¼1

(b) d2y
dx2 þ 6dydx þ 5y ¼ e�2x, where y(0)¼0, y0(0)¼1

(c) d2y
dx2 þ 4y ¼ 16, where y(0)¼0, y0(0)¼1

Solution 5

Worked Solution

In the earlier problem, we encountered second-order differential equations that were

homogeneous. They could be expressed in the form A d2y
dx2 þ Bdy

dx þ Cy ¼ 0, where A,
B, and C are constant coefficients, and the right-hand side of the equation is zero. In
this problem, we will demonstrate how we can solve inhomogeneous ODEs,
whereby the right-hand side is non-zero and is a function of x, as shown in the

form A d2y
dx2 þ Bdy

dx þ Cy ¼ f xð Þ.
The general approach to solving such ODEs is to first solve it as if it was a

homogeneous equation, i.e., let f(x) ¼ 0. We will obtain solutions to this homoge-
neous equation, called the complementary solution, which we can denote as yc(x).
We will then need to add on to this solution, an additional solution called the
particular integral, yp(x) which will be obtained by analyzing f(x). The particular
integral is equivalent to the term itself (with a constant coefficient added to it),
plus its derivative, and the derivative of its derivative (repeat this until all forms
of expressions are represented). Below are two examples of how this process is
applied. After considering all relevant terms, we can then omit terms that are already
represented in the yc(x) part of the solution:
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Finally the complete solution will be y(x) ¼ yc(x) + yp(x). Any boundary condi-
tions should be applied to the complete solution.

(a) Let us now consider our ODE for part a,

d2y

dx2
� 4

dy

dx
þ 4y ¼ e3x þ e2x

To solve for yc(x), we will first consider the right-hand side ¼0.

d2y

dx2
� 4

dy

dx
þ 4y ¼ 0

eλx λ2 � 4λþ 4
� � ¼ 0

λ� 2ð Þ2 ¼ 0 ! λ ¼ 2

yc xð Þ ¼ Ae2x þ Bxe2x

To find out the particular integral, yp(x), we will look at the right-hand side of
the equation. We note that the term e2x is already represented in yc(x); therefore,
we can ignore it in yp(x).

e3x þ e2x ! Ce3x þ De2x ! Ce3x

yp xð Þ ¼ Ce3x

However, we have to be cautious when dealing with repeated roots such as in
this problem. As there are two roots (although identical), we will have two
constants of integration. And we will need one more term to add back to yp(x). In
such cases, a good guess is the term of the form Dx2e2x. So it is now correct to
express our particular integral as

yp xð Þ ¼ Ce3x þ Dx2e2x

dyp
dx

¼ 3Ce3x þ 2Dx2e2x þ 2Dxe2x

d2yp
dx2

¼ 9Ce3x þ 4Dx2e2x þ 4Dxe2x þ 4Dxe2x þ 2De2x

¼ 9Ce3x þ 4Dx2e2x þ 8Dxe2x þ 2De2x

Substituting these terms into the ODE, we have

d2yp
dx2

� 4
dyp
dx

þ 4yp ¼ e3x þ e2x
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9Ce3x þ 4Dx2e2x þ8Dxe2x þ 2De2x � 12Ce3x � 8Dx2e2x � 8Dxe2x þ 4Ce3x þ 4Dx2e2x

¼ e3x þ e2x

By comparing coefficients, we can determine C and D

Ce3x þ 2De2x ¼ e3x þ e2x

C ¼ 1,D ¼ 1
2

yp xð Þ ¼ e3x þ x2

2
e2x

Putting our results together, the full general solution is given by

y xð Þ ¼ yc xð Þ þ yp xð Þ ¼ Ae2x þ Bxe2x þ e3x þ x2

2
e2x

We can now apply boundary conditions to find A and B,

0 ¼ Aþ 1 ! A ¼ �1

y0 xð Þ ¼ 2Ae2x þ 2Bxe2x þ Be2x þ 3e3x þ x2e2x þ xe2x

1 ¼ 2Aþ Bþ 3 ¼ �2þ Bþ 3 ! B ¼ 0

Finally, we obtain our solution as follows:

y ¼ �e2x þ e3x þ x2

2
e2x

(b)
d2y

dx2
þ 6

dy

dx
þ 5y ¼ e�2x

To solve for yc(x), we will first consider the right-hand side ¼0.

eλx λ2 þ 6λþ 5
� � ¼ 0

λþ 5ð Þ λþ 1ð Þ ¼ 0 ! λ ¼ �1 or � 5

yc xð Þ ¼ Ae�x þ Be�5x

To find out the particular integral, yp(x), we will look at the right-hand side of
the equation.
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e�2x ! Ce�2x

yp xð Þ ¼ Ce�2x

dyp
dx

¼ �2Ce�2x ;
d2yp
dx2

¼ 4Ce�2x

Substituting these terms into the ODE, we have

d2yp
dx2

þ 6
dyp
dx

þ 5yp ¼ e�2x

4Ce�2x þ 6 �2Ce�2x
� �þ 5Ce�2x ¼ e�2x

By comparing coefficients, we can determine C

�3Ce�2x ¼ e�2x

C ¼ �1
3

yp xð Þ ¼ �1
3
e�2x

Putting our results together, the full general solution is given by

y xð Þ ¼ yc xð Þ þ yp xð Þ ¼ Ae�x þ Be�5x � 1
3
e�2x

We can now apply boundary conditions to find A and B,

0 ¼ Aþ B� 1
3

y0 xð Þ ¼ �Ae�x � 5Be�5x þ 2
3
e�2x

y0 0ð Þ ¼ 1 ¼ �A� 5Bþ 2
3

Aþ 5B ¼ �1
3

B ¼ �1
6
,A ¼ 1

2
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Finally, we obtain our solution as follows:

y ¼ 1
2
e�x � 1

6
e�5x � 1

3
e�2x

(c)
d2y

dx2
þ 4y ¼ 16

To solve for yc(x), we will first consider the right-hand side ¼0.

eλx λ2 þ 4
� � ¼ 0

λ� 2ið Þ ¼ 0 ! λ ¼ �2i

yc xð Þ ¼ Ae2ix þ Be�2ix

To find out the particular integral, yp(x), we will look at the right-hand side of
the equation.

16 ! C

yp xð Þ ¼ C

dyp
dx

¼ d2yp
dx2

¼ 0

Substituting these terms into the ODE, we have

d2yp
dx2

þ 4yp ¼ 16

4C ¼ 16 ! C ¼ 4

yp xð Þ ¼ 4

Putting our results together, the full general solution is given by

y xð Þ ¼ yc xð Þ þ yp xð Þ ¼ Ae2ix þ Be�2ix þ 4

We can now apply boundary conditions to find A and B,

0 ¼ Aþ Bþ 4

y0 xð Þ ¼ 2iAe2ix � 2iBe�2ix
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y0 0ð Þ ¼ 1 ¼ 2iA� 2iB

B ¼ �2þ i

4
, A ¼ �2� i

4

Finally, we obtain our solution as follows:

y ¼ �2� i

4

� �
e2ix þ �2þ i

4

� �
e�2ix þ 4

Problem 6

Demonstrate the difference between an exact and inexact differential, and show
that for an exact differential of the form df ¼ Pdx + Qdy, the following is true.

∂P
∂y

����
x

¼ ∂Q
∂x

����
y

Show also that for an inexact differential of the form df ¼ (μP)dx + (μQ)dy,
whereby μ is the integrating factor. Using this result, derive the expression as
shown.

dμ
μ

¼ 1
Q

∂P
∂y

����
x
� ∂Q

∂x

����
y

" #
dx

Solution 6

Worked Solution

In an exact differential, we note that

df ¼ Pdxþ Qdy

P ¼ ∂ f

∂x

����
y

! f ¼
ð
Pdx constant yð Þ

Q ¼ ∂ f

∂y

����
x

! f ¼
ð
Qdy constant xð Þ

Since ∂2f
∂x∂y ¼ ∂2f

∂y∂x, therefore
∂P
∂y

���
x
¼ ∂Q

∂x

���
y
(1) for exact differential

In an inexact differential of the form below, ∂P
∂y

���
x
6¼ ∂Q

∂x

���
y
and instead, we have

Eq. (2), whereby μ ¼ μ(x),
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df ¼ P0dxþ Q0dy ¼ μPð Þdxþ μQð Þdy
∂ μPð Þ
∂y

����
x

¼ ∂ μQð Þ
∂x

����
y

ð2Þ

Since μ ¼ μ(x), Eq. (2) becomes,

∂μ
∂y

����
x

¼ 0 ;
∂μ
∂x

����
y

¼ dμ

dx

∂ μPð Þ
∂y

����
x

¼ μ
∂P
∂y

����
x

þ P
∂μ
∂y

����
x

¼ ∂ μQð Þ
∂x

����
y

¼ μ
∂Q
∂x

����
y

þ Q
∂μ
∂x

����
y

μ
∂P
∂y

����
x

þ 0 ¼ μ
∂Q
∂x

����
y

þ Q
∂μ
∂x

����
y

Q
∂μ
∂x

����
y

¼ μ
∂P
∂y

����
x

� ∂Q
∂x

����
y

" #

dμ

μ
¼ 1

Q

∂P
∂y

����
x

� ∂Q
∂x

����
y

" #
dx

Problem 7

Consider the differential equation df ¼ ydx + 2x2dy.

(a) Comment on whether the differential equation is exact or inexact and derive
the following expressions where A is a constant.

∂f
∂x

����
y
¼ Ae�

1
2x

x2
y

∂f
∂y

����
x

¼ 2Ae�
1
2x

(b) Show that for df ¼ 0, the following is true.

dx
x2

¼ � 2dy
y

Solution 7

Worked Solution

(a) This is an inexact differential as shown below.
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Pdxþ Qdy ! P ¼ y, Q ¼ 2x2

∂P
∂y

����
x

¼ 1 ;
∂Q
∂x

����
y

¼ 4x

∂P
∂y

����
x

6¼ ∂Q
∂x

����
y

inexactð Þ

Therefore, we assume μ ¼ μ(x), whereby

df ¼ P0dxþ Q0dy ¼ μPð Þdxþ μQð Þdy ¼ μyð Þdxþ 2μx2
� �

dy

∂P0

∂y

����
x

¼ y
∂μ
∂y

����
x

þ μ ¼ 0þ μ ¼ μ

∂Q0

∂x

����
y

¼ 2x2
∂μ
∂x

����
y

þ 4xμ

∂P0

∂y

����
x

¼ ∂Q0

∂x

����
y

μ ¼ 2x2
dμ

dx
þ 4xμ

dμ

dx
2x2 ¼ μ 1� 4xð Þð

1
μ
dμ ¼

ð
1� 4x
2x2

dx

ln μ ¼ � 1
2x

� 2 ln xþ c1

μ ¼ c2e�
1
2x

x2

Substituting this result back into the differential equation, and let c2 ¼ A,

df ¼ μyð Þdxþ 2μx2
� �

dy

df ¼ c2e�
1
2x

x2
y

 !
dxþ 2

c2e�
1
2x

x2
x2

 !
dy ¼ c2e�

1
2x

x2
y

 !
dxþ 2c2e

� 1
2x

� �
dy

∂ f

∂x

����
y

¼ Ae�
1
2x

x2
y

∂ f

∂y

����
x

¼ 2Ae�
1
2x

30 Mathematics



(b) For df ¼ 0,

y

x2

� �
dx ¼ �2dy

dx

x2
¼ � 2dy

y

Problem 8

Consider the differential equation df¼ (cos2x� sinh x)dx + (sinhx + cos 2x)dy.

(a) Comment on whether the differential equation is exact or inexact and derive
the following expressions where A is a constant.

∂f
∂x

����
y

¼ A sinhxþ cos 2xð Þ2 1 cos 2x2 sinhxð Þ

∂f
∂y

����
x

¼ A sinhxþ cos 2xð Þ2 1 sinhxþ cos 2xð Þ

(b) Show that for df ¼ 0, the following is true.

cos 2x2 sinhx
sinhxþ cos 2x

� �
dxþ dy ¼ 0

Solution 8

Worked Solution

(a) This is an inexact differential as shown below.

Pdxþ Qdy ! P ¼ cos 2x� sinhx,Q ¼ sinhxþ cos 2x

∂P
∂y

����
x

¼ 0 ;
∂Q
∂x

����
y

¼ coshx� 2 sin 2x

∂P
∂y

����
x

6¼ ∂Q
∂x

����
y

inexactð Þ

Therefore, we assume μ ¼ μ(x), whereby

df ¼ P0dxþ Q0dy ¼ μPð Þdxþ μQð Þdy ¼ μ cos 2x� sinhxð Þdxþ μ sinhxþ cos 2xð Þdy
∂P0

∂y

����
x

¼ cos 2x� sinhxð Þ∂μ
∂y

����
x

þ μ
∂ cos 2x� sinhxð Þ

∂y

����
x

¼ 0þ 0 ¼ 0

∂Q0

∂x

����
y

¼ sinhxþ cos 2xð Þ∂μ
∂x

����
y

þ μ coshx� 2 sin 2xð Þ
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∂P0

∂y

����
x

¼ ∂Q0

∂x

����
y

0 ¼ sinhxþ cos 2xð Þ∂μ
∂x

����
y

þ μ coshx� 2 sin 2xð Þ

dμ

dx
¼ � μ coshx� 2 sin 2xð Þ

sinhxþ cos 2xð
1
μ
dμ ¼

ð
� coshx� 2 sin 2x

sinhxþ cos 2x
dx

ln μ ¼ � ln sinhxþ cos 2xð Þ þ c1

μ ¼ c2 sinhxþ cos 2xð Þ�1

Substituting this result back into the differential equation, and let c2 ¼ A,

df ¼ μ cos 2x� sinhxð Þdxþ μ sinhxþ cos 2xð Þdy
df ¼ A sinhxþ cos 2xð Þ�1 cos 2x� sinhxð Þdx

þ A sinhxþ cos 2xð Þ�1 sinhxþ cos 2xð Þdy
∂ f

∂x

����
y

¼ A sinhxþ cos 2xð Þ�1 cos 2x� sinhxð Þ

∂ f

∂y

����
x

¼ A sinhxþ cos 2xð Þ�1 sinhxþ cos 2xð Þ

(b) For df ¼ 0,

A sinhxþ cos 2xð Þ�1 cos 2x� sinhxð Þdxþ A sinhxþ cos 2xð Þ�1 sinhxþ cos 2xð Þdy
¼ 0

cos 2x� sinhx
sinhxþ cos 2x

� �
dxþ dy ¼ 0

Problem 9

Solve the following differential equations

a) df ¼ 2 coshx cos yþ coshy cos xð Þdx2 sinhy sin x2 sinhx sin yð Þdy
b) df ¼ xþ 2yð Þdxþ 2x� yð Þdy
c) df ¼ 13xþ 6y� 10ð Þdxþ 6xþ 2y� 5ð Þdy
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Solution 9Worked Solution

(a) df ¼ Pdxþ Qdy

P ¼ � coshx cos yþ coshy cos xð Þ ¼ �coshx cos y� coshy cos x

Q ¼ � sinhy sin x� sinhx sin yð Þ ¼ sinhx sin y� sinhy sin x

∂P
∂y

����
x

¼ coshx sin y� cos xsinhy

∂Q
∂x

����
y

¼ coshx sin y� sinhy cos x

∂P
∂y

����
x

¼ ∂Q
∂x

����
y

exactð Þ

df

dx
¼ �coshx cos y� coshy cos x

f jy ¼ �sinhx cos y� coshy sin xþ g yð Þ
df

dy
¼ sinhx sin y� sinhy sin x

f jx ¼ �sinhx cos y� coshy sin xþ h xð Þ
f ¼ �sinhx cos y� coshy sin xþ constant

(b) df ¼ xþ 2yð Þdxþ 2x� yð Þdy
P ¼ xþ 2y

Q ¼ 2x� y

∂P
∂y

����
x

¼ 2

∂Q
∂x

����
y

¼ 2

∂P
∂y

����
x

¼ ∂Q
∂x

����
y

exactð Þ

df

dx
¼ xþ 2y

f jy ¼
x2

2
þ 2yxþ g yð Þ
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df

dy
¼ 2x� y

f jx ¼ �y2

2
þ 2xyþ h xð Þ

f ¼ x2

2
þ 2yx� y2

2
þ constant

(c) df ¼ 13xþ 6y� 10ð Þdxþ 6xþ 2y� 5ð Þdy
P ¼ 13xþ 6y� 10

Q ¼ 6xþ 2y� 5

∂P
∂y

����
x

¼ 6

∂Q
∂x

����
y

¼ 6

∂P
∂y

����
x

¼ ∂Q
∂x

����
y

exactð Þ

df

dx
¼ 13xþ 6y� 10

f jy ¼
13x2

2
þ 6yx� 10xþ g yð Þ

df

dy
¼ 6xþ 2y� 5

f jx ¼ 6xyþ y2 � 5yþ h xð Þ

f ¼ 13x2

2
þ 6yx� 10xþ y2 � 5yþ constant

Problem 10

Consider the change of coordinate system for a function, from (x, y) to (u, v).
The coordinate axes of (u, v) is at an angle θ anticlockwise from (x, y). Comment
on whether the following equation is valid.

∂2f
∂x2

þ ∂2f
∂y2

¼ ∂2f
∂u2

þ ∂2f
∂v2
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Solution 10

Worked Solution

f x; yð Þ ¼ f u; vð Þ

Regardless of coordinate system, df is the same

df ¼ df

dx
df

dx

����
y

þ dy
df

dy

����
x

¼ du
df

du

����
v

þ dv
df

dv

����
u

We can express u and v in terms of x and y

u ¼ x cos θ þ y sin θ

v ¼ �x sin θ þ y cos θ

�

�

�

�

Now we can try to find an expression for d2f
dx2

du

dx

����
y

¼ cos θ ;
dv

dx

����
y

¼ � sin θ

df

dx

����
y

¼ du

dx

����
y

df

du

����
v

þ dv

dx

����
y

df

dv

����
u

� dy

dx

����
y

df

dy

����
x

¼ du

dx

����
y

df

du

����
v

þ dv

dx

����
y

df

dv

����
u

� 0

df

dx

����
y

¼ du

dx

����
y

df

du

����
v

þ dv

dx

����
y

df

dv

����
u

¼ cos θ
df

du

����
v

� sin θ
df

dv

����
u

d

dx

����
y

" #
f ¼ cos θ

d

du

����
v

� sin θ
d

dv

����
u

	 

f

d2

dx2

����
y

" #
f ¼ cos θ

d

du

����
v

� sin θ
d

dv

����
u

	 

cos θ

d

du

����
v

� sin θ
d

dv

����
u

	 

f

d2f

dx2
¼ cos 2θ

d2f

du2
� 2 cos θ sin θ

d2f

dudv
þ sin 2θ

d2f

dv2
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Similarly, we find an expression for d2f
dy2

du

dy

����
x

¼ sin θ ;
dv

dy

����
x

¼ cos θ

df

dy

����
x

¼ du

dy

����
x

df

du

����
v

þ dv

dy

����
x

df

dv

����
u

� dx

dy

����
x

df

dx

����
y

¼ du

dy

����
x

df

du

����
v

þ dv

dy

����
x

df

dv

����
u

� 0

df

dy

����
x

¼ du

dy

����
x

df

du

����
v

þ dv

dy

����
x

df

dv

����
u

¼ sin θ
df

du

����
v

þ cos θ
df

dv

����
u

d

dy

����
x

	 

f ¼ sin θ

d

du

����
v

þ cos θ
d

dv

����
u

	 

f

d2

dy2

����
x

	 

f ¼ sin θ

d

du

����
v

þ cos θ
d

dv

����
u

	 

sin θ

d

du

����
v

þ cos θ
d

dv

����
u

	 

f

d2f

dy2
¼ sin 2θ

d2f

du2
þ 2 cos θ sin θ

d2f

dudv
þ cos 2θ

d2f

dv2

Combining our results, we have

d2f

dx2
þ d2f

dy2
¼ cos 2θ

d2f

du2
� 2 cos θ sin θ

d2f

dudv
þ sin 2θ

d2f

dv2
þ sin 2θ

d2f

du2

þ 2 cos θ sin θ
d2f

dudv
þ cos 2θ

d2f

dv2

d2f

dx2
þ d2f

dy2
¼ cos 2θ þ sin 2θ
� � d2f

du2
þ sin 2θ þ cos 2θ
� � d2f

dv2
¼ d2f

du2
þ d2f

dv2

Problem 11

In thermodynamics, we may encounter the cyclic rule whereby for variables T,
V, and P representing temperature, volume, and pressure, the following is true

dP
dT

� �
V

dT
dV

� �
P

dV
dP

� �
T
¼ �1

Starting from this equation, show that the above is satisfied.

PTV þ P3 þ T4 þ V5 ¼ 0
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Solution 11

Worked Solution

We can first differentiate the given equation

PTV þ P3 þ T4 þ V5 ¼ 0

TVdPþ PVdT þ PTdV þ 3P2dPþ 4T3dT þ 5V4dV ¼ 0

dP TV þ 3P2
� �þ dT PV þ 4T3

� �þ dV PT þ 5V4
� � ¼ 0

Let F ¼ TV + 3P2, G ¼ PV + 4T3, and H ¼ PT + 5V4,

FdPþ GdT þ HdV ¼ 0

dP

dT

� �
V

¼ �G

F
¼ �PV þ 4T3

TV þ 3P2

dT

dV

� �
P

¼ �H

G
¼ �PT þ 5V4

PV þ 4T3

dV

dP

� �
T

¼ �F

H
¼ � TV þ 3P2

PT þ 5V4

dP

dT

� �
V

dT

dV

� �
P

dV

dP

� �
T

¼ �G

F

� �
�H

G

� �
� F

H

� �
¼ �1

Problem 12

Can the following differential equation be solved using the method of Separa-

tion of Variables? Show that the solution to this equation takes the form y ¼ �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1 � 4x20

p
� x� 1, where c1 is an integration constant.

xþ yþ 1ð Þdy
dx

þ xþ yþ 1þ 40x19
� � ¼ 0

Solution 12

Worked Solution

Note that in order to use the method of Separation of Variables (VS), we need the
equation to be linear, homogeneous with linear homogeneous boundary conditions.
In the general form, the VS method requires a function of the form:
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dy

dx
¼ f x; yð Þ

f x; yð Þ ¼ g xð Þh yð Þ

When the function’s variables cannot be separated, we may try manipulating into
a form that is separable, such as in this example. We may first observe that the
equation in this problem cannot be separated into clear-cut variables x and y. Let
z ¼ x + y + 1

dz

dx
¼ 1þ dy

dx

z
dz

dx
� 1

� �
þ zþ 40x19
� � ¼ 0

ð
zdz ¼

ð
�40x19dx

z2

2
¼ �2x20 þ c1

z ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1 � 4x20

p
z ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1 � 4x20

p
¼ xþ yþ 1

y ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1 � 4x20

p
� x� 1

Problem 13

In heat transfer problems, we may encounter the heat equation, written in the
form as follows, where u represents temperature and it is a function of position
and time, and α denotes thermal diffusivity:

∂u
∂t

¼ α—2u

Explain the physical meaning of the following conditions and solutions to the
above equation.

∂u
∂x

1; 0; 0; tð Þ ¼ 1

u 0; 0; 0; tð Þ ¼ 0

u x; y; z; 0ð Þ ¼ sin 2πx
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Solution 13

Worked Solution

We can observe that this is a one-dimensional heat transfer (in x direction using
Cartesian coordinates) system. One possible scenario is heat conduction in a solid
rod of length 0� x � 1. At the position x¼ 0, u(0, 0, 0, t)¼ 0. This means that there
is a constant temperature u ¼ 0, at x ¼ 0 at all times. This also implies that since
temperature is constant, the temperature gradient is zero.

∂u
∂x

¼ 0, at x ¼ 0 ð1Þ

u ¼ 0, at x ¼ 0 ð2Þ

At the other end of the rod, i.e., at x¼ 1, there is a fixed heat flux entering the rod,
∂u
∂x ¼ 1 at all times. [Note that heat flux is defined as q00 ¼ � k ∇ T, where k is thermal
conductivity.]

∂u
∂x

¼ 1, at x ¼ 1 ð3Þ

As for the third condition, it represents the initial condition whereby at t ¼ 0, the
temperature variation along the length of the rod can be represented by a sine
function of the form, sin 2πx.

At steady state as t ! 1,

∂u
∂t

¼ 0 ¼ ∂2u

∂x2

du

dx
¼ Axþ B ! B ¼ 0, applying (1)

u ¼ Ax2

2
þ C ! C ¼ 0, applying (2)

A ¼ 1, applying (3)

u x;1ð Þ ¼ x2

2

Constant heat flux
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�

�

0

� = 0

� > 0

� = ∞

1

1

0.5

Problem 14

Consider the following partial differential equation for 0� x� 1 and 0� t�1,
where α is a constant.

∂u
∂t

¼ α
∂2u
∂x2

(a) Given that the boundary conditions are u(0, t) ¼ u(1, t) ¼ 0 and u(x, 0) ¼ 1.
Show that the solution to the equation can be expressed as follows, where k
is an integer.

u x; tð Þ ¼
X1
k¼1

4
2k2 1ð Þπ

	 

e2 2k21ð Þ2π2αt sin 2k2 1ð Þπxð Þ

(b) What would the solution be like if the initial condition was given as follows.

u x; 0ð Þ ¼ sin 2πxþ 1
3
sin 4πxþ 1

5
sin 6πxþ 1

7
sin 8πx

Solution 14

Worked Solution

(a) We note that the variables of position x and time t are independent, and the
equation is linear and homogeneous; therefore, we can use the method of
separation of variables.
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u x; tð Þ ¼ X xð ÞT tð Þ
XT 0 ¼ αX00T

T 0

αT
¼ X00

X
¼ �β, where β is a constant > 0

T 0 þ βαT ¼ 0 ð1Þ
T ¼ Ae�βαt, where A is a constant

X00 þ βX ¼ 0

X ¼ B sin
ffiffiffi
β

p
xþ C cos

ffiffiffi
β

p
x

We know that u(0, t) ¼ 0; therefore C ¼ 0

X ¼ B sin
ffiffiffi
β

p
x

And we know that u(1, t) ¼ 0,

0 ¼ B sin
ffiffiffi
β

p
B ¼ 0 or sin

ffiffiffi
β

p
¼ 0ffiffiffiffiffiffi

βm
p

¼ mπ, where m is a positive integer

u x; tð Þ ¼
X1
m¼1

Ame
�m2π2αt sin mπxð Þ

We know that u(x, 0)¼ 1. So at a specific time t¼ 0, we have a function of x,
call it f(x)

u x; 0ð Þ ¼ f xð Þ ¼ 1 ¼
X1
m¼1

Am sin mπxð Þ

We can find out the coefficient Am using the principle of orthogonality, which
has the general form below for the coefficient of the sine term.

Am ¼ 1
L

ð L
�L

f xð Þ sin mπx

L

� �
dx

We observe that our function u(x, 0) or f(x) is odd because there are no
constant terms or cosine terms, the product of this odd function f(x) with another
odd function, sin mπx

L

� �
is an even function. Therefore, the integral limits can be

expressed as:
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Am ¼ 2
L

ð L
0
f xð Þ sin mπx

L

� �
dx

We know that L ¼ 1 based on the form of our expression, and at t ¼ 0,
f(x) ¼ 1.

Am ¼ 2
ð1
0
f xð Þ sinmπxdx ¼ 2

ð1
0
sinmπxdx

¼ 2
� cosmπx

mπ

h i1
0
¼ 2

1� cosmπ
mπ

� �

So it follows that when m ¼ 1, A1 ¼ 4
π, when m ¼ 2, A2 ¼ 0, A3 ¼ 4

3π, A4 ¼ 0,
etc.

Am ¼
4
mπ

, when m is odd

0, when m is even

8<
:

u x; tð Þ ¼
X1
k¼1

4
2k � 1ð Þπ

	 

e� 2k�1ð Þ2π2αt sin 2k � 1ð Þπxð Þ

(b) If the initial conditions were changed to another form as shown below, then we
can deduce that:

sin 2πxþ 1
3
sin 4πxþ 1

5
sin 6πxþ 1

7
sin 8πx

X1
m¼1

Am sin mπxð Þ ¼ sin 2πxþ 1
3
sin 4πxþ 1

5
sin 6πxþ 1

7
sin 8πx

By inspection, we can see that the surviving m values are m ¼ 2, 4, 6, and
8. And we can observe that A2 ¼ 1, A4 ¼ 1

3, A6 ¼ 1
5, and A8 ¼ 1

7. Therefore the
solution would be as follows:

u x; tð Þ ¼ A2e
�22π2αt sin 2πxð Þ þ A4e

�42π2αt sin 4πxð Þ þ A6e
�62π2αt sin 6πxð Þ

þ A8e
�82π2αt sin 8πxð Þ

¼ e�22π2αt sin 2πxð Þ þ 1
3
e�42π2αt sin 4πxð Þ þ 1

5
e�62π2αt sin 6πxð Þ

þ1
7
e�82π2αt sin 8πxð Þ
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Problem 15

Classify the following partial differential equation and comment on a possible
method to solve the equation. Proceed to solve using the boundary conditions
and initial conditions provided below.

∂u
∂t

¼ ∂2u
∂x2

Initial condition: When t ¼ 0, u ¼ 0 for all x. Boundary condition: When
x ¼ 0, u ¼ 2 sin t for all t.

You may use the following result as necessary, where s is the Laplace
variable, and L�1 refers to inverse Laplace transform:

L�1 e�
ffiffi
s

p
x

� �
¼ 1

2
ffiffiffi
π

p x

t
3
2

e �x2
4t

� �

Solution 15

Worked Solution

The equation is linear and homogeneous with constant coefficient; therefore, we can
use Laplace transform or separation of variables to solve. In this solution, we will
show the method of Laplace transform since initial condition u(t¼ 0, x)¼ 0, and this
simplifies the Laplace transform expression.

From the data booklet, we can find the Laplace transform for derivatives.

du

dt
! s�u� u 0ð Þ

Therefore, we have the Laplace transform of the differential equation as follows:

s�u� u 0ð Þ ¼ d2�u

ds2

s�u ¼ d2�u

ds2

α2 � s ¼ 0 ! α ¼ � ffiffi
s

p

�u ¼ c1e
ffiffi
s

p
x þ c2e

� ffiffi
s

p
x

c1 ¼ 0 so that the function decays with increasing x, instead of inflating expo-
nentially as x ! 1 (not physically meaningful).

�u ¼ c2e
� ffiffi

s
p

x
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Given the boundary condition at x ¼ 0, u ¼ 2 sin t, we can find the Laplace
transform of this boundary condition which is �u x ¼ 0ð Þ ¼ 2

s2þ1 ¼ c2.
Therefore we have the solution in Laplace variable s as follows,

�u ¼ 2
s2 þ 1

e�
ffiffi
s

p
x

We know that the convolution theorem states that if �u ¼ �F �G, then u tð Þ ¼Ð t
0 f t � τð Þg τð Þdτ
In our case,

�F ¼ 2
s2 þ 1

!L�1

f tð Þ ¼ 2
sin t

�G ¼ e�
ffiffi
s

p
x !L�1

g tð Þ ¼ 1
2
ffiffiffi
π

p x

t
3
2

e �x2
4t

� �

Therefore, the solution in its original variables is as shown below.

u x; tð Þ ¼
ð t
0

2
sin t � τð Þ

1
2
ffiffiffi
π

p x

τ
3
2

e �x2
4τ

� �
dτ

Problem 16

Consider the following differential equation and solve it using the method of
characteristics.

∂u
∂t

¼ �∂u
∂x

The initial condition is such that at t ¼ 0, u(x, 0) ¼ sin x.

Solution 16

Worked Solution

Before we solve this problem, let us revisit some concepts about the Method of
Characteristics, which is a method that provides solutions that move at a velocity V.
Consider the general form of the equation:

∂u
∂t

¼ �V
∂u
∂x

We can change our coordinate system from x and t to new coordinates s and τ
such that s varies along the characteristics (shown in purple below) and τ varies as
we go from one characteristic to another.
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t

x

Characteris�cs are 
of slope = 1/V

Ini�al condi�on 
(sinusoidal func�on in x)

	



1 
2 
3

We can express the variables x and t in the form of the new variable, s. du
ds

represents how u changes along the characteristics in the s direction.

du

ds
¼ dx

ds

∂u
∂x

þ dt

ds

∂u
∂t

Let a x; tð Þ ¼ dx
ds and b x; tð Þ ¼ dt

ds, then we have

du

ds
¼ a x; tð Þ∂u

∂x
þ b x; tð Þ∂u

∂t

And the slope (as shown in the plot above) of the characteristics along which the
solution propagates is given by 1/V.

1
V
¼ dt

dx
¼ b

a

If we are told that the equation is ∂u
∂t ¼ �∂u

∂x as shown in the problem statement,
then we have the following:

∂u
∂x

þ ∂u
∂t

¼ du

ds
¼ 0

a x; tð Þ ¼ dx

ds
¼ 1 ! x sð Þ ¼ sþ c1

When t ¼ 0, s ¼ 0 and x(0) ¼ c1 ¼ τ

b x; tð Þ ¼ dt

ds
¼ 1 ! t sð Þ ¼ sþ c2

When t ¼ 0, s ¼ 0 and t(0) ¼ c2 ¼ 0
Therefore, we have x¼ s + τ and t¼ s, and it follows that x¼ t + τ. This equation

describes the lines of characteristics with slope of 1.
We know that when t ¼ 0, u(x, 0) ¼ sinx. Therefore u(τ, 0) ¼ sin τ.
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And the solution is of the following form whereby the solution moves to the right
with no change in amplitude relative to the initial condition wave.

u x; tð Þ ¼ sin x� tð Þ

t

x

Characteris�cs:
� = � – �

Ini�al condi�on (sin �)

Problem 17

Consider the following partial differential equation whereby 0 < t < 1, and
�1 < x <1, and using the method of characteristics, show that the slope of its
characteristics is 1. Determine the solution given that the initial condition is that
when t ¼ 0, u(x, 0) ¼ sin x

∂u
∂x

þ ∂u
∂t

þ 2u ¼ 0

Solution 17

Worked Solution

In terms of the method of characteristics, this time we may observe that our
differential equation takes on the general form below where a, b, and c are functions
of x and t.

a
∂u
∂x

þ b
∂u
∂t

þ cu ¼ 0

Upon transformation into the s and τ coordinates, we have the following where
du
ds ¼ a ∂u

∂x þ b ∂u
∂t ¼ dx

ds
∂u
∂x þ dt

ds
∂u
∂t :

du

ds
þ c s; τð Þu ¼ 0
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So we return to the equation in our problem.

∂u
∂x

þ ∂u
∂t

þ 2u ¼ 0

a ¼ dx

ds
¼ 1 ! x ¼ sþ c1

When t ¼ 0, s ¼ 0 and x(0) ¼ c1 ¼ τ; therefore

x ¼ sþ τ

b ¼ dt

ds
¼ 1 ! t ¼ sþ c2

When t ¼ 0, s ¼ 0 and c2 ¼ 0; therefore

s ¼ t ð1Þ
τ ¼ x� t ð2Þ

The result in (2) tells us that the equation of the characteristics is t¼ x� τ and the
slope dt

dx is 1.
In our original equation, we can then convert our PDE into an ODE, by

expressing the partial derivatives into a total derivative in terms of variable s. In
physical terms, the term ∂u

∂x in our equation refers to a convective part that

contributes to the “movement” of the solution at velocity V. The part ∂u
∂t ¼ �2u

refers to an exponentially decaying part which diminishes the solution as t ! 1.

∂u
∂x

þ ∂u
∂t

þ 2u ¼ 0

du

ds
þ 2u ¼ 0

The initial condition is u(x, 0)¼ sin x. Since s¼ t from our result in (1), therefore

u s ¼ 0ð Þ ¼ sin x

From our result in (2), since τ ¼ x � t, therefore at t ¼ 0, τ ¼ x,

u s ¼ 0ð Þ ¼ sin τ
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For the ODE of this form, the solution has the form of an exponential decay where
A is an integration constant.

du

ds
þ 2u ¼ 0

u ¼ Aexp �2tð Þ ! A ¼ sin τ

Putting our results together, we have

u ¼ sin τexp �2tð Þ ¼ sin x� tð Þexp �2tð Þ

In this case, our solution has a decaying amplitude (due to exponential decay part
of equation) as it travels along the characteristics (due to the convective term of the
equation) at velocity V ¼ 1

slope ¼ 1.

Problem 18

Consider the following partial differential equation which has a damping term
tu. This is a non-linear equation whereby there is a velocity component
represented by the term x∂u∂x. Given that the initial condition is such that when
t ¼ 0, u(x, 0) ¼ F(x), determine the solution of this equation and sketch it in a
plot of t against x.

x
∂u
∂x

þ ∂u
∂t

þ tu ¼ 0

Solution 18

Worked Solution

x
∂u
∂x

þ ∂u
∂t

þ tu ¼ 0
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a ¼ dx

ds
¼ x

b ¼ dt

ds
¼ 1

The slope of the characteristics will be dt
dx ¼ 1

x, and we can expect the character-
istics to take on the general form as shown below.

t

x

dx

ds
¼ x

x ¼ c1exp sð Þ
dt

ds
¼ 1

t ¼ sþ c2

When t ¼ 0, s ¼ 0 and x(0) ¼ τ; therefore

x ¼ c1exp sð Þ
τ ¼ c1exp 0ð Þ ¼ c1

x ¼ τexp sð Þ

When t ¼ 0, s ¼ 0 and c2 ¼ 0; therefore

s ¼ t

The partial differential equation becomes

du

ds
þ tu ¼ 0

du

ds
þ su ¼ 0
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ð
du

u
¼
ð
�sds ! ln u ¼ �s2

2
þ constant

u ¼ Aexp �s2

2

� �

When t ¼ 0, u(x, 0) ¼ F(x), and

s ¼ t ¼ 0

x ¼ τexp sð Þ ¼ τ

u s ¼ 0ð Þ ¼ F τð Þ

Therefore we have the solutions as shown below in the s, τ coordinates and x,
t coordinates.

u ¼ Aexp �s2

2

� �
¼ F τð Þexp �s2

2

� �

u ¼ F xe�tð Þexp �t2

2

� �

We may observe that the initial condition is transported along at a non-uniform
velocity (slope of characteristics not constant, i.e., not straight lines), and there is a

non-linear damping term exp �t2

2

� �
that reduces amplitude of the solution as it

travels. Consider the initial points A, B, and C. They will travel to A0, B0, and C’ from
s ¼ 0 to s ¼ 1, along the curved lines of characteristics.

t

x

s=1

s=2

A B C

A’ B’ C’

Problem 19

Consider the partial differential equation as follows whereby 1 < t < 1, and
�1 < x <1, and using the method of characteristics, determine the solution in
terms of x and t. The initial condition is that when t ¼ 1, u(x, 1) ¼ 2 sin x:

t
∂u
∂t

þ x
∂u
∂x

þ 2u ¼ 0
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Solution 19

Worked Solution

In the same way, we define the expressions for a and b, in the form

b
∂u
∂t

þ a
∂u
∂x

þ 2u ¼ du

ds
þ 2u ¼ 0

a ¼ dx

ds
¼ x

x ¼ c1e
s

b ¼ dt

ds
¼ t

t ¼ c2e
s

We can apply initial conditions to find c1 and c2. When t ¼ 1, s ¼ 0, x ¼ τ.

c1 ¼ τ

c2 ¼ 1

So we obtain the following two expressions that convert the original coordinates
in x and t to s and τ.

x ¼ τes

t ¼ es

From here, we can obtain the equation for the characteristics to be

t ¼ x

τ

We can also proceed to find the solution to the differential equation in the new
coordinates s and τ.

u x; 1ð Þ ¼ 2 sin x ¼ 2 sin tτð Þ ¼ 2 sin τ

du

ds
¼ �2u !

ð
1
u
du ¼

ð
�2ds

u ¼ Aexp �2sð Þ

When s¼ 0, t¼ 1, therefore x¼ τ and u(0)¼ A¼ 2 sin τ. So we have the solution
of the form in the s and τ coordinates.
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u ¼ 2 sin τ exp �2sð Þ

u ¼ 2 sin
x

t

� �
exp �2 ln tð Þ ¼ 2

t2
sin

x

t

� �

This solution is a moving sine wave along the characteristics, with a decaying
frequency
 1

t and amplitude
 1
t2 as time increases.

Problem 20

Consider the following equations, and use the Laplace transformmethod to find
the solutions.

(a) 2τdydt þ 1
2 y ¼ 1, y ¼ 0 when t ¼ 0

(b) 3 d2y
dt2 þ 2dydt þ y ¼ 7, dydt ¼ y ¼ 0 when t ¼ 0

Solution 20

Worked Solution

(a) Referring to the data booklet, we will note that the Laplace transforms as follows
for a first-order derivative

dy

dt
! s�y� y 0ð Þ

Since we are told that when t ¼ 0, y ¼ 0, y(0) ¼ 0. We can perform the
following Laplace transforms for each term.

2τ
dy

dt
! 2τs�y

1
2
y ! 1

2
�y

1 ! 1
s

Putting the results together, we have
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2τs�yþ 1
2
�y ¼ 1

s

�y ¼
1
s

2τsþ 1
2

¼ 1
2τs2 þ s

2

¼ 1=2τ

s sþ 1
4τ

� �
We can express this equation in terms of partial fractions

�y ¼ A

s
þ B

sþ 1
4τ

� �
There is a quick method called the “cover up rule” that we can use in finding

out the values of A and B. The first step is to factorize the denominators such that
we obtain the form as shown in the expression above. Then to find A, we let
s ¼ 0, and cover up the “s” term in the denominator to find the value of A as
shown below.

1=2τ

s sþ 1
4τ

� �! A ¼ 1=2τ

0þ 1
4τ

� � ¼ 2

Similarly, we can find B by letting s ¼ � 1
4τ, and cover up the “ sþ 1

4τ

� �
” term

in the denominator to find the value of B, as shown below.

1=2τ

s sþ 1
4τ

� �! B ¼ 1=2τ

� 1
4τ

¼ �2

Therefore, we have obtained the partial fractions

�y ¼ 2
s
� 2

sþ 1
4τ

¼ 2
1
s
� 1

sþ 1
4τ

" #

We can now convert the Laplace form back into the original coordinates of
y and t. And the solution is therefore

y ¼ 2 1� e�t=4τ
h i

(b) We have the following differential equation

3
d2y

dt2
þ 4

dy

dt
þ y ¼ 7,

dy

dt
¼ y ¼ 0 when t ¼ 0

Referring to the data booklet, we will note that the Laplace transforms as
follows for derivatives
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d2y

dt2
! s2�y� sy 0ð Þ � dy

dt

	 

t¼0

dy

dt
! s�y� y 0ð Þ

Since we are told that when t ¼ 0, dydt ¼ y ¼ 0, y(0) ¼ 0 and dy
dt

� 

t¼0 ¼ 0. We

can perform the following Laplace transforms for each term.

3
d2y

dt2
! 3s2�y

4
dy

dt
! 4s�y

7 ! 7
s

Putting the results together, we have

�y 3s2 þ 4sþ 1
� � ¼ 7

s

�y ¼ 7
1

s 3sþ 1ð Þ sþ 1ð Þ
	 


¼ 7
A

s
þ B

3sþ 1
þ C

sþ 1

	 


We can use cover up rule to determine the numerators of the partial fractions.

A ¼ 1

B ¼ 1

�1
3

� �
2
3

� � ¼ �9
2

C ¼ 1
�1ð Þ �2ð Þ ¼

1
2

Putting the results together, we have

�y ¼ 7
1
s
� 9=2
3sþ 1

þ 1=2
sþ 1

	 

¼ 7

1
s
� 3=2
sþ 1=3

þ 1=2
sþ 1

	 


We can now convert the Laplace form back into the original coordinates of
y and t. And the solution is therefore

y ¼ 7 1� 3
2
e�t=3 þ 1

2
e�t
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Laplace Transform and Transfer Functions

The Laplace transform takes a function of a real variable t (e.g., time) and
converts it into a function of a complex variable s (e.g., frequency). While the
Fourier transform of a function is a complex function of a real variable (e.g.,
frequency), the Laplace transform of a function is a complex function of a
complex variable. Laplace transforms are usually restricted to functions of t
with t � 0. Given a defined input or output for a system, the Laplace transform
can help translate from the time domain to the frequency domain and in doing
so, mathematically simplifying differential equations into algebraic equations.

Problem 21

Find the inverse Laplace transforms for the following expressions:

(a)
5

s2 þ 5sþ 4

(b)
1

sþ 4ð Þ sþ 2ð Þ2

(c)
2

s2 þ 2sþ 4

(d)
s2 þ 4s

sþ 2ð Þ2 sþ 3ð Þ

Solution 21

Worked Solution

A useful method to find inverse Laplace transforms is to simplify our expressions by
factorizing the denominator and expressing in terms of a sum of partial fractions.
This allows us to find the inverse Laplace expressions for each fraction from the data
booklet.

(a) 5
s2 þ 5sþ 4

¼ 5
sþ 4ð Þ sþ 1ð Þ

¼ A

sþ 4
þ B

sþ 1

We can find the numerators using the “cover up rule,” as shown below:

A ¼ 5
�4þ 1ð Þ ¼ �5

3
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B ¼ 5
�1þ 4ð Þ ¼

5
3

5
s2 þ 5sþ 4

¼ 5
3

1
sþ 1

� 1
sþ 4

	 


From the data booklet, we can find the following

L e�at½ 	 ¼ 1
sþ a

Therefore the inverse Laplace transform is

L�1 5
3

1
sþ 1

� 1
sþ 4

	 
� �
¼ 5

3
e�t � e�4t
� 


(b) For this expression, we can similarly express in partial fractions,

1

sþ 4ð Þ sþ 2ð Þ2 ¼
A

sþ 4
þ B

sþ 2
þ C

sþ 2ð Þ2

We can find the numerators A and C using the “cover up rule,” as shown
below:

A ¼ 1

�4þ 2ð Þ2 ¼
1
4

C ¼ 1
�2þ 4ð Þ ¼

1
2

1

sþ 4ð Þ sþ 2ð Þ2 ¼
1=4
sþ 4

þ B

sþ 2
þ 1=2

sþ 2ð Þ2 ! B ¼ �1
4

1

sþ 4ð Þ sþ 2ð Þ2 ¼
1
4

1
sþ 4

� 1
sþ 2

þ 2

sþ 2ð Þ2
" #

From the data booklet, we can find the following

L e�at½ 	 ¼ 1
sþ a

Therefore the inverse Laplace transform is

L�1 1
4

1
sþ 4

� 1
sþ 2

þ 2

sþ 2ð Þ2
" #( )

¼ 1
4

e�4t � e�2t
� 
þ L�1 1

2
1

sþ 2ð Þ2
" #( )
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From the data booklet, we can find the following

L tn½ 	 ¼ n!

snþ1

L
tn

n!

	 

¼ 1

snþ1
is true

L
tn�1

n� 1ð Þ!
	 


¼ 1
sn

is also true

We also note from the data booklet that

L e�aty tð Þ½ 	 ¼ �y sþ að Þ

Therefore, if y tð Þ ¼ tn�1

n�1ð Þ!, then we have the following Laplace transform.

L e�at tn�1

n� 1ð Þ!
	 


¼ 1
sþ að Þn

Applying this result to our earlier expression, we have

1
4

e�4t � e�2t
� 
þ L�1 1

2
1

sþ 2ð Þ2
" #( )

¼ 1
4

e�4t � e�2t
� 
þ 1

2
e�2t t2�1

2� 1ð Þ!
	 
� �

¼ 1
4

e�4t � e�2t þ 2te�2t
� 


(c) In this example, we find that the denominator cannot be “fully” factorized;
therefore, it can be expressed as a sum as shown.

2
s2 þ 2sþ 4

¼ 2

sþ 1ð Þ2 þ 3

From the data booklet, we can find the following results, which we can
combine to help us solve our problem

L sinωt½ 	 ¼ ω

s2 þ ω2

L e�aty tð Þ½ 	 ¼ �y sþ að Þ ! L e�ty tð Þ½ 	 ¼ �y sþ 1ð Þ

We can express our earlier expression in the following form, such that
ω ¼ ffiffiffi

3
p

L2 1 2ffiffiffi
3

p
� � ffiffiffi

3
p� �

sþ 1ð Þ2 þ ffiffiffi
3

p� �2
" #

¼ 2ffiffiffi
3

p
� �

e�t sin
ffiffiffi
3

p
t
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(d) For this expression, we have variables in the numerator as well as denominator.
We can still express this fraction in terms of partial fractions as shown below

s2 þ 4s

sþ 2ð Þ2 sþ 3ð Þ ¼
A

sþ 3
þ B

sþ 2
þ C

sþ 2ð Þ2

We can find the numerators A and C using the “cover up rule,” as shown
below:

A ¼ �3ð Þ2 þ 4 �3ð Þ
�3þ 2ð Þ2 ¼ �3

C ¼ �2ð Þ2 þ 4 �2ð Þ
�2þ 3ð Þ ¼ �4

s2 þ 4s

sþ 2ð Þ2 sþ 3ð Þ ¼
�3
sþ 3

þ B

sþ 2
þ �4

sþ 2ð Þ2 ! B ¼ 4

s2 þ 4s

sþ 2ð Þ2 sþ 3ð Þ ¼
4

sþ 2
� 3
sþ 3

� 4

sþ 2ð Þ2

We note from the data booklet the following result which will help us
transform the third term 4

sþ2ð Þ2,

L tn½ 	 ¼ n!

snþ1
! L t½ 	 ¼ 1

s2

Therefore, we have the inverse Laplace transform as follows.

L�1 4
sþ 2

� 3
sþ 3

� 4

sþ 2ð Þ2
" #

¼ 4e�2t � 3e�3t � 4te�2t

Problem 22

Determine the Laplace transform for e�γt where γ is positive. Derive the inverse
Laplace transform expressions for 1

sþγð Þn, where n is a positive integer. Show how

your result tallies with the following Laplace transform expressions obtained
from the data booklet.

L tn½ 	 ¼ n!
snþ1

and L e�aty tð Þ½ 	 ¼ �y sþ að Þ
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Solution 22

Worked Solution

The definition of the Laplace transform is as follows:

�y ¼ L y tð Þ½ 	 ¼
ð1
0
e�sty tð Þdt

Therefore when we take the Laplace transform of e�γt, we can express in terms of
the integral

L e�γt½ 	 ¼
ð1
0
e�ste�γtdt ¼

ð1
0
e� sþγð Þtdt

¼ e� sþγð Þt

� sþ γð Þ
	 
1

0

¼ 1
sþ γ

We observe that when we add t, t2, t3 � � � tn to the exponential term in the integral,
we get a pattern. Using integration by parts to integrate the following, we have:

ð1
0
te� sþγð Þtdt ¼ te� sþγð Þt

� sþ γð Þ
	 
1

0

�
ð1
0

e� sþγð Þt

� sþ γð Þ dt

¼ 0þ
ð1
0

e� sþγð Þt

sþ γ
dt ¼ � e� sþγð Þt

sþ γð Þ2
" #1

0ð1
0
te� sþγð Þtdt ¼ 1

sþ γð Þ2 ð1Þ

If we add the term t2 to the product, we get,

ð1
0
t2e� sþγð Þtdt ¼ t2e� sþγð Þt

� sþ γð Þ
	 
1

0

�
ð1
0

2tð Þe� sþγð Þt

� sþ γð Þ dt

¼ 0þ
ð1
0

2tð Þe� sþγð Þt

sþ γ
dt ¼ 2

sþ γ

ð1
0
te� sþγð Þtdt

We can plug in the result (1) earlier to get

ð1
0
t2e� sþγð Þtdt ¼ 2

sþ γ

1

sþ γð Þ2
" #

ð1
0
t2e� sþγð Þtdt ¼ 2

sþ γð Þ3 ð2Þ

Laplace Transform and Transfer Functions 59



If we add the term t3 to the product, we get,ð1
0
t3e� sþγð Þtdt ¼ t3e� sþγð Þt

� sþ γð Þ
	 
1

0

�
ð1
0

3t2ð Þe� sþγð Þt

� sþ γð Þ dt

¼ 0þ
ð1
0

3t2ð Þe� sþγð Þt

sþ γ
dt ¼ 3

sþ γ

ð1
0
t2e� sþγð Þtdt

We can plug in the result (2) earlier to getð1
0
t3e� sþγð Þtdt ¼ 3

sþ γ

2

sþ γð Þ3
" #

ð1
0
t3e� sþγð Þtdt ¼ 3!

sþ γð Þ4 ð3Þ

Therefore, we can see that the following general form of the integral is true:ð1
0
tn�1e� sþγð Þtdt ¼ n� 1ð Þ!

sþ γð Þn

1
n� 1ð Þ!

ð1
0
tn�1e�γte�stdt ¼ 1

sþ γð Þn

L
1

n� 1ð Þ!t
n�1e�γt

	 

¼ 1

sþ γð Þn

Therefore we note that the inverse Laplace transform of 1
sþγð Þn is 1

n�1ð Þ! t
n�1e�γt.

Now, we can verify our result with the Laplace expressions obtained from the data
booklet. We can make some simple manipulations to obtain the form of the expres-
sion that we want (i.e., 1

sþγð Þn).

We note from the data booklet that L tn½ 	 ¼ n!
snþ1; therefore

L
tn

n!

	 

¼ 1

snþ1
is true

L
tn�1

n� 1ð Þ!
	 


¼ 1
sn

is also true

We also note from the data booklet that L e�aty tð Þ½ 	 ¼ �y sþ að Þ; therefore, if
y tð Þ ¼ tn�1

n�1ð Þ! from above, then we have the following where a ¼ γ in our

expression, which tallies with our earlier result.

L e�γt tn�1

n� 1ð Þ!
	 


¼ 1
sþ γð Þn

60 Mathematics



Problem 23

An industrial process can be modeled using the following ordinary differential
equation.

d2y
dt2

þ 5
dy
dt

þ 4y ¼ x

(a) If we charge the system with an input that follows the sinusoidal function
x ¼ sin ωt, what would be the output function for large values of time t
(assuming that it does not decay at large times)? Also you may assume that
at t ¼ 0, dydt ¼ y ¼ 0.

(b) Show that the transfer function �G that converts input to output has the
following magnitude and argument, where the Laplace variable s ¼ iω:

�G iωð Þ�� �� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ 16ð Þ ω2 þ 1ð Þp

arg
�
�G
� ¼ 2 tan 21 5ω

42ω2

� �

Solution 23

Worked Solution

(a) Equations like the one here are typical of input and output systems, whereby the
input is the x term which is a function of t on the right-hand side of the equation
here, and the response output is y(t).

When we have an inhomogeneous equation as in this question, we need to
first solve the homogeneous case, which is when:

d2y

dt2
þ 5

dy

dt
þ 4y ¼ 0

This is a linear second-order ODE with constant coefficients. We can assume
the general solution as follows, where y1 and y2 are solutions. Initial conditions
are satisfied by the values of c1 and c2.

y ¼ c1y1 þ c2y2

The characteristic equation of the ODE is as follows,

r2 þ 5r þ 4 ¼ 0

r þ 4ð Þ r þ 1ð Þ ¼ 0

r ¼ �4,� 1
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Therefore we have two real roots, r1 ¼ �4 and r2 ¼ �1, and the general
solution is

y ¼ c1e
r1t þ c2e

r2t ¼ c1e
�4t þ c2e

�t

In this solution, we can see that the solutions decay as time tends to large
values of t.

Instead we try solution of the form y ¼ c1 cos ωt + c2 sin ωt which does not
decay as they are pure oscillations. Then it follows that their derivatives are as
shown:

dy

dt
¼ �c1ω sinωt þ c2ω cosωt

d2y

dt2
¼ �c1ω

2 cosωt � c2ω
2 sinωt

Putting the expressions back into the ODE, we have

d2y

dt2
þ 5

dy

dt
þ 4y ¼ 0

�c1ω
2 cosωt�c2ω

2 sinωtþ5 �c1ωsinωtþ c2ωcosωtð Þþ4 c1 cosωtþ c2 sinωtð Þ¼ 0

Now rearranging the left-hand side, and inserting the input function of sinωt,
we have:

�c1ω
2 þ 5c2ωþ 4c1

� �
cosωt þ �c2ω

2 � 5c1ωþ 4c2
� �

sinωt ¼ sinωt

�c1ω
2 þ 5c2ωþ 4c1 ¼ 0

c2 ¼ �ω2 þ 4
ω2 þ 16ð Þ ω2 þ 1ð Þ

�c2ω
2 � 5c1ωþ 4c2 ¼ 1

c1 ¼ �5ω
ω2 þ 16ð Þ ω2 þ 1ð Þ

Substituting the constants back into the equation for the general solution, we
have the following solution for ywhich provides the output values at large times.

y ¼ �5ω
ω2 þ 16ð Þ ω2 þ 1ð Þ

	 

cosωt þ 4� ω2

ω2 þ 16ð Þ ω2 þ 1ð Þ
	 


sinωt
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y ¼ �5ω cosωt þ 4� ω2ð Þ sinωt
ω2 þ 16ð Þ ω2 þ 1ð Þ

(b) We can express the solution as a single trigonometric function, using the
addition formula.

y ¼ R sin ωt þ θð Þ ¼ R sinωt cos θ þ R cosωt sin θ

R cos θ ¼ 4� ω2

ω2 þ 16ð Þ ω2 þ 1ð Þ

R sin θ ¼ �5ω
ω2 þ 16ð Þ ω2 þ 1ð Þ

R2 ¼ R cos θð Þ2 þ R sin θð Þ2 ¼ 25ω2 þ ω4 � 8ω2 þ 16

ω2 þ 16ð Þ2 ω2 þ 1ð Þ2 ¼ 1
ω2 þ 16ð Þ ω2 þ 1ð Þ

R ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ 16ð Þ ω2 þ 1ð Þp

tan θ ¼ �5ω
4� ω2

The transfer function in Laplace variable s that transforms the input �x to output
response �y can be expressed as:

�G sð Þ ¼ �y

�x

�y is the Laplace transform of the left-hand side of the ODE, and �x is the
Laplace transform of the right-hand side of the equation.

d2y

dt2
þ 5

dy

dt
þ 4y ¼ x ! s2�yþ 5s�yþ 4�y ¼ �x

�G sð Þ ¼ 1
s2 þ 5sþ 4

We substitute the Laplace variable s with iω, and we obtain

�G iωð Þ ¼ 1
4� ω2ð Þ þ 5ωi

�G iωð Þj j ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16� 8ω2 þ ω4 þ 25ω2

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ 16ð Þ ω2 þ 1ð Þp

arg
�
�G
� ¼ � tan �1 5ω

4� ω2

� �
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Problem 24

Consider the system below whereby two CSTRs are connected. Assuming that
Ct denotes the concentration of tracer, derive the transfer functions GA(s) and
GB(s) that relate the output concentrations from CSTR A and CSTR B to the
input concentration of tracer Ct,0. You may assume constant volume for both

CSTRs and assume that β ¼ _Q B
_Q A
, where _Q represents volumetric flow rate.

Solution 24

Worked Solution

The mass balance of tracer in CSTR A is as follows.

dNt,A

dt
¼ Fin,A � Fout,A

VA
dCt,A

dt
¼ _QACt,0 þ _QBCt,B � _QACt,A � _QBCt,A

Let τA ¼ VA= _QA, therefore we have

τA
dCt,A

dt
¼ Ct,0 þ

_QB

_QA

Ct,B � 1þ
_QB

_QA

� �
Ct,A

Given that β ¼ _Q B
_Q A
, and take Laplace transform of the equation to obtain the

following assuming Ct, A ¼ 0 at t ¼ 0.

τAs �Ct,A ¼ �Ct,0 þ β �Ct,B � 1þ βð Þ �Ct,A

Similarly for CSTR B, we can perform a mass balance for the tracer and obtain
the following
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dNt,B

dt
¼ Fin,B � Fout,B

VB
dCt,B

dt
¼ _QBCt,A � _QBCt,B

τB
dCt,B

dt
¼ Ct,A � Ct,B

Taking Laplace transform of the equation assuming Ct, B ¼ 0 at t ¼ 0, we have

τBs �Ct,B ¼ �Ct,A � �Ct,B

�Ct,B ¼
�Ct,A

1þ τBs

Substituting this result into the mass balance equation for CSTR A, we have

τAs �Ct,A ¼ �Ct,0 þ β
�Ct,A

1þ τBs

� �
� 1þ βð Þ �Ct,A

�Ct,A τAsþ 1þ β � β

1þ τBs

	 

¼ �Ct,0

GA sð Þ ¼
�Ct,A
�Ct,0

¼ 1þ τBs

1þ τBsð Þ 1þ τAsð Þ þ βτBs

GB sð Þ ¼
�Ct,B
�Ct,0

¼ 1
1þ τBsð Þ 1þ τAsð Þ þ βτBs

Problem 25

Consider the following CSTR of volume V ¼ 1 m3 in which a rapid and
irreversible reaction occurs between A and B. The inlet volumetric flow rate
of A, _QA0 ¼ 0:01 m3=s and that of B is _QB0 ¼ 0:001 m3=s. One mole of A reacts
with one mole of B to produce one mole of water.

(a) Show that the transfer functions relating the outlet concentrations of A and
B to their inlet concentrations are given by, assuming that CA ¼ CB ¼ 0 at
t ¼ 0:

�CA ¼ 1
100sþ 1:1

�CA0 � 0:1
100sþ 1:1

�CB0

�CB ¼ �1
100sþ 1:1

�CA0 þ 0:1
100sþ 1:1

�CB0
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(b) The system is at an initial steady state with CA0 ¼ 200 mol/m3,
CB0 ¼ 1900 mol/m3. At t ¼ 0, the inlet concentration of A drops to
180 mol/m3. Determine the outlet concentrations of A and B at t ¼ 0 s,
40s, and 90s.

Solution 25

Worked Solution

(a) First recall that in a well-mixed CSTR, we assume that outlet concentration is
equivalent to concentration in the tank. To find the transfer function for outlet
concentration of A, we assume first the scenario that A is in large excess of B. In
this scenario, B is fully reacted and CB ¼ 0 in the tank and in the outlet. Setting
this constraint also allows us to deduce that the rate at which A disappears due to
reaction is equivalent to the rate at which B enters the tank (rapid and irreversible
reaction). Hence, consider the illustration below, which we can use to perform a
mass balance for A.

It is given that V ¼ 1 m3, _QA0 ¼ 0:01 m3=s, and _QB0 ¼ 0:001 m3=s. We can
deduce that the outlet volumetric flow rate _Q ¼ _QA0 þ _QB0 ¼ 0:011 m3=s.

dNA

dt
¼ Fin,A � Fout,A � reacted

V
dCA

dt
¼ _QA0CA0 � _QCA � _QB0CB0

1
dCA

dt
¼ 0:01CA0 � 0:011CA � 0:001CB0

We can take Laplace transform to convert the differential equation into a
normal equation:

sþ 0:011ð Þ �CA ¼ 0:01 �CA0 � 0:001 �CB0

�CA ¼ 1
100sþ 1:1

�CA0 � 0:1
100sþ 1:1

�CB0

Similarly we can do a mass balance for species B to find the transfer function
for outlet concentration of B. Now we assume the scenario where B is in large
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excess of A. In this scenario, A is fully reacted and CA ¼ 0 in the tank and in the
outlet.

dNB

dt
¼ Fin,B � Fout,B � reacted

V
dCB

dt
¼ _QB0CB0 � _QCB � _QA0CA0

1
dCB

dt
¼ 0:001CB0 � 0:011CB � 0:01CA0

We can take Laplace transform to convert the differential equation into a
normal equation:

sþ 0:011ð Þ �CB ¼ �0:01 �CA0 þ 0:001 �CB0

�CB ¼ �1
100sþ 1:1

�CA0 þ 0:1
100sþ 1:1

�CB0

(b) We are told that the initial steady state inlet concentrations are CA0¼ 200 mol/m3

and CB0 ¼ 1900 mol/m3. From this information, together with the known
volumetric flow rates, _QA0 ¼ 0:01 m3=s and _QB0 ¼ 0:001 m3=s, we can find
out if A or B is in excess in order to apply the appropriate transfer function found
in part a.

�
CA0 _QA0

�
ss
¼ 200� 0:01 ¼ 2 mol=s�

CB0 _QB0

�
ss
¼ 1900� 0:001 ¼ 1:9 mol=s

We note that A is in excess, since
�
CA0 _QA0

�
ss >

�
CB0 _QB0

�
ss at initial steady

state when t < 0. The starting concentration of A in the tank at t¼ 0, i.e., CAjt ¼ 0

will be the excess amount of A left after the reaction between A and B during the
initial steady state period. We can find CAjt ¼ 0 as follows:

_QCAjt¼0 ¼
�
CA0 _QA0

�
ss �

�
CB0 _QB0

�
ss

0:011CAjt¼0 ¼ 2� 1:9

CAjt¼0 ¼
0:1

0:011
¼ 9:09 mol=m3
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At t ¼ 0, there is a step change (decrease) in CA0 from 200 to 180 mol/m3.
This deviation of �20 mol/m3can be expressed in terms of a unit step function,
which in Laplace transform can be written as �20

s .
Note that CA can be expressed as the sum of the steady state value (remains

constant), CA, ss and the deviation portion (or non-steady state portion) which we
can denote as CA

0. So CA(t)¼ CA, ss + CA
0, where CA, ss¼ CAjt ¼ 0¼ 9.09 mol/m3.

We can use the transfer function found in part a (for the case where A is in
excess) to find out the deviatoric concentration CA

0.
From part a, the relevant transfer function is:

�CA ¼ 1
100sþ 1:1

�CA0 � 0:1
100sþ 1:1

�CB0

No change was introduced to inlet concentration of B, so �CB0
0 ¼ 0. As for

�CA0
0, the change was �20

s ; therefore

�CA
0 ¼ 1

100sþ 1:1
�20

s

� �

The typical way to simplify a Laplace expression so that we can convert
easily back into original variable of time t is to express in terms of partial
fractions.

�C0
A ¼ �0:2

1
s sþ 0:011ð Þ
	 


¼ �0:2
A

sþ 0:011
þ B

s

	 


Using the cover up rule we have

A ¼ 1
�0:011

B ¼ 1
0:011

�CA
0 ¼ � 0:2

0:011
1
s
� 1
sþ 0:011

	 


Taking the inverse Laplace transform, we have

C0
A ¼ � 0:2

0:011
1� e�0:011t
� �

CA tð Þ ¼ CA, ss þ C0
A ¼ 0:1

0:011
� 0:2
0:011

1� e�0:011t
� �

CA tð Þ ¼ 0:1
0:011

1� 2 1� e�0:011t
� �� 
 ¼ 0:1

0:011
2e�0:011t � 1
� 
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We can find the time when CA ¼ 0,

0 ¼ 0:1
0:011

2e�0:011t � 1
� 


t ¼ 1
�0:011

ln
1
2
¼ 63 s

When t ¼ 0 s, CA ¼ CA, ss ¼ 0:1
0:011 ¼ 9:09 mol=m3, CB ¼ 0

When t ¼ 40 s, CA ¼ 0:1
0:011 2e�0:011 40ð Þ � 1

� 
 ¼ 2:62 mol=m3, CB ¼ 0
When t ¼ 90 s, note that we have already passed the time t ¼ 63 s when A is

fully depleted. When this happens, we have B starting to increase from zero to
non-zero and become in excess as time progresses. So the following transfer
function comes into play.

�CB
0 ¼ �1

100sþ 1:1
�CA0

0 þ 0:1
100sþ 1:1

�CB0
0

At t ¼ 63 s, A just reaches the point when it is no longer in excess (i.e.,
CA ¼ 0). All of A that enters the tank disappears upon full reaction with
inflowing B (new steady state portion). On the other hand, B starts to go from
zero to non-zero at this time, as it starts to accumulate (deviatoric or non-steady
state portion) in excess of the amount that is reacted away due to inflowing B >
B reacted with A.

So from t ¼ 63 s, there is a step increase in B denoted by �CB0
0. To find out

�CB0
0, consider that CA0 ¼ 180 mol/m3 and since it enters at a flow rate that is

10 times greater, it is diluted ten times. The matching concentration of B for
reaction with A is ten times greater, at 1800 mol/m3. We know that
CB0 ¼ 1900 mol/m3, so the step change in B is C0

B0 ¼ þ100 mol=m3(Laplace
form is �C0

B0 ¼ 100
s ).

�C0
B ¼ 0:1

100sþ 1:1
100
s

� �
¼ 0:1

s sþ 0:011ð Þ ¼
A

s
þ B

sþ 0:011

A ¼ 0:1
0:011

B ¼ 0:1
�0:011

�C0
B ¼ 0:1

0:011
1
s
� 1
sþ 0:011

� �
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Taking inverse Laplace transform, we have

C0
B ¼ 0:1

0:011
1� e�0:011t
� �

So for t > 63 s,

CB tð Þ ¼ CB, ss þ C0
B ¼ 0þ 0:1

0:011
1� e�0:011t
� �

At t ¼ 90 s,

CB ¼ 0:1
0:011

1� e�0:011 90ð Þ
� �

¼ 5:71 mol=m3

Problem 26

Consider the following transfer function that describes a process that has as its
input, a unit step function.

G sð Þ ¼ 1
s2 þ λsþ 1

(a) What values of λ would provide an oscillatory response as its output?
(b) What values of λ would give rise to an unstable output?

Solution 26

Worked Solution

(a) For a unit step input, the Laplace form is 1
s. Therefore, since transfer function

G(s) is defined as shown below, where �y sð Þ is the output response and �x sð Þ the
input,

G sð Þ ¼ �y sð Þ
�x sð Þ

�y sð Þ ¼ 1
s

� �
1

s2 þ λsþ 1

We can find the characteristic roots of the polynomial s2 + λs + 1,

s2 þ λsþ 1 ¼ 0

s ¼ 1
2

�λ�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 � 4

ph i
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In order for the solution to be a decaying oscillation, it has to have charac-
teristic roots of the complex form a � bi because this will give rise to solution
with a decaying portion given by eat (for a < 0) and an oscillatory portion given
by (c1 cos bt + c2 sin bt). The solution takes the form of the following:

eat c1 cos bt þ c2 sin btð Þ, a < 0

Therefore the conditions for us to have a decaying oscillation is that b > 0 so
that we will retain the imaginary part, and a < 0 to have a negative real part.

s ¼ 1
2

�λ�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 � 4

ph i

For b > 0, we need λ2 � 4 < 0, �2 < λ < 2. Then we need to consider further
that we also require a < 0, which means that we need 0 < λ < 2.

(b) For an unstable output, we just require that in the solution, the exponential part
does not decay, instead it unstably “explodes” to large values. This requires a > 0
in the term eat. Therefore, λ < 0.

Problem 27

Consider the following CSTR in which a second-order irreversible reaction
takes place. The inlet concentration of reactantA,CA0¼ 1800mol/m3. Themean
residence time τ ¼ 660 s and the reaction rate constant k ¼ 0.0001 m3s/mol.

(a) Determine the concentration of A in the tank at steady state, CA,ss

(b) Find the transfer function G(s) that describes deviations from the steady
state.

(c) Steady state is reached at t < 0 when the inlet concentration of A,
CA0 ¼ 1800 mol/m3. At t ¼ 0, CA0 is instantly stepped up to 2000 mol/m3.
Determine CA at t ¼ 25 s and at large times.

(d) Find the steady state concentration of A after the step change described in
part c.

Solution 27

Worked Solution

(a) We have illustrated our system as shown below:
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The mass balance for A can be expressed as follows with a second-order
reaction,

dNA

dt
¼ FA0 � FA � kVCA

2

Assuming a constant volume V and volumetric flow rate, and we know that
τ ¼ V= _Q

V
dCA

dt
¼ _Q CA0 � CAð Þ � kVCA

2

τ
dCA

dt
¼ CA0 � CA � kτCA

2

At steady state, dCA
dt ¼ 0, and substituting the values of τ ¼ 660 s and

k ¼ 0.0001 m3s/mol

0 ¼ CA0 � CA, ss � kτCA, ss
2

0:066CA, ss
2 þ CA, ss � 1800 ¼ 0

CA, ss ¼ �1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4 0:066ð Þ �1800ð Þp
2 0:066ð Þ ¼ 158 mol=m3 only take positive rootð Þ

(b) To find the transfer function that describes the deviatoric part of concentration,
let us first split the total concentration of A into the steady state portion and the
deviation portion.

CA ¼ CA, ss þ CA
0

CA0 ¼ CA0, ss þ CA0
0

Substituting this expression into our differential equation of mass balance, we
have the following. We note that since CA,ss is a constant, its derivative is zero.

τ
d CA, ss þ CA

0ð Þ
dt

¼ CA0, ss þ CA0
0ð Þ � CA, ss þ CA

0ð Þ � kτ CA, ss þ CA
0ð Þ2

τ
dCA

0

dt
¼ CA0, ss � CA, ss � kτCA, ss

2 � 2kτCA, ssC
0
A � kτCA02 þ C0

A0 � CA
0

Extracting only the deviation terms from this equation, and taking Laplace
transform, we have the following. It is noted that C0

A ¼ 0 at t ¼ 0. Also note that
the square of the deviation, i.e., CA

02, is similar to the variance concept in
statistics, and this value remains invariant with the time parameter; hence, it
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does not appear in the equation below which only captures deviation terms that
change with time.

τ
dCA

0

dt
¼ �2kτCA, ssC

0
A � kτCA02 þ C0

A0 � CA
0

τs �C0
A ¼ �2kτCA, ss �C

0
A þ �C0

A0 � �C0
A

G sð Þ ¼
�C0
A
�C

0
A0 ¼

1
τsþ 1þ 2kτCA, ss

¼ 1
660sþ 1þ 2 660ð Þ 0:0001ð Þ 158ð Þ

G sð Þ ¼ 1
660sþ 22

(c) We note that there is a step change in the inlet concentration of +200 mol/m3 at
t ¼ 0. In Laplace form, this is equivalent to �C0

A0 ¼ 200
s .

�C0
A ¼ 1

660sþ 22
200
s

� �
¼ A

s
þ B

660sþ 22

A ¼ 200
22

B ¼ 200

� 22
660

� �
�C0
A ¼ 200

22
1
s
� 660
660sþ 22

� �
¼ 100

11
1
s
� 1
sþ 0:033

� �

Taking inverse Laplace, we have the deviatoric concentration profile of A in
time t

C0
A ¼ 100

11
1� e�0:033t
� �

At t ¼ 0, C0
A ¼ 0

At t ¼ 25 s,

C0
A ¼ 100

11
1� e�0:033 25ð Þ
� �

¼ 5:1 mol=m3

CA ¼ CA, ss þ C0
A ¼ 158þ 5:1 ¼ 163 mol=m3

At t ! 1,

C0
A ¼ 100

11
¼ 9:09 mol=m3

CA ¼ 158þ 9:09 ¼ 167 mol=m3
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(d) The steady state concentration of A after the step change is the concentration at
large times t ! 1. Hence, it is the result found in part c for t ! 1.

CA, ss ¼ 167 mol=m3

Problem 28

Consider a system comprising of two CSTRs and a PFR with the following
transfer function.

G sð Þ ¼ e�3s

1þ 3sð Þ 1þ 2sð Þ

(a) Determine the phase angle and amplitude ratio at an angular frequency
ω ¼ 0.15 rad/s.

(b) Determine the exit concentration profile of an inert solute that enters the
system with a function of f(t) ¼ 1.5 + 0.3 cos 0.1t.

(c) Assuming that the solute undergoes a first-order reaction with reaction rate
constant k¼ 0.025 s�1, what would be the amplitude ratio, phase angle, and
exit concentration?

Solution 28

Worked Solution

(a) To determine phase angle and amplitude ratio of the transfer function G(s), we
first substitute the Laplace variable s with iω.

G iωð Þ ¼ e�3iω

1þ 3iωð Þ 1þ 2iωð Þ

We can visualize the transfer function G as analagous to a complex number
with its phase angle (coefficient of i in the exponential term) equivalent to the
argument θ of the complex number, and its amplitude ratio equivalent to the
modulus of the complex number.

Real part

Imaginary part

r

b

a
θ

z = a+bi
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The complex number z can be written in its polar form as follows. The polar
form is convenient for working with products or quotients as the indices simply
add up (or subtract) in a product (or quotient):

z ¼ reiθ

zj j ¼ r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
, arg zð Þ ¼ θ ¼ tan �1b

a

For example, the product of two complex numbers will be as shown:

z1z2 ¼ r1r2e
i θ1þθ2ð Þ

Therefore, when we have a transfer function that comprises of a combination
of different reactor systems, we can also find the combined argument or ampli-
tudes easily in the polar form.

G iωð Þ ¼ e�3iω

1þ 3iωð Þ 1þ 2iωð Þ

Gj j ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 þ 3ωð Þ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 þ 2ωð Þ2

q ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 9ω2ð Þ 1þ 4ω2ð Þp

Substituting the value of ω ¼ 0.15rad/s, we have the amplitude ratio as
follows.

Gj j ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 9 0:15ð Þ2
� �

1þ 4 0:15ð Þ2
� �r ¼ 0:87

The argument can be obtained as follows. Consider first that the transfer
function comprises the three complex numbers as shown below.

G iωð Þ ¼ z1
z2z3

arg z1ð Þ ¼ �3ω, arg z2ð Þ ¼ tan �1 3ωð Þ, arg z3ð Þ ¼ tan �1 2ωð Þ
arg Gð Þ ¼ arg z1ð Þ � arg z2ð Þ � arg z3ð Þ ¼ �3ω� tan �1 3ωð Þ � tan �1 2ωð Þ

¼ �1:16

(b) To determine the exit concentration profile given the input function,
f(t) ¼ 1.5 + 0.3 cos 0.1t, we note that the physical significance of the transfer
function is to alter the amplitude of the input function by an amount given by the

Laplace Transform and Transfer Functions 75



amplitude ratio |G|, and to shift the input function by a phase angle of arg(G).
Therefore, the exit concentration profile with time t is given by

Exit Concentration ¼ 1:5þ 0:87ð Þ0:3 cos 0:1t � 1:16ð Þ
¼ 1:5þ 0:26 cos 0:1t � 1:16ð Þ

There is no change to the constant term of “1.5” in the input function because
G(iω ¼ 0) ¼ 1. Therefore 1.5 � 1 ¼ 1.5 (no change).

(c) This time we have a reaction. To visualize how the presence of a reaction affects
the form of the transfer function, let us consider the mass balance equation of a
simple CSTR example, where we have a constant volume V and volumetric flow
rate _Q . Let the mean residence time be denoted by τ, and CA ¼ 0 at t ¼ 0.

Let us first find the transfer function when there is no reaction:

V
dCA

dt
¼ _Q CA0 � CAð Þ

τ
dCA

dt
¼ CA0 � CA

The Laplace form of this equation is τs �CA ¼ �CA0 � �CA. Therefore the transfer
function is

G sð Þ ¼ 1
τsþ 1

Let us now find the transfer function when there is a first-order reaction:

V
dCA

dt
¼ _Q CA0 � CAð Þ � kVCA

τ
dCA

dt
¼ CA0 � CA � kτCA

τs �CA ¼ �CA0 � �CA � kτ �CA

G sð Þ ¼ 1
τsþ 1þ kτ

¼ 1
τ sþ kð Þ þ 1

Therefore, we can deduce that the transfer function variable is shifted by k
units.

G sð Þ ! G sþ kð Þ

So we can now return to our problem, and we can apply this conclusion to our
earlier result in part b, for the case where there is a first-order reaction with
reaction rate constant k ¼ 0.025 s�1.
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G sþ kð Þ ¼ e�3 sþkð Þ

1þ 3 sþ kð Þð Þ 1þ 2 sþ kð Þð Þ ¼
e�3se�3k

1þ 3sþ 3kð Þ 1þ 2sþ 2kð Þ

G iωð Þ ¼ e�3iωe�3 0:025ð Þ

1þ 3 0:025ð Þ þ 3iωð Þ 1þ 2 0:025ð Þ þ 2iωð Þ

¼ e�3iωe�0:075

1:075þ 3iωð Þ 1:05þ 2iωð Þ

Therefore the amplitude ratio is given by:

Gj j ¼ e�0:075ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:0752 þ 3ωð Þ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:052 þ 2ωð Þ2

q ¼ e�0:075ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:0752 þ 9 0:15ð Þ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:052 þ 4 0:15ð Þ2

q
Gj j ¼ 0:73

The phase angle can be found as follows, similar to part b,

arg Gð Þ ¼ �3ω� tan �1 3ω
1:075

� �
� tan �1 2ω

1:05

� �
¼ �1:12

Note that this time, the value of G(iω ¼ 0) is different with and without
reaction. Therefore, this has an effect on the constant term of the input function.

f tð Þ ¼ 1:5þ 0:3 cos 0:1t

G iω ¼ 0ð Þ ¼ e�0:075

1:075ð Þ 1:05ð Þ ¼ 0:82

Therefore, putting all our findings together, the exit concentration is as
follows when there is a first-order reaction.

Exit Concentration ¼ 1:5 0:82ð Þ þ 0:73ð Þ0:3 cos 0:1t � 1:12ð Þ
¼ 1:23þ 0:22 cos 0:1t � 1:12ð Þ

Problem 29

Consider a cylindrical holding tank of radius R ¼ 0.5 m. A fluid flows into the
tank with an inlet flow rate v0 maintained at 1.5 m3/h, while its exit flow rate
follows a sinusoidal function with amplitude of 0.12 m3/h and angular fre-
quency ω ¼ 0.0087 rad/s.

(a) Determine the amplitude of oscillations of the fluid level in the tank.
(b) Determine the deviation from the mean fluid level at the maximum outlet

flow rate.
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Solution 29

Worked Solution

(a) We have the following simple sketch of the holding tank. This is an example
with varying volume.

We can start with a mass balance of fluid in the tank,

dV

dt
¼ v0 � v

We note that we will need to find out the oscillations of the fluid level;
therefore, we should try to relate volume to the height of the fluid level measured
from the base of the tank as follows, where A ¼ π(0.52).

A
dh

dt
¼ v0 � v

We can convert this ODE into a linear equation by taking Laplace transform,
noting that h ¼ 0 when t ¼ 0.

As�h ¼ �v0 � �v

Considering only the deviation terms that change with time, we can find the
transfer function G(s) that outputs the height of fluid level (deviation) from an
input of the outlet volumetric flow rate (deviation).

As�h ¼ ��v

G sð Þ ¼
�h

�v
¼ � 1

As

To find the amplitude ratio and argument of the transfer function, we can
substitute the Laplace variable s with iω. The amplitude ratio is given by |G| and
the argument of the input function is shifted by the phase angle or argument of
the transfer function arg(G).
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G iωð Þ ¼ � 1
Aiω

¼ i2

Aiω
¼ 1

Aω
i no real partð Þ

Gj j ¼ 1
Aω

¼ 1
0:25π 0:0087ð Þ ¼ 146

From the information provided in this problem, we can deduce that the
sinusoidal variation of outlet flow rate can be expressed as a cosine function as
shown below. However, do note that it is also valid to express v(t) as a sine
function since it is also a sinusoidal function. The analysis shown here remains
relevant.

v tð Þ ¼ 0:12 cos 0:0087tð Þ

Therefore the amplitude of oscillations of the fluid level in the tank is
0.12 � 146 ¼ 17.5 m.

(b)
arg Gð Þ ¼ π=2

Applying the amplitude ratio and phase shift obtained from the transfer
function, we can obtain the height profile as shown below.

h tð Þ ¼ 0:12� 146ð Þ cos 0:0087t þ π=2ð Þ

This means that the height profile is shifted by π/2 from the outlet flowrate
profile. Therefore, when the outlet flow rate is at its maximum, the height of fluid
level in the tank is at its mean level.

Multiple Integrals

It is useful to be familiar with solving multiple integrals as they are used for
many physical problems that are multidimensional. Below is an illustration of
the basic concept of integration in more than one dimension.
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ðx2
x1

ydx ¼ shaded area

Consider a narrow rectangular strip under the curve, with a small width of
dx. The area of this narrow strip below the curve is ydx. To find the total shaded
area under the curve between x1 and x2, it requires summing the areas of an
infinite number of these narrow rectangular strips below the curve, where dx is
infinitesimally small or tends to zero. Integration is therefore a process of
summing ydx over the defined range from x1 to x2, whereby the value of y
(or height of rectangle) follows the variation as defined by the expression for f(x)
in y ¼ f(x).

Problem 30

Using multiple integrals, show that the area of the polygon below is 4.75.

Solution 30

Worked Solution

We can visualize the area of this polygon, in two steps. Geometrically, integrals refer
to the area under the curve, within the limits of integration. Therefore, we can find
the area contained within the polygon by subtracting A2 from A1.

Step 1: Integrate from x ¼ 1 to x ¼ 2 over the function y ¼ f1(x).
The expression for y ¼ f1(x) is the equation of the red line as shown above. We

can find this expression, since we know the coordinates that define the line, i.e., (1, 5)
and (2, 5.5).
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y� y1
x� x1

¼ y2 � y1
x2 � x1

¼ 1
2
! y ¼ f 1 xð Þ ¼ x

2
þ 9
2

Area A1 ¼
ð2
1
f 1 xð Þdx ¼

ð2
1

x

2
þ 9
2

� �
dx ¼ x2

4
þ 9
2
x

	 
2
1

¼ 21
4

Step 2: Integrate from x ¼ 1 to x ¼ 2 over the function y ¼ f2(x)
The expression for y ¼ f2(x) is the equation of the red line as shown above. We

can find this expression easily since it is a horizontal line.

y ¼ f 2 xð Þ ¼ 1
2

Area A2 ¼
ð2
1
f 2 xð Þdx ¼

ð2
1

1
2
dx ¼ 1

2
x

	 
2
1

¼ 1
2

Area of polygon ¼ A1 � A2 ¼ 21
4
� 1
2
¼ 4:75

We can verify our result by applying the simple formula for the area of a
trapezium since our polygon is in fact a trapezium.

Area of trapezium ¼ 1
2

2� 1ð Þ 5:5� 0:5ð Þ þ 5� 0:5ð Þ½ 	 ¼ 4:75

Problem 31

Using multiple integrals, find the area of the semicircle as shown below.
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Solution 31

Worked Solution

Let us first define the equation of the curve that encloses the semicircle as y ¼ f(x).
Since the radius of the semicircle is 1, anywhere on the curve follows the equation
x2 + y2 ¼ 1. The limits of integration are �1 � x � 1. The limits of y should be
obtained from the equation of the curve, as we note that the heights of the narrow
strips of rectangles will change with x, according to the function of y ¼ f(x). Since

x2 + y2 ¼ 1, we can deduce that the limits of y are 0 � y �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
.

Area of semicircle ¼
ð1
�1

ydx ¼
ð1
�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx

In order to solve this integral more easily, we can apply a substitution where θ is
the angle measured from the x axis. Then x¼ cos θ, dx¼ �sin θdθ, and x¼ [�1, 1]
can be changed to θ ¼ [π, 0]. The trigonometric identity 1 � cos2θ ¼ sin2θ and
double angle formula sin 2θ ¼ 1

2 � cos 2θ
2 help to simplify the equation.

ð1
�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx ¼

ð0
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos 2θ

p
� sin θð Þdθ ¼

ð0
π
sin θ � sin θð Þdθ

¼
ð π
0

1
2
� cos 2θ

2
dθ ¼ 1

2
θ � 1

4
sin 2θ

	 
π
0

¼ π

2

A quick check with the formula for area of a semicircle shows that the result is
consistent.

Area of semicircle ¼ 1
2
π 1ð Þ2 ¼ π

2

Problem 32

Find the shaded area in the diagram below via integration.
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Solution 32

Worked Solution

In order to find the area of the shaded triangle using integration, we can first define
the function that describes the height of the narrow rectangular strips with width
of dx.

For 0 � x � 1, y ¼ x, and for 1 � x � 2, y ¼ �x + 2
Therefore we can construct the multiple integral as follows:

Area ¼
ð1
0
xdxþ

ð2
1

�xþ 2ð Þdx ¼ x2

2

	 
1
0

þ 2x� x2

2

	 
2
1

¼ 1
2
þ 1
2
¼ 1

We can verify this result using the formula for area of a triangle, which is
consistent with the result above.

Area ¼ 1
2

2ð Þ 1ð Þ ¼ 1

Problem 33

Evaluate the multiple integral and show that it is equal to
ffiffiffi
π

p
=4.

I ¼
ð1
0
dx
ð1
0
dy

yx2

x2 þ y2
e� x2þy2ð Þ

Solution 33

Worked Solution

One trick to simplifying integrals that contain the expression x2 + y2 is to convert to
polar coordinates whereby x2 + y2 ¼ r2. θ is measured from the x-axis. x ¼ r cos θ
and y ¼ r sin θ.

For the limits of the integrals, we can convert the quadrant represented by
x ¼ [0,1] and y ¼ [0,1] into r ¼ [0,1] and θ ¼ 0; π2

� 

.

Finally we need to be cautious when converting the area integral
Ð1
0 dx

Ð1
0 dy into

polar form. Note that the differential element is now the small square element of
sides dr and rdθ.
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Therefore, the integral can be re-expressed as follows:

I ¼
ð1
r¼0

ðπ
2

θ¼0

r sin θr2 cos 2θ
r2

e�r2rdθdr ¼
ð1
r¼0

r2e�r2dr

ðπ
2

θ¼0
sin θ cos 2θdθ

The integral can be determined in two parts, with respect to r and with respect to
θ. The integral with respect to θ can be done using integration by parts.

ðπ
2

θ¼0
sin θ cos 2θdθ ¼ � cos 3θ

3

	 
π
2

0

¼ 1
3ð1

r¼0
r2e�r2dr ¼

ð1
r¼0

rð Þre�r2dr ¼ r �1
2

� �
e�r2

	 
1
0

�
ð1
0

�1
2

� �
e�r2dr

¼ 0þ 1
2

ð1
0
e�r2dr

From here, we note that the function e�r2 is even. Therefore, we can convert the

limits of the integral this way, and make use of the result
Ð1
�1 e�r2dr ¼ ffiffiffi

π
p

.

ð1
r¼0

r2e�r2dr ¼ 1
2

ð1
�1

1
2
e�r2dr ¼

ffiffiffi
π

p
4

Combining our results, we have the value of the integral as shown below.

I ¼
ffiffiffi
π

p
12

Problem 34

Determine the integral as shown below.

ð
tanhxysechxydy

Use your result to find the value of the following integral, where β > 1.

I ¼
ð1
0

1
x

sechx2 sechβxð Þdx

Solution 34

Worked Solution

ð
tanhxysechxydy ¼

ð
sinhxy

cosh2xy
dy ¼ � 1

xcoshxy
þ constant ¼ � sechxy

x
þ constant
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We can turn this indefinite integral into a definite integral by imposing limits for
y ¼ [1, β].

ð β
1
tanhxysechxydy ¼ � sechβx

x
þ sechx

x

Substituting this result into our integral, we have

I ¼
ð1
0

1
x

sechx� sechβxð Þdx ¼
ð1
x¼0

ð β
y¼1

tanhxysechxydydx

We can interchange the order of integration since it does not matter which comes
first.

I ¼
ð β
y¼1

ð1
x¼0

tanhxysechxydx

	 

dy ¼

ð β
y¼1

�1
y
sechxy

	 
1
x¼0

dy

From the graph of coshxy, we know that when x ¼ 0, coshxy ¼ 1 and when
x ¼ 1, coshxy ¼ 1 and sechxy ¼ 0. Therefore,

I ¼
ð β
y¼1

1
y

� �
dy ¼ ln y½ 	β1 ¼ ln β

Fourier Series

Fourier series are useful in representing a function as a sum of simpler sinu-
soidal functions. It decomposes any periodic function (which may represent a
periodic signal) into a sum of oscillating functions, namely sines and cosines.
These sine and cosine waves can also be expressed in complex exponentials. It is
worth noting that sines and cosines are unique in that their amplitudes vary
between (1, �1) and can output values from �1 to +1. They also follow a
range of identities and formulae which help to solve problems due to their
versatility modeling practical phenomena such as vibrations and waves, and in
transforming from one form to another mathematically.

Problem 35

Explain what is meant by a Fourier series expansion, and describe its charac-
teristics using a suitable example. Show how Fourier coefficients may be
determined.
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Solution 35

Worked Solution

If a function f(x) is periodic with period 2L, then f(x) may be written as a Fourier
series. The terms a0, an, and bn are Fourier coefficients.

f xþ 2Lð Þ ¼ f xð Þ

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

an cos
nπx

L
þ bn sin

nπx

L

� �

The individual terms (also called basis functions) that make up the Fourier series
expansion have certain properties:

• Each is a periodic function on its own with the same period 2L. Their periodicity
can be expressed as follows:

cos
nπx

L
¼ cos

nπ xþ 2Lð Þ
L

• These basis functions are 1 (for the first term “12 a0”), cos
πx
L , cos

2πx
L , cos

nπx
L , sin

πx
L ,

sin 2πx
L , and sin nπx

L where n is a positive integer.
• We may first observe if the function f(x) is an even or odd function. If it is a

straightforward case, then we can immediately simplify the Fourier series expan-
sion to the following forms:

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

an cos
nπx

L
for even function

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

bn sin
nπx

L
for odd function

• The basis functions are orthogonal over any interval of length 2L. And this
orthogonality means that their dot products are zero as shown below, where
m and n are positive integers and m 6¼ n. This is a useful result especially for
determining Fourier coefficients, a0, an, and bn.

ð L
�L

cos
nπx

L
cos

mπx

L
dx ¼ 0 ð1Þ

ð L
�L

cos
nπx

L
sin

mπx

L
dx ¼ 0 ð2Þ
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ð L
�L

sin
nπx

L
sin

mπx

L
dx ¼ 0 ð3Þ

ð L
�L

1: cos
mπx

L
dx ¼ 0 ð4Þ

ð L
�L

1: sin
mπx

L
dx ¼ 0 ð5Þ

• It is also useful to note the following useful results of the squares of the basis
functions, where n 6¼ 0.

ð L
�L

cos 2
nπx

L
dx ¼ L ð6Þ

ð L
�L

sin 2nπx

L
dx ¼ L ð7Þ

ð L
�L

12dx ¼ 2L ð8Þ

To evaluate Fourier coefficients, we can integrate from –L to L. We have below
the Fourier series expansion restated, and different integrals performed as follows.

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

an cos
nπx

L
þ bn sin

nπx

L

� �

To find out a0, we can integrate f(x):

ð L
�L

f xð Þdx ¼
ð L
�L

1
2
a0dxþ

X1
n¼1

an

ð L
�L

cos
nπx

L
dxþ

X1
n¼1

bn

ð L
�L

sin
nπx

L
dx

Applying results (4) and (5) of the orthogonality property, we can eliminate the
cos and sin terms. Therefore, we have

ð L
�L

f xð Þdx ¼
ð L
�L

1
2
a0dxþ 0þ 0 ¼ a0L

a0 ¼ 1
L

ð L
�L

f xð Þdx ð9Þ
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To find out an, we can integrate the product of f(x) and cos nπxL :

ð L
�L

f xð Þ cos nπx
L

dx ¼
ð L
�L

1
2
a0 cos

nπx

L
dx

þ
X1
n¼1

an

ð L
�L

cos 2
nπx

L
dxþ

X1
n¼1

bn

ð L
�L

sin
nπx

L
cos

nπx

L
dx

Applying results (4–6), we can simplify to

ð L
�L

f xð Þ cos nπx
L

dx ¼ 0þ anLþ
X1
n¼1

bn

ð L
�L

1
2
sin

2nπx
L

dx

ð L
�L

f xð Þ cos nπx
L

dx ¼ 0þ anLþ 0

an ¼ 1
L

ð L
�L

f xð Þ cos nπx
L

dx ð10Þ

To find out bn, we can integrate the product of f(x) and sin nπx
L :

ð L
�L

f xð Þ sin nπx
L

dx ¼
ð L
�L

1
2
a0 sin

nπx

L
dx

þ
X1
n¼1

an

ð L
�L

cos
nπx

L
sin

nπx

L
dxþ

X1
n¼1

bn

ð L
�L

sin 2nπx

L
dx

Applying results (4), (5), and (7), we can simplify to

ð L
�L

f xð Þ sin nπx
L

dx ¼ 0þ
X1
n¼1

an

ð L
�L

1
2
sin

2nπx
L

dxþ bnL

ð L
�L

f xð Þ sin nπx
L

dx ¼ 0þ 0þ bnL

bn ¼ 1
L

ð L
�L

f xð Þ sin nπx
L

dx ð11Þ

Problem 36

Find the Fourier series expansion for the function shown below.

f xð Þ ¼
2þ x

π
, � π�x�0

2� x
π

, 0�x�π

8><
>:
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Solution 36

Worked Solution

We can observe that this is an even function from a simple plot. Therefore the
Fourier series expansion will not have sine terms.

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

an cos
nπx

L

The period of this function is 2π, therefore L ¼ π

a0 ¼ 1
L

ð L
�L

f xð Þdx ¼ 1
π

ð0
�π

2þ x

π
dxþ

ð π
0
2� x

π
dx

	 


¼ 1
π

2xþ x2

2π

	 
0
�π

þ 2x� x2

2π

	 
π
0

 !

¼ 1
π

2π � π

2
þ 2π � π

2

� �

¼ 1
π

4π � πð Þ

a0 ¼ 3

Now we can find the Fourier coefficient an for the cosine term.

an ¼ 1
L

ð L
�L

f xð Þ cos nπx

L
dx ¼ 1

π

ð0
�π

2þ x

π

� �
cos nx dxþ

ð π
0

2� x

π

� �
cos nx dx

	 


πan ¼
ð0
�π

2þ x

π

� �
cos nx dxþ

ð π
0

2� x

π

� �
cos nx dx
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¼
ð0
�π

2 cos nx dxþ
ð0
�π

x

π
cos nx dxþ

ð π
0
2 cos nx dx�

ð π
0

x

π
cos nx dx

¼
ð0
�π

x

π
cos nx dx�

ð π
0

x

π
cos nx dx

We can integrate by parts, recall the following

ð b
a
udv ¼ uv½ 	 ba �

ð b
a
vdu

ð0
�π

x

π
cos nx dx ¼ x

π

sin nx

n

	 
0
�π

�
ð0
�π

1
π

sin nx

n
dx

¼ 0þ 1
π

cos nx

n2

	 
0
�π

¼ 1
π

1
n2

� 1
π

cos �nπð Þ
n2

¼ 1
πn2

1� cos �nπð Þ½ 	 ¼ 1
πn2

1� cos nπð Þ

Similarly, we can integrate the other term using integration by parts to get the
following. ð π

0

x

π
cos nx dx ¼ 1

πn2
cos nπ � 1ð Þ

Putting your results together, we have

πan ¼ 1
πn2

1� cos nπð Þ � 1
πn2

cos nπ � 1ð Þ

an ¼ 2
π2n2

1� cos nπ½ 	

This can be expressed in terms of odd or even integers of n,

an ¼
4

π2n2
, for n is odd

0 , for n is even

8<
:

The final expression for the Fourier series expansion of the function f(x) is,

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

an cos
nπx

L

¼ 3
2
þ
X1
n¼1

4
π2n2

cos nx, where n is odd
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Another way to express an odd positive integer is 2m � 1, where m is 1 to 1, to
match the limits of the summation.

f xð Þ ¼ 3
2
þ
X1
n¼1

4

π2 2m� 1ð Þ2 cos 2m� 1ð Þx½ 	

We know that f(0) ¼ 2,

2 ¼ 3
2
þ
X1
n¼1

4

π2 2m� 1ð Þ2

π2

8
¼
X1
n¼1

1

2m� 1ð Þ2

Problem 37

Consider the following function with a period of 2π, therefore L ¼ π.

(a) Find the Fourier series expansion for this function.

f xð Þ ¼ � sin 2x, � π�x�0

sin 2x , 0�x�π

(

(b) Show the following expression.

1
3
¼
X1
n¼1

1

2mþ 1ð Þ2 2 4

Solution 37

Worked Solution

(a) We can observe that this is an even function from the plot. Therefore the Fourier
series expansion will not have sine terms. The general form of the Fourier series
expansion without sine terms is as follows.
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f xð Þ ¼ 1
2
a0 þ

X1
n¼1

an cos
nπx

L

The period of this function is 2π; therefore L ¼ π

a0 ¼ 1
L

ð L
�L

f xð Þdx ¼ 1
π

ð0
�π

� sin 2x dxþ
ð π
0
sin 2x dx

	 


¼ 1
π

cos 2x
2

	 
0
�π

þ � cos 2x
2

	 
π
0

 !

¼ 1
π

1
2
� 1
2
þ �1

2

� �
� �1

2

� �	 

¼ 0

a0 ¼ 0

Now we can find the Fourier coefficient an for the cosine term.

an ¼ 1
L

ð L

�L
f xð Þ cos nπx

L
dx ¼ 1

π

ð0
�π

� sin 2xð Þ cos nx dxþ
ð π

0
sin 2xð Þ cos nx dx

	 


πan ¼
ð0
�π

� sin 2xð Þ cos nx dxþ
ð π
0

sin 2xð Þ cos nx dx

We can integrate by recalling the trigonometric addition formula

sin Aþ Bð Þ ¼ sin A cos Bþ cos A sin A

(sin 2x cos nx) can be expressed as a single trigonometric function,

1
2
sin 2xþ nxð Þ ¼ 1

2
sin 2x cos nxþ 1

2
cos 2x sin nx

1
2
sin 2x� nxð Þ ¼ 1

2
sin 2x cos nx� 1

2
cos 2x sin nx

sin 2x cos nx¼ 1
2
sin 2xþ nxð Þ þ 1

2
sin 2x� nxð Þ

¼ 1
2
sin 2þ nð Þ xþ sin 2� nð Þx½ 	

Similarly we can express �sin 2x cos nx ¼ �1
2 sin 2þ nð Þ x þ½

sin 2� nð Þx	. Putting our results together, we have

πan ¼
ð0
�π

�sin 2xð Þ cos nx dxþ
ð π
0

sin 2xð Þ cos nx dx
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¼
ð0
�π

�1
2
sin 2þ nð Þ xþ sin 2� nð Þx½ 	dx

þ
ð π
0

1
2
sin 2þ nð Þ xþ sin 2� nð Þx½ 	dx

¼ 1
2

ð0
�π

� sin 2þ nð Þ x� sin 2� nð Þx½ 	dxþ
ð π
0

sin 2þ nð Þ xþ sin 2� nð Þx½ 	dx
� �

¼ 1
2

cos 2þ nð Þx
2þ nð Þ þ cos 2� nð Þx

2� nð Þ
	 
0

�π

þ � cos 2þ nð Þx
2þ nð Þ � cos 2� nð Þx

2� nð Þ
	 
π

0

( )

¼ 1
2

cos 2þ nð Þx
2þ nð Þ þ cos 2� nð Þx

2� nð Þ
	 
0

�π

þ � cos 2þ nð Þx
2þ nð Þ � cos 2� nð Þx

2� nð Þ
	 
π

0

( )

an ¼ 1
2π

2
2þ n

þ 2
2� n

� 2 cos 2þ nð Þπ
2þ nð Þ � 2 cos 2� nð Þπ

2� nð Þ
� �

¼ 1
π

4
4� n2

� cos 2þ nð Þπ
2þ nð Þ � cos 2� nð Þπ

2� nð Þ
� �

This can be expressed in terms of odd or even integers of n,
When n is even,

an ¼ 0

When n is odd,

an ¼ 8
π 4� n2ð Þ

Combining our results,

f xð Þ ¼
X1
m¼0

8

π 4� 2mþ 1ð Þ2
� � cos 2mþ 1ð Þx

(b) We know that f(0) ¼ 0

0 ¼
X1
m¼0

8

π 4� 2mþ 1ð Þ2
� �

0 ¼ 1
3
þ
X1
m¼1

1

4� 2mþ 1ð Þ2
� �
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1
3
¼
X1
m¼1

1

2mþ 1ð Þ2 � 4

Problem 38

Consider the following sawtooth function. Evaluate the Fourier coefficients in
the form of the Fourier series expansion as shown below

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

an cos
nπx
L

þ bn sin
nπx
L

� �

Solution 38

Worked Solution

We can observe that this is an odd function from the plot. Therefore the Fourier
series expansion will not have cosine terms and an ¼ 0. The general form of the
Fourier series expansion without cosine terms is as follows.

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

bn sin
nπx

L

The function can be expressed as f(x) ¼ x with period equivalent to 2; therefore
L ¼ 1

a0 ¼
ð1
�1

f xð Þdx ¼
ð1
�1

xdx

a0 ¼ 0

Next we can find the Fourier coefficient bn for the sine term.
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bn ¼
ð1
�1

x sin nπx dx ¼ xð Þ cos nπx

�nπ

h i1
�1

�
ð1
�1

cos nπx

�nπ

� �
dx

¼ cos nπ

�nπ
� cos �nπð Þ

nπ
þ sin nπx

n2π2

	 
1
�1

¼ 2 cos nπ

�nπ
þ 0

We can observe that when n is even, cos nπ ¼ 1, and when n is odd, cos nπ ¼ �1.
Therefore we can express in this form,

bn ¼ 2 �1ð Þn
�nπ

Putting the results together,

f xð Þ ¼ 2
π

X1
n¼1

�1ð Þnþ1 sin nπx
n

Problem 39

Consider the following function that has a plot as shown below.

(a) Derive the equation that describes this function.
(b) Express the function in the form of a Fourier series expansion, and deter-

mine the Fourier coefficients.

Solution 39

Worked Solution

(a) The function has a period of 1, and therefore L ¼ 0.5, where the reference frame
for the period is [–L, L] for the Fourier series of the general form as shown below.
The function has a shape that matches the expression f(x) ¼ |2x|.

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

an cos
nπx

L
þ bn sin

nπx

L

� �
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(b) We may observe that this is an even function, hence there will not be sine terms
and we can start from the following simplified form.

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

an cos
nπx

L

To find the Fourier coefficient a0,

a0 ¼
ð0:5
�0:5

2xj jdx ¼
ð0
�0:5

�2xdxþ
ð0:5
0

2xdx

¼ �x2
� 
0

�0:5 þ x2
� 
0:5

0 ¼ 0:5

In fact, we can observe from the graph that the integral is simply the area
under the graph from �0.5 to 0.5. And from geometry, we can deduce directly
that the integral is equivalent to 0.5.

an ¼ 1
L

ð L
�L

f xð Þ cos nπx

L
dx

¼ 1
0:5

ð0:5
�0:5

2xj j cos 2nπxð Þdx

¼ 1
0:5

ð0
�0:5

�2x cos 2nπxð Þdxþ
ð0:5
0

2x cos 2nπxð Þdx
	 


We can simplify the equation using integration by parts.

ð0
�0:5

�2x cos 2nπxð Þdx ¼ �2x
sin 2nπxð Þ

2nπ

	 
0
�0:5

�
ð0
�0:5

�2 sin 2nπxð Þ
2nπ

dx

¼ 0� cos 2nπxð Þ
2n2π2

	 
0
�0:5

¼ � 1
2n2π2

þ cos �nπð Þ
2n2π2

¼ � 1
2n2π2

þ cos nπ

2n2π2
¼ 1

2n2π2
cos nπ � 1½ 	

We can also simplify the other integral using integration by parts and arrive at

ð0:5
0

2x cos 2nπxð Þdx ¼ 2x
sin 2nπxð Þ

2nπ

	 
0:5
0

�
ð0:5
0

2 sin 2nπxð Þ
2nπ

dx

¼ sin nπð Þ
2nπ

þ cos 2nπxð Þ
2n2π2

	 
0:5
0

¼ sin nπð Þ
2nπ

þ cos 2nπxð Þ
2n2π2

	 
0:5
0

¼ 0þ cos nπð Þ
2n2π2

� 1
2n2π2

¼ 1
2n2π2

cos nπ � 1½ 	

96 Mathematics



Therefore, the Fourier coefficient an can be expressed as

an ¼ 1
0:5

1
2n2π2

cos nπ � 1½ 	 þ 1
2n2π2

cos nπ � 1½ 	
	 


¼ 2
n2π2

cos nπ � 1½ 	

We note that when n is even, cos nπ ¼ 1, and when n is odd, cos nπ ¼ � 1.
Therefore we can express cos nπ ¼ (�1)n.

an ¼ 2
n2π2

�1ð Þn � 1½ 	

We note that when n is even, an ¼ 0. Cosine terms only present for n is odd
and an ¼ �4

n2π2. For a range of summation from 1 to 1, we can re-express
n ¼ 2m � 1, to cover the range of positive and odd integers.

Now we can put our results together, back in the form of Fourier expansion as
shown below.

f xð Þ ¼ 1þ
X1
n¼1

an cos
nπx

L

f xð Þ ¼ 1þ
X1
n¼1

�4
n2π2

cos
nπx

L

f xð Þ ¼ 1þ
X1
m¼1

�4

2m� 1ð Þ2π2 cos
mπx

0:5

f xð Þ ¼ 1� 4
π2

X1
m¼1

cos 2 2m� 1ð Þπx½ 	
2m� 1ð Þ2

Problem 40

Consider the following step function.

f xð Þ ¼ �1 , � π�x�0
1 , 0�x�π

�

(a) Express this function in terms of its Fourier series expansion.
(b) Using your results in (a), find the Fourier series expansion for the function

shown in the plot below.
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Solution 40

Worked Solution

(a) The function provided in part a can be shown in the following plot.

We can observe that this is an odd function from the plot. Therefore the
Fourier series expansion will not have cosine terms and an ¼ 0 in the general
form of the Fourier series expansion as shown below

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

an cos
nπx

L
þ bn sin

nπx

L

� �

The Fourier series expression without cosine terms becomes

f xð Þ ¼ 1
2
a0 þ

X1
n¼1

bn sin
nπx

L

Our function can be expressed as f(x) ¼ x with period equivalent to 2π;
therefore L ¼ π

a0 ¼
ð π
�π

f xð Þdx ¼
ð0
�π

�1dxþ
ð π
0
1dx

a0 ¼ 0
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Next we can find the Fourier coefficient bn for the sine term.

bn ¼ 1
π

ð π
�π

f xð Þ sin nπx

π
dx ¼ 1

π

ð0
�π

� sin nxdxþ 1
π

ð π
0
sin nxdx

¼ 1
π

cos nx

n

h i0
�π

þ 1
π

� cos nx

n

h iπ
0
¼ 2

nπ
1� cos nπð Þ

We can observe that when n is even, cos nπ ¼ 1, then bn ¼ 0. So bn is only
applicable when n is odd, cos nπ ¼ �1, and

bn ¼ 4
nπ

Putting the results together we have the following, where we have created the
term (2m � 1) to represent odd numbers.

f xð Þ ¼
X1
m¼1

4
2m� 1ð Þπ sin 2m� 1ð Þx½ 	

(b) Note that the function is neither even nor odd. But we can use our result in part a
to arrive at the Fourier series equivalent for the function in part b, via some
simple graphical transformations. We will first vertically scale the graph from an
earlier amplitude of �1 to �0.5. This is shown below as we go from the orange
to black line. In terms of the equation for the function, this means going from
f1(x) to f2(x).

f 1 xð Þ ¼
X1
m¼1

4
2m� 1ð Þπ sin 2m� 1ð Þx½ 	

f 2 xð Þ ¼ 1
2

X1
m¼1

4
2m� 1ð Þπ sin 2m� 1ð Þx½ 	
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Next, we move the graph up by 0.5 units from the black to blue line. This
means going from f2(x) to f3(x).

f 2 xð Þ ¼ 1
2

X1
m¼1

4
2m� 1ð Þπ sin 2m� 1ð Þx½ 	

f 3 xð Þ ¼ 1
2

X1
m¼1

4
2m� 1ð Þπ sin 2m� 1ð Þx½ 	 þ 1

2

Finally, we scale the x-variable by a factor of 1/π, going from the blue to red
line. This means x ¼ πz as we go from f3(x) to f4(z).

f 3 xð Þ ¼ 1
2

X1
m¼1

4
2m� 1ð Þπ sin 2m� 1ð Þx½ 	 þ 1

2

f 4 zð Þ ¼ 1
2

X1
m¼1

4
2m� 1ð Þπ sin 2m� 1ð Þπz½ 	 þ 1

2

Statistics

Statistics is an increasingly important area of study, especially applicable in the
field of engineering as it enables the analysis of collected data and measure-
ments. Statistical methods help make sense of numerical data through
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comparisons and identification of patterns, which facilitate the interpretation
and drawing of useful conclusions that apply to a cause. In a pilot plant or
production facility for example, the ability to draw relationships between inputs
and outputs will allow engineers to design and operate processes better.

Problem 41

A machine was considered to be in good operating condition if it produced
metal rods with a mean length of 20.00 cm. The standard deviation of the rod
length was stated as 0.8 cm.

(a) Assuming a sample of 60 rods had an average length of 20.15 cm, conduct a
hypothesis test to determine if the machine can be considered to be in good
operating condition. You may assume a significance level of 5%.

(b) Discuss why errors may occur in statistical results and explain the differ-
ence between a Type I and Type II error using a simple example.

(c) If in reality, the production equipment produced rods with a mean length of
20.31 cm, what is the probability of a Type II error occurring? Assume that
the Type I error probability is still 5%.

Solution 41

Worked Solution

(a) We need to conduct a two-tailed hypothesis test with the null hypothesis H0 and
alternative hypothesis H1 as follows:

H0 : μ ¼ 20:00 cm

H1 : μ 6¼ 20:00 cm

Next we can calculate the test statistic, zcalc

zcalc ¼ 20:15� 20:00

0:8=
ffiffiffiffiffi
60

p 
 1:452

Applying a two-tailed test with a significance level, α ¼ 0.05, we can
determine the required value of Φ from statistical tables (refer to normal
distribution function in data booklet),

Φ zð Þ ¼ 1� α

2
¼ 1� 0:025 ¼ 0:975 ! zcrit ¼ 1:96

Since zcalc < zcrit, we accept the null hypothesis H0 and conclude that the
machine is working well as desired.
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(b) Statistics do not always accurately reflect reality since we are only taking
measurements of a sample size out of an entire population of data. It therefore
follows that the decisions we make based on statistical analysis of a sample set of
data can therefore either be right (i.e., appropriately reflects reality) or turn out to
be an error.

The above can be illustrated using a simple example of a two-tailed test on a
normal distribution with mean value μ as follows. Over here, we establish a null
hypothesis H0 and an alternative hypothesis H1, and k is a constant.

H0 : μ ¼ k

H1 : μ 6¼ k

In reality, the null hypothesis can be true or false. Separately, our decision can
be to accept or reject the null hypothesis. In this way, there are four possible
decisions, whereby two would be errors.

1. We accept the null hypothesis, and in reality the null hypothesis is true. !
Right decision

2. We reject the null hypothesis, and in reality the null hypothesis is false !
Right decision

3. We accept the null hypothesis, and in reality the null hypothesis is false !
Type II Error

4. We reject the null hypothesis, and in reality the null hypothesis is true !
Type I Error

(c) A Type II error occurs when we accept the null hypothesis, and in reality the null
hypothesis is false. For this error to occur, the average rod length, denoted here
as �x, will fall within the range as shown.

�x 2 20:00� zcrit
0:8ffiffiffiffiffi
60

p
� �	 


¼ 20:00� 1:96
0:8ffiffiffiffiffi
60

p
� �	 



 19:798; 20:202½ 	

The test statistic zcalc can be calculated as follows, and we can determine the
required value of Φ from statistical tables (refer to normal distribution function
in data booklet)

zcalc ¼ 20:202� 20:31j j
0:8=

ffiffiffiffiffi
60

p ¼ 1:05

F zcalcð Þ ¼ F 1:05ð Þ 
 0:853

β ¼ 1� 0:853 ¼ 0:147 
 15%
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The probability of a Type II error occurring (i.e., accept H0 even though H0 is
false and H1 is true) is therefore 15%.

Problem 42

A fertilizer company has just launched a new product and claims that it is
superior to their previous product in terms of helping farmers achieve greater
agricultural yields. 11 farmers volunteered on a random basis to try out the new
fertilizer product on 0.5 hectare of land, and the yield from this plot was
compared to another 0.5 hectare of land that used the previous fertilizer
product. Data on agricultural yields for both plots were collected as shown
below. It may be assumed that the two populations of data (new and previous
fertilizer) are independent.

Farmer Yield from new fertilizer Yield from previous fertilizer

1 33 26

2 43 23

3 31 43

4 30 38

5 47 20

6 36 21

7 33 38

8 40 31

9 42 26

10 66 69

11 22 37

The owner of the fertilizer company wants to decide if the new fertilizer
improves yield using the data collected, and he wants to be 95% sure that his
decision is right.

(a) Describe the steps in performing a hypothesis test in the context of data
collected for the two fertilizer products, and comment on the difference
between a parametric and a non-parametric test.

(b) Develop a parametric test to decide if the yield has improved using the new
fertilizer and confirm whether this improvement can be claimed at 95%
level of confidence.

Solution 42

Worked Solution

(a) A statistical test consists of the following key steps:

i. Determine the parameter of interest
ii. List down assumptions (if any) on the population
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iii. Establish the null hypothesis H0, and the alternative hypothesis H1

iv. Define a level of significance
v. State a test statistic
vi. Identify the rejection region
vii. Calculate derived quantities from the sample data
viii. From the results of step vii, decide if the null hypothesis should be accepted

or rejected.

A parametric test is relevant when the population can be appropriately assumed
to be normally distributed. Conversely, a non-parametric test does not have this
assumption. Non-parametric tests are often suited for smaller sample sizes, or
when the population deviates significantly enough from a normal distribution.

(b) Let us denote the data set for the new and previous fertilizers by X and Y,
respectively. Before we perform a parametric test, we should make clear our
assumptions as follows:

• X and Y are independent populations
• X and Y are normally distributed with mean values that we can denote as μ1
and μ2, respectively.

We will now establish our null and alternative hypothesis. In this test, we want to
know if μ1 > μ2 since we want to determine if the new fertilizer improves yield.
We may then state the null hypothesis as the case where the new fertilizer is just
as good as the previous fertilizer, while the alternative hypothesis is such that the
new fertilizer is better than the previous fertilizer at improving yields. The null
hypothesis H0 and alternative hypothesis H1 are therefore stated as follows:

H0 : μ1 ¼ μ2

H1 : μ1 > μ2

Next, we note that we want to have 95% level of confidence, which trans-
lates to a 5% level of significance α.

α ¼ 1� 0:95 ¼ 0:05

We will now determine the appropriate test statistic. In this problem, we
have two independent populations with their respective means, and we wish to
compare the two mean values. We note further that the variance (or standard
deviation) for the two populations are unknown, and the sample size is
relatively small. Hence we use the t-distribution and the corresponding test
function T as follows, where �X and �Y are the empirical means for the new and
previous fertilizers, respectively, S1 and S2 are the respective standard devia-
tions, and n1 and n2 are the respective sample sizes:
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T ¼
�
�X � �Y

�� μ1 � μ2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S1

2

n1
þ S2

2

n2

q

We next determine the degrees of freedom, v.

n1 ¼ n2 ¼ 11 ¼ n

v ¼ n� 1 ¼ 11� 1 ¼ 10

At α ¼ 0.05, v ¼ 10, we can refer to the t-distribution in the data booklet to
obtain the test statistic t0.95. Note that since we are performing a one-tailed test,
we need to be conscious that the statistical tables provided in data booklets
tabulate t-values for two-tailed tests; hence, for a 5% significance level, we
need to refer to the corresponding P-value where P[%] ¼ 5 � 2 ¼ 10. The
t-distribution is symmetrical such that P(�tα/2 � T � tα/2) ¼ P(T � tα)

t0:95 ¼ 1:81

The rejection region is given by t > t0.95 or t > 1.81, where t ¼ �X� �Yffiffiffiffiffiffiffiffiffiffiffi
S1

2

n1
þS2

2

n2

q .

From the data provided, we can determine some derived quantities from the
sample as shown below.

�x ¼ 33þ 43þ . . .þ 22
11


 38:455

�y ¼ 26þ 23þ . . .þ 37
11


 33:818

In this case, since the sample size is small, it is preferred to use an unbiased
estimator for variance, i.e., we use n � 1 instead of n to calculate the unbiased
sample variance S2 (or empirical variance in table below). n � 1 is also the
number of degrees of freedom. Note that as the sample size increases, the
amount of bias decreases, and the value of n � 1 becomes closer to n.

S2 ¼ 1
n� 1

Xn
i¼1

�
xi � �x

�2

S1
2 ¼ 33� 38:455ð Þ2 þ 43� 38:455ð Þ2 þ . . .þ 22� 38:455ð Þ2

11� 1

S2
2 ¼ 26� 33:818ð Þ2 þ 23� 33:818ð Þ2 þ . . .þ 37� 33:818ð Þ2

11� 1
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Sample n
Empirical
mean �X, �Y

Empirical standard
deviation S1, S2

Empirical
variance S1

2, S2
2

X 11 38.455 11.536 133.073

Y 11 33.818 14.034 196.964

From the table above, we can calculate the test statistic

t ¼
�X � �Yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S12

n1
þ S22

n2

q ¼ 38:455� 33:818ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
133:073þ196:964

11

q ¼ 0:847

Recall that the rejection region is given by t > t0.95 ¼ 1.81. Since
0.847 < 1.81, t < t0.95 and we conclude that the null hypothesis H0 is accepted,
since the test statistic does not fall within the rejection region.

Problem 43

A particular production process is required to produce circular tubes whereby
the radius of the circular cross section is 12.00 cm and the standard deviation is
0.1 cm. Assuming a sample size of 60 tubes with an average radius of 12.02 cm,

(a) State the null and alternative hypotheses.
(b) Determine if the production requirement is met for the said sample, using a

5% level of significance.
(c) Discuss briefly what is meant by Type I and Type II errors. If the average

radius of the population from which the sample was taken was 12.01 cm,
calculate the probability of a Type II error occurring in part b.

(d) If the average radius of the population is 12.01 cm (as per part c), what is the
desired sample size in order to reduce the Type II error to half of the value
calculated in part c?

Solution 43

Worked Solution

(a) The null hypothesis H0 and alternative hypothesis H1 are as follows:

H0 : μ ¼ 12:00 cm

H1 : μ 6¼ 12:00 cm

(b) First, we have to find out the test statistic, zcalc

zcalc ¼ 12:02� 12:00

0:1=
ffiffiffiffiffi
60

p ¼ 1:549
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Applying a two-tailed test with a significance level, α ¼ 0.05, we can
determine the required value of Φ from statistical tables (refer to normal
distribution function in data booklet),

Φ zð Þ ¼ 1� α

2
¼ 1� 0:025 ¼ 0:975 ! zcrit ¼ 1:96

Since zcalc < zcrit, we accept the null hypothesis H0 and conclude that the
production requirement is met.

(c) A Type I error occurs when we decide to accept the alternative hypothesis
(or reject the null hypothesis) even though in reality the null hypothesis is true.
On the other hand, a Type II error occurs when we decide to accept the null
hypothesis (or reject the alternative hypothesis) even though in reality the null
hypothesis is false.

For a Type II error to occur in part b, we accept the null hypothesis even
though it is false. For this error to occur, the average radius, denoted here as �x,
will fall within the range as shown.

�x 2 12:00� zcrit
0:1ffiffiffiffiffi
60

p
� �	 


¼ 12:00� 1:96
0:1ffiffiffiffiffi
60

p
� �	 



 11:975; 12:025½ 	

The probability of a Type II error occurring in part b is therefore 0.87.

β ¼ Φ
12:025� 12:01

0:1=
ffiffiffiffiffi
60

p
 !


 Φ 1:162ð Þ 
 0:87

(d) In order to reduce the Type II error by half, we need a new value of
β1 ¼ β

2 ¼ 0:87
2 
 0:43. Working backwards, we can determine the required sam-

ple size n that satisfies the required test statistic z1.

β1 ¼ 0:43 ¼ Φ
12:00þ 1:96 0:1ffiffi

n
p
� �� �

� 12:01

0:1=
ffiffiffi
n

p
0
@

1
A ¼ Φ z1ð Þ

z1 ¼ 1:96� 0:01
0:1

� � ffiffiffi
n

p

ffiffiffi
n

p ¼ �10 z1 � 1:96ð Þ
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From statistical tables, we can determine the value of z1 atΦ(z1)¼ 0.43. Note
that since 0.43 < 0.50, and the statistical table values for Φ(z) starts from 0.500
onwards, hence, we first calculate

1� 0:43 ¼ 0:57

At Φ(z) ¼ 0.57, z ¼ 0.18. Therefore, it can be deduced that z1 ¼ �0.18.
Putting this value back into the earlier expression, we have

ffiffiffi
n

p ¼ �10 �0:18� 1:96ð Þ
n ¼ 458

Problem 44

Sarah manages a greenhouse and periodically measures the heights of her
20 cucumber plants. After a period of growth, the mean height of a sample
was found to be 75 cm and the standard deviation of height for this sample is
5.2 cm. Using a confidence level of 95% for the mean height, and noting that a
random sample of 20 was taken, determine the confidence interval. You may
assume that plant height is normally distributed in the population.

Solution 44

Worked Solution

A confidence interval represents a range of values that contains a population
parameter. If we draw random samples from a population multiple times, a certain
percentage of the confidence interval will contain the population mean. This per-
centage is also known as the confidence level. The confidence level is also equal to
1 � α, where α is the corresponding significance level.

In this example, there is no information given about whether the population mean
μ is greater or less than the empirical mean; therefore, we conduct a two-tailed test
(as opposed to one-tailed).

We have a sample whereby the size n ¼ 20. The mean height derived from the
random sample taken is also known as the empirical mean, �x. The test statistic z can
be calculated as follows, where σ refers to standard deviation and μ refers to
population mean.

z ¼ �x� μj j
σ=

ffiffiffi
n

p

At 95% confidence level, α ¼ 0.05 and z1 � α/2 ¼ z0.975 ¼ 1.96. Substituting into
the equation, we have
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1:96 ¼ 75� μj j
5:2=

ffiffiffiffiffi
20

p

75� μj j 
 2:3

The interval is therefore 75 � 2.3.

Problem 45

A company produced ropes that had to comply with regulatory guidelines on
breaking strength. The breaking strength of 8 ropes manufactured by this
company was found to have a mean value of 7400N and a standard deviation
of 130N after performing some tests. However, the company owner claimed that
the mean breaking strength of their ropes is 7800N. Using significance levels of
5 and 1%, determine if the owner’s claim is true.

Solution 45

Worked Solution

We can first establish the null hypothesis H0 and alternative hypothesis H1 where the
null hypothesis represents the company owner’s claim and the alternative hypothesis
represents the case whereby the breaking strength has been over-represented:

H0 : μ ¼ 7800 N

H1 : μ < 7800 N

We now observe that the sample size is relatively small at n ¼ 8; therefore, we
perform a one-tailed test on a t-distribution to better represent this population. The t-
distribution describes the frequency distribution of small samples taken from a
normal distribution. Therefore, it follows that as we increase our sample size, the
t-distribution will become more and more like a normal distribution.

The test statistic tcrit may be calculated as follows, where S is the standard
deviation, n is the sample size, �x is the empirical mean obtained from the random
sample taken, and μ is the population mean:

tcrit ¼ �x� μj j
S=

ffiffiffi
n

p ¼ 7400� 7800j j
130=

ffiffiffi
8

p ¼ 8:7

As we are performing a one-tailed test, we need to consider that the statistical
tables provided in data booklets tabulate t-values for two-tailed tests, hence for a 5%
significance level, we need to refer to the corresponding P-value where P
[%] ¼ 5 � 2 ¼ 10. In the same way, at 1% significance level, we determine P to
be P[%] ¼ 2.
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For a t-distribution, we also need to determine the degrees of freedom v which is
defined as v ¼ n � 1. In this case,

v ¼ 8� 1 ¼ 7

The corresponding t-values can be found from statistical tables as follows:

t5%,7 ¼ 1:89

t1%,7 ¼ 3:00

Since tcrit > t5%,7 and tcrit > t1%,7, the null hypothesis H0 is rejected at both
significance levels, and we conclude that the owner’s claim is not supported.

Problem 46

(a) Consider a normally distributed population with a known mean μ0 and
unknown variance σ2, from which we obtain a set of n independent and
identical random variables Xi where i takes values from 1 to n, i.e., X1,
X2, . . . , Xn. For a significance level [%] in the range 0 � α � 1, derive an
expression for the confidence interval for the variance σ2 and specify its
corresponding confidence level.

(b) Data in the following table (x1, x2, . . ., x9) was collected after some mea-
surements were taken. Assuming a normal distribution of the form
N 3:5; σ2
� �

, find the empirical confidence interval at 98% for the variance
based on the measurements obtained.

j 1 2 3 4 5 6 7 8 9

xj 4.14 3.91 1.39 2.55 1.57 3.35 4.54 2.37 4.89

(c) Comment on what it means to do a point estimation as opposed to an
interval estimation in statistical analysis.

Solution 46

Worked Solution

(a) This problem introduces the concept of a chi-squared distribution, often denoted
as χn

2 at n degrees of freedom. This is a useful distribution to note in inferential
statistics and is often applied in hypothesis testing, determining confidence
intervals and estimating parameters (e.g., variance) of a normally distributed
population. Assume we have independent and identical random variables
denoted by Xi which follow the normal distribution of known mean μ0 but
unknown variance σ2 as given in the problem, i.e., N μ0; σ

2ð Þ, then the random
variable Z as shown below will follow the chi-squared distribution of χn

2.
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Z 
 χn
2

Z ¼
Xn
i¼1

Xi � μ0
σ

� �2

We can now express the confidence level probability P, in relation to the
significance level α as follows

1� α ¼ P χ2n,α=2 � Z � χ2n,1�α=2

� �

¼ P

Pn
i¼1 Xi � μ0ð Þ2
χ2n,1�α=2

� σ2 �
Pn

i¼1 Xi � μ0ð Þ2
χ2n,α=2

 !

The confidence interval for the unknown variance σ2 can then be expressed as
follows at a confidence level of 1 � α.

σ2 2
Pn

i¼1 Xi � μ0ð Þ2
χ2n,1�α=2

;

Pn
i¼1 Xi � μ0ð Þ2

χ2n,α=2

" #

(b) We need to refer to the chi-squared statistical table which can be found in data
booklets to determine the values we need for our confidence interval at 98% and
degrees of freedom n ¼ 9. Note that we need to consider that the statistical table
tabulates values for two-tailed tests, hence for a significance level α[%] ¼ 2, we
need to refer to the corresponding P-value at α2 ¼ 1% which means a P ¼ value
of 99%.

χ2n,1�α=2 ¼ χ29,99 P ¼ 1ð Þ ¼ 21:67

χ2n,α=2 ¼ χ29,1 P ¼ 99ð Þ ¼ 2:09

From the expression for confidence interval as earlier determined in part a, we
can compute the upper and lower bounds of the confidence interval from the
table of values provided.

Pn
i¼1 Xi � μ0ð Þ2
χ2n,1�α=2

;

Pn
i¼1 Xi � μ0ð Þ2

χ2n,α=2

" #

¼ X1 � 3:5ð Þ2 þ X2 � 3:5ð Þ2 þ . . .þ X9 � 3:5ð Þ2
21:67

;
X1 � 3:5ð Þ2 þ X2 � 3:5ð Þ2 þ . . .þ X9 � 3:5ð Þ2

2:09

" #

Statistics 111



¼ 4:19� 3:5ð Þ2 þ 3:91� 3:5ð Þ2 þ . . .þ 4:89� 3:5ð Þ2
21:67

;
4:19� 3:5ð Þ2 þ 3:91� 3:5ð Þ2 þ . . .þ 4:89� 3:5ð Þ2

2:09

" #

¼ 0:648; 6:72½ 	

The empirical confidence interval is therefore [0.648, 6.72].
(c) A point estimation is used to estimate unknown parameters of a population.

Point estimation methods can be parametric or non-parametric. For parametric
methods, a probability model is assumed for the population and hence the
quantity to be estimated, denoted by ϑ for example, is also assumed to follow
a specific distribution (e.g., normal distribution). Conversely, non-parametric
techniques do not have this assumption. In general for point estimation, we
define a test statistic T which is a function of a sample (e.g., of sample size n) of
random variables X1, X2, . . . , Xn.

Interval estimation is used when we want to find out how accurate a certain
point estimation is at a defined confidence level. The underlying probability
model used for the point estimation is then assumed in determining a confidence
interval for the parameter ϑ. The confidence level denoted by p is related to the
significance level α, by p¼ 1� α. A confidence level of 95% would correspond
to a 5% significance level, whereby p ¼ 0.95, α ¼ 0.05. Within the lower and
upper bound values of a 95% confidence interval, the parameter ϑ can be found
with a certainty of 95%.

Problem 47

Consider two populations denoted by X and Y which are normal distributions
with known variances σ2X ¼ 2:6 and σ2Y ¼ 2:8. In order to test if the population
means are the same, a sample was taken from each population. The sample size
from population X was nX ¼ 7 and the empirical sample mean �x ¼ 19:5 .
The sample size from population Y was nY ¼ 9 and the empirical sample
mean �y ¼ 16:5.

Determine and compute the suitable test statistic and decide at 99% confi-
dence level if we should accept or reject the hypothesis that the populations
means for the two populations are the same.

Solution 47

Worked Solution

We first identify the parameter of interest, which in this problem is the population
mean. The null hypothesis H0 and alternative hypothesis H1 can therefore be stated
as shown below.

H0 : μX ¼ μY

H1 : μX 6¼ μY
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Notice that this is a two-tailed test since no information is given about whether the
mean of population X is greater or less than the mean of population Y. We can now
state a suitable test statistic |z| for this problem as follows,

zj j ¼ �x� �yj jffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2X
nX
þ σ2Y

nY

q

Given that the confidence level is 99%, i.e., significance level α ¼ 1%, we can
establish the rejection region as follows:

�x� �yj jffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2X
nX
þ σ2Y

nY

q > z1�α=2

�� ��
�x� �yj jffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2X
nX
þ σ2Y

nY

q > z99:5j j

From the statistical table for normal distribution which can be found in data
booklets, we note that at α ¼ 1%, z99.5 
 2.58. Therefore, we can compute the test
statistic using sample data as follows:

zj j ¼ 19:5� 16:5j jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2:6
7 þ 2:8

9

q ¼ 3:6

3:6 > 2:58

zj j > z99:5j j

Since the value of the test statistic falls within the rejection region, we conclude
that null hypothesis is rejected and conclude from the test that the population means
for the two populations are not the same at a 1% significance level.

Eigenfunctions and Eigenvalues

The concept of eigenfunctions and eigenvalues is widely applied in science and
engineering, and is thus unsurprisingly a common topic in engineering math-
ematics. The use of eigenvalues (as well as eigenvectors) is useful in making
sense of large systems which can be mathematically described by large sets of
equations (e.g., system of differential equations). This application in linear
algebra enables engineers to analyze the stability linear systems, and hence
design effective control methods.
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Problem 48

The canonical form of matrices is useful in the geometric interpretation of

functions. Given a 2 � 2 symmetric matrix Q ¼ 6 2
2 2 3

	 

,

(a) Derive the canonical form for matrix Q as shown below, whereby R is a
2 � 2 matrix containing unit eigenvectors (e1 and e2) of matrix Q.

Q ¼ RΛRT , whereby R ¼ e1 e2½ 	

(b) Discuss the implications of eigenvalues λi on the geometric properties of the
function below assuming that eigenvalues are positive non-zero values, λi > 0.

q xð Þ ¼ xTQx ¼ 1

The standard form of an ellipse is also given as follows, where the
midpoint is at origin, and assuming that a > b, then the horizontal major
axis lies along the x-axis and the minor axis is the vertical y-axis.

x2

a2
þ y2

b2
¼ 1

(c) Comment also on the other possible values that eigenvalues can take.

Solution 48

Worked Solution

(a) A symmetric matrix Q is one whereby it is equivalent to its transpose.

Q ¼ QT

Let us consider an example of a symmetric 2 � 2 square matrix as follows:

Q ¼ 6 2
2 �3

	 

¼ QT

The eigenvalue (a scalar quantity) λ of a symmetric matrix Q is related to the

2 � 1 eigenvector e as follows where e ¼ ea
eb

	 

and I ¼ 1 0

0 1

	 

is an identity

matrix.
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Qe ¼ λe ð1Þ
Qe� λe ¼ 0

Q� λIð Þe ¼ 0 ð2Þ

In order for Eq. (2) to have meaningful solutions for e, the condition for the
determinant of matrix (Q � λI) has to be satisfied as follows:

det Q� λIð Þ ¼ 0

Substituting values for Q,

Q ¼ 6 2
2 �3

	 


Q� λI ¼ 6 2
2 �3

	 

� λ 0

0 λ

	 

¼ 6� λ 2

2 �3� λ

	 


det Q� λIð Þ ¼ Q� λIj j ¼ 0

6� λð Þ �3� λð Þ � 2ð Þ 2ð Þ ¼ 0

λ2 � 3λ� 22 ¼ 0

λ ¼ 3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9� 4 �22ð Þp
2

λ1 ¼ 6:4 and λ2 ¼ �3:4

Solving the matrix equation yields two real roots for the eigenvalues of our
matrix. Note that the eigenvalues of a symmetric and real matrix will also be real.
Substituting the eigenvalues back into our matrix Eq. (1), we arrive at eigenvec-
tors (e1, e2) that belong to the eigenvalues (λ1, λ2) as follows where the equations
are valid.

Qe ¼ λe

Qe1 ¼ λ1e1 and Qe2 ¼ λ2e2 ð3Þ

By definition, the eigenvectors (e1, e2) belonging to the eigenvalues (λ1, λ2)
are orthogonal. This means that their dot product is equal to zero.

e1e2 ¼ 0 ð4Þ

We are told that the eigenvectors are unit vectors (which is usually the case);
therefore, the following is also true about the eigenvectors.
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e1e1 ¼ e2e2 ¼ 1 ð5Þ

We can now define the 2 � 2 matrix R containing eigenvectors of matrix Q
where e1 and e2 are column vectors in the expression written below. In our
specific example, as we have

R ¼ e1 e2½ 	

Recall our results from (3), we substitute the above into our matrix equation
to obtain

QR ¼ Q e1 e2½ 	
QR ¼ λ1e1 λ2e2½ 	

After multiplying the left-hand side of both sides of this equation by RT, we
have

RTQR ¼ RT λ1e1 λ2e2½ 	 ¼ e1
e2

	 

λ1e1 λ2e2½ 	

Using results from (4) and (5), we simplify the expression to arrive at a matrix
identity that represents the diagonalization of our earlier matrix Q. This new
matrix identity which we denote here as Λ contains eigenvalues along its
diagonal and zeroes everywhere else.

RTQR ¼ λ1 0
0 λ2

	 

¼ Λ

It can be observed from earlier results (4) and (5) that matrix X is orthogonal.
And it follows that for an orthogonal matrix, R�1 ¼ RT and RRT ¼ RTR ¼ I.
Substituting RT with R�1, then multiplying R on the left-hand side of both sides
of the equation, and finally multiplying R�1 on the right-hand side of both sides
of the equation, we can single out matrix Q in its canonical form.

−1 −1

The canonical form is useful in interpreting the geometric implications of
eigenvalues.
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(b) Let us consider the function which we wish to analyze the geometry for. In this
case, we assume eigenvalues are positive and non-zero only (λi > 0):

q xð Þ ¼ xTQx ¼ 1

whereby

x ¼ x1
x2

	 

and xT ¼ x1 x2½ 	

Using the canonical form from part a, we substitute for Q using Q ¼ RΛRT

1 ¼ xT RΛRT
� �

x

We can perform the following groupings to simplify our expression, xTR ¼
x0T ¼ x01 x02½ 	 and RTx ¼ x0 ¼ x01

x02

	 


1 ¼ x0TΛx0

We know from earlier that Λ ¼ λ1 0
0 λ2

	 

, substituting this result, we get

1 ¼ x01 x02½ 	 λ1 0
0 λ2

	 

x01
x02

	 


1 ¼ λ1x012þ λ2x022

We can express this equation in the standard form equation for an ellipse,
where z1 is the horizontal major axis,

1 ¼ x012

1ffiffiffiffi
λ1

p
� �2 þ x022

1ffiffiffiffi
λ2

p
� �2

Assuming that λ1 < λ2, i.e., 1ffiffiffiffi
λ1

p > 1ffiffiffiffi
λ2

p , we have the following ellipse, where

the eigenvalues relate to key geometric parameters as shown
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We may observe that the eigenvalue scales the ellipse along the major and
minor axes, which are in this case of λ1 < λ2, the x01 and x02 axes, respectively.
Notice also that the eigenvectors are the x01 and x02 axes, hence eigenvectors are
useful in telling us the directions of the principal axes for the elliptical contours.

(c) In general, there are various possible values that eigenvalues can take and they
are useful in giving us some idea about geometric properties:

λi > 0 ! A is a positive definite matrix ! convex quadratic function
λi < 0 ! A is negative definite matrix ! concave quadratic function

λi ¼ 0 ! A is a singular matrix ! linear function
λi > 0 and λi < 0, !A is indefinite

Problem 49

Eigenvalues are useful in helping us identify the maximum andminimum points
of functions. Given the function below,

f x; yð Þ ¼ 50 y� x2
� �2 þ 4� xð Þ2

(a) Find the gradient and Hessian matrix of the function f(x, y).
(b) Calculate all the stationary points for this function and comment if they are

global or local and maximum or minimum points.

Solution 49

Worked Solution

(a) f x; yð Þ ¼ 50 y� x2
� �2 þ 4� xð Þ2

We can first derive the gradient expressions.

∂ f

∂x
¼ 2 50ð Þ �2xð Þ y� x2

� �þ 2 �1ð Þ 4� xð Þ

∂ f

∂y
¼ 2 50ð Þ y� x2

� �

In order to find stationary points, we need to set the gradients to zero.

∂ f

∂x
¼ 0
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2 50ð Þ �2xð Þ y� x2
� �þ 2 �1ð Þ 4� xð Þ ¼ 0

�200xyþ 200x3 � 8þ 2x ¼ 0 ð1Þ
∂ f

∂y
¼ 0

2 50ð Þ y� x2
� � ¼ 0

100y� 100x2 ¼ 0

y ¼ x2 ð2Þ

Substitute Eq. (2) into (1)

�200x3 þ 200x3 � 8þ 2x ¼ 0

x ¼ 4

y ¼ 16

The stationary point is (4, 16).
Now we can compute the Hessian matrix, which is defined as follows

H x; yð Þ ¼
∂2f

∂x2
∂2f

∂x∂y
∂2f

∂y∂x
∂2f

∂y2

2
6664

3
7775

∂ f

∂x
¼ �200xyþ 200x3 � 8þ 2x

∂2f

∂x2
¼ �200yþ 600x2 þ 2

∂2f

∂x∂y
¼ �200x

∂ f

∂y
¼ 100y� 100x2

∂2f

∂y2
¼ 100

∂2f

∂y∂x
¼ �200x
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H ¼ �200yþ 600x2 þ 2 �200x
�200x 100

	 


Substituting the stationary point coordinates into the Hessian matrix, we have

H ¼ �200 16ð Þ þ 600 4ð Þ2 þ 2 �200 4ð Þ
�200 4ð Þ 100

	 


¼ 6402 �800
�800 100

	 


To find the corresponding eigenvalues λ, we need to set the condition

det H� λI½ 	 ¼ 0

det
6402� λ �800
�800 100� λ

	 

¼ 0

6402� λð Þ 100� λð Þ � 8002 ¼ 0

640200� 6402λ� 100λþ λ2 � 640000 ¼ 0

λ2 � 6502λþ 200 ¼ 0

λ ¼
6502�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
65022 � 4 200ð Þ

q
2

λ1 ¼ 6502

λ2 ¼ 0:0308

Both eigenvalues are positive and non-zero, hence the function f(x, y) is
locally convex at the stationary point. This stationary point is also the local
minima. Since there are no other stationary points, this local minima is also the
global minima.

Problem 50

Using eigenvalue analysis, find the minimum surface area of a rectangular box
that has a volume of eight cubic units. Identify if the minimum value obtained
represents a local or global minima. The definition of the Hessian matrix is
given below.

H x; yð Þ ¼ ∂
∂x

∂
∂y

	 
T
∂f
∂x

∂f
∂y
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Solution 50

Worked Solution

First, we should list down all constraints for the problem. We have an equality
constraint for the volume of the box which can be expressed as shown below.

x

y

z

Volume ¼ xyz ¼ 8

The surface area needs to be minimized; hence, we set up an objective function f
(x, y, z) as follows:

f x; y; zð Þ ¼ 2xyþ 2xzþ 2yz

We now substitute the equality constraint into the objective function

f x; y; zð Þ ¼ 2xyþ 2x
8
xy

� �
þ 2y

8
xy

� �
¼ 2xyþ 16

y
þ 16

x

A minimum point is also a stationary point; hence, we have the conditions

∂ f

∂x
¼ 0,

∂ f

∂y
¼ 0

∂ f

∂x
¼ 2y� 16

x2
¼ 0

y ¼ 8
x2

ð1Þ

∂ f

∂y
¼ 2x� 16

y2
¼ 0

x ¼ 8
y2

ð2Þ

Substituting Eq. (2) into (1), we have

y ¼ 8

8
y2

� �2 ¼ y4

8
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y 1� y3

8

� �
¼ 0 ! y ¼ 0 or

ffiffiffi
83

p
¼ 2

x ¼ 8
y2

¼ 1 rejectedð Þ or 2

We have one stationary point at (2, 2). Now we can formulate the Hessian matrix
H x; yð Þ in order to find out the nature of this point. By definition, H x; yð Þ can be
expressed as follows,

H x; yð Þ ¼ ∂
∂x

∂
∂y

	 
T
∂ f

∂x
∂ f

∂y

	 

¼

∂2f

∂x2
∂2f

∂x∂y
∂2f

∂y∂x
∂2f

∂y2

2
6664

3
7775

Evaluating the differentials using the values found earlier, we obtain the follow-
ing expression. We then substitute the value of x and y for the stationary point as
follows.

H x; yð Þ ¼
32
x3

2

2
32
y3

2
64

3
75 ¼ 4 2

2 4

	 


To find the eigenvalues at this stationary point, we set the following condition,

det H� λI½ 	 ¼ 0

det
4� λ 2
2 4� λ

	 

¼ 0

4� λð Þ2 � 22 ¼ 0

16� 8λþ λ2 � 4 ¼ 0

λ2 � 8λþ 12 ¼ 0

λ� 2ð Þ λ� 6ð Þ ¼ 0

λ1 ¼ 2

λ2 ¼ 6

Both eigenvalues are positive and non-zero, hence the function f(x, y) is locally
convex at the stationary point. This stationary point is thus proven to be a local
minima. Since there are no other valid stationary points (the other solution for
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stationary point condition was rejected since the coordinate value was1), this local
minima is also the global minima.

Problem 51

Consider the quadratic function below, wherebyA ¼ 6 8
8 �6

� �
and x ¼ x1

x2

� �
:

10 ¼ xTAx

(a) Determine the eigenvalues λ1 and λ2 for matrix A and sketch the geometry
described by the function.

(b) Determine the unit eigenvectors ê1 and ê2 for matrix A, and demonstrate
diagonalization as shown below, whereR ¼ ê1 ê2ð Þ. Show that matrix R is
orthogonal.

RTAR ¼ Λ ¼ λ1 0
0 λ2

	 


Solution 51

Worked Solution

(a) From the function provided, we can substitute the expressions for matrix A and
vectors of x.

10 ¼ xTAx

10 ¼ x1 x2ð Þ 6 8
8 �6

� �
x1
x2

� �
¼ 6x1

2 þ 16x1x2 � 6x2
2

To compute the eigenvalues λ of matrix A, we set the condition as follows

det A� λIð Þ ¼ 0

det
6� λ 8
8 �6� λ

� �
¼ 0

6� λð Þ �6� λð Þ � 64 ¼ 0

�36þ λ2 � 64 ¼ 0

λ2 ¼ 100

λ1 ¼ 10

λ2 ¼ �10
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Using the eigenvalues, we can define a new matrix containing eigenvalues
along its diagonal, and rewrite the function equation as follows.

10 ¼ x0TΛx0 ¼ x01 x02ð Þ 10 0
0 �10

� �
x01
x02

� �

What we have done here is effectively to convert from the previous coordi-
nate system of x1 and x2 axes to a new coordinate system of x01 and x02. It is then
clear that the eigenvalues scale the shape of the function along the eigenvectors
which form the principal axes of the contours.

Dividing both sides of the equation by 10, we obtain the equation in the form
of a rectangular hyperbola.

1 ¼ x01
2 � x02

2

We can sketch the hyperbola as follows where the asymptotes are shown in
dotted lines, and graphs are symmetrical about the both axes.

(b) We can also compute the eigenvectors of matrix A, which we denote here as e1
and e2 where unknown values a, b, c, and d are to be determined.

e1 ¼ a
b

� �
for λ1 ¼ 10

e2 ¼ c
d

� �
for λ2 ¼ �10

The eigenvalues scale the function in the direction of the eigenvectors; hence,
the following relationship can be established

Ae1 ¼ λ1e1

6 8
8 �6

� �
a
b

� �
¼ 10

a
b

� �

This gives us two equations as follows, which both produce the result 2b¼ a.

6aþ 8b ¼ 10a
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8a� 6b ¼ 10b

∴ 2b ¼ a

We can use this result to rewrite the expression for eigenvector e1 where k is a
scalar quantity.

e1 ¼ a
b

� �
¼ k

2
1

� �

We can choose to make the eigenvector a unit vector by using a suitable value
of k.

ê1 ¼ 1ffiffiffi
5

p 2
1

� �

Similarly, we can find the other unit eigenvector ê2.

Ae2 ¼ λ2e2

6 8
8 �6

� �
c
d

� �
¼ �10

c
d

� �

This gives us two equations as follows, which both produce the result
�2c ¼ d.

6cþ 8d ¼ �10c

8c� 6d ¼ �10d

∴�2c ¼ d

Like before, we can use this result to rewrite the expression for eigenvector e2
where h is a scalar quantity and choose to make the eigenvector a unit vector by
using a suitable value of h.

e2 ¼ c
d

� �
¼ h

�1
2

� �

ê2 ¼ 1ffiffiffi
5

p �1
2

� �

We can now construct a matrix of eigenvectors denoted by R, and prove that
it is orthogonal.

R ¼ ê1 ê2ð Þ ¼ 1ffiffiffi
5

p 2 �1
1 2

� �
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We can demonstrate diagonalization of eigenvalues by showing the following
is true.

RTAR ¼ Λ

RTAR ¼ 1ffiffiffi
5

p 2 1
�1 2

� �
6 8
8 �6

� �
1ffiffiffi
5

p 2 �1
1 2

� �

¼ 1
5

20 10
10 �20

� �
2 �1
1 2

� �

¼ 1
5

50 0
0 �50

� �

¼ 10 0
0 �10

� �

¼ λ1 0
0 λ2

� �
¼ Λ

To prove that matrix R is orthogonal, we need to show that

RT ¼ R�1

R ¼ 1ffiffiffi
5

p 2 �1
1 2

� �

R�1 ¼ 1ffiffiffi
5

p 2 1
�1 2

� �
¼ RT
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Thermodynamics

Problem 1

Calculate the fugacity and fugacity coefficient of steam at 2 MPa and 700 �C.

Solution 1

Worked Solution

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Chemical potential is used to provide criteria for chemical equilibrium of species

i between phases α and β in a multiphase system, whereby μα
i ¼ μβ

i . Recall that
chemical potential is simply partial molar Gibbs free energy defined by:

μi ¼
∂G
∂ni

� �
T ,P,n j6¼i

Chemical potential is a derived thermodynamic property, as opposed to measur-
able ones like temperature and pressure. However, there are limitations to the use of
chemical potential, and fugacity was further derived from chemical potential as a
better measure for equilibrium.

Fugacity has units of pressure, and it applies to gases, liquids, and solids. It can be
understood as “corrected pressure” or the tendency for a substance to “flee” from the
phase it is in. The higher the fugacity, the higher the partial pressure of ideal gas
required to prevent the material from fleeing its phase and entering into the ideal gas.
The fugacity of a component (either pure or in a mixture) is the partial pressure of an
ideal gas of the same species which would be in equilibrium with that component.
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It also follows that as we tend towards real gases, where intermolecular forces
become significant, fugacity decreases as gas molecules have less tendency to escape
since they are held by those forces, and the fugacity coefficient (a fraction between
0 and 1) is a lower value to reflect a more “corrected pressure”.

Fugacity plays the same role in real gases as partial pressure plays in ideal gases.
As such, fugacity coefficient compares fugacity to partial pressure if the gas was
ideal:

φ̂i ¼
f̂ i

yiPsys

The “hat” notation denotes the contribution of species i to the mixture, as opposed
to a pure species fugacity fi or a total solution fugacity f.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

So back to our problem which asked about fugacity. Fugacity is defined as follows:

μi � μ0i ¼ RT ln
f̂ i
f̂ 0i

 !

Begin with the expression for fugacity of pure species i using the ideal gas
reference state.

gi � g0i ¼ RT ln
f vi

yiPlow

� �

At T ¼ 700 �C or 973.15 K, gi and f vi are at 2 MPa. Therefore,

yi ¼ 1, yiPlow ¼ 10 kPa

We can refer to the steam table since T and P are defined, to find the enthalpy,
h and entropy, s to calculate g. In the case of low pressure of 10 kPa, we find from the
steam table that water is in the superheated vapor phase. Therefore,

g0i ¼ h0i � Ts0i ¼ 3928:7� 973:15 10:403ð Þ ¼ �6195 kJ=K

As for P ¼ 2 MPa, the pure species gi is found as follows

gi ¼ 3917:5� 973:15 7:9487ð Þ ¼ �3818 kJ=K
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Combining our results, we have

gi � g0i ¼ RT ln
f vi

10 kPa

� �

f vi ¼ 13:4 kPa, Pi ¼ P ¼ 2 MPa

φi ¼ 0:0067

Problem 2

Consider the equation of state below and develop an expression for the fugacity
and fugacity coefficient of a pure species.

RT
v2 b

2
a
Tv2

Solution 2

Worked Solution

Notice that equations of state (EOS) are often more easily expressed with P as the
subject of the formula. It is relatively more difficult to extract v from the equation due
to power relationships. This is the reason behind thinking about integrals with
respect to P instead of v.

Recall the definition of fugacity in integral form:

μi � μ0i ¼
ðP

Plow

V idP ¼ RT ln
f vi

yiPlow

� �

Since we are dealing with pure species, we can use gi instead of μi and
yiPlow ¼ Plow. We can determine dP

dV from the EOS.

dP

dV
¼ �RT

v� bð Þ2 þ
2a
Tv3

" #

dP ¼ �RT

v� bð Þ2 þ
2a
Tv3

" #
dV

ln
f vi
Plow

� �
¼
ðP

Plow

V i
�RT

v� bð Þ2 þ
2a
Tv3

" #
dV ¼

ðv
RT
Plow

�RTv

v� bð Þ2 þ
2a
Tv2

" #
dV
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Note that v ¼ vi for pure species. For integrating, we can convert into partial
fractions

v

v� bð Þ2 ¼
1

v� b
þ b

v� bð Þ2

Therefore the expression becomes

RT ln
f vi
Plow

� �
¼ �RT

ðv
RT
Plow

v

v� bð Þ2 �
2a

RT2v2

" #
dV

¼ �RT

ðv
RT
Plow

1
v� b

þ b

v� bð Þ2 �
2a

RT2v2

" #
dV

ln
f vi
Plow

� �
¼ �

ðv
RT
Plow

1
v� b

þ b

v� bð Þ2 �
2a

RT2v2

" #
dV

¼ � ln v� bð Þ þ b

v� b

� �
� 2a

RT2v

� � v
RT
Plow

ln f vi � lnPlow ¼� ln v� bð Þ þ b

v� b

� �
� 2a

RT2v

þ ln
RT

Plow
� b

� �
� b

RT
Plow

� b

 !
þ 2a

RT2 RT

Plow

For ideal gas, assume RT
Plow

� b

ln f vi � lnPlow ¼� ln v� bð Þ þ b

v� b

� �
� 2a

RT2v

þ ln
RT

Plow

� �
� b

RT
Plow

 !
þ 2a

RT2 RT

Plow

ln f vi ¼ � ln v� bð Þ þ b

v� b

� �
� 2a

RT2v
þ ln RTð Þ � b

RT
Plow

 !
þ 2a

RT2 RT

Plow

For ideal gas, we can also assume Plow ¼ 0
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ln f vi ¼ ln
RT

v� b

� �
þ b

v� b

� �
� 2a

RT2v

f vi
v� b

RT

� �
¼ exp

b

v� b
� 2a

RT2v

� �

Finally, we can determine fugacity coefficient since by definition, f vi ¼ φiPsys

f vi ¼ RT

v� b

� �
exp

b

v� b
� 2a

RT2v

� �

φi ¼
RT

P v� bð Þ exp
b

v� b
� 2a

RT2v

� �

Problem 3

Data is available for a substance at 35 �C. Describe how one can use the data
provided to obtain the fugacity and fugacity coefficient of the substance at
60 bar and 35 �C. [Actual calculations not required.]

P [bar] v [m3/mol]

2.5 0.0075

6.0 0.0035

15.5 0.0016

. . . . . .

60.0 0.00048

Solution 3

Worked Solution

In this problem, we know the values of T, P, and v. Gas constant R is a known value.
We can make use of the equation of state. Note that z ¼ 1 for an ideal gas.

z ¼ Pv

RT

v ¼ zRT

P

Recall definition of fugacity in integral form, and definition of fugacity
coefficient.
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ðP
Plow

VdP ¼ RT ln
f vi
Plow

� �
¼ RT ln

φiP

Plow

� �

ðP
Plow

zRT

P
dP ¼ RT ln φið Þ þ ln Pð Þ � ln Plowð Þ½ �

ðP
Plow

z

P
dP ¼ lnφi þ

ðP
Plow

1
P
dP

ðP
Plow

z� 1
P

dP ¼ lnφi

We can find φi if we can work out the integral. Recall the trapezium rule as shown
below where h ¼ xn�x0

n .

ðxn
x0

f xð Þdx ¼ 1
2
h y0 þ yn þ 2 y1 þ y2 þ . . .þ yn�1ð Þ½ �

We can tabulate corresponding values of z�1
P and P. Using trapezium rule, we can

then find out ln φi. Fugacity at the specified 60 bar and 35 �C can be determined from
the known φi and P, using

f vi ¼ φiPsys

Note that this is true for this case of a pure substance. In a mixture, it is worth
noting that the expression is more accurately expressed as

f vi ¼ φiPi ¼ φiyiPsys

Problem 4

Consider a ternary system of methane (i), ethane (j), and propane (k) at 25 �C
and 15 bar. Assume this system can be represented by the virial equation
truncated at the second term.

z ¼ 1þ Bmix

v
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At 25 �C, the second virial coefficients [cm3/mol] are given by:

Bii �42

Bjj �185

Bkk �399

Bij �93

Bik �139

Bjk �274

(a) Develop an expression for the fugacity coefficient of methane in the mixture.
(b) Estimate the fugacity and the fugacity coefficient of methane for a mixture

with 20% methane, 30% ethane, and 50% propane in mole percent.

Solution 4

Worked Solution

(a) Virial equation states the following where B constants are given. This is a gas
mixture by observation of the substances at the specified T and P.

z ¼ 1þ Bmix

v

Recall that the virial equation of state is a power series expansion for the
compressibility factor z in terms of density ρ (also possible in terms of pressure).
Note that ρ ¼ 1

v.

z ¼ Pv

RT
¼ 1þ Bρþ Cρ2 þ Dρ3 þ . . .

Whether to use the power series expression in terms of ρ, v, or P depends on
the question. We shall use the expression that is useful for our integration based
on known parameters as described in the problem statement.

Another question is how accurate we should be, i.e., how many terms to
consider. In general, for low pressures, the equation can be up to second term
(i.e., linear). For moderate to higher pressures, quadratic and cubic expressions
can be considered.

Finally, it is worth understanding that virial coefficients provide an indication of
the intermolecular forces between molecules. By definition, f vi ¼ φiPi ¼ φiyiP

and
ÐP

Plow

VidP ¼ RT ln f vi
yiPlow

� �
. At this point, we recall a useful mathematical

relation, the cyclic rule as follows:
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�1 ¼ ∂x
∂z

� �
y

∂y
∂x

� �
z

∂z
∂y

� �
x

∂V
∂ni

� �
T ,P

∂P
∂V

� �
T ,ni

∂ni
∂P

� �
T ,V

¼ �1

When the composition of species i remains unchanged (which is the case
unless there are inflows or outflows to the system), then ∂P

∂V

� 	
T ,ni

¼ dP
dV and we

get the correlation ∂V
∂ni

� �
T ,P

dP ¼ � ∂P
∂ni

� �
T ,V

dV .

RT ln
f vi
Pi

� �
¼ �

ðV
nRT
Plow

∂P
∂ni

� �
T ,V ,n j,k 6¼i

dV

We can derive an expression for the integral using the Equation of State,

z ¼ 1þ Bmix

v
¼ Pv

RT

P ¼ RT

v
1þ Bmix

v

� �
¼ RT

1
v
þ Bmix

v2

� �

Since nT ¼ ni + nj + nk and v ¼ V
nT
¼ V

niþn jþnk
,

P ¼ RT
1
v
þ Bmix

v2

� �
¼ RT

ni þ n j þ nk
V

þ Bmix

V2

� �

Now we recall mixing rules which describe how two bodies interact. There
are three types of two-body interactions in this example, like interactions
denoted by Bii, Bjj, and Bkk, as well as unlike interactions denoted by Bij, Bjk,
and Bik. Note that Bmix is the parameter for the entire mixture while the B values
in the table refer to specific binary interactions.

For like interactions such as between molecules i, a molecule i must find
another molecule i, and this will occur in proportion to the mole fraction of the
first molecule i, multiplied by the mole fraction of the second molecule
i (probability rule), giving us the term “yi

2
”. As for unlike interactions such as

that between species i and j, the same concept applies, giving rise to a term “yiyj”.
However one should note that each molecule type should be accounted for,

i.e., the scenario where molecule i finds molecule j and where molecule j finds
molecule i. Each of these scenarios is different and should be considered.
Incidentally, both cases give us the same coefficient of “yiyj” (since yiyj ¼ yjyi);
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hence, assuming that Bij is equal to Bji as is the case in this example, we see the
term “2yiyjBij”. Therefore we arrive at the following:

P ¼ RT
ni þ n j þ nk

V
þ Bmix

V2

� �

¼ RT
ni þ n j þ nk

V
þ ni2Bii þ n j

2B jj þ nk2Bkk þ 2nin jBij þ 2ninkBik þ 2n jnkB jk

V2

� �

∂P
∂ni

� �
T ,V ,n j,k 6¼i

¼ RT
1
V
þ 2niBii þ 2n jBij þ 2nkBik

V2

� �

RT ln
f vi
Plow

� �
¼ �

ðV
nRT
Plow

RT
1
V
þ 2niBii þ 2n jBij þ 2nkBik

V2

� �
dV

ln
f vi
Plow

� �
¼ � lnV þ 2niBii þ 2n jBij þ 2nkBik

V

� �V
nRT
Plow

ln
f vi
Plow

� �
¼ � lnV þ 2niBii þ 2n jBij þ 2nkBik

V

þ ln
nRT

Plow
� 2niBii þ 2n jBij þ 2nkBik

� 	
Plow

nRT

Assume Plow is a small value

ln
f vi
yiP

� �
¼ 2niBii þ 2n jBij þ 2nkBik

V
þ ln

nRT

PlowV

lnφi ¼
2niBii þ 2n jBij þ 2nkBik

V
þ ln

1
z

� �

φi ¼
1
z

� �
exp

2niBii þ 2n jBij þ 2nkBik

V

� �

f vi ¼ yiP

z

� �
exp

2niBii þ 2n jBij þ 2nkBik

V

� �

(b) If given mole percent, we will know yi, yj, and yk.

Bmix ¼ yi
2Bii þ y j

2B jj þ yk
2Bkk þ 2yiy jBij þ 2yiykBik þ 2y jykB jk

We know yi ¼ 0.2, yj ¼ 0.3, and yk ¼ 0.5,
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Bmix ¼ 0:04 �42ð Þ þ 0:09 �185ð Þ þ 0:25 �399ð Þ þ 2 0:06ð Þ �93ð Þ þ 2 0:1ð Þ �139ð Þ
þ 2 0:15ð Þ �274ð Þ

¼ �2:39� 10�4 m3=mol

z ¼ 1þ Bmix

v
¼ Pv

RT

1þ�2:39� 10�4

v
¼ 1; 500; 000 Pað Þv

8:314 J
mol � K
� �

298:15 Kð Þ

Solve for v, then z. Afterwhich φi and f vi can be found.

φi ¼
1
z

� �
exp

2niBii þ 2n jBij þ 2nkBik

V

� �
¼ 1

z

� �
exp

2yiBii þ 2y jBij þ 2ykBik

v

� �

f vi ¼ φiyiP

Problem 5

Show that

∂gi
∂P

� �
T
¼ vi ¼ RT

∂ ln f ið Þ
∂P

� �
T

Solution 5

Worked Solution

Gibbs free energy can be written as dgi ¼ � sidT + vidP. Therefore

∂gi
∂P

� �
T

¼ �sidT þ vidP

∂P

� �
T

¼ vi

From first principles, fugacity of a pure gas gi ¼ g0i þ RT ln f vi
Plow

� �
¼

g0i þ RT ln f vi � RT lnPlow. So we can differentiate with respect to P,
holding T constant. Note that Plow is a reference state low value for pressure
where ideal gas is assumed, and it is a constant.

∂gi
∂P

� �
T

¼ ∂ g0i þ RT ln f vi � RT lnPlow
� 	

∂P

� �
T

¼ RT
∂ ln f vi
∂P

� �
T

∂gi
∂P

� �
T

¼ vi ¼ RT
∂ ln f vi
∂P

� �
T
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Problem 6

Find fugacity of pure liquid acetone at 100 bar and 382 K. The molar volume of
the liquid vi is 73.4 cm3/mol. You may assume molar volume does not change
with pressure.

Solution 6

Worked Solution

Liquid fugacity is expressed as follows:

f i ¼ Pvap ¼ Psatexp
P� Psatð Þv2

RT

� �

If we assume the vapor phase is an ideal gas (e.g., at low system pressure P),
(P � Psat) � 0, then

f i ¼ Psat

To derive the above expression, we may first consider the pure liquid at a
convenient pressure, such as Psat (Lewis/Randall reference state), then adjust to the
stated system pressure, P.

∂gi
∂P

� �
T

¼ v li ¼ RT
∂ ln f li
∂P

� �
T

At system pressure P, f li can be found first:

v li ¼ RT
∂ ln f li
∂P

� �
T

v li
RT

� �
dP ¼ d ln f li

v li
RT

� �ð P
Psat

dP ¼
ðf i
f sati

d ln f li

ln
f li
f i

l
sat

¼ v li
RT

� �
P� Psatð Þ

Separately, we find that at saturated conditions, f i
l
sat ¼ f i

v
sat ¼ φ sat

i P sat
i

f li ¼ f i
l
satexp

v li
RT

� �
P� Psatð Þ

� �
¼ φ sat

i P sat
i exp

v li
RT

� �
P� Psatð Þ

� �
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Note thatv li is that of the liquid. Since liquids are taken to be incompressible, it is a
constant.

How do we find saturated pressure vales from temperature, for a known sub-
stance? Saturated pressures are commonly reported in terms of the Antoine equation
where values of A, B, and C can be found from the data booklet at T ¼ 382 K.

lnP sat
i ¼ A� B

C þ T

From published data, we can obtainP sat
i for acetone, which is about 4.64 bar. Note

that this is greater than atmospheric pressure 1 bar, and hence φ sat
i 6¼ 1:

In order to find the actual value of φ sat
i , we need to use the correlation:

logφ sat
i ¼ logφ 0ð Þ þ ωlogφ 1ð Þ

To use this correlation, we first find reduced temperature and pressure, Tr and Pr,
where Tr ¼ T/Tcritical and Pr ¼ P/Pcritical. Critical point values and ω values can be
obtained from the data booklet. T and P are as defined in the problem statement,
T ¼ 382 K and P sat

i ¼ 4.64 bar. After Tr and Pr are obtained, we can find logφ
(0) and

logφ(1) using the data booklet. Finally we will obtain φ sat
i ¼ 0.904.

Substituting all values into our earlier expression, we obtain f li at 100 bar and
382 K.

f li ¼ φ sat
i P sat

i exp
v li
RT

� �
P� Psatð Þ

� �

f li ¼ 0:904 4:64ð Þexp 7:34� 10�5

8:314� 382

� �
100� 4:64ð Þ

� �
¼ 5:23 bar

Problem 7

There is a binary mixture containing species a and b at T ¼ 300 K, and
P ¼ 20 kPa. A table showing f̂ l

a values at different mole fractions xa is given.
Use Henry’s law as the reference state for species a and the Lewis/Randall rule
for species b.

f̂ l
a=kPa xa
0 0

2 0.1

8 0.3

12 0.4

26 0.7

40 1
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(a) What is the Henry’s law constant, Ha for species a?
(b) What is the activity coefficient for species a at xa ¼ 0.4? At xa ¼ 0.8?
(c) Is the activity coefficient for species b at xa¼ 0.4 greater than or less than 1?
(d) Is the a–b interaction stronger than the pure species interactions?
(e) Consider the vapor phase to be ideal. What is the vapor phase mole fraction

of a in equilibrium with 40% liquid a?

Solution 7

Worked Solution

(a) First, we can draw a best fit curve for the data points provided. The Henry’s law
reference state can be understood as a pure fluid in which the dominant
intermolecular interactions are unlike interactions (i.e., a–b interactions). Math-
ematically, a straight line tangent to the curve at xa ¼ 0. Then the Henry’s
constant will be the fugacity value on this straight line, when xa ¼ 1. Since

f̂ ideala ¼ 1ð ÞHa.
There are two ways to approximate an ideal solution, using Henry’s or Lewis/

Randall (LR) reference states. If Henry’s law is used as the reference state to

describe species a, then f̂ ideala ¼ xaHa, whereHa is the value of f̂ l
a at xa¼ 1, and the

reference state can be approximated as a point on a straight line tangent to the
curve where a–b interactions dominate, i.e., at xa ¼ 0. If the Lewis/Randall

reference state is used, then f̂ ideala ¼ xaf a, where fa is the value of f̂
l
a at xa ¼ 1,

and the reference state can be approximated as a point on a straight line tangent to

the curve where a–a interactions dominate, i.e., at xa ¼ 1. Since f̂ ideala ¼ 1ð Þf a:
Graphically, both are straight line approximations (ideal solution) using

different points to lie tangent to the actual curve. By drawing a straight line

tangent to the curve at xa ¼ 0, we can read off the value of f̂ l
a when xa ¼ 1, to

obtain the value of Ha ¼ 19.5 kPa.

(b) By definition, activity coefficient γi ¼ f̂ l
i

f̂ ideali
¼ f̂ l

i

xif
0
i
. Since species a is to be

described by Henry’s reference state,

γa ¼
f̂ l
a

xaHa

At xa ¼ 0.4 and xa ¼ 0.8, we can read off graphically, the corresponding
values of f̂ l

a: Following this approach, we have γa (xa ¼ 0.4) ¼ 1.54 and
γa (xa ¼ 0.8) ¼ 1.99.

(c) The Gibbs–Duhem (GD) equation is useful in relating properties of different
species in a mixture. These properties may be partial molar volume, enthalpy,
entropy, internal energy, Gibbs free energy, chemical potential, etc. The general
form of the GD equation is as follows at constant T and P, where K denotes the
partial molar property.
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0 ¼
X

nidKi

When we know the activity coefficient of one species, we can use that to
relate to the activity coefficient of another species.

0 ¼
X

nidμi

We can express the above in terms of fugacity, which helps us relate to
activity coefficient.

μi � μ0i ¼ RT ln
f̂ i
f̂ 0i

 !

dμi ¼ RT d ln f̂ iX
nidμi ¼ RT

X
nid ln f̂ i

Fugacity can now be expressed in terms of activity coefficient:

f̂ i ¼ γi xif̂
0
iX

nid ln f̂ i ¼
X

nid ln
�
γi xif̂

0
i

	
X

nid ln
�
γi xif̂

0
i

	 ¼X nid ln γi þ
X

nid ln xi þ
X

nid ln f̂
0
i ¼ 0

X
nid ln xi ¼

X
ni

1
xi

� �
dxi ¼

X
nxið Þ 1

xi

� �
dxi ¼ n

X
dxi

Since ∑xi ¼ 1, ∑dxi ¼ 0, this gives us

X
nid ln γi þ

X
nid ln f̂

0
i ¼ 0

And knowing that f̂ 0i is a reference state fugacity value and hence a constant,
we have d ln f̂ 0i ¼ 0.

X
nid ln γi ¼ 0X
nxid ln γi ¼ 0X
xid ln γi ¼ 0
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Assuming we have only two species a and b in the mixture, then:

xad ln γa þ xbd ln γb ¼ 0

xa
d ln γa
dxa

� �
þ xb

d ln γb
dxa

� �
¼ 0

Let us return to the question, which asks if γb at xa¼ 0.4 is greater or less than
1. Recall that activity coefficient represents the ratio of the actual fugacity
against the reference state fugacity (which itself is a choice). Graphically, if
the actual curve lies above the reference state straight line approximation
(tangent at xa ¼ 0 for Henry’s and tangent at xa ¼ 1 for LR), then γa > 1. And
likewise, if the actual curve lies below the reference state straight line approx-
imation, then γa < 1.

The question required that species a follows Henry’s reference state and
species b follows LR reference state. So as xa tends to zero, γa tends to one
(or lnγa ¼ 0). We noticed from part (b) that as xa increases from 0.4 to 0.8, γa
increases where both values are greater than 1 (or lnγa > 0). So we can observe

from gradient analysis that at xa ¼ 0.4, d ln γa
dxa

is a positive value. At this point

from sign analysis, we know that d ln γb
dxa

has to be a negative value to satisfy the

equation. As xa tends to zero, γb tends to 1 (or lnγb ¼ 0). d ln γb
dxa

is a negative

value, which means that as xa increases, lnγb decreases from zero to negative
values, so γb < 1.

(d) a–b interactions are stronger than b–b (or pure species) interactions because
γb < 1, using the Lewis Randall reference state. The “tendency to escape” is less
when we introduce a–b interactions to a pure b. As for γa > 1, using the Henry’s
reference state, it means that the “tendency to escape” is greater when we
become more pure in a, which implies that a–a interactions are weaker than
a–b interactions. So we can deduce that a–b interactions are stronger than pure
species interactions.

(e) At equilibrium, f̂ v
a ¼ f̂ l

a. For ideal gas, f̂ v
a ¼ yaP. ya ¼ f̂ l

a
P . We can find out

the value of f̂ l
a at xa ¼ 0.4. We also know from the problem statement that

P ¼ 20 kPa. So ya ¼ 0.6.

Be careful to be clear about liquid versus vapor mole fractions. They are
different. Also, be sure to check that the equilibrium equation is consistent for

the specific species, i.e., do not mistakenly equate this way, f̂ v
a ¼ f̂ l

b if there
are two species for example.
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Problem 8

Derive an expression that associates the entropy change of an ideal gas between
(T1, P1) and (T2, P2).

Solution 8

Worked Solution

We can break down the path into two steps, first by keeping T constant and changing
P from P1 to P2. Then by keeping P constant at P2 and changing T from T1 to T2.

Step 1: Isothermal

The change in internal energy of an ideal gas is zero.

du ¼ δqrev þ δwrev ¼ 0

δqrev ¼ �δwrev

By definition, we apply the concept of work done as a product of force and
distance moved by the force, so it follows that

W ¼ �P

ð
dV

�δwrev ¼ Pdv

And for an ideal gas,

δqrev ¼ Pdv

By definition, entropy can be expressed as heat absorbed during a reversible
process.

ds ¼ δqrev
T

Δs ¼
ð
δqrev
T

So for our Step 1 process for an ideal gas,

Pv ¼ RT

Δsstep1 ¼
ð
δqrev
T

¼
ð
Pdv

T
¼

ðRT1=P2

v1

R

v
dv ¼ R ln

RT1=P2

v1
¼ R ln

P1

P2

� �
¼�R ln

P2

P1

� �
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Step 2: Isobaric

du ¼ δqrev þ δwrev ¼ δqrev � Pdv

There is a mathematical “trick” that is useful for us to introduce enthalpy to the
expression, where h ¼ u + Pv. We know that dP ¼ 0 for isobaric process, so adding
this dummy term is inconsequential though it is useful mathematically.

duþ Pdvþ vdP ¼ δqrev þ 0

d uþ Pvð Þ ¼ dh ¼ δqrev

Δsstep2 ¼
ð
δqrev
T

¼
ð
dh

T
¼
ð
CpdT

T

So summing both steps, we have the following entropy change for going from
(T1, P1) to (T2, P2).

Δs ¼ �R ln
P2

P1

� �
þ
ðT2

T1

Cp

T
dT

Problem 9

Calculate the thermodynamic property changes of mixing for a binary ideal gas
mixture, under isothermal conditions. The pressures of each gas species drop
from their pure species pressures with mixing as they isothermally expand to
take up the space of the container.

Solution 9

Worked Solution

Let us start with entropy change of mixing for a binary mixture of species a and b,

Δsmix ¼ ya
�
�Sa � sa

	þ yb
�
�Sb � sb

	
Δsmix ¼ ya �R ln

Pa

P

� �� �
þ yb �R ln

Pb

P

� �� �

Δsmix ¼ ya �R ln
yaP

P

� �� �
þ yb �R ln

ybP

P

� �� �
¼ ya �R ln yað Þ þ yb �R ln ybð Þ

Δs IGmix ¼ �R
Xm
i¼1

yi ln yi
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The other properties below are zero for ideal gas.

Δh IG
mix ¼ 0

Δu IG
mix ¼ 0

Δv IGmix ¼ 0

And finally for the Gibbs free energy of mixing, we have

Δg IG
mix ¼ Δh IG

mix � TΔs IGmix ¼ RT
Xm
i¼1

yi ln yi

Problem 10

Derive an expression for the pressure dependence of partial molar Gibbs free
energy, �Gi. Show that the temperature dependence of excess Gibbs free energy
can be expressed as shown below.

∂ gE

T

� �
∂T

0
@

1
A

P, ni

¼ 2 hE

T2

Solution 10

Worked Solution

The pressure dependence of partial molar Gibbs free energy is more straightforward.

d �Gi ¼ ��SidT þ V idPþ
Xm
i¼1

�Gidni

At constant temperature and constant composition, dT ¼ 0 and dni ¼ 0.

∂ �Gi

∂P

� �
P,ni

¼ V i

To express the temperature dependence of excess Gibbs free energy change gEwe
start with the following equation. [Note that Gibbs free energy of mixing,
Δgmix ¼ gE.]
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dgE ¼ �sEdT þ vEdPþ
Xm
i¼1

gEdni

At constant pressure and constant composition, dP ¼ 0 and dni ¼ 0.

∂gE

∂T

� �
P,ni

¼ �sE

We can take partial derivative of ∂gE

∂T

� �
P,ni

with respect to T,

∂ gE

T

� �
∂T

0
@

1
A

P,ni

¼ T∂gE � gE∂T

T2 ¼ 1
T

∂gE

∂T

� �
P,ni

� gE

T2 ¼ �sE

T
� gE

T2 ¼
�sET � gE

T2

gE ¼ hE � TsE

∂ gE

T

� �
∂T

0
@

1
A

P,ni

¼ �hE

T2

Problem 11

Consider a binary liquid mixture of species a and b. The activity coefficients for
this mixture are adequately described by the two-suffix Margules equation.

(a) IfΔhmix¼ 0, what can you say about the two-suffixMargules parameter, A?
(b) IfΔvmix¼ 0, what can you say about the two-suffix Margules parameter, A?

Solution 11

Worked Solution

(a) An “excess property” describes the difference between the actual thermody-
namic property of a real mixture versus the value it would have if it was an ideal
solution at the same temperature, pressure, and composition. Hence by defini-
tion, excess property for an ideal mixture is zero.

We may define the ideal solution reference state as Lewis Randall, Henry, or
the ideal gas. An ideal solution is where all the mixing rules are the same as for
an ideal gas, where there are no intermolecular forces.

Even though excess property is by definition zero, the property of mixing may
or may not be zero, for example,Δh IG

mix ¼ Δu IG
mix ¼ Δv IGmix ¼ 0, but note that even

for ideal mixture, the property change of mixing is non-zero forΔg IG
mix andΔs IGmix:
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If Δhmix ¼ 0, it means that there is no difference between the actual enthalpy
of the real mixture relative to if the solution was ideal, hence it means that
hE ¼ Δhmix ¼ 0.

Recall that the temperature dependence of excess Gibbs free energy can be
written as follows.

∂ gE

T

� �
∂T

0
@

1
A

P,ni

¼ �hE

T2

If hE ¼ 0, then
∂ gE

T

� 	
∂T

� �
P,ni

¼ 0, which means that gE

T is independent of T.

Since the two-suffix Margules equation describes gE ¼ Axaxb, therefore
Axaxb
T is

independent of T at constant pressure and composition. It then follows that A
T is

also independent of T. Mathematically, this means that A
T ¼ constant, or A~T.

(b) If Δvmix ¼ vE ¼ 0, then since the two-suffix Margules equation describes
gE ¼ Axaxb, and the pressure dependence of gE can be expressed as
∂gE

∂P

� �
P,ni

¼ �vE, then ∂Axaxb
∂P

� �
P,ni

¼ 0: This means that A is independent of P,

at constant temperature and composition.

Problem 12

Below is a plot showing how activity coefficients of a mixture containing species
a and b behave, relative to the mole fraction of a, xa, at a defined temperature.
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(a) What is the reference state for each species?
(b) Show that the Gibbs–Duhem equation is satisfied at a mole fraction xa¼ 0.4.
(c) Come up with an appropriate model for gE for this system and find the

values of the model parameters.
(d) Is it possible for species a and b to separate into two liquid phases? Explain.

Solution 12

Worked Solution

(a) There are a few common reference states. For example, Henry’s reference state,
Lewis Randall state, or ideal gas. We can observe from the graph that both
species a and b are based on the Lewis Randall reference states because as the
species compositions approach pure, activity coefficients tend to 1 which is the
case for the reference state. When xa ! 1, i.e., pure a, then ln γa ! 1; when
xb ! 1, i.e., pure b, then ln γb ! 1 at xa ! 0.

(b) The graphical relevance of the Gibbs–Duhem equation is commonly in the
clever use of the mathematical definition of tangent to a curve that is plotted
for natural log of activity coefficient vs. species composition. The Gibbs–Duhem
equation is as follows:

xa
d ln γa
dxa

� �
þ xbð Þ d ln γb

dxa

� �
¼ 0

We can observe that d ln γa
dxa

� �
and d ln γb

dxa

� �
describe gradients of tangents to the

curves as plotted. So all we need to do is specify the point of interest to take
tangent from. The problem statement states xa ¼ 0.4; hence, we draw tangents to
the two curves at the point xa ¼ 0.4, and the gradients of the tangents will

provide values for d ln γa
dxa

� �
and d ln γb

dxa

� �
. Numerically, we substitute the values of

the tangent gradients, together with xa ¼ 0.4 and xb ¼ 0.6, to show that the
equation is satisfied.

(c) Before we tackle this question, we need to understand more about some simple
models that describe non-ideal mixtures. One such example is the Margules
equation, which may exist in the two-suffix form or three-suffix form.

The two-suffix Margules equation is in the form gE ¼ Axaxb. This model is
suitable if the following conditions are satisfied. We assume for simplicity of
discussion, a binary solution of species a and b with the Lewis Randall reference
state used. Then we note that for pure a and pure b, each will be an ideal solution
as defined by the choice of reference state. Then gE ¼ 0 when xa ¼ 1 and xb ¼ 1.

Another useful observation is that the two-suffix Margules equation is sym-
metric between xa and xb, since gE behaves similarly relative to each. From
deduction, we can see that in this problem, activity coefficients behave in
different manners with respect to composition; this implies that gE will also
behave dissimilarly with respect to xa and xb.
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There is also a three-suffix Margules equation which may be used as an
asymmetric model. The way that this equation breaks the symmetry is by an
additional term as shown in gE¼ xaxb[A + B(xa� xb)]. In this equation, xa and xb
are no longer interchangeable to give the same value of gE.

In order to find the model parameters A and B, we need to express excess
Gibbs free energy in differential form.

nTg
E ¼ GE

�GE
b ¼ ∂GE

∂nb

� �
T ,P,na

¼ ∂nTgE

∂nb

� �
T ,P,na

¼ ∂ na þ nbð ÞgE
∂nb

� �
T ,P,na

�GE
b ¼ na þ nbð Þ ∂gE

∂nb

� �
T ,P,na

þ gE
∂ na þ nbð Þ

∂nb

� �
T ,P,na

¼ na þ nbð Þ ∂gE

∂nb

� �
T ,P,na

þ gE

Using the chain rule, we can express ∂gE

∂nb

� �
T ,P,na

in terms of the parameters

A and B of the three-suffix Margules equation,

∂gE

∂nb

� �
T ,P,na

¼ ∂gE

∂xa

� �
T ,P,na

∂xa
∂nb

� �
T ,P,na

Since gE ¼ xaxb[A + B(xa � xb)], and xb ¼ 1 � xa. Therefore we can express
gE as follows.

gE ¼ xa 1� xað Þ Aþ B xa � 1þ xað Þ½ � ¼ xa � xa
2

� 	
Aþ 2Bxa � Bð Þ

¼ A� Bð Þxa þ 3B� Að Þxa2 � 2Bxa
3

∂gE

∂xa

� �
T ,P,na

¼ A� Bð Þ þ 6B� 2Að Þxa � 6Bxa
2

∂xa
∂nb

� �
T ,P,na

¼ ∂ na= na þ nbð Þð Þ
∂nb

� �
T ,P,na

¼ �na

na þ nbð Þ2 ¼
�xa

na þ nb

∂gE

∂nb

� �
T ,P,na

¼ A� Bð Þ þ 6B� 2Að Þxa � 6Bxa
2


 � �xa
na þ nb

� �

Putting our results together, we have

�GE
b ¼ na þ nbð Þ ∂gE

∂nb

� �
T ,P,na

þ gE
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¼ na þ nbð Þ A� Bð Þ þ 6B� 2Að Þxa � 6Bxa
2


 � �xa
na þ nb

� �
þ A� Bð Þxa

þ 3B� Að Þxa2 � 2Bxa
3

¼ 4Bx3a þ A� 3Bð Þx2a
We can also express partial molar excess Gibbs free energy in terms of

activity coefficient which helps us relate to the data obtained from the graph,

�GE
b ¼ �Gb � �Gideal

b ¼ μb � μidealb

�GE
b ¼ RT ln

�f b
f idealb

 !
¼ RT ln γb

Combining both expressions, we have

RT ln γb ¼ 4Bx3a þ A� 3Bð Þx2a

We know from earlier that both species follow the Lewis Randall reference
state. For species a, when xb ¼ 0, xa ¼ 1, lnγb ¼ �1.5. At infinite dilution of
species b, we have the following

RT ln γ1b ¼ Bþ A ¼ �1:5

Similarly, when xa ¼ 0, xb ¼ 1, lnγa ¼ �2.5. Repeat the above process for
species a, and we will arrive at two equations with two unknowns, i.e., A and B,
which we can use to solve for A and B.

RT ln γa ¼ �4Bx3b þ Aþ 3Bð Þx2b
RT ln γ1b ¼ A� B ¼ �2:5

A ¼ �4988:4, B ¼ 1247:1

(d) The natural logs of both activity coefficients are negative, this means that for both
species, the activity coefficients are less than 1. Conceptually, this means that the
actual fugacities are lower than that if ideal solution (Lewis Randall pure species
reference state). This also means that the “tendency to escape” is lower when in
mixture, and the a–b intermolecular forces are stronger than a–a and b–b.
The two species are unlikely to separate.

We can also observe that the excess Gibbs free energy of mixing has a
negative value.

gE ¼ xaxb Aþ B xa � xbð Þ½ � ¼ xaxb �4988:4þ 1247:1 xa � xbð Þ½ � < 0
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gE ¼ Δgmix � RT
X

xi ln xi

Since the term “�RT ∑ xi ln xi” can only be positive or zero, and we observed
that is gE negative, it means that Δgmix must be negative; hence, it is thermody-
namically favorable to mix.

Problem 13

Substance (a) and substance (b) form two partially miscible liquid phases. At
220 �C and 1 atm, the compositions of the two phases are given by xα

a¼0:9 and
xβ
a¼0:2: Estimate the parameters in the three-suffix Margules equation.

Solution 13

Worked Solution

At equilibrium, the fugacities in each liquid phase must be equal for each species. So
for species a, we have

f̂ l,αa ¼ f̂ l,βa

It follows that for a specified ideal reference state for species a (which cancels off

on both sides since f̂ 0,αa ¼ f̂ 0,βa ¼ f 0a where f
0
a ¼ f a for Lewis Randall, or Ha for

Henry’s law). We can express equilibrium of species a as follows:

γ αa x
α
a f

0,α
a ¼ γ βa x

β
a f

0,β
a

γ αa x
α
a ¼ γ βa x

β
a

Similarly for species b,

f̂ l,αb ¼ f̂ l,βb

γ αb x
α
b ¼ γ βb x

β
b

Given that in phase α, species a mole fraction xαa ¼ 0:9, therefore species b mole
fraction will be xαb ¼ 1� 0:9 ¼ 0:1.

Similarly in phase β, species a mole fraction xβa ¼ 0:2, therefore species b mole

fraction will be xβb ¼ 1� 0:2 ¼ 0:8.

Substitute the values for xαa , x
α
b and x

β
a , x

β
b to obtain two independent equations for

the remaining four unknowns, γ αa , γ
β
a and γ

α
b , γ

β
b . Then from the three-suffix Margules

equation, gE ¼ xaxb[A + B(xa � xb)], we can derive another 2 equations, which will
help us solve for the activity coefficients.
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RT ln γa ¼ �4Bx3b þ Aþ 3Bð Þx2b
RT ln γb ¼ 4Bx3a þ A� 3Bð Þx2a

Problem 14

The Gibbs–Duhem equation can be used to derive a thermodynamic consis-
tency test that can be used to evaluate experimental data. This test may be

expressed in the form
Ð1
0
ln γa

γb

� �
dxa¼0, assuming constant T and P, a mixture

containing species a and b with each using the Lewis Randall reference state.
Show the derivation of this test equation, using the Gibbs–Duhem equation.

Solution 14

Worked Solution

By definition, excess Gibbs free energy measures the deviation of the Gibbs free
energy of a real mixture from the ideal reference state. In general, for a species i,

�GE
i ¼ �Gi � �Gideal

i ¼ μi � μideali ¼ RT ln
�f i

f ideali

 !
¼ RT ln γi

For a whole mixture considering all species present, the excess Gibbs free energy
gE can be expressed as follows,

gE ¼
X

xi �G
E
i ¼ RT

X
xi ln γi

For a binary mixture containing species a and b,

gE ¼ RT xa ln γa þ xb ln γbð Þ ¼ RT xa ln γa þ 1� xað Þ ln γbð Þ

Differentiating with respect to xa, we get

dgE

dxa
¼ RT xa

d ln γa
dxa

þ ln γa þ xb
d ln γb
dxa

� ln γb

� �

We observe that this expression can be simplified by substituting the Gibbs–
Duhem equation as shown below.

xa
d ln γa
dxa

� �
þ xb

d ln γb
dxa

� �
¼ 0
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dgE

dxa
¼ RT ln γa � ln γbð Þ ¼ RT ln

γa
γb

� �

We can integrate the differential equation from xa ¼ 0 to xa ¼ 1.

ðxa¼1

xa¼0

dgE ¼ RT

ð1
0

ln
γa
γb

� �
dxa

Observe that gE is zero when the mixture contains only a pure species (whether
a or b), since the ideal reference state is described by the Lewis Randall state.

ð1
0

ln
γa
γb

� �
dxa ¼ 0

This thermodynamic consistency test is useful when we plot a graph of ln γa
γb

� �
against xa. Then the area under the curve should sum to zero (where areas above the
horizontal axis are positive in value, and areas below the horizontal axis are negative
in value).

Problem 15

Show the derivation of the improved test equation for thermodynamic consis-
tency (as shown below) which can be used even when T is not constant. This
equation is able to account for the temperature dependence of the activity
coefficient. Constant P may be assumed.

ð1
0

ln
γa
γb

� �
dxa ¼

ðTpure a

Tpure b

Δhmix

RT2 dT ¼ �
ð1=Tð Þpure a

1=Tð Þpure b

Δhmix

R
d

1
T

� �

Solution 15

Worked Solution

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Before we proceed, it is timely to be reminded of the following concepts:

• Thermodynamic properties can be either intensive or extensive. Extensive prop-
erties depend on the size of the system, while intensive properties do not. Hence,
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extensive properties are additive, while intensive properties are not. Common
examples of intensive properties are T and P.

• For a system containing a pure substance, its thermodynamic state and hence all
of its intensive thermodynamic properties can be determined from two indepen-
dent intensive properties. Once these two independent intensive properties are
specified (e.g., T and P), then

– The rest of the intensive properties (e.g., molar enthalpy h) are also
constrained, and are hence dependent intensive properties.

– The extensive property of the pure substance can also be constrained if the size
of the system is specified (e.g., total solution enthalpy H is constrained if T, P,
and n are specified). For a mixture containing multiple species, this concept
is extrapolated to the sum over all species and the following makes sense
(where K hypothetically denotes a thermodynamic property which could
be V, H, U, etc.:

dK ¼ ∂K
∂T

� �
P,ni

dT þ ∂K
∂P

� �
T ,ni

dPþ
X
i

∂K
∂ni

� �
T ,P,n j

dni

• Going back to the definition of a partial molar property:

�Ki ¼ ∂K
∂ni

� �
T ,P,n j

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Let us now return to the question, where we can first express dK in terms of partial
molar K.

dK ¼ ∂K
∂T

� �
P,ni

dT þ ∂K
∂P

� �
T ,ni

dPþ
X
i

�Kidni

We know that K ¼ nTk and ni ¼ xinT, so dK ¼ nTdk + kdnT and
dni ¼ xidnT + nTdxi.

∂ nTkð Þ
∂T

� �
P,ni

dT þ ∂ nTkð Þ
∂P

� �
T ,ni

dPþ
X
i

�Kid xinTð Þ ¼ nTdk þ kdnT

nT
∂k
∂T

� �
P,ni

dT þ nT
∂k
∂P

� �
T ,ni

dPþ
X
i

�Ki xidnT þ
X
i

�KinTdxi ¼ nTdk þ kdnT

Let us collect the terms for nT and dnT and move all terms to one side of the
equation,
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dk � ∂k
∂T

� �
P,ni

dT � ∂k
∂P

� �
T ,ni

dP�
X
i

�Ki dxi

" #
nT þ 
k �X

i

�Ki xi
�
dnT ¼ 0

We may deduce that the total size (i.e., no of moles) of the system denoted by nT
should not be affected by how the total number of moles changes. These are
independent variables. Hence it follows that the terms in brackets should be zero
respectively for the equation to hold.

dk � ∂k
∂T

� �
P,ni

dT � ∂k
∂P

� �
T ,ni

dP�
X
i

�Ki dxi ¼ 0

k �
X
i

�Ki xi ¼ 0

Now we can figure out which property is useful in helping us solve this problem.
It would be excess Gibbs free energy. Recall that partial molar excess Gibbs free
energy is a partial molar property, and so is lnγi as follows from the definition of
�GE
i ¼ RT ln γi.
For the total solution, molar excess Gibbs free energy is denoted by gE, so

substituting this property into the first equation, we obtain:

dgE � ∂gE

∂T

� �
P,ni

dT � ∂gE

∂P

� �
T ,ni

dP�
X
i

�GE
i dxi ¼ 0

d
gE

RT

� �
�

∂ gE

RT

� �
∂T

0
@

1
A

P,ni

dT �
∂ gE

RT

� �
∂P

0
@

1
A

T ,ni

dP�
X
i

�GE
i

RT

� �
dxi ¼ 0

We know from our earlier derivation that

∂ gE

RT

� �
∂T

0
@

1
A

P,ni

¼ �hE

RT2 ¼ �Δhmix

RT2

∂ gE

RT

� �
∂P

0
@

1
A

T ,ni

¼ vE ¼ Δvmix

Substituting back into the equation,

d
gE

RT

� �
þ Δhmix

RT2 dT � Δvmix

RT
dP�

X
i

ln γi dxi ¼ 0
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For constant P, dP ¼ 0

d
gE

RT

� �
¼ �Δhmix

RT2 dT þ
X
i

ln γi dxi ¼ �Δhmix

RT2 dT þ ln γadxa þ ln γbdxb

¼ �Δhmix

RT2 dT þ ln γadxa þ ln γbd 1� xað Þ ¼ �Δhmix

RT2 dT þ ln γadxa � ln γbdxa

¼ �Δhmix

RT2 dT þ ln
γa
γb

� �
dxa

Integrate both sides, we have the following.

ð
d

gE

RT

� �
¼ �

ð
Δhmix

RT2 dT þ
ð
ln

γa
γb

� �
dxa

We know that for the two limits of integration, i.e., pure a and pure b, excess
Gibbs free energy is zero as that is the ideal reference state.

0 ¼ �
ðTpure a

Tpure b

Δhmix

RT2 dT þ
ð1
0

ln
γa
γb

� �
dxa

ðTpure a

Tpure b

Δhmix

RT2 dT ¼
ð1
0

ln
γa
γb

� �
dxa

We can also show that d 1
T

� 	 ¼ �dT
T2 . Therefore we obtain the following.

ð1
0

ln
γa
γb

� �
dxa ¼

ðTpure a

Tpure b

Δhmix

RT2 dT ¼ �
ðTpure a

Tpure b

Δhmix

R
d

1
T

� �

Problem 16

(a) Express RT ln φi in terms of a deviation function of g from ideal gas
behavior.

(b) Derive an expression to evaluate the deviation function for different spec-
ified temperatures and pressures.

(c) What criterion applies for fugacity coefficient at vapor–liquid equilibrium?
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(d) If the pure fluid obeys the Equation of State z¼PV
RT¼1þAPþBP2, would you

recommend using the fugacity coefficient as a means of predicting the vapor
pressure for this fluid? A ¼ 10 bar�1,B ¼ 0.2 bar�2.

Solution 16

Worked Solution

(a)
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

The fugacity coefficient φi of a pure fluid helps to measure its deviation from
ideal gas behavior. We know that φi ¼ fi/P , so when P tends to zero (or when
V tends to infinity), we tend towards ideal gas behavior where φi¼ 1. Fugacity is
also correlated to Gibbs free energy or chemical potential of pure i by the
equation gi ¼ μi ¼ RT ln fi + h(T ). Recall that chemical potential is simply

partial molar Gibbs free energy μi ¼ ∂G
∂ni

� �
T ,P,n j 6¼i

¼ �Gi ¼ gi (for pure i).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

The deviation function may be expressed mathematically as shown, where g0i is
the ideal gas reference state at low P.

gE
i ¼ gi T ;Pð Þ � g0i T ;Pð Þ

We can define a new function h(T ) in the expression gi¼RT ln fi + h(T ), which
is a function of temperature obtained when we integrate at constant temperature
from Plow to P. So we arrive at h Tð Þ ¼ μ0i � RT ln f 0i ¼ g0i � RT lnPlow.

We know that dgi¼ �sidT + vidP; hence
∂gi
∂P

� �
T
¼ vi:For ideal gas, vi ¼ RT

Plow
,

while for a real gas, vi ¼ RT
P , where the measured pressure P for a real gas is

effectively a “corrected pressure” which is also called fugacity fi.
At constant T,

dgi ¼ vidP

dgi ¼
RT

P
dP ¼ RTd lnP

gi � g0i ¼ RT ln f i � RT lnPlow

Since gi ¼ RT ln fi + h(T ), we can observe that h Tð Þ ¼ g0i � RT lnPlow. Now
we know that by definition φi ¼ fi/P, where P here refers to the ideal gas
pressure, or Plow, we continue from the above where
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gi T ;Pð Þ � g0i T ;Pð Þ ¼ RT ln f i � RT lnPlow ¼ gE
i

gE
i ¼ RT ln

f i
Plow

¼ RT lnφi

(b)
dgE

i ¼ �sEi dT þ vEi dP

At a particular isotherm T1,

gE
i ¼

ðP1

0

vEi dP ¼
ðP1

0

vi � RT1

P

� �
dP

A series of gE
i at specified temperatures and pressures can be found by

substituting the values for (T1, P1).
(c) At vapor–liquid equilibrium (VLE) ,

μV
i ¼ μL

i

μV
i � μL

i ¼ 0 ¼ RT ln
f Vi
f Li

¼ RT ln
φV
i P

φL
i Psat

Because we have a pure substance, therefore P ¼ Psat and the expression
simplifies to

0 ¼ RT ln
φV
i

φL
i

φV
i ¼ φL

i

Note that fugacity is not limited to gases, and fugacity coefficient is similarly
not limited. Fugacity coefficients may apply to liquids and solids as well.

(d) For this equation of state (EOS), it is a function of a power series expansion of
pressure; hence it is volume explicit. Volume explicit EOS will not yield
multiple roots for volume at a given P. This means that we are unable to obtain
two distinct values of volume for a given P. In our case, at P ¼ Psat, we should
have vV and vL that both satisfy the EOS to account for the two phase behavior at
VLE. Hence this equation is not suitable for our case.

Mathematically we can show that the EOS is unsuitable to model for the
vapor phase as follows:

gE
i ¼ gi T ;Pð Þ � g0i T ;Pð Þ ¼ RT lnφV

i ¼
ðP
0

vi � RT

P

� �
dP
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RT lnφV
i ¼

ðP
0

RT

P
1þ APþ BP2 � 1
� 	

dP ¼
ðP
0

ART þ BRTPð ÞdP

lnφV
i ¼

ðP
0

Aþ BPð ÞdP ¼ APþ BP2

If we assume ideal gas,φV
i ¼ 1, AP + BP2¼ 0, we have two roots for Pwhich

are negative in value or zero, respectively, which has no physical meaning.
However, this EOS can make sense for the liquid phase. Assuming at VLE,

φV
i ¼ φL

i as derived earlier since this is a pure substance VLE, then lnφV
i 6¼ 0

and the values for Pmay be physically meaningful. Hence, this EOS only applies
to the liquid phase but not the vapor phase.

Problem 17

A new process was developed for synthesizing a new fertilizer. One of the
process steps involves adding a strong acid to a neutral aqueous solution.
Heat is produced from this mixing, and if it is too much, other by-reactions
will become significant and affect product yield adversely. Hence, it is impor-
tant to control the heat produced, to maintain isothermal conditions. You are
required to find the heat load on your cooling system, assuming a base case of
1 kg/s flow rate of aqueous solution fed to the reactor, to which the acid is added.
The only data you have is a couple of test results from adding different volumes
of pure acid into 3 ml water and measurements of the heat produced while
maintaining the solution at isothermal conditions. The results are shown below:

Heat produced when acid is added to 3 ml water under isothermal conditions
at 25 �C

Volume of acid added/ml Heat produced/J

0.2 �300

0.5 �600

1.0 �1170

1.3 �1440

Heat produced when water is added to 3 ml acid under isothermal conditions
at 25 �C

Volume of water added/ml Heat produced/J

0.10 �200

0.17 �320

0.25 �452

0.33 �594
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Given that the molar volume of water is 0.018 L/mol and that of acid is
0.054 L/mol.

(a) Discuss how the data can be related to partial molar enthalpies. Estimate
the infinite dilution partial molar enthalpies for both the acid and water.
You may assume that the molar enthalpy of a pure species is 0.

(b) Which of the two models for partial molar enthalpies suggested below
would be better for your analysis?

(c) Estimate values for Aab and Aba and discuss their significance.
(d) Determine the heating/cooling load in Watts on the system needed to

maintain isothermal conditions as a function of the amount of acid added
to the aqueous reagent feed.

Solution 17

Worked Solution

(a) You can calculate the columns in italics (shown below) from the data provided.

Volume of acid
added/liters

Heat
produced/J

Moles of acid
added

Moles of water
in 3 ml

Δhmix/J per mol of
solution

0.0002 �300 0.0037
(¼0.0002/0.054)

0.17
(¼0.003/0.018)

�1730
(¼�300/(0.17+0.0037))

0.0005 �600 . . . 0.17 . . .

0.0010 �1170 . . . 0.17 . . .

0.0013 �1440 . . . 0.17 . . .

Volume of
water added/liters

Heat
produced/J

Moles of water
added

Moles of acid
in 3 ml

Δhmix/J per mol of
solution

0.00010 �200 0.0056
(¼0.00010/0.018)

0.056
(¼0.003/0.054)

�3250
(¼�200/(0.0056+0.056))

0.00017 �320 . . . 0.056 . . .

0.00025 �452 . . . 0.056 . . .

0.00033 �594 . . . 0.056 . . .

The enthalpy change of mixing is defined as follows.

Δhmix ¼ h� xwaterhwater þ xacidhacidð Þ
h ¼ xwater �Hwater þ xacid �Hacid

For pure substance, question defined that we may assume the pure species
molar enthalpy is 0. Hence hwater ¼ 0; hacid ¼ 0.
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Δhmix ¼ h� 0ð Þ
Δhmix ¼ xwater �Hwater þ xacid �Hacid

This is the equation relating the data to the partial molar enthalpies.
Now, we need to estimate the infinite dilution partial molar enthalpies for

both the acid and water. To do so, we can first plot ΔHmix against xacid for values
of xacid from 0 to 1. We then linearly fit two straight lines that are tangents to the
plot at xacid ¼ 0 and at xacid ¼ 1. Note that the general equation for a straight line
is Y ¼ mX+C.

For both straight line tangents, the straight line equation takes on the follow-
ing form whereby the gradient m ¼ �Hacid and vertical axis intercept C ¼ �Hwater.
Also notice that when no acid is added to water, Y ¼ ΔHmix ¼ 0:

Y ¼ mX þ C

Δhmix ¼ �Hacid xacid þ xwater �Hwater

The linearly fit tangent at xacid ¼ 0 gives Y ¼ (�62,500)X + 0. Hence, �H1
acid

¼ �62; 500 J/mol (i.e., the m value).
The linearly fit tangent at xacid ¼ 1 gives Y ¼ (32,000)X � 32,100. Hence,

�H1
water ¼ �32; 100 J/mol (i.e., the C value).

(b) Model 1:

�Ha ¼ Aab þ 2 Aba � Aabð Þxaxb½ �
�Hb ¼ Aba þ 2 Aab � Abað Þxaxb½ �

Model 2:

�Ha ¼ x2b Aab þ 2 Aba � Aabð Þxa½ �
�Hb ¼ x2a Aba þ 2 Aab � Abað Þxb½ �

Any partial molar property should satisfy the Gibbs–Duhem (GD) equation,
as shown below:

xa
d �Ha

dxa
þ xb

d �Hb

dxa
¼ 0

For model 1, we may derive the expressions to test the Gibbs–Duhem
validity,

�Ha ¼ Aab þ 2 Aba � Aabð Þxaxb½ �
�Hb ¼ Aba þ 2 Aab � Abað Þxaxb½ �
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xa
d �Ha

dxa
¼ 2 Aba � Aabð Þxaxb � 2 Aba � Aabð Þxa2

xb
d �Hb

dxa
¼ 2 Aab � Abað Þxb2 � 2 Aab � Abað Þxaxb

Combining the two results into the GD equation,

2 Aba � Aabð Þxaxb � 2 Aba � Aabð Þxa2 þ 2 Aab � Abað Þxb2 � 2 Aab � Abað Þxaxb ¼ 0

Aba � Aabð Þ xa � xbð Þ2 ¼ 0

We obtain the results Aba ¼ Aab or xa ¼ xb. Model 1 does not work because if
Aba ¼ Aab, then �Ha ¼ Aab and �Hb ¼ Aba which means �Ha and �Hb should be
constants that are independent of mole fractions of a and b. However, this is
false. Also xa ¼ xb need not always be true.

For model 2, we may derive the expressions to test the Gibbs–Duhem
validity,

�Ha ¼ x2b Aab þ 2 Aba � Aabð Þxa½ �
�Hb ¼ x2a Aba þ 2 Aab � Abað Þxb½ �

xa
d �Ha

dxa
¼ �2xaxbAab � 4 Aba � Aabð Þxa2xb þ 2 Aba � Aabð Þxb2xa

xb
d �Hb

dxa
¼ 2xaxbAba þ 4 Aab � Abað Þxb2xa � 2 Aab � Abað Þxa2xb

Combining the two results into the GD equation,

�2xaxbAab�4 Aba�Aabð Þxa2xbþ2 Aba�Aabð Þxb2xaþ2xaxbAba

þ4 Aab�Abað Þxb2xa�2 Aab�Abað Þxa2xb ¼ 0

Aba � Aabð Þxaxb 1� xa � xbð Þ2 ¼ 0

We obtain the results Aba¼ Aab or xa¼ 0 or xb¼ 0 or 1� xa� xb¼ 0. Model
2 can work as it is true that 1 � xa � xb ¼ 0.

(c) Assume species a is water, and b is acid. Following from part a, we know that
�H1
acid ¼ �H1

b ¼ �62; 500 J/mol, and �H1
water ¼ �H1

a ¼ �32; 100 J/mol. Substitut-
ing values into model 2,

For species a,

�Ha ¼ x2b Aab þ 2 Aba � Aabð Þxa½ �
�H1
a ¼ �32; 100 ¼ 1 Aab þ 0½ � ¼ Aab
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For species b,

�Hb ¼ x2a Aba þ 2 Aab � Abað Þxb½ �
�H1
b ¼ �62; 500 ¼ 1 Aba þ 0½ � ¼ Aba

The values of Aab and Aba are the infinite dilution partial molar enthalpies for
species a (i.e., pure b) and b (i.e., pure a), respectively.

(d) The heat generated from mixing is defined as follows.

Δhmix ¼ xwater �Hwater þ xacid �Hacid

Substituting model 2 expressions,

�Ha ¼ x2b Aab þ 2 Aba � Aabð Þxa½ �
�Hb ¼ x2a Aba þ 2 Aab � Abað Þxb½ �

We get the following expression for the enthalpy change of mixing:

Δhmix ¼ xax
2
b Aab þ 2 Aba � Aabð Þxa½ � þ xbx

2
a Aba þ 2 Aab � Abað Þxb½ �

We may specify values of xa, and xb will then be constrained and specified by
xb¼ 1� xa. Aab and Aba are known from part c; therefore, we may plot a graph of
Δhmix against xa, which will give us the amount of heat generated as a function
of mole fraction of acid.

Problem 18

The compressibility factor of a substance a at 450 K and 10 bar is measured to
be 0.89. At what temperature and pressure would substance b have a similar
value for the compressibility factor? Thermodynamic data for both compounds
appears below.

Substance a Substance b

Molar mass [g/mol] 74 84

Acentric factor [ω] 0.281 0.280

Critical temperature Tc [K] 470 500

Critical pressure Pc [bar] 36 31

Critical compressibility [z] 0.263 0.265

Critical volume vc [cm
3/mol] 280 350

Normal boiling point [K] 308 340
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Solution 18

Worked Solution

Before we tackle this problem, recall the law of corresponding states which states
that all fluids behave similarly (i.e., same compressibility factor) at the same reduced
temperature and pressure. Reduced parameters can be found from Tr ¼ T

Tc
, Pr ¼ P

Pc
.

Compressibility factor is a dimensionless grouping denoted by z ¼ Pv
RT ¼ f Tr;Prð Þ.

Note that acentric factor ω measures how non-spherical a molecule is.

Tr,a ¼ T

Tc,a
¼ 450

470
¼ 0:96

Pr,a ¼ P

Pc,a
¼ 10

36
¼ 0:28

At z¼ 0.89, we want substance b to behave similarly. This means that the reduced
T and P will be the same as that for substance a.

T ¼ Tr,b � Tc,b ¼ 0:96� 500 ¼ 480 K

P ¼ Pr,b � Pc,b ¼ 0:28� 31 ¼ 8:7 bar

Problem 19

The partial molar property of a particular component may be defined as
follows:

�Ki ¼ ∂K
∂ni

� �
T,P,n j

(a) A common mistake is to assume the following, explain why this is a mistake.

�Ki ¼ ∂k
∂xi

� �
T,P,n j

Show that for a mixture containing two species a and b,

�Ka ¼ kþ 12 xað Þ ∂k
∂xa

� �
T,P,nb
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(b) The partial molar heat of mixing of water (species a) and a non-volatile
substance (species b) has been found from the temperature dependence of
water partial pressures. This data can be expressed as follows:

ΔHmix, a ¼ b 12 xað Þ2

Use this to determine the heat of mixing per mole solution, Δhmix as a
function of composition, xa.

Solution 19

Worked Solution

(a)

�Ki ¼ ∂K
∂ni

� �
T ,P,n j

For a binary mixture, we have the following for species a

�Ka ¼ ∂ nTkð Þ
∂na

� �
T ,P,nb

¼ nT
∂k
∂na

� �
T ,P,nb

þ k
∂nT
∂na

� �
T ,P,nb

We know that nT ¼ na + nb, so
∂nT
∂na

� �
T ,P,nb

¼ ∂ naþnbð Þ
∂na

� �
T ,P,nb

¼ 1. Therefore

we have the following,

�Ka ¼ nT
∂k
∂na

� �
T ,P,nb

þ k

Now we think about how to convert ∂k
∂na

� �
T ,P,nb

into the form ∂k
∂xa

� �
T ,P,nb

.

dna ¼ d nTxað Þ ¼ nTdxa þ xadnT

Differentiating with respect to xa, the expression becomes

dna
dxa

¼ nT þ xa
dnT
dxa

¼ nT þ xa
d na þ nbð Þ

dxa
¼ nT þ xa

dna
dxa

þ xa
dnb
dxa

In our context, we are finding �Ka. So nb is constant and dnb ¼ 0.

dna
dxa

¼ nT þ xa
dna
dxa
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dna
dxa

1� xað Þ ¼ nT

dna
dxa

¼ nT
1� xa

dna ¼ nT
xb

dxa

Substitute this result back into our earlier expression for �Ka, we get

�Ka ¼ xb
∂k
∂xa

� �
T ,P,nb

þ k ¼ k þ 1� xað Þ ∂k
∂xa

� �
T ,P,nb

(b)
Δhmix ¼ xaΔHmix,a þ xbΔHmix,b

We can relate the partial molar property of one species to that of another using
the Gibbs–Duhem equation. We are givenΔHmix,a, so we can use Gibbs–Duhem
to obtain the expression for ΔHmix,b as we go about determining Δhmix.

xa
dΔHmix,a

dxa

� �
þ xb

dΔHmix,b

dxa

� �
¼ 0

�2bxa 1� xað Þ þ 1� xað Þ dΔHmix,b

dxa

� �
¼ 0

�2bxa þ dΔHmix,b

dxa

� �
¼ 0

dΔHmix,b ¼ 2bxadxa

ðΔHmix,b

0

dΔHmix,b ¼
ð1
0

2bxadxa

ΔHmix,b ¼ bxa
2

Substituting this result, we can find Δhmix

Δhmix ¼ xaΔHmix,a þ xbΔHmix,b ¼ bxa 1� xað Þ2 þ bxa
2 1� xað Þ

¼ b 1� xað Þ xa � xa
2 þ xa

2
� 	 ¼ bxa 1� xað Þ
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Problem 20

At 350 K, the enthalpy of a solution is given by:

h J=mol½ � ¼ 200xaþ200xbþ50xaxb

A mixer operating at steady state combines the two inflows to form a single
outflow stream Z. The following data is available about the inflow conditions:

Flowrate [mol/s] xa xb Temperature [K]

Inflow X 2.5 0.3 0.7 350

Inflow Y 1.5 0.8 0.2 350

(a) Calculate the mole fraction of component a in the outflow stream.
(b) Find the rate of heat transfer in Watts required by the mixer if the outflow

temperature is 350 K.
(c) Is the binary solution in this problem ideal or non-ideal? Explain your

reasons.
(d) Calculate the value of the partial molar enthalpies of components a and b

for a solution with xa ¼ 0.5.
(e) If components a and b are needed to mix in a lab beaker, would you

recommend pouring pure a into a beaker which contains pure b, or pouring
pure b into a beaker which contains pure a? Explain your reasons.

Solution 20

Worked Solution

(a) This is an open system with inflows and outflows. We may construct mass
balances as follows:

Flowrate [mol/s] xa xb Temperature [K]

Inflow X 2.5 0.3 0.7 350

Inflow Y 1.5 0.8 0.2 350

Total mass: _n X þ _n Y ¼ _n Z ! 2:5þ 1:5 ¼ 4:0
Component balance: xX,a _n X þ xY ,a _n Y ¼ xZ,a _n Z ! 0:3 2:5ð Þ þ 0:8 1:5ð Þ ¼

xZ,a 4:0ð Þ

xZ,a ¼ 0:49; xZ,b ¼ 1� 0:49 ¼ 0:51

(b) We may construct an energy balance as follows:

_n XhX þ _n YhY � _n ZhZ þ _Q ¼ 0
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2:5hX þ 1:5hY � 4:0hZ þ _Q ¼ 0

We are given h ¼ 200xa + 200xb + 50xaxb, or h ¼ 200
(xa + xb) + 50xaxb ¼ 200 + 50xaxb, so we may substitute into the energy balance:

hX ¼ 200þ 50 0:3ð Þ 0:7ð Þ ¼ 210:5

hY ¼ 200þ 50 0:8ð Þ 0:2ð Þ ¼ 208

hZ ¼ 200þ 50 0:49ð Þ 0:51ð Þ ¼ 212:5

_Q ¼ �2:5hX � 1:5hY þ 4:0hZ ¼ 11:75W

(c) If the mixture was non-ideal, then Δhmix 6¼ 0. Heat input is required to maintain
the temperature at 350 K, this implies that the mixing causes temperature to drop
(endothermic), and the mixture is therefore non-ideal. We can observe that in the
equation h ¼ 200xa + 200xb + 50xaxb that when xa ¼ 1, h ¼ 200 and when
xb ¼ 1, h ¼ 200. And as long as there is a mixture of a and b, h is lowered from
the pure species h ¼ 200 J/mol. Therefore Δhmix ¼ hE is negative.

(d) Given that xa¼ 0.5, we know that xb¼ 1� 0.5¼ 0.5. So we can find �Ha and �Hb.

h ¼ 200xa þ 200xb þ 50xaxb ¼ 200
na
nT

� �
þ 200

nb
nT

� �
þ 50

na
nT

� �
nb
nT

� �

nTh ¼ H ¼ 200na þ 200nb þ 50
nanb
nT

� �
¼ 200na þ 200nb þ 50

nanb
na þ nb

� �

�Ha ¼ ∂H
∂na

� �
T ,P,nb

¼ 200þ 50
nb na þ nbð Þ � nanb

na þ nbð Þ2
 !

¼ 200þ 50xb
2

¼ 200þ 50 0:5ð Þ2 ¼ 212:5 J=mol

�Hb ¼ ∂H
∂nb

� �
T ,P,na

¼ 200þ 50
na na þ nbð Þ � nanb

na þ nbð Þ2
 !

¼ 200þ 50xa
2

¼ 200þ 50 0:5ð Þ2 ¼ 212:5 J=mol

(e) At 350 K, the heat released is symmetric with respect to xa, this means that if we
interchange species a and b, the equation for Δhmix is the same. Species
a behaves in the same way in a given proportion of species b, as species
b does in that same proportion of species a. Hence, regardless whether we mix
species a into b, or vice versa, the final solution enthalpy is the same.
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Problem 21

Indicate whether each of the following statements is true or false and provide
suitable explanations and justifications for each.

(a)
P�

xidφ̂i

	 ¼ 0 by the Gibbs–Duhem equation.
(b) For an ideal solution, SE ¼ �R ∑ (xi ln xi), to accommodate the effects of

mixing, and S 6¼ ∑ (xiSi).
(c) The modified Raoult’s expression assumes that the interactions between

molecules in the gas phase and between molecules in the liquid phase are
both zero.

(d) At equilibrium, a flavoring agent dissolved in salad dressing (a phase of oil
in a phase of water) would have the same molar concentration.

Solution 21

Worked Solution

(a) False because the Gibbs–Duhem equation only holds for partial molar proper-
ties. ln φ̂i is a partial molar property as it is related to excess Gibbs free energy,
but φ̂i is not itself a partial molar property.

(b) False. Any excess property for an ideal solution is zero, since excess properties
measure the deviation from the ideal solution reference state. The expression
�R ∑ (xi ln xi) is the entropy of mixing from ideal mixing. It is not an excess
property.

(c) False. The modified Raoult’s expression assumes that intermolecular forces
between gas molecules are zero for ideal gas. But it does not assume this is the
case for liquid phase. For ideal solutions, there exists intermolecular forces
although these forces are assumed to be the same between different molecules,
i.e., like interactions (a–a or b–b) are the same as unlike interactions (a–b or b–a)
in a binary mixture. For non-ideal solutions, the activity coefficient will account
for any deviations from this assumption.

(d) False. At equilibrium, the fugacities of the specie (e.g., flavoring agent) in oil
phase and water phase are equal. However the molar concentrations in each
phase need not be equal.

f̂ oili ¼ f̂ wateri

γoili xoili Psat, oil
i ¼ γwateri xwateri Psat,water

i

From here, you may observe that xoili need not be equal to xwateri .
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Problem 22

At atmospheric pressure, substances a and b form an azeotrope that boils at
65 �C and has a mole fraction of substance a in the liquid of 0.3. The saturation
vapor pressures of a and b at 65 �C are 1.3 and 0.97 atm, respectively.

(a) Calculate the activity coefficients of substance a and b at the azeotrope.
(b) Determine a value for excess Gibbs energy gE for the azeotrope in kcal/mol.

If enthalpic factors dominated in influencing gE for this system, would the
adiabatic mixing of pure a and pure b (each at 65 �C) to generate a solution
at the composition of the azeotrope produce a solution that is hotter or
cooler than 65 �C?

(c) Using earlier results, calculate the vapor composition over the liquid solu-
tion at 65 �C that contains 12 mol% of substance a. Consider the van Laar
equations to describe this system as shown below:

gE ¼ xaxb
AB

AxaþBxb

� �

RTln γa ¼ A
Bxb

AxaþBxb

� �2

RTln γb ¼ B
Axa

AxaþBxb

� �2

Also note the following result.

ln γb
ln γa

¼ A0
ab

A0
ba

xa
xb

� �2

(d) Calculate the total pressure over the solution at the condition of part c.

Solution 22

Worked Solution

(a) At vapor–liquid equilibrium for our binary mixture,

φ̂ayaP ¼ γaxaP
sat
a

φ̂bybP ¼ γbxbP
sat
b

The azeotrope is a point in the phase diagram where the Px and Py curves go
through a maximum or minimum. At this point, the mole fractions of each
species in the liquid phase are the same as that in the vapor phase, i.e., xa ¼ ya;
xb ¼ yb. Azeotropes are typically observed in mixtures where the deviation from
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Raoult’s law is significant, i.e., the unlike interactions are very different from the
like interactions. Moreover, the saturation pressures of the two species are close
in value. Our system is at atmospheric pressure, which is considerably low and
hence ideal gas may be assumed for the gas phase and φ̂a ¼ φ̂b ¼ 1.

The equations become simplified to:

P ¼ γaP
sat
a ! γa ¼

1
1:3

¼ 0:77 bar

P ¼ γbP
sat
b ! γb ¼

1
0:97

¼ 1:03 bar

(b)

gE ¼ RT
X

xi ln γi ¼ RT xa ln γa þ xb ln γbð Þ

gE ¼ 2 cal � K
mol

� �
273:15þ 65ð Þ 0:3 ln 0:77 barð Þ þ 0:7 ln 1:03 barð Þð Þ

¼ �0:04 kcal=mol

Note that gE ¼ hE � TsE < 0. If we assume enthalpic effects dominate, then
we may ignore contributions from the term TsE and assume that hE < 0. For
adiabatic mixing of pure components,Δhmix¼ hE sinceΔhidealmix ¼ 0. IfΔhmix < 0,
then mixing is exothermic and temperature will increase. If we want to maintain
constant temperature, we need to remove heat from the system. Since the system
is adiabatic, Q ¼ 0; therefore, temperature will rise.

(c) Let us now evaluate values of A0
ab and A0

ba at the azeotrope:

ln γb
ln γa

¼ A0
ab

A0
ba

xa
xb

� �2

ln 1:03
ln 0:77

¼ A0
ab

A0
ba

0:3
0:7

� �2
A0
ab

A0
ba

¼ �0:616

Using the Van Laar equations, we let A be A0
ab and B be A0

ba.

RT ln γa ¼ A0
ab

A0
baxb

A0
abxa þ A0

baxb

� �2

¼ A0
ab

1
A0
ab

A0
ba

� �
xa
xb

� �
þ 1

0
@

1
A

2

¼ 8:314ð Þ 273:15þ 65ð Þ ln 0:77½ � �0:616
0:3
0:7

� �
þ 1

� �2
¼ A0

ab

¼ �398
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A0
ab

A0
ba

¼ �0:616 ! A0
ba ¼

�398
�0:616

¼ 646

Now, we can calculate the vapor composition over the liquid solution at 65 �C
that contains 12 mol% of substance a.

xa ¼ 0:12, xb ¼ 1� 0:12 ¼ 0:88

ln γa ¼
�398

8:314 273:15þ 65ð Þ
646 0:88ð Þ

�398 0:12ð Þ þ 646 0:88ð Þ
� �2

¼ �0:17

γa ¼ 0:84

ln γb ¼
646

8:314 273:15þ 65ð Þ
�398 0:12ð Þ

�398 0:12ð Þ þ 646 0:88ð Þ
� �2

¼ 0:0019

γb ¼ 1:00

(d) To find out the total pressure over the solution at the condition of part c, we can
start with the VLE condition assuming ideal gas but non-ideal liquid.

yaP ¼ γaxaP
sat
a ¼ 0:84� 0:12� 1:3 ¼ 0:13

ybP ¼ 1� yað ÞP ¼ γbxbP
sat
b ¼ 1:00� 0:88� 0:97 ¼ 0:85

Solving the above simultaneous equations, we can determine ya and P.

P ¼ 0:98 atm, ya ¼ 0:13

Problem 23

A cylinder of substance a at 60 bar and 30 �C contains some substance b.
Substance a is sparingly soluble in b under the stated conditions. Assume that
ln γa ¼ Ax2b . The saturation pressure of substance a at this temperature is
10 bar, and that of substance b is 0.03 bar. We are told that the critical pressure
of substance a is 42 bar, and the critical temperature is 370 K.

(a) What are the fugacities of substance a in both phases?
(b) What is the value of Henry’s law constant for substance a in b at this

pressure, and express it as a function of A only.

Solution 23

Worked Solution

(a) At VLE, the fugacities of substance a in the vapor and liquid phase are equal.
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f̂ L
a ¼ f̂ V

a

γaxaP
sat
a ¼ φ̂ayaP

We are told that substance a is only sparingly soluble in b; hence, liquid phase
has negligible amounts of substance a (xa 	 1). Also we notice that P sat

a � P sat
b ,

so vapor phase mostly consists of substance a. Hence, we can more easily find
out fugacity from f̂ V

a instead of f̂ L
a since xa is unknown, but this simplifying

assumption of ya � 1 can help us solve for f̂ V
a .

Note that in this problem, P¼ 60 bar which is high; hence, we cannot assume
ideal gas and φ̂a ¼ 1: Instead, we can try to determine φ̂a using the generalized
correlation which uses the following equation:

logφi ¼ logφ 0ð Þ þ ωlogφ 1ð Þ

We can refer to the values of φ(0), φ(1), and ω after we have calculated the
reduced temperature and pressure for our system. Then we can substitute these
values into the above correlation to obtain φ̂a.

Pr ¼ P

Pc
¼ 60

42
¼ 1:4

Tr ¼ T

Tc
¼ 273:15þ 30

370
¼ 0:82

These reduced parameters give us φ(0) ¼ 0.2, φ(1) ¼ 0.36, and ω ¼ 0.15. So
φ̂a ¼ 0:2.

f̂ V
a ¼ 0:2� 1� 60 ¼ 12 bar ¼ f̂ L

a

(b) Henry’s law constant for substance a occurs at infinite dilution of a in the liquid
phase, i.e., xa ¼ 0, xb ¼ 1.

f̂ L
a ¼ γ1a xaP

sat
a ¼ xaHa ! Ha ¼ γ1a P sat

a

ln γa ¼ Ax2b ! γ1a ¼ eAx
2
b ¼ eA

Ha ¼ eA P sat
a

� 	 ¼ 10eA bar

Problem 24

What vapor pressure PV is at equilibrium with a droplet of radius r at temper-
ature T? You may assume ideal gas vapor phase. From the result, explain the
phenomenon whereby small droplets may shrink further while large bubbles
may continue growing.
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Solution 24

Worked Solution

Let us consider a case of a pure liquid droplet surrounded by its pure vapor. Note that
the special condition about a droplet is that there is surface tension, which makes the
pressure in the liquid dissimilar to the pressure in the vapor. The pressure in the
liquid droplet has to be higher in order for the droplet to be at equilibrium with the
external vapor phase μL ¼ μV.

Pin � Pout
� 	

πr2
� 	 ¼ 2πrσ

Note that the pressure difference acts on the projected cross-sectional area of the
spherical bubble; hence, the area is that of the circular cross section at πr2. This
higher pressure acting from inside the bubble outwardly is balanced by the surface
tension force pulling inwards to keep the spherical shape of the bubble. Note that
surface tension acts along the perimeter; hence, that is the circumference of a circle at
2πr. Back to the question, we require for VLE that chemical potentials are equal.

μL ¼ μV

μL ¼ gL ¼ gsat Tð Þ þ
ðPL

Psat

vLdP ¼ gsat Tð Þ þ vL PL � Psat
� 	

Note that in the case of a liquid droplet, the pressure inside the liquid droplet PL is
significantly high and so the assumption that (PL � Psat) is small enough to be
neglected cannot be made. This is different for the case of a bubble in liquid phase.

μV ¼ gV ¼ gsat Tð Þ þ
ðPV

Psat

vVdP

¼ gsat Tð Þ þ
ðPV

Psat

RT

P
dP ¼ gsat Tð Þ þ RT ln

PV

Psat

Finally equating both results, we get

vL PL � Psat
� 	 ¼ RT ln

PV

Psat

PL � PV
� 	

πr2
� 	 ¼ 2πrσ ! PL ¼ 2σ

r
þ PV
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vL
2σ
r
þ PV � Psat

� �
¼ RT ln

PV

Psat

From the expression, we observe that smaller droplets have a higher chemical
potential and so are in equilibrium with a higher vapor pressure. If there was a
droplet just smaller than the equilibrium radius, the liquid phase will have a higher
chemical potential than the vapor and material migrates from the liquid to the vapor.
Hence the droplet shrinks further to try to equilibrate. Conversely, for droplets larger
than the equilibrium radius, the reverse is true due to the similarly unstable equilib-
rium which makes the droplets grow further in size.

Problem 25

Explain why superheated liquids can be stable (i.e., not boil even though
temperature is above boiling point) in the absence of nucleation sites.

Solution 25

Worked Solution

Boiling is observed when bubbles first become stable. When superheated liquids are
stable and do not boil even though temperature has exceeded boiling point, it means
that bubbles cannot form stably because the moment small bubbles form, the
direction of equilibrium is in shrinking the bubbles further till they disappear. For
small bubbles, the surface tension is high, and this inward force, together with
atmospheric pressure, cause bubbles to shrink. The force that is expanding it is
vapor pressure from inside the bubble.

Boiling occurs if bubble formation and growth is stable, and this is when
saturated vapor pressure is equal to atmospheric pressure. This explains why boiling
temperature is related to atmospheric pressure. It is easier to form bubbles (i.e.,
require lower boiling temperature) when the external atmospheric pressure (that
works to crush boiling bubbles) is lower.

Pin ¼ Pout þ 2σ
r

PV ¼ PL þ 2σ
r

¼ Patm þ 2σ
r

In the above equation, the left-hand side is the expanding force that promotes
growth of the bubble, while the right-hand side is the crushing force that shrinks the
bubble.

μV ¼ gV ¼ gsat Tð Þ þ
ðPV

Psat

vVdP ¼ gsat Tð Þ þ
ðPV

Psat

RT

P
dP ¼ gsat Tð Þ þ RT ln

PV

Psat
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μL ¼ gL ¼ gsat Tð Þ þ
ðPL

Psat

vLdP ¼ gsat Tð Þ þ vL PL � Psat
� 	 � gsat Tð Þ

Note that (PL � Psat) may be assumed to be small, since PL ¼ Patm and this value
is not significant. Moreover, vL is small. Hence we can assume gL is not a function of

pressure. This means that μV ¼ μL ! RT ln PV

Psat ¼ 0 and PV(higher boil-
ing T ) ¼ Psat(normal boiling T ). For boiling, the interface is not flat,
PL ¼ Patm ¼ PV þ 2σ

r ¼ Psat normal boiling Tð Þ þ 2σ
r .

At normal boiling point (with presence of nucleation sites) we know that
Psat(normal boiling T ) ¼ Patm.

In the absence of nucleation sites at atmospheric pressure, bubbles are exception-
ally small and this makes 2σ

r larger, and hence superheat needs to be applied for
boiling to occur at a T > Tnormal bp. It follows that Psat(T ) > Psat(Tnormal bp) ¼ Patm.
Using the Clausius–Clapeyron equation, we can calculate the superheat required to
be applied.

d lnPsat

dT
¼ ΔHvap

RT2

ln
P1

P2

� �
¼ �ΔHvap

R

1
T1

� 1
T2

� �

ln
Psat Tð Þ
Patm

� �
¼ �ΔHvap

R

1
T
� 1
Tnormal bp

� �

Problem 26

(a) Starting from the second law, show that the Gibbs energy of a closed system
is minimized at equilibrium if temperature and pressure are constant.

(b) Show that for a pure substance with coexisting vapor and liquid phases at
equilibrium, the molar Gibbs energy of the vapor is equal to the molar
Gibbs energy of the liquid.

(c) Show that for a binary mixture with coexisting vapor and liquid phases at
equilibrium, the chemical potential of each component in the vapor phase is
equal to the chemical potential of the same component in the liquid phase.

Solution 26

Worked Solution

(a) The second law states that dSuni 
 0, where it is equal to zero for a reversible
process. For a closed system at constant T, it is at thermal equilibrium with the
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universe. For a process occurring inside the system, there is a transfer of heat dq
from the universe into the system. Since we have thermal equilibrium, outside
the system we have dSsurr ¼ �dQ

T . This equation means that the heat added to the
system must equate the heat lost from the surroundings, to remain at isothermal
conditions.

The second law also states that dSsys 
 dQ
T in order for dSuni 
 0. For a closed

system, dU ¼ dQ + dW ¼ dQ + d(Wshaft + Wflow work), where dW is the work
done on the system. Also for a closed system, there is no inflow/outflow of
internal energy U that is contributing to dU.

Wflow work is PV work and consists only of PdV because external pressure is
constant for closed system. dU ¼ dQ + dWshaft � PdV. Assume work is done by
the system in an expansion of volume; hence, dV is positive and there is a
negative sign before the term PdV.

In general, G ¼ H � TS ¼ (U + PV) � TS. For an open system,

dU

dt

����
sys

¼
X

_n inhin þ _n outhout þ _Q þ _W shaft

For a closed system, dGsys ¼ dU + PdV + VdP � TdS � SdT. Under
isothermal conditions (dT ¼ 0) and for a closed system (dP ¼ 0),
dGsys ¼ dU + PdV � TdS.

dGsys ¼ dQþ dW shaft � PdVð Þ þ PdV � TdS

If no shaft work is done on system, dWshaft ¼ 0.
So it follows that from the second law, we can deduce that TdSsys 
 dQ in the

equation dGsys ¼ dQ� TdS, and therefore dGsys� 0 at constant T and P inside a
closed system without shaft work.

(b) Pure substance at VLE at constant T and P,

gV ¼ gL

dGV ¼ d(nVgV) ¼ gVdnV since gV is a function of T and P only for pure
substance. In this case it is a constant that can be taken out from the differential.

dG ¼ dGL þ dGV ¼ gLdnL þ gVdnV

dnV ¼ �dnL

At equilibrium, dG ¼ 0 and so

dG ¼ gL � gV
� 	

dnL ¼ 0
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Therefore it is shown that gL ¼ gV. In addition, we may observe that in order
for G to be lowered, there can be a transfer of material from vapor to liquid phase
(dnL > 0 and (gL � gV) < 0) or liquid to vapor phase (dnL < 0 and (gL � gV) > 0).

(c) Consider differential amount of component 1 moving from vapor to liquid phase
at constant T and P.

dGL ¼ ∂GL

∂nL
1

����
T ,P,n L

2

dnL
1 ¼ μL

1 dn
L
1

dGV ¼ ∂GV

∂nV
1

����
T ,P,n V

2

dnV
1 ¼ μV

1 dn
V
1

dnV
1 ¼ �dnL

1

dG ¼ dGL þ dGV ¼ μL
1 dn

L
1 þ μV

1 dn
V
1 ¼ μL

1 � μV
1

� 	
dnL

1

At equilibrium, dG ¼ 0, so μL
1 ¼ μV

1 . The same applies for component 2.

Problem 27

Derive the Poynting correction factor, and use it to calculate the vapor pressure
exerted by liquid water at 25 �C in a cylinder of argon at 190 bar.

Solution 27

Worked Solution

We have a VLE consisting of a pure liquid in equilibrium with a vapor phase
mixture. The Poynting correction is used to account for pressure dependence of
pure species fugacity in liquid phase (pressure of pure liquid is also Psys ¼ P), by
adjusting for the significantly higher system pressure relative to the specie’s satura-
tion pressure, i.e., where P� P sat

i

� 	
becomes significant.

The Poynting correction term is the exponential term in the general expression
shown below:

f La ¼ φ sat
a P sat

a exp
ðP
P sat
a

vLa
RT

� �
dP

2
64

3
75 ¼ φ sat

a P sat
a exp

vLa
RT

P� P sat
a

� 	� �

φ̂ V
a ¼ f̂ V

a

Pa
¼ f̂ V

a

yaP
, μa � μ0a ¼ RT ln

f̂ a
f̂ 0a

 !

If saturation pressure P sat
a of the species is low, the saturation fugacity coefficient

φ sat
a ¼ 1. If ideal mixing is assumed for vapor phase mixture, i.e., like interactions

are the same as unlike interactions, then φ̂ V
a ¼ 1 and yaP ¼ Pa.
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For VLE, where component a is the pure liquid,

μL
a ¼ μV

a

For pure species a in liquid phase, μL
a ¼ gL

a T;Pð Þ, and at constant T we have

dg ¼ vdP� sdT ¼ vdP

gL
a T ;Pð Þ ¼ gL

a T ;P sat
a

� 	þ ðP
P sat
a

vLa dP ¼ gL
a T;P sat

a

� 	þ vLa P� P sat
a

� 	

For vapor phase, there is a mixture,

μV
a T;Pð Þ ¼ gV

a T;Pð Þ þ RT ln
f̂ a
f̂ 0a

 !
¼ gV

a T ;Pð Þ þ RT ln
φ̂ V
a yaP

P

� �

If we assume an ideal mixture in vapor phase, φ̂ V
a ¼ 1

μV
a T;Pð Þ ¼ gV

a T;Pð Þ þ RT ln ya

If we adjust for pressure from saturation pressure to system pressure,

μV
a T;Pð Þ ¼ gV

a T ;P sat
a

� 	þ ðP
P sat
a

vVa dPþ RT ln ya

Assume that the pure species a in vapor phase behaves as ideal gas for the
pressure range,

μV
a T ;Pð Þ¼ gV

a T;P sat
a

� 	þ ðP
P sat
a

RT

P
dPþRT lnya ¼ gV

a T;P sat
a

� 	þRT ln
P

P sat
a

þRT lnya

¼ gV
a T ;P sat

a

� 	þ RT ln
Pa

P sat
a

For VLE, we have the following equation relating the liquid and vapor phases.

gL
a T ;P sat

a

� 	þ vLa P� P sat
a

� 	 ¼ gV
a T ;P sat

a

� 	þ RT ln
Pa

P sat
a

For pure species at saturation conditions, gL
a T;P sat

a

� 	 ¼ gV
a T ;P sat

a

� 	
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vLa P� P sat
a

� 	 ¼ RT ln
Pa

P sat
a

Pa ¼ P sat
a exp

vLa P� P sat
a

� 	
RT

� �

When we compare this to the general form of equation,

f La ¼ φ sat
a P sat

a exp
vLa
RT

P� P sat
a

� 	� �

We may observe that in this case, after accounting for all the assumptions,
f La ¼ Pa. Note that f La 6¼ P because vapor phase is a mixture and not pure, and
moreover the definition of fugacity of a component (pure or in a mixture) is the
partial pressure of an ideal gas of the same species which would be in equilibrium
with that component. Also note that f La 6¼ P sat

a because the VLE is not occurring at
saturation conditions.

In order to calculate the vapor pressure exerted by liquid water at 25 �C in a
cylinder of argon at 190 bar, we can use the expression derived earlier, where species
a is water and P is 190 bar.

Pa ¼ P sat
a exp

vLa P� P sat
a

� 	
RT

� �

Problem 28

Explain the meanings of the following terms:

(a) Chemical potential
(b) Fugacity
(c) Partial fugacity
(d) Activity coefficient

Solution 28

Worked Solution

(a) Chemical potential is the partial molar Gibbs energy, which serves as the driving
force for the movement of a species between phases, whether in a chemical
reaction, by diffusion or other means, etc.

μi ¼
∂G
∂ni

� �
T ,P,n j

In an open system where the total number of moles in the system may change,
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dG ¼ �SdT þ VdPþ
X
i

μidni

(b) Fugacity of a pure substance (solid/liquid/vapor) is the vapor pressure of an ideal
gas (or partial pressure) of that same substance which will be in equilibrium with
that pure substance. Or in other words, the pressure of a real gas of that same
substance in equilibrium with that pure substance after multiplied by the fugacity
coefficient φi.

gi T;Pð Þ ¼ g0i T ;P0
� 	þ RT ln

f i
f 0i

 !

gi(T,P) is the pure real gas i, note that species i can be solid/liquid/gas, as this
term is a “dummy” that is created whereby gi T;Pð Þ ¼ f Vi such that how it relates
to the actual phase is through the VLE equation, f Vi ¼ f Si (or f Li

	
. g0i T ;P0
� 	

is
the same pure gas at a chosen P0 such that the species behaves as an ideal gas
which is a conveniently chosen reference state. Finally, note that fi is the pure
real gas fugacity, so it is obtained after correcting system pressure in fi ¼ φiP.

(c) Partial fugacity of a component in a real mixture, f̂ L
i , is the pressure of a

hypothetical gas (ideal mixing rules) of the same component which would be
in equilibrium with the component i in the mixture.

f̂ L
i ¼ f̂ V

i ¼ φ̂ V
i yiP

The fugacity of this hypothetical ideal gas of species i features in the
expression as follows:

μi T ;Pð Þ ¼ g0i T ;P0
� 	þ RT ln

f̂ V
i

f 0i

 !

μi(T,P) is for component i in the real liquid mixture, g0i T ;P0
� 	

is a pure ideal
gas of component i at T and a P0 where it behaves ideally and refers to a
hypothetical reference state. f̂ V

i is the partial fugacity of real gas i in an ideal
mixture whereby f̂ V

i ¼ φ̂ V
i yiP and finally, f 0i ¼ P0 is the fugacity of a pure ideal

gas of component i, chosen as the reference state.
(d) Activity coefficient γi is a measure of the deviation from ideal mixture of a

component in a real mixture. When γi > 1, the mixing is thermodynamically
unfavorable, and conversely when γi < 1 the mixing is thermodynamically
favorable. The activity coefficient features in the expression as follows:

μL
i T ;P; xið Þ ¼ gL

i T ;P; xi ¼ 1ð Þ þ RT ln γi xið Þ
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μi(T,P, xi) refers to that of component i in a real mixture, gi(T,P, xi¼ 1) refers
to that of pure i, and RT ln (γixi) is the chemical potential of mixing which is a
sum of two subcomponents (Δgmix ¼ Δgideal mix + ΔgE). We can interchange xi
with yi for a gas mixture.

Problem 29

The two-constant Margules equation for the excess Gibbs free energy of a
binary mixture is given below. Derive equations for the activity coefficients γa
and γb.

gE ¼ xaxb AþB xa 2 xbð Þ½ �

Solution 29

Worked Solution

gE
a ¼ μE

a ¼ ∂GE

∂na

����
T ,P,nb

¼ ∂ nTgEð Þ
∂na

����
T ,P,nb

¼ gE þ nT
∂gE

∂na

����
T ,P,nb

¼ gE þ nT
∂gE

∂na

����
T ,P,nb

Now we think about how to convert ∂gE

∂na

� �
T ,P,nb

into the form ∂gE

∂xa

� �
T ,P,nb

dna ¼ d nTxað Þ ¼ nTdxa þ xadnT

Differentiating the above with respect to xa, we have

dna
dxa

¼ nT þ xa
dnT
dxa

¼ nT þ xa
d na þ nbð Þ

dxa
¼ nT þ xa

dna
dxa

þ xa
dnb
dxa

In our context, nb is constant; hence dnb ¼ 0

dna
dxa

¼ nT þ xa
dna
dxa

dna
dxa

1� xað Þ ¼ nT

dna
dxa

¼ nT
1� xa

dna ¼ nT
xb

� �
dxa
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Returning to our earlier expression for excess Gibbs free energy, and substituting
the above results, we have

gE
a ¼ gE þ nT

∂gE

∂na

����
T ,P,nb

¼ gE þ xb
∂gE

∂xa

����
T ,P,nb

¼ xaxb Aþ B xa � xbð Þ½ � þ xb A� Bð Þ þ 6B� 2Að Þxa � 6Bxa
2


 �
¼ Axaxb þ Bxa

2xb � Bxaxb
2 þ Axb � Bxb þ 6Bxaxb � 2Axaxb � 6Bxa

2xb

¼ �B 1� xbð Þxb2 þ A� Bð Þxb þ 6B� Að Þ 1� xbð Þxb � 5B 1� 2xb þ xb
2

� 	
xb

¼�Bxb
2þBxb

3þAxb�Bxbþ6Bxb�Axb�6Bxb
2þAxb

2�5Bxbþ10Bxb
2�5Bxb

3

¼ Aþ 3Bð Þxb2 � 4Bxb
3

Since by definition, gE
a ¼ RT ln γa,

RT ln γa ¼ Aþ 3Bð Þxb2 � 4Bxb
3

As for species b,

gE
b ¼ gE þ nT

∂gE

∂nb

����
T ,P,na

¼ gE þ xa
∂gE

∂xb

����
T ,P,na

¼ gE � xa
∂gE

∂xa

����
T ,P,na

In the same way, we may find the following for species b,

gE
b ¼ xaxb Aþ B xa � xbð Þ½ � � xa A� Bð Þ þ 6B� 2Að Þxa � 6Bxa

2

 �

¼ xa 1� xað Þ Aþ B 2xa � 1ð Þ½ � � A� Bð Þxa � 6B� 2Að Þxa2 þ 6Bxa
3

¼Axa�Axa
2þ2Bxa

2�2Bxa
3�BxaþBxa

2�AxaþBxa�6Bxa
2þ2Axa

2þ6Bxa
3

¼ A� 3Bð Þxa2 þ 4Bxa
3

Since by definition, gE
b ¼ RT ln γb,

RT ln γb ¼ A� 3Bð Þxa2 þ 4Bxa
3

Problem 30

If the activity coefficients for species a in a mixture is given by the expression
below, derive an expression for lnγb.

ln γa ¼ axb
2þbxb

3þcxb
4
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Solution 30

Worked Solution

From Gibbs–Duhem, we know that

X
i

xid ln γi ¼ 0

xa
d ln γa
dxb

þ xb
d ln γb
dxb

¼ 0

xa 2axb þ 3bxb
2 þ 4cxb

3
� 	þ xb

d ln γb
dxb

¼ 0

1� xbð Þ 2axb þ 3bxb
2 þ 4cxb

3
� 	þ xb

d ln γb
dxb

¼ 0

�2axb � 3bxb
2 � 4cxb

3 þ 2axb
2 þ 3bxb

3 þ 4cxb
4 ¼ xb

d ln γb
dxb

d ln γb
dxb

¼ �2aþ 2a� 3bð Þxb þ 3b� 4cð Þxb2 þ 4cxb
3

ln γb ¼ �2axb þ axb
2 � 3

2
xb

2 þ bxb
3 � 4

3
cxb

3 þ cxb
4 þ constant

To find the constant, we can use the fact that when xb ¼ 1, γb ¼ 1

0 ¼ a� 2aþ b� 3
2
b� 4

3
cþ cþ constant

constant ¼ aþ b

2
þ c

3

Substituting the constant, and knowing that xb ¼ 1 � xa, we get

ln γb ¼ axa
2 þ bxa

2 3
2
� xa

� �
þ cxa

2 xa
2 � 8

3
xa þ 2

� �

Problem 31

A mixture of species 1 and 2 is in vapor–liquid equilibrium at 1.01 bar and
110 �C. The liquid phase is 15 mol % of species 2 and the vapor phase is 75 mol
% of species 2. Assume that at 110 �C, saturation pressures of species 1 and
2 are 0.17 bar and 1.41 bar, respectively. Find out the parameters of the Van
Laar equation, α and β for this system. Note that the Van Laar equations are as
follows:
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ln γ1 ¼
α

1þ αx1
βx2

� �2
ln γ2 ¼

β

1þ βx2
αx1

� �2

Solution 31

Worked Solution

We know that in the liquid phase, x2 ¼ 0.15, x1 ¼ 0.85 and in the vapor phase,
y2 ¼ 0.75, y1 ¼ 0.25.

For VLE, we have the balance of chemical potentials in the liquid and vapor
phases.

γ1x1P
sat
1 ¼ y1P

γ1 ¼
y1P

x1P sat
1

¼ 0:25� 1:01
0:85� 0:17

¼ 1:75

Similarly for species 2, we have

γ2 ¼
y2P

x2Psat
2

¼ 0:75� 1:01
0:15� 1:41

¼ 3:58

Now we can find simplified expressions from the Van Laar equations,

ln γ1
ln γ2

¼
α 1þ βx2

αx1

� �2
β 1þ αx1

βx2

� �2 ¼ α

β

αx1þβx2ð Þ2
α2x12

βx2þαx1ð Þ2
β2x22

0
@

1
A ¼ α

β

β2x22

α2x12

� �
¼ βx22

αx12

αx1
βx2

¼ x2
x1

� �
ln γ2
ln γ1

ln γ1 ¼
α

1þ αx1
βx2

� �2

α ¼ ln γ1 1þ x2 ln γ2
x1 ln γ1

� �2

¼ ln 1:75 1þ 0:15 ln 3:58
0:85 ln 1:75

� �2

¼ 1:1

Similarly, we have the following for species b,
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βx2
αx1

¼ x1
x2

� �
ln γ1
ln γ2

ln γ2 ¼
β

1þ βx2
αx1

� �2

β ¼ ln γ2 1þ x1 ln γ1
x2 ln γ2

� �2

¼ ln 3:58 1þ 0:85 ln 1:75
0:15 ln 3:58

� �2

¼ 15:5

Problem 32

Seawater is approximately 4%wt of sodium chloride. Estimate its freezing
point. You are provided with the enthalpy of fusion of water ¼ 6 kJ/mol.

Solution 32

Worked Solution

In analyzing freezing point depression, we may consider a solid–liquid equilibrium
system. In a system that consists of a pure species, the temperature at which boiling
occurs (at a specified pressure) is fixed and termed the boiling point at atmospheric
pressure of 1 atm. Consider the scenario where we now add a solute b into a liquid
solvent a, we will then notice that the temperature for this mixture to boil will be
higher. This occurrence is known as boiling point elevation.

Similarly if we add a small amount of solute b into liquid solvent a, liquid a will
freeze into solid a at a lower temperature than the freezing point of pure liquid a. This
is known as freezing point depression.

We can apply the concepts of phase equilibria to explain the above observations.

Freezing point depression (solid–liquid equilibrium)

In general, for solid–liquid equilibrium, the following holds:

f̂ s
i ¼ f̂ l

i

Assume that solid phase (species a) is pure, and the liquid phase consists of
solvent a and solute b, where the Lewis Randall reference state is used for the liquid
phase, then for species a, we have

f sa ¼ xaγaf
l
a

xaγa ¼
f sa
f la

Separately, we know that by definition dμ ¼ RTd ln f, so for a pure substance that
is melting,
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Δg fus ¼ gl
a � gs

a ¼ RT ln
f la
f sa

� �
¼ �RT ln xaγað Þ

It is more common that we have values of enthalpy and entropy of fusion at the
melting point (at atmospheric pressure) from data booklets, so we may express Δgfus
in terms of the thermodynamic properties of enthalpy and entropy, and also adjust
these properties to our desired temperature from their values at the normal melting
point.

� ln xaγað Þ ¼ Δg fus

RT
¼ Δh fus

RT
� Δs fus

R

We typically know Δhfus at the melting point, Tm. We can find out Δhfus at any
temperature T as follows. Let us assume T < Tm for a case of freezing point
depression:

Δh fus Tð Þ ¼ Δh fus Tmð Þ þ
ðTm

T

c spdT þ
ðT
Tm

c lpdT

Similarly for entropy of fusion,

Δs fus Tð Þ ¼ Δs fus Tmð Þ þ
ðTm

T

csp
T
dT þ

ðT
Tm

c lp
T
dT

We know that at the melting point, Tm

Δg fus ¼ Δh fus � TmΔs fus ¼ 0

Δs fus ¼ Δh fus

Tm

Substituting into the earlier expression, we get

Δs fus Tð Þ ¼ Δh fus

Tm
þ
ðTm

T

c sp
T
dT þ

ðT
Tm

c lp
T
dT

Finally we can relate activity coefficient and molar composition of the species to
the enthalpy of fusion (at any desired temperature that may not be the normal melting
point) and heat capacities.
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� ln xaγað Þ ¼
Δh fus Tmð Þ þ ÐTm

T
c spdT þ ÐT

Tm

c lpdT

RT
�

Δh fus Tmð Þ
Tm

þ ÐTm

T

c s
p

T dT þ ÐT
Tm

c l
p

T dT

R

To simplify the expression further, we may define a term Δcslp ¼ c lp � csp, which
may then be assumed constant for simplifying the integration.

� ln xaγað Þ ¼ Δh fus Tmð Þ
R

1
T
� 1
Tm

� �
� 1
R

ðT
Tm

Δcslp
T

dT þ 1
RT

ðT
Tm

Δcslp dT

ln xaγað Þ ¼ �Δh fus Tmð Þ
R

1
T
� 1
Tm

� �
� Δcslp

R
ln

T

Tm

� �
þ Δcslp

RT
T � Tmð Þ

ln xaγað Þ ¼ �Δh fus Tmð Þ
R

1
T
� 1
Tm

� �
þ Δcslp

R
1� Tm

T
� ln

T

Tm

� �� �

If solute b is dilute in solvent a, the liquid mixture can be assumed as ideal (close
to pure a) where γa ¼ 1, and the freezing point depression is small where Tm � T.
Then the following holds,

ln xað Þ ¼ �Δh fus Tmð Þ
R

1
T
� 1
Tm

� �
¼ ln 1� xbð Þ

Using the power series expansion for the ln function, we know that if xb is small,
then we can further approximate ln(1 � xb) � �xb, so now we have the following
expression for the freezing point depression:

�Δh fus Tmð Þ
R

1
T
� 1
Tm

� �
¼ �xb

�Δh fus Tmð Þ
R

Tm � T

TTm

� �
¼ �xb

Tm � T

TTm

� �
¼ R

Δh fus Tmð Þ xb

Assume that the freezing point depression is small so Tm � T, and TTm � Tm
2

Tm � T � RTm
2

Δh fus Tmð Þ xb

If we have a significant amount of solute b in solvent a, then liquid mixture a is no
longer ideal, and γa 6¼ 1, then

Thermodynamics 187



Tm � T � RTm
2

Δh fus Tmð Þ γaxb

γa ¼
Δh fus Tmð Þ Tm � Tð Þ

xbRTm
2

Boiling point elevation (vapor–liquid equilibrium)

We can now consider the other similar phenomenon of boiling point elevation,
and so we start with the vapor–liquid equilibrium condition:

f̂ v
i ¼ f̂ l

i

Assume that vapor phase (i.e., species a) is pure, and the liquid phase consists of
species a and b (solute), where the Lewis Randall reference state is used for the
liquid phase, then for species a, we get

f va ¼ xaγaf
l
a

xaγa ¼
f va
f la

Separately, we know that by definition dμ ¼ RTd ln f, so for a pure substance that
is vaporizing,

Δgvap ¼ gv
a � gl

a ¼ RT ln
f va
f la

 !
¼ RT ln xaγað Þ

Similar to the derivation for freezing point depression, we have

ln xaγað Þ ¼ Δgvap
RT

¼ Δhvap
RT

� Δsvap
R

We typically know Δhvap at the boiling point, Tb. We can find out Δhvap at any
temperature T as follows. Let us assume T > Tb for a case of boiling point elevation:

Δhvap Tð Þ ¼ Δhvap Tbð Þ þ
ðT
Tb

c lpdT þ
ðTb

T

cvpdT

Similarly for entropy of vaporization,

Δsvap Tð Þ ¼ Δsvap Tbð Þ þ
ðT
Tb

c lp
T
dT þ

ðTb

T

cvp
T
dT
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We know that at the boiling point, Tb

Δgvap ¼ Δhvap � TbΔsvap ¼ 0

Δsvap ¼ Δhvap
Tb

Substituting into the earlier expression, we get

Δsvap Tð Þ ¼ Δhvap
Tb

þ
ðT
Tb

c lp
T
dT þ

ðTb

T

cvp
T
dT

Finally we can relate activity coefficient and molar composition of the species to
the enthalpy of vaporization (at any desired temperature that may not be the normal
boiling point) and heat capacities.

ln xaγað Þ ¼
Δhvap Tbð Þ þ ÐT

Tb

c lpdT þ ÐTb

T
cvpdT

RT
�

Δhvap
Tb

þ ÐT
Tb

c l
p

T dT þ ÐTb

T

c v
p

T dT

R

To simplify the expression further, we may define a term Δc lvp ¼ cvp � c lp, which
may then be assumed constant for simplifying the integration.

ln xaγað Þ ¼ Δhvap Tbð Þ
R

1
T
� 1
Tb

� �
þ 1
R

ðT
Tb

Δc lvp
T

dT � 1
RT

ðT
Tb

Δc lvp dT

ln xaγað Þ ¼ Δhvap Tbð Þ
R

1
T
� 1
Tb

� �
þ Δc lvp

R
ln

T

Tb

� �
� Δc lvp

RT
T � Tbð Þ

¼ Δhvap Tbð Þ
R

1
T
� 1
Tb

� �
� Δc lvp

R
1� Tb

T
� ln

T

Tb

� �� �

If solute b is dilute in solvent a, the liquid mixture can be assumed as ideal (close
to pure a) where γa ¼ 1, and the boiling point elevation is small where Tb � T. Then
the following holds,

ln xað Þ ¼ Δhvap Tbð Þ
R

1
T
� 1
Tb

� �
¼ ln 1� xbð Þ

Using the power series expansion for the ln function, we know that if xb is small,
then we can further approximate ln(1 � xb) � � xb, so now we have the following
expression for the boiling point elevation:
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Δhvap Tbð Þ
R

1
T
� 1
Tb

� �
¼ �xb

Δhvap Tbð Þ
R

Tb � T

TTb

� �
¼ �xb

T � Tb

TTb

� �
¼ R

Δhvap Tbð Þ xb

Assume that the boiling point elevation is small so Tb � T, and TTb � Tb
2

T � Tb � RTb
2

Δhvap Tbð Þ xb

If we have a significant amount of solute b in solvent a, then liquid mixture a is no
longer ideal, and γa 6¼ 1, then

T � Tb � RTb
2

Δhvap Tbð Þ γaxb

γa ¼
Δhvap Tbð Þ T � Tbð Þ

xbRTb
2

So finally, returning to the problem statement, we note that the solute in this case
is sodium chloride, whereby one molecule of NaCl gives two solute ions (Na+ and
Cl�). We also know thatΔhfus(Tm) of water is 6 kJ/mol, and Tm¼ 273 K. The weight
percent of water is 96 % ¼ 100 % � 4 % .

xa ¼ xwater ¼
96

MWwater

96
MWwater

þ 2 4
MWNaCl

� � ¼ 0:974

xb ¼ xion ¼ 1� 0:974 ¼ 0:026

From the value of xb, we confirm that solute is dilute enough for the solution to be
assumed as an ideal solution, and so the freezing point depression is assumed small,
and it follows that

Tm � T � RTm
2

Δh fus Tmð Þ xb ¼
8:314� 2732

6000
0:026ð Þ ¼ 2:7 K

T ¼ 0
�
C� 2:7

�
C ¼ �2:7

�
C

Hence we find that the depressed freezing point is 2.7
�
C.
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Problem 33

Estimate how much salt you would need to add to 100 g of water to keep its
boiling point at 100

�
C at 200 m above sea level.

Solution 33

Worked Solution

We will assume salt is an involatile solute such that the vapor phase is pure while the
liquid phase is a mixture of salt and water.

For the liquid phase, we have the following expression where we assume water is
species a and salt is species b, and the pure liquid Gibbs free energy is adjusted for a
mixture. We also assume that liquid is incompressible and that vl is small; hence,
pressure dependence of gl

a is assumed negligible and so gl
a T ;Patmð Þ � gl

a T ;Pð Þ.

μ l
a T ;Pð Þ ¼ gl

a T ;Pð Þ þ RT ln γaxa ¼ gl
a T;Patmð Þ þ RT ln γaxa

As for the vapor phase, we have pure vapor Gibbs free energy adjusted for
pressure at P

μ v
a T;Pð Þ ¼ gv

a T ;Patmð Þ þ RT ln
P

Patm

� �

Now we try to relate the height above sea level to pressure, knowing that density
(in kg/m3) is related to molar volume by ρ

MW ¼ 1
v.

dP

dh
¼ �ρg ¼ � P

RT

� �
MWairð Þg

dP

P
¼ � MWairð Þg

RT
dh

We know that h ¼ 200,

ln
P

Patm
¼ �1:2� 10�4 200ð Þ ¼ �0:024

At vapor–liquid equilibrium during boiling,

μ v
a T ;Pð Þ ¼ μ l

a T;Pð Þ

gv
a T;Patmð Þ þ RT ln

P

Patm

� �
¼ gl

a T;Patmð Þ þ RT ln γaxa
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We know further that at Patm, gv
a T ;Patmð Þ ¼ gl

a T;Patmð Þ; therefore

ln
P

Patm

� �
¼ ln γaxa ¼ �0:024

If we assume that the solute is dilute, then the mixture is close to ideal solution
consisting mainly of water, and γa � 1. It also follows then that xb is small.

ln xa ¼ ln 1� xbð Þ � �xb ¼ �0:024

If we assume that in 100 g of salt solution we have M grams of salt (or NaCl),
then,

xb ¼
M

MWNaCl
� 2

M
MWNaCl

� 2
� �

þ 100�M
MWwater

� � ¼ 0:024

M ¼ 3:89

We can then solve for the only unknown M ¼ 3.89 g.

Problem 34

Pure species b freezes from a liquid mixture of a and b consisting of 52 vol%
species a at �40

�
C. Construct a one-constant Margules model for the binary

liquid mixture and estimate the eutectic point. How would you improve the
accuracy of this estimate? You are provided with the following data.

Melting point of species a, Tm,a ¼ �16
�
C

Melting point of species b, Tm,b ¼ 0
�
C

Density of species a, ρa ¼ 1.1 g/cm3

Density of species b, ρb ¼ 1 g/cm3

Molecular Weight of species a, MWa ¼ 62
Molecular Weight of species b, MWb ¼ 18
Enthalpy of fusion of species a, Δhfus,a(Tm,a) ¼ 11,000 J/mol
Enthalpy of fusion of species b, Δhfus,b(Tm,b) ¼ 6000 J/mol

Solution 34

Worked Solution

Eutectic point is the lowest possible temperature at which we have only liquid.
Recall that when we have a mixture containing two species a and b, due to the
concept of freezing point depression, we can have a single liquid phase at a lower
temperature than the freezing point of either pure species a or pure species b.
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First we find out the mole fraction of species a from the volume percent
composition, using density and molecular weight information provided.

xa ¼
52�ρa
MWa

52�ρa
MWa

þ 100�52ð Þ�ρb
MWb

¼ 0:26

From earlier derivation, we obtained the following,

ln xiγið Þ ¼ �Δh fus Tmð Þ
R

1
T
� 1
Tm

� �
þ Δcslp

R
1� Tm

T
� ln

T

Tm

� �� �

We can apply the above expression for species b, and assume that the freezing
point depression is small. Then the expression simplifies to the following. Note that
freezing point depression phenomenon means that Tm > T.

ln xbγbð Þ ¼ �Δh fus,b Tm,bð Þ
R

1
T
� 1
Tm,b

� �

ln 1� xað Þγbð Þ ¼ �Δh fus,b Tm,bð Þ
R

1
T
� 1
Tm,b

� �

ln 1� 0:26ð Þγbð Þ ¼ �6000
8:314

1
�40þ 273ð Þ �

1
273

� �

ln γb ¼ �0:15

Using the one-constant Margules equation,

RT ln γb ¼ Axa
2

A ¼ 8:314� �40þ 273ð Þ � �0:15ð Þ
0:262

¼ �4300 J=mol

At the eutectic point, solutes a and b both exist in the liquid phase and exert their
effects of freezing point depressions; hence, we have the two equations below
whereby T is the eutectic temperature for both equations.

ln xaγað Þ ¼ �Δh fus,a Tm,að Þ
R

1
T
� 1
Tm,a

� �

ln xbγbð Þ ¼ �Δh fus,b Tm,bð Þ
R

1
T
� 1
Tm,b

� �

The easiest way to solve the above simultaneous equations is by equating the
common temperature term, 1=T .
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1
Tm,a

� R ln xaγað Þð Þ
Δh fus,a Tm,að Þ ¼

1
Tm,b

� R ln xbγbð Þð Þ
Δh fus,b Tm,bð Þ

We know Tm, a¼ � 16 + 273¼ 257 K, Tm, b¼ 273 K, A¼ � 4300 J/mol,Δhfus,
a(Tm, a) ¼ 11,000 J/mol, Δhfus, b(Tm, b) ¼ 6000 J/mol. So, we can express ln(xaγa) in
terms of a single unknown, xa.

ln xaγað Þ ¼ ln xa þ ln γa ¼ ln xa þ A

RT

� �
xb

2 ¼ ln xa þ A

RT

� �
1� xað Þ2

Similarly we can express ln(xbγb) in terms of a single unknown, xa.

ln xbγbð Þ ¼ ln xb þ ln γb ¼ ln 1� xað Þ þ A

RT

� �
xa

2

We can solve the equation to find the unknown xa. Once this is done, we then
substitute back into either one of the two earlier equations to find the eutectic
temperature T.

ln xaγað Þ ¼ �Δh fus,a Tm,að Þ
R

1
T
� 1
Tm,a

� �

ln xbγbð Þ ¼ �Δh fus,b Tm,bð Þ
R

1
T
� 1
Tm,b

� �

We should find T ¼ 140 K. We can find T through an iterative trial and error
process, by first assuming a eutectic T for a specified xb say, for example, T¼ 220 K
and xb ¼ 0.6, we then find γb from the one-constant Margules equation and
back substitute γb and xb into the equation of freezing point depression, to find out
if the value of T matches the initial guess. If the value of T shows to be less than the
initial guess of 220 K, then we may lower our estimate and continue the iterative
process to arrive at the correct value of T that satisfies both equations.

This method can be improved as the one-constant Margules equation is a simpli-
fied model that starts to break down when the deviation from ideal behavior is
significant. We can improve on the model by getting more data points and obtaining
a best fit over a range of mole compositions.

We can also check the temperature dependence of the activity coefficient model
parameter, A. For this, we can obtain a separate set of data points at different
temperatures. In this solution, we have assumed that A is independent of
temperature.
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Problem 35

Describe the conditions required for a bubble containing water vapor to be in
equilibrium with pure liquid water. Calculate the equilibrium temperature for
a bubble of diameter 0.08 μm at atmospheric pressure. Is this equilibrium
stable? It is given that the surface tension of water σ ¼ 0.07 Nm�1. The enthalpy
of evaporation of water is 40,600 J/mol.

Solution 35

Worked Solution

For equilibrium in this case there are three equations that hold. Thermal equilibrium
whereby TL ¼ TV, mechanical equilibrium whereby PV ¼ PL þ 2σ

r , and chemical
equilibrium whereby μL ¼ μV ¼ gL.

For the liquid phase, μL ¼ gsat(T ). And for the vapor phase,

μV ¼ gsat Tð Þ þ RT ln PV

Psat

� �
.

In order for chemical equilibrium to hold,RT ln PV

Psat

� �
¼ 0and PV¼ Psat(T ). From

the mechanical equilibrium equation, we can equate to the chemical equilibrium
result as follows,

PV ¼ PL þ 2σ
r

¼ Patm þ 2σ
r

¼ Psat Tð Þ

We may recall at this point that Psat is correlated to enthalpy via the Clausius–
Clapeyron equation as follows,

d lnPsat

dT
¼ Δhvap

RT2

ln
Psat Tð Þ
Patm

� �
¼ Δhvap

R

1
Tb, atm

� 1
T

� �

ln
PV Tð Þ
Patm

� �
¼ ln

Patm þ 2σ
r

Patm

� �
¼ ln 1þ 2σ

Patm rð Þ
� �

We know that r ¼ 0.08 � 0.5 � 10�3 m, σ ¼ 0.07 Nm�1, Δhvap ¼ 40,600 J/mol,
Tb, atm ¼ 100

�
C ¼ 373 K. Hence we may solve the equation to find that T ¼ 500 K.

We know that this value of T is much greater than the normal boiling point of
373 K. This means we require a large amount of superheat to allow this bubble to
form spontaneously in the absence of nucleation sites. The smaller the size of the
bubble, the greater the surface tension and the higher the pressure in the vapor phase
within the bubble. This makes μV higher, and this provides a driving force for water
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to migrate from the vapor phase to the liquid phase in order to reduce Gibbs free
energy to reach equilibrium. This would cause the bubble to reduce in size further
and it is therefore an unstable equilibrium. An unstable equilibrium can be seen as a
maxima point at which μV ¼ μL; however, any deviation away from this point
reduces total Gibbs free energy of the system.

Problem 36

A particular substance (1) is dissolved in a solvent (2) at 25
�
C at a partial

pressure of 1 atm. The vapor phase is assumed as an ideal gas. The liquid
fugacity of substance (1) at 25

�
C is 900 bar.

(a) Find the mole fraction of substance 1 present in the liquid phase assuming
the two species 1 and 2 form an ideal solution.

(b) The activity coefficient of substance 1 is modeled by the one-constant
Margules equation in the form lnγ1 ¼ 0.53(1 � x1)

2. Recalculate the mole
fraction of substance 1 in the liquid phase.

(c) What is the Henry’s constant for this system? Find an expression for the
activity coefficient of substance 1 using the Henry’s constant as the refer-
ence state.

Solution 36

Worked Solution

(a) For vapor–liquid equilibrium of this mixture, we have

f̂ V
1 ¼ f̂ L

1

We are told that the liquid phase is an ideal mixture; hence γ1 ¼ 1

f̂ L
1 ¼ γ1x1f

L
1 ¼ x1f

L
1

We are also told that the vapor phase is ideal gas; hence

f̂ V
1 ¼ y1P ¼ P1

We are required to find x1, so we need to solve this equation

x1f
L
1 ¼ P1

x1 ¼ 1
900

¼ 1:1� 10�3
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(b) We can obtain an expression for activity coefficient from the Margules model
provided

ln γ1 ¼ 0:53 1� x1ð Þ2

γ1 ¼ exp 0:53 1� x1ð Þ2
h i

We then revisit the vapor–liquid equilibrium condition

γ1x1f
L
1 ¼ P1

exp 0:53 1� x1ð Þ2
h i� �

x1 900ð Þ ¼ 1

We can use an iterative method to find x1, the initial estimate can be made by
assuming x1 is small, and hence γ1 � exp [0.53(1)2] ¼ 1.7.

x1 ¼ 1
900� 1:7

¼ 6:5� 10�4

We then substitute this value of x1 back into the equilibrium equation to see if
it balances the right-hand side value of 1. It happens that in this case the first
guess works, which means that our assumption that x1 was sufficiently small
enough to simplify the exponential term was fine. Hence x1 ¼ 6.5 � 10�4.

(c) If we use Henry’s reference state for substance 1, then the value of Henry’s
constant is obtained by extending the tangent at infinite dilution point (x1 ! 0),
to the point when x1 ¼ 1. At this extrapolated point, the value of fugacity is the
Henry’s constant.

H ¼ lim
x1!0

γ1f
L
1

� 	 ¼ γ11 900ð Þ ¼ 900exp 0:53 1� x1ð Þ2
h i� �

Since substance 1 is at infinite dilution, 1 � x1 � 1, so we can find Henry’s
constant to be

H ¼ 900exp 0:53½ � ¼ 1500

Now we try to derive an expression for the activity coefficient under the
Henry’s reference state,

γHenry1 x1H ¼ f̂ L
1 ¼ γ LR1 x1f

L
1

γHenry1 H ¼ γ1f
L
1

γHenry1 ¼ γ1f
L
1

H
¼

exp 0:53 1� x1ð Þ2
h i� �

900ð Þ
1500
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Problem 37

A given system consists of two components 1 and 2 in VLE. The solution is not
ideal with the activity coefficients given by RT ln γ1 ¼ Ax2

3 where A is not a
function of temperature. You are told that P sat

1 ¼ 0:5 bar and P sat
2 ¼ 0:8 bar at

298 K. If you mix equimolar portions of 1 and 2, the heat evolved is 800 J/mol
solution. Use this information to determine the total pressure and vapor phase
compositions at T ¼ 298 K.

Solution 37

Worked Solution

To relate the activity coefficient of component 1 to that of component 2, recall the
Gibbs–Duhem equation

x1d ln γ1 þ x2d ln γ2 ¼ 0

d ln γ2
dx2

¼ � x1d ln γ1
x2dx2

We are given that

RT ln γ1 ¼ Ax2
3

ln γ1 ¼
A

RT
x2

3

d ln γ1
dx2

¼ 3A
RT

x2
2

Substituting back into the Gibbs–Duhem expression, we have

d ln γ2
dx2

¼ � x1d ln γ1
x2dx2

¼ �x1
x2

3A
RT

x2
2 ¼ � 3A

RT
1� x2ð Þx2

d ln γ2 ¼ � 3A
RT

1� x2ð Þx2dx2

In order to solve this differential equation, we need to have boundary conditions
that would set the limits of the integral. We know that as γ2! 1 as x2! 1, lnγ2! 0.
This assumes the Lewis Randall reference state where ideality is reached when there
is pure species.

ðln γ2
0

d ln γ2 ¼
ðx2
1
� 3A
RT

1� x2ð Þx2dx2
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ln γ2 ¼
3A
RT

ðx2
1

x2
2 � x2

� 	
dx2 ¼ 3A

RT

x23

3
� x22

2

� �x2
1

¼ 3A
RT

2x23 � 3x22 � 2þ 3
6

� �
¼ A

2RT
2x2

3 � 3x2
2 þ 1


 �

The problem statement also mentions about heat evolved during mixing of
different species. This brings to mind the enthalpy of mixing, which then relates to
Gibbs free energy. We can try to correlate Gibbs free energy and activity coefficient
using the definition of excess Gibbs free energy.

gE

RT
¼
X

xi ln γi ¼ x1 ln γ1 þ x2 ln γ2

gE

RT
¼ x1

A

RT
x2

3 þ x2
A

2RT
2x2

3 � 3x2
2 þ 1


 �
¼ A

RT
x2

3 � A

RT
x2

5 þ A

RT
x2

5 � 3A
2RT

x2
3 þ x2

A

2RT
¼ A

2RT
x2 � x2

3

 �

Now using Gibbs–Helmholtz equation to relate excess Gibbs free energy to
enthalpy,

�hE

T2 ¼
∂ gE

T

� �
∂T

¼ ∂ A
2T x2 � x23½ �� 	

∂T

�hE

T2 ¼ � A

2T2 x2 � x2
3


 �

A ¼ 2hE

x2 � x23

hE ¼ Δhmix ¼ �800 J=mol

So we can find A as we know that the mole compositions would be x1 ¼ x2 ¼ 0.5
for equimolar mixing.

A ¼ 2hE

x2 � x23
¼ 2� �800ð Þ

0:5� 0:53
¼ �4300 J=mol

We need to find out the total pressure and vapor phase compositions at
T ¼ 298 K.

y1P ¼ x1γ1P
sat
1
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y2P ¼ x2γ2P
sat
2

P ¼ y1Pþ y2P ¼ x1γ1P
sat
1 þ x2γ2P

sat
2

To solve for pressure, we need to calculate γ1and γ2

ln γ1 ¼
A

RT
x2

3 ¼ � 4300
8:314� 298

0:5ð Þ3

γ1 ¼ 0:8

lnγ2 ¼
A

2RT
2x2

3�3x2
2þ1


 �¼� 4300
2�8:314�298

2 0:5ð Þ3�3 0:5ð Þ2þ1
h i

¼�0:4

γ2 ¼ 0:7

So we can now solve for total pressure.

P ¼ 0:5ð Þ 0:8ð Þ 0:5ð Þ þ 0:5ð Þ 0:7ð Þ 0:8ð Þ ¼ 0:48

y1 ¼
x1γ1P

sat
1

P
¼ 0:5ð Þ 0:8ð Þ 0:5ð Þ

0:48
¼ 0:4

y2 ¼ 1� 0:4 ¼ 0:6

Problem 38

One mole of a gas is isothermally and reversibly compressed from a starting
pressure of P1 to a final pressure P2. We may assume that this process is
modeled by the equation of state z ¼ 1 + B0P, where B0 < 0.

(a) Identify the equation of state and comment.
(b) Find an expression for the work done in this process.

Solution 38

Worked Solution

(a) This equation takes on the form of the Virial Equation of State which is truncated
and volume-explicit. A volume explicit equation of state refers to one where
volume v is not raised to higher powers and can be singly isolated as the subject
of the formula. We may observe this as the left-hand side of the equation is
z which contains the variable v since z ¼ Pv

RT. In this equation, the variable that is
raised to higher powers in a power series expansion is pressure P. However, this
expression is truncated (i.e., simplified), as the higher order terms in P are
assumed insignificant and ignored here. Hence only the first two terms remain
(i.e., zeroth and first orders of P)
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(b) z ¼ 1þ B0P ¼ Pv

RT

v ¼ RT

P
1þ B0Pð Þ ¼ RT

P
þ B0RT

Assuming constant T, since isothermal conditions, we have

dv ¼ d
RT

P
þ B0RT

� �
¼ �RT

P2 dP

We may derive an expression for work done for a reversible process. In a
reversible process, we are only slightly out of equilibrium, reversibility is
characterized by the fact that we are able to reverse the process (i.e., to expand
back if we are compressing) by adding or removing infinitesimal amounts of
differential mass. This reversal will have no net effect on the surroundings,
whereby the same amount of work will be involved in each direction. The
reversible work sets the limit of work done, i.e., the max work that can be
done or min work that is needed to put in. Only in a reversible process, can we
substitute system pressure with external pressure.

In this case, since our compression process is reversible, we have P ¼ Pext

and so

w ¼ �
ð
Pextdv ¼ �

ð
Pdv ¼

ð
P

RT

P2

� �
dP ¼

ðP2

P1

RT

P
dP ¼ RT ln

P2

P1

� �

We may notice that since the system is compressed, P2 > P1 and hence w is a
positive value, and work is required to be done.

Problem 39

An unknown pure substance is found to have a vapor pressure of 2 bar at 320 K
with a saturated liquid having a volume of 1 � 10�4 m3/mol.

(a) At 1 bar and 320 K, what phase(s) of the unknown substance will be
present?

(b) Comment on whether the critical temperature of this substance will be
greater or less than 320 K and whether the critical pressure will be above
or below 2 bar?

(c) Find out the number of moles of this pure substance at 2 bar and 320 K in a
10 m3 tank which is 70 vol% occupied by the saturated liquid and the rest of
the volume is saturated gas.

(d) Find out the total reversible work needed to compress 100% saturated
vapor to the final state as described in part c.
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Solution 39

Worked Solution

(a) We know that Pvap ¼ 2 bar and Psys ¼ 1 bar.
Since Pvap > Psys, we may deduce that at the same temperature of 320 K, the

substance will exist as pure vapor for this said system.
(b) Let us recall some key features about the critical point. We know that in a Pv

diagram, the critical point is located at the peak of the liquid–vapor dome,
whereby vl ¼ vv. At this point the temperature, Tc and pressure Pc are
constrained. The critical point represents the point at which the liquid and
vapor phases are no longer distinct and distinguishable from one another. At
temperatures above Tc, we have a supercritical fluid that displays some vapor-
like characteristics and some liquid-like characteristics.

At the system conditions, we have vapor–liquid equilibrium. This state exists
as a point within the vapor–liquid dome. As we raise temperature and pressure,
we will reach critical point. As such, we expect the critical temperature to be
greater than 320 K and the critical pressure to be greater than 2 bar.

(c) We are told that vl ¼ 1 � 10�4 m3/mol; therefore

vv ¼ RT

P
¼ 8:314� 320

2� 105
¼ 0:01 m3=mol

We may convert volume percent into mole fraction

Vv ¼ 0:3V tank ¼ 3 m3

Vl ¼ 0:7V tank ¼ 7 m3

We can now find number of moles

N ¼ Nl þ Nv ¼ 7

1� 10�4 þ
3

0:01
¼ 70; 300 mol

(d) For a reversible process, we may express work done as follows

W ¼ �
ð
PextdV ¼ �

ð
PdV

To reversibly compress from pure saturated vapor to only 30 vol% saturated
vapor, we need to find out the molar volumes at the two different end points.
Note that for a VLE, the molar volume will consider molar contributions of the
liquid and vapor molar volumes, to make up the total mixture molar volume that
matches the same total number of moles (mass is conserved in the system).
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vi ¼ v satv ¼ 0:01 m3=mol

v f ¼ Nl

N
v satl þ Nv

N
v satv ¼

7
1�10�4

70; 300
1� 10�4
� 	þ 3

0:01

70; 300
0:01ð Þ ¼ 1:4� 10�4

W ¼ �NP v f � vi
� 	 ¼ � 70; 300ð Þ 2� 105

� 	
1:4� 10�4 � 0:01
� 	 ¼ 140 MJ

Problem 40

A heater is used to raise the temperature of 10 mol of gas isobarically at 47 bar
from an initial temperature of 30

�
C and to a final temperature of 230

�
C. Ideal

gas is assumed and the heat capacity is provided as follows,

Cig
p

R
¼ 4:8þ 0:003T

(a) Find the energy requirement for the heater assuming ideal gas.
(b) If the equation of state for the gas is given by z ¼ 1þ aPffiffiffi

T
p , where

a ¼ �0.09 K0.5/bar, comment on the intermolecular forces determining
the behavior of the gas in this process.

(c) Find out the energy requirement of the heater if we do not assume ideal gas.

Solution 40

Worked Solution

(a) For isobaric process in a closed system, ΔH ¼ Q. We also know that by
definition,

cp ¼ ∂h
∂T

� �
P

So assuming ideal gas, we have the following

ΔH ¼ n

ðT f

Ti

cpdT ¼ nR

ðT f

Ti

4:8þ 0:003ð ÞTð ÞdT

ΔH ¼ nR 4:8T þ 0:003ð ÞT2

2

� �503
303

Q ¼ ΔH ¼ 10ð Þ 8:314ð Þ 4:8 200ð Þ þ 0:003ð Þ 5032 � 3032
� 	

2

" #
¼ 100 kJ

Since the value of ΔH > 0, heat is required to be added to the system.
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(b) We are given the equation of state for a real gas where a ¼ � 0.09 K0.5/bar.

z ¼ Pv

RT
¼ 1þ aPffiffiffiffi

T
p

v ¼ RT

P
þ RT

P

aPffiffiffiffi
T

p
� �

¼ RT

P
þ aR

ffiffiffiffi
T

p

vig ¼ RT

P

By comparing the expressions of molar volume between ideal gas and real
gas, we can observe that the additional term of aR

ffiffiffiffi
T

p
is the difference, and it is a

negative value. Hence attractive forces dominate as vig > vreal.
(c) When we have a real gas, we may break down the pathway into three steps,

where one of the steps will assume ideal gas, and the other two steps are to bring
the state from real gas to ideal gas and vice versa.

We have this pathway to achieve:Hreal
i T i;Pð Þ ! Hreal

f T f ;P
� 	

and we may do
this via three steps:

1. Isothermal Step 1: Hreal
i T i;Pð Þ ! H ig

1 Ti;P�ð Þ
2. Isobaric Step 2: H ig

1 Ti;P�ð Þ ! H ig
2 T f ;P�� 	

3. Isothermal Step 3: H ig
2 T f ;P�� 	! Hreal

f T f ;P
� 	

For Step 1,

Δh ¼
ðP�

P

∂h
∂P

� �
dP

Now the trick is to try to re-express ∂h
∂P into a form that is in terms of v and

T since this would allow us to make use of the equation of state.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

It is now useful to recap on some thermodynamic relations. From the first and second
laws of thermodynamics, we know that

du ¼ δqþ δwrev

From here, we can obtain the following fundamental property relations.

du ¼ Tds� Pdv

dh ¼ Tdsþ vdP

dg ¼ �sdT þ vdP
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We can also derive the following:

∂u
∂s

� �
v

¼ T ,
∂u
∂v

� �
s

¼ �P

∂h
∂s

� �
P

¼ T ,
∂h
∂P

� �
s

¼ v

∂g
∂T

� �
P

¼ �s,
∂g
∂P

� �
T

¼ v

Also via Maxwell relations, which states that the order of partial differentiation
does not matter, we have

∂T
∂v

� �
s

¼ � ∂P
∂s

� �
v

,
∂T
∂P

� �
s

¼ ∂v
∂s

� �
P

∂s
∂v

� �
T

¼ ∂P
∂T

� �
v

, � ∂s
∂P

� �
T

¼ ∂v
∂T

� �
P

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

So returning to the question, for step 1, we have

dh ¼ Tdsþ vdP

dh

dP
¼ Tids

dP
þ v ¼ v� Ti

dv

dT

� �
P

Δh ¼
ðP�

P
v� Ti

dv

dT

� �
P

� �
dP

In this case, we have a real gas equation of state,

v ¼ RT

P
þ aR

ffiffiffiffi
T

p

ΔHstep1 ¼ nΔh ¼ n

ðP�

P

RTi

P
þ aR

ffiffiffiffiffi
Ti

p � Ti
R

P
þ 1
2
aRTi

�1
2

� �� �
dP

ΔHstep1 ¼ nR

ðP�

P
TiP

�1 þ aTi
1
2 � TiP

�1 � 1
2
aTi

1
2

� �
dP ¼ nR

ðP�

P

1
2
aTi

1
2

� �
dP

ΔHstep1 ¼ naR
1
2
Ti

1
2

� �
P� � Pð Þ
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Step 3 is similar to step 1, so we can derive a similar expression for step 3 here.

ΔHstep3 ¼ nΔh ¼ n

ð P
P�

RT f

P
þ aR

ffiffiffiffiffiffi
T f

p � T f
R

P
þ 1
2
aRT f

�1
2

� �� �
dP

ΔHstep3 ¼ naR
1
2
T f

1
2

� �
P� P�ð Þ

Step 2 is a process that may assume ideal gas, which you have solved in part a

ΔHstep2 ¼ nΔh ¼ n

ðT f

Ti

cpdT ¼ 100 kJ

The total heat required is as follows

ΔH ¼ naR
1
2
Ti

1
2

� �
P� � Pð Þ þ 100 kJ� naR

1
2
T f

1
2

� �
P� � Pð Þ

ΔH ¼ naR

2
Ti

1
2 � T f

1
2

� �
P� � Pð Þ þ 100 kJ

In order to achieve ideal gas state, P� ! 0. We observe that less heat is
required if we do not assume ideal gas.

ΔH ¼ �naR

2
Ti

1
2 � T f

1
2

� �
Pþ 100 kJ

Q ¼ ΔH ¼ � 10 �0:09ð Þ 8:314ð Þ
2

303
1
2 � 503

1
2

� �
47ð Þ þ 100; 000 ¼ 99 kJ

Problem 41

One mole of a non-ideal gas is compressed isothermally of 350 K. The initial
pressure is 1 bar at a saturation pressure of 20 bar. The final state is 25%
saturated liquid. Over this range, the vapor phase follows the virial equation of
state truncated to one term z ¼ 1 + B0P, where B0 ¼ � 0.03 bar�1 and is
independent of pressure. The heat of vaporization at 20 bar is 600 kJ/mol.

(a) What is the enthalpy change for the compression?
(b) What is the entropy change for the compression?
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Solution 41

Worked Solution

(a) First we notice that after the non-ideal gas is compressed, liquid is formed from
gas which means that phase change (condensation) occurred. Therefore, we may
analyze the overall process as comprising of a compression part and a conden-
sation part.

ΔH ¼ ΔHcomp þ ΔHcond

ΔH ¼ ∂H
∂T

� �
P

dT þ ∂H
∂P

� �
T

dPþ ΔHcond

ΔH ¼ CpdT þ v� T
dv

dT

� �
P

� �
dPþ ΔHcond

We know that the equation of state is z ¼ 1 + B0P,

z ¼ Pv

RT
¼ 1þ B0P

v ¼ RT

P
þ RTB0

ΔH ¼ CpdT þ RT

P
þ RTB0 � T

R

P
þ RB0

� �� �
dPþ ΔHcond ¼ CpdT þ ΔHcond

For isothermal process, dT ¼ 0

ΔH ¼ ΔHcond ¼ �nΔhvap ¼ �0:25� 600 ¼ �150 kJ=mol

The change in enthalpy for the process is 150 kJ/mol.
(b)

ΔS ¼ ΔScomp þ ΔScond

ΔS ¼ ∂S
∂T

� �
P

dT þ ∂S
∂P

� �
T

dPþ ΔScond

For an isothermal process,

ΔS ¼ ∂S
∂P

� �
T

dPþ Qcond

T

We found from part a, Qcond ¼ � 150 kJ/mol. We have also been told that
temperature T ¼ 350 K, B0 ¼ � 0.03 bar�1 and n ¼ 1.
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∂S
∂P

� �
T

¼ � ∂V
∂T

� �
P

v ¼ RT

P
þ RTB0

∂S
∂P

� �
T

¼ �
∂

nRT

P
þ nRTB0

� �
∂T

0
BB@

1
CCA

P

¼ �R
1
P
þ B0

� �

ΔS¼
ð20
1

�R
1
P
þB0

� �� �
dPþ �150;000

350

� �
¼�R ln

20
1

� �
�B0R 20�1ð Þþ �150;000

350

� �

¼�8:314ln
20
1

� �
—0:03 8:314ð Þ 20�1ð Þþ �150;000

350

� �
¼�20�430¼�450 J=mol=K

Problem 42

A certain solid a is heated to a high temperature TH at a high pressure PH to
form another solid b. Once b is formed, it would be quickly cooled and
de-pressured to prevent a from reforming. You may assume that molar entropy
and density are independent of temperature and pressure. Find an equation
that relates PH as a function of TH when therxe is equilibrium between a and b.
You may use the following data:

At 298 K and 1 bar Substance a Substance b

Molar Gibbs Free Energy, g0 (J/mol) 0 3000

Molar Entropy (J/mol K) 6 2

Density (kg/m3) 2000 3500

Molecular Weight 12 12

Solution 42

Worked Solution

At solid–solid equilibrium, ΔG ¼ 0 or in other words Ga ¼ Gb

ga ¼ g0,a þ
ðPH

P0

∂g
∂P

� �
T

dPþ
ðTH

T0

∂g
∂T

� �
P

dT

gb ¼ g0,b þ
ðPH

P0

∂g
∂P

� �
T

dPþ
ðTH

T0

∂g
∂T

� �
P

dT

Recall thermodynamic relations,
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∂g
∂T

� �
P

¼ �s,
∂g
∂P

� �
T

¼ v

ga ¼ g0,a þ
ðPH

P0

vdP�
ðTH

T0

sdT ¼ 0þ 12� 10�3

2000

� �
PH � 1ð Þ 105

� 	� 6 TH � 298ð Þ

gb ¼ 3000þ 12� 10�3

3500

� �
PH � 1ð Þ 105

� 	� 2 TH � 298ð Þ

We can now derive an equation that relates PH to TH

12� 10�3

2000

� �
PH � 1ð Þ 105

� 	� 6 TH � 298ð Þ

¼ 3000þ 12� 10�3

3500

� �
PH � 1ð Þ 105

� 	� 2 TH � 298ð Þ

0:6PH � 0:6� 6TH þ 1788 ¼ 3000þ 0:34PH � 0:34� 2TH þ 596

1800 ¼ 0:26PH � 4TH
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Separation Processes

Problem 1

You are provided with experimental data for vapor–liquid equilibrium (VLE)
of a binary liquid mixture of acetone and water at 1 bar.

T/�C xa,actual ya,actual
100 0 0

84.75 0.02 0.4451

75.13 0.05 0.634

68.19 0.1 0.7384

65.02 0.15 0.7813

63.39 0.2 0.8047

61.45 0.3 0.8295

60.39 0.4 0.8426

59.91 0.5 0.8518

59.55 0.6 0.8634

58.79 0.7 0.8791

58.07 0.8 0.9017

57.07 0.9 0.9317

54.14 1 1

T/�C P vap
a =bar Pvap

w =bar

15 0.1933 0.0171

20 0.2437 0.0233

30 0.3769 0.0424

40 0.5633 0.0737

50 0.8171 0.1233

60 1.154 0.1992

70 1.591 0.3116

(continued)
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T/�C P vap
a =bar Pvap

w =bar

80 2.148 0.4734

90 2.843 0.701

100 3.697 1.013

(a) Comment on whether the mixture is ideal.
(b) Determine the bubble point and dew point temperatures for equal mole

fractions of acetone and water at 1 bar.
(c) If a liquid mixture at 52 �C containing acetone of mole fraction at 0.4 is

heated at constant pressure of 1 bar until vapor begins to form, what will be
the composition of this vapor?

Solution 1

Worked Solution

(a) Below is a simple illustration of our system.

We have an ideal mixture when the VLE data follows Raoult’s law, which
states that for a particular species i in the mixture, the following equation holds.

yiP ¼ xiPi
vap

yi is the mole fraction of species i in the vapor phase, P is the pressure of the
system or total pressure, xi is the mole fraction of species i in the liquid phase,
and Pi

vap is the vapor pressure of species i which is also its pressure when it is in
vapor–liquid equilibrium in a pure component system.

The derivation of Raoult’s law can be followed as follows:
In order for equilibrium, chemical potentials of species i are equivalent in the

vapor and liquid phases.

μL
i ¼ μV

i

μL
i,pure þ RT ln xi ¼ μV

i,pure,ref þ RT ln
f i

Ppure,ref
ð1Þ

Equation (1) above represents the balance of chemical potentials under the
actual system conditions. The term RTlnxi accounts for the deviation of chemical
potential of species i in a liquid mixture from pure liquid i. On the right-hand side
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of the equation, RT ln
f i,pure
Ppure, ref

accounts for the deviation from pure gas i under

reference state conditions and actual conditions.

μL
i,pure ¼ μV

i,pure,ref þ RT ln
f i,pure
Ppure,ref

ð2Þ

Equation (2) above represents the balance of chemical potentials under a
hypothetical state where there is pure i in VLE. We can subtract Eq. (2) from
Eq. (1) and obtain

RT ln xi ¼ RT ln
f i

f i,pure

xi ¼ f i
f i,pure

We can assume ideal gas, which means f can be replaced by pressure P. Pi

represents the partial pressure of component i in the vapor phase of the mixture.
Pi,pure is the partial pressure of component i in a pure vapor phase of i, so this
pressure is in fact the vapor pressure of i (at one bar in our case).

xi ¼ Pi

Pi,pure
¼ yiP

Pi,pure

If the mixture was ideal, then xiPi,pure ¼ yiP or xiP
vap
i ¼ yiP. We are given

data for the corresponding xi, yi, P
vap
i for different values of T. For our binary

mixture, we have acetone and water, and P ¼ 1 bar.

xaP
vap
a ¼ ya 1ð Þ ¼ ya

xwP
vap
w ¼ yw 1ð Þ ¼ yw

We know that ya + yw ¼ 1 and xa + xw ¼ 1. Combining the equations, we
obtain

xaP
vap
a þ xwP

vap
w ¼ ya 1ð Þ þ yw 1ð Þ ¼ 1

xaP
vap
a þ 1� xað ÞPvap

w ¼ 1

xa ¼ xa,Raoult ¼ 1� Pvap
w

Pvap
a � Pvap

w

; ya,Raoult ¼ xa,RaoultP
vap
a

If Raoult’s law is satisfied, then the experimental data of xa,actual and ya,actual
should be consistent with values of xa calculated using Raoult’s law above (i.e.,
the values of xa,Raoult and ya,Raoult shown in table below) using values of Pvap

w ,
Pvap
a at corresponding temperatures.
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T/�C Pvap
a =bar Pvap

w =bar xa,Raoult ya,Raoult
15 0.1933 0.0171 5.57832 1.078289

20 0.2437 0.0233 4.431488 1.079954

30 0.3769 0.0424 2.86278 1.078982

40 0.5633 0.0737 1.891953 1.065737

50 0.8171 0.1233 1.263621 1.032504

60 1.154 0.1992 0.83871 0.967871

70 1.591 0.3116 0.538065 0.856061

80 2.148 0.4734 0.314463 0.675467

90 2.843 0.701 0.139589 0.396852

100 3.697 1.013 �0.00484 �0.01791

Below are the plots generated from the actual experimental data (red and
blue) and the data calculated assuming Raoult’s law is satisfied (purple and
green). We can see that the experimental data and the Raoult’s law model do not
fit; hence the mixture is not ideal.
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(b) Let us first recall some basic concepts about phase diagrams.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

There are two common types of phase diagrams, Pxy (at constant T ) and Txy
(at constant P) diagrams.

In a Txy diagram, bubble point occurs at the temperature (at specified P)
when the first bubble of vapor is formed when we heat a liquid mixture. In a Pxy
diagram, bubble point occurs at the pressure (at specified T ) when the first
bubble forms when we reduce pressure. Conversely, dew point occurs at the
temperature (at specified P) when the first liquid droplet forms when we cool a
liquid mixture. In a Pxy diagram, it occurs at the pressure (at specified T ) when
the first droplet forms when we raise pressure.

For a pure component, the bubble point and the dew point temperatures are
the same, i.e., the boiling point. Graphically, these occur at the extreme ends of
the Pxy or Txy diagrams when the two curves meet.

In a Txy or Pxy diagram, we are only analyzing one of the species in the
mixture, e.g., species a. In order to find out the mole fractions for the other
species in a binary mixture, we can apply the fact that mole compositions sum to
1 (xb¼ 1� xa; yb¼ 1� ya, where xa and yamay, for example, be obtained from the
Pxy/Txy graphs for species a). When we have a mixture at VLE, we can find the
percentage of liquid and vapor for the species by applying the lever rule, whereby
a and b are as shown in the 2-phase region in the Pxy diagram below for species a.

%L ¼ q

pþ q
, %V ¼ p

pþ q

P1

P

High P (Liquid)

Low P (Vapor)

Bubble point curve
(Saturated Liquid)

Dew point curve
(Saturated Vapor)

Liquid Vapor 

p q 2 phase region (L and V
phase each contains 
species a and b)

frac�on, xa,1 frac�on, ya,1

xa,ya

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Returning to our problem, we have earlier plotted the Txy diagram for acetone
at 1 bar. To determine the bubble point for equal mole fractions of acetone and
water, we can find the value of T when xa ¼ 0.5 on the saturated liquid line from
the graph T ¼ 60�C.
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Similarly, dew point is the value of T when xa ¼ 0.5 on the saturated vapor
line. Note that the saturated liquid line lies below the saturated vapor line on a
Txy diagram, as it makes sense that when we reduce temperature, we go from
vapor to liquid T ¼ 82�C.

(c) We can analyze this process via the trajectory as shown in the graph below.
Step 1:We start from xa ¼ 0.4 and initial temperature of mixture at 52�C. When
we heat the mixture, we travel vertically upwards, until we hit the bubble point/
saturated liquid curve (blue line). At this point, first vapor bubble is formed,
T � 61�C from graph.

Step 2: At this bubble point temperature, we move horizontally to the right
(keeping T constant at 61�C) until we hit the dew point/saturated vapor curve
(red line).

Step 3: To obtain the corresponding vapor fraction of acetone ya at the bubble
point T ¼ 61�C, we read off the value on the horizontal axis corresponding to
this T value on the graph. ya � 0.84 from the graph, and the vapor fraction of
water can be found yw ¼ 1 � 0.84 ¼ 0.16.
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Problem 2

We have a mixture of four components 1, 2, 3, and 4, whereby ideal mixture can
be assumed for the vapor and liquid phases. The vapor pressures of the
components follow the Antoine equation ln P bar½ �ð Þ¼A2 B

T K½ � , whereby the

Antoine constants A and B are provided below together with the mixture
composition. The mixture is passed through a flash unit at steady state. The
outlet mixture is at vapor–liquid equilibrium at a pressure of 5 bar.

Component Feed composition, zi A B

1 0.2 9.5 2200

2 0.1 10.2 3000

3 0.2 10.1 3400

4 0.5 10.5 3900

Describe the method to determine the temperature range whereby the exit
mixture is a liquid–vapor mixture. [Actual calculations are not required.]
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Solution 2

Worked Solution

Let us recall some basic concepts about the flash distillation unit.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Flash distillation is a common separation process. A feed mixture is partially
vaporized in a flash unit (or “drum”), and exiting the flash drum are two streams, a
vapor stream enriched in more volatile components from the feed, and a liquid
stream enriched in the less volatile components.

The feed mixture is pressurized and heated, then passed through a nozzle into the
flash unit. Due to a sudden large drop in pressure, part of the feed mixture vaporizes
and the resulting vapor is then taken off overhead forming the outlet vapor stream,
while the liquid portion drains to the bottom forming the outlet liquid stream.

This process is called “flash” due to the rapid process of vaporization when the
feed enters the flash unit. Within the flash unit, vapor–liquid equilibrium may be
assumed.

Vapor stream
V, yi

Liquid stream 
L, xi

Feed stream
F, zi

T, P

Q

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Returning to the problem, the temperature range for the outlet to contain both
liquid and vapor phases is bounded by the temperature limits of a vapor–liquid
equilibrium (or two phase region) to exist at that specific pressure. It follows that the
lower limit and upper limit of this temperature range will be the bubble point and
dew point, respectively, since these are the points when the vapor–liquid equilibrium
(or two-phase region) first begins/ends.
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Let us perform mass balances around the flash unit as shown below.

F ¼ V þ L ð1Þ
Fzi ¼ Vyi þ Lxi ð2Þ

Let the vapor fraction be ψ ¼ V/F; therefore, combining Eqs. (1) and (2)

zi ¼ ψyi þ 1� ψð Þxi
xi ¼ zi

ψ yi
xi
þ 1� ψð Þ

The equilibrium constant is defined as Ki ¼ yi/xi; therefore

xi ¼ zi
ψKi þ 1� ψ

Two other equations we know are

X
i

xi ¼ 1 ð3Þ
X
i

yi ¼ 1 ð4Þ

Therefore, combining Eqs. (3) and (4) gives us the following useful equation for
analyzing feed data.

X
i

zi
ψKi þ 1� ψ

¼ 1 ¼
X
i

yi

X
i

zi
ψKi þ 1� ψ

¼
X
i

Ki xi ¼
X
i

Kizi
ψKi þ 1� ψ

X
i

Kizi
ψKi þ 1� ψ

�
X
i

zi
ψKi þ 1� ψ

¼ 0

This equation is also called the Rachford–Rice equation and is useful for solving
problems related to flash separation operations. The above equation can be rewritten
as follows:

f ψð Þ ¼
X
i

zi Ki � 1ð Þ
ψKi þ 1� ψ

¼ 0
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The roots of the Rachford–Rice equation can tell us the compositions of the
resulting flash distillation fractions, as well as the respective liquid and/or vapor
fractions exiting the flash unit. The variables zi, Ki, ψ can all be determined easily. In
this problem, zi values are provided in the feed data. ψ is defined by our need to find
the temperature limits at bubble point and dew point, whereby ψ ¼ 0 and 1, respec-
tively. In order to determine Ki, we can apply Raoult’s law assuming ideal mixture
for both the liquid and vapor phases. Vapor and liquid phase fugacities for a
particular species are equivalent under VLE,

f Li ¼ f Vi

yiP ¼ xiP
V
i

yi
xi

¼ P

PV
i

¼ Ki

We know the value of P ¼ 5 bar from the problem statement. We can find vapor
pressure PV

i at a specified temperature using the Antoine equation:
ln P bar½ �ð Þ ¼ A� B

T K½ �. This means we can find a series of Ki values for a series of

specified T values.
Therefore, in order to find the limits of the temperature range, we can follow these

steps:

1. Specify a trial value for T (we will be iterating this value until our conditions are
satisfied).

2. Find PV
i at this T value using the Antoine equation. Then find Ki.

3. To determine the lower temperature limit, specify ψ ¼ 0, and substitute zi and Ki

value (calculated in step 2) into the expression zi Ki�1ð Þ
ψKiþ1�ψ and sum over all

components.
4. The summation result should be zero to fulfill mass balance. Iterate the value of

T (from Step 1) until this condition is met.

Using this method, we will find that T ¼ 340 K for bubble point and T ¼ 416 K
for dew point. Thus, the temperature range for the vapor and liquid phases to exist in
the outlet is [340 K, 416 K].

Problem 3

A binary mixture containing components 1 and 2 is fed into a continuous
distillation column with a total condenser and partial reboiler. The saturated
liquid feed contains component 1 at a mole fraction of 0.55, and enters the
column at a feed rate of 120 mol/h. The distillate and bottoms streams contain
96 mol% and 4 mol% of component 1, respectively. The reflux ratio is 2.3, and
equilibrium may be assumed at the distillation stages. VLE data is provided for
component 1 as shown in the graph below. You may assume efficiency of 1.0.
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(a) Find the flow rates for the distillate and bottoms streams.
(b) Find the rate at which vapor needs to be produced in the reboiler.
(c) The feed is to be separated into two equivalent substreams, whereby one of

them will enter the column at the third stage from the bottom (where partial
reboiler is defined as stage 1) and the other substream will enter the column
at the sixth stage. Find the total number of stages needed to achieve the
required separation.

(d) If all the feed entered the column at one stage, which stage should it enter to
ensure the shortest length of column required.
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Solution 3

Worked Solution

(a) In this problem, we are introduced to the reflux ratio, R. When vapor stream exits
the top of the distillation column, a fraction of it is fed back into the column, and
this is the reflux stream LT. The ratio between the flow rate of this reflux stream
to the distillate stream (collected in the receiver) is defined as the reflux ratio,
R ¼ LT

D ¼ VT�D
D .

Reflux
LT, xi,R

Vapor stream
VT, yi,V

Bo�oms
B, xi,B

Feed stream
F, zi

Dis�llate
D, xi,D

Total
Condenser

Par�al
Reboiler

Reboiled vapor
VB, yi,B

Liquid stream
LB, xi,L

To find the flow rates for distillate and bottoms streams, we can first construct
a mass balance for total flow rate and for component 1,

F ¼ Dþ B

Fz1 ¼ Dx1,D þ Bx1,B ¼ Dx1,D þ F � Dð Þx1,B

Substituting the values provided in the problem,

120ð Þ 0:55ð Þ ¼ D 0:96ð Þ þ 120� Dð Þ 0:04ð Þ
D ¼ 66:5 mol=h; B ¼ 120� 66:5 ¼ 53:5 mol=h

(b) The rate at which vapor needs to be produced in the reboiler is VB as shown in the
diagram, and this rate has to balance the rate at which vapor leaves the top of the
column (i.e., VT), since the feed is a saturated liquid.
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LT ¼ RD ¼ 2:3 66:5ð Þ ¼ 153 mol=h

VB ¼ VT ¼ LT þ D ¼ 153þ 66:5 ¼ 219:5 mol=h

(c) Since the feed is separated into two equivalent substreams, it means each will be
at a flow rate of

F1 ¼ F2 ¼ 120
2

¼ 60 mol=h

The separation of the feed into two at different stages separates the column
into 3 parts, where each part follows each respective operating line (bottom
operating line (BOL), intermediate operating line (IOL), and top operating line
(TOL)).

For the BOL (<stage 3), we have the following mass balance:

VB þ B ¼ LB

VBy1,B ¼ LBx1,L � Bx1,B

y1,B ¼ LB
VB

x1,L � B

VB
x1,B ¼ 53:5þ 219:5

219:5
x1,L � 53:5

219:5
0:04ð Þ ¼ 1:2x1,L � 0:0097

Equation of BOL : y1 ¼ 1:2x1 � 0:0097

For the IOL (stage 3–6), we have the following mass balance. Note that
VI ¼ VT for saturated liquid feed:

F1 þ VI ¼ LI þ D

60þ 219:5 ¼ LI þ 66:5 ! LI ¼ 213 mol=h

F1z1 þ VIy1, I ¼ LIx1, I þ Dx1,D

60ð Þ 0:55ð Þ þ 219:5ð Þy1, I ¼ 213ð Þx1, I þ 66:5ð Þ 0:96ð Þ
y1, I ¼ 0:97x1, I þ 0:14

Equation of IOL : y1 ¼ 0:97x1 þ 0:14

For the TOL (>stage 6), we have the following mass balance:

VT ¼ LT þ D

VTy1,V ¼ LTx1,R þ Dx1,D
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y1,V ¼ LT
VT

x1,R þ D

VT
x1,D ¼ 153

219:5
x1,R þ 66:5

219:5
0:96ð Þ ¼ 0:7x1,R þ 0:29

Equation of TOL : y1 ¼ 0:7x1 þ 0:29

Feed substream
F2, z

Feed substream
F1, z

Reflux
LT, xi,R 

Vapor stream
VT, yi,V

Bo�oms
B, xi,B

Dis�llate
D, xi,D

Total 
Condenser

Par�al
Reboiler

Reboiled vapor Liquid stream
LB, xi,L

BOL

TOLIOL

VI, yi,I LI, xi,I

VB, yi,B

Now that we have come up with the three equations for the three operating
lines, i.e., BOL, IOL, and TOL, we can plot them on our VLE data chart, and
using the McCabe–Thiele method of “stepping up the stages”. “Steps” begin
from the bottoms composition, then rise up to the VLE curve and travels
horizontally to the relevant operating line. It then continues stepping up to the
VLE curve and horizontally to the operating line, in a general rightwards
direction to reach the desired distillate composition. We can find that the
required number of stages for the desired separation is 7.

Note that we step off the BOL, until we reach stage 3 when the IOL takes
effect until stage 6 (feed substream entrance affects operating line equation).
Then TOL is used for stage 7. The start and end points are defined by our feed
composition and desired separation purity. Note that the operating lines intersect
at the liquid mole fraction of x1 ¼ 0.55 which is consistent with the saturated
liquid feed composition.
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(d) Now we have the scenario whereby all the feed entered the column at one stage.
Therefore, we will only require the TOL and BOL. Recall from part c:

Equation of TOL : y1 ¼ 0:7x1 þ 0:29

Equation of BOL : y1 ¼ 1:2x1 � 0:0097

We can work backwards to find the intersection point between the two
operating lines, and observe at which “step” (i.e., stage #) of the McCabe Thiele
step-up sketch this intersection occurs. This intersection reflects the entry point
of the feed for the minimum number of stages. The stage # is 4 from the bottom.
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Problem 4

A distillation column is fed two feed streams containing components P and Q.
The relative volatility α of P to Q is 2.3, and it is assumed to be independent of
temperature. Properties of the two feed streams 1 and 2 are given below:

Feed stream Phase Mole fraction of P Flow rate, F [mol/h]

1 Saturated liquid 0.6 120

2 Saturated liquid 0.4 120

If the required distillate and bottoms compositions are 99 mol% and 1 mol%
of component P, respectively, consider the following two scenarios for the feed
stream configuration:

Scenario 1:
The two feed streams are mixed together before entering the column as a
saturated liquid at the optimal location. The column has a partial reboiler
and a total condenser.
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(a) Given the following equation for relative volatility α where xp and yp are the
liquid and vapor phase mole fractions of P, respectively, determine the
minimum reflux ratio and the minimum number of stages.

yp¼
αxp

1þ α2 1ð Þxp

(b) If the column operates at 1.2 times the minimum reflux ratio, how many
theoretical stages are needed?

(c) Determine the optimal feed location.

Scenario 2:
The two feed streams enter the column separately, at their respective optimal
locations.

(d) If the column operates at the same reflux ratio as in part b, determine the
number of theoretical stages needed.

(e) Determine the optimal feed location.

Solution 4

Worked Solution

(a) We can construct a simple diagram to better understand the problem. For
scenario 1, we have two feed streams 1 and 2 which are premixed before entering
the column.
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We can give information about feed streams 1 and 2; therefore, we can
perform a simple mass balance around the mixer to use the given information
to deduce the properties of feed stream 3. Fn refers to the flow rate of feed stream
n and zp,n refers to the mole fraction of component P in feed stream n.

F1 þ F2 ¼ F3

zp,1F1 þ zp,2F2 ¼ zp,3F3

We know that F1 ¼ F2 ¼ 120 mol/h; therefore

F3 ¼ 120þ 120 ¼ 240 mol=h

zp,1F1 þ zp,2F2 ¼ 0:6 120ð Þ þ 0:4 120ð Þ ¼ zp,3 240ð Þ
zp,3 ¼ 0:5

In order to find the minimum number of stages and minimum reflux ratio, we
can construct a McCabe–Thiele diagram. We are told that the relative volatility α
of P to Q is 2.3 and this information allows us to draw the phase equilibrium line
in our diagram using the expression for relative volatility below.

yp ¼
αxp

1þ α� 1ð Þxp

In order to draw the phase equilibrium line, we can tabulate a series of data
points using an arbitrary set of values between 0 and 1 for xp as shown below.

xp yp
0 yp ¼ 2:3 0ð Þ

1þ 2:3�1ð Þ 0ð Þ ¼ 0

0.1 0.204

0.2 0.365

0.3 0.496

0.4 0.605

0.5 0.697

0.6 0.775

0.7 0.843

0.8 0.902

0.9 0.954

1 1

The equilibrium line is plotted in orange and annotated as Vapor–Liquid
Equilibrium (VLE) data.
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We can now add our feed line to the diagram. Since we were told that the feed
stream after mixing, i.e., F3, is still a saturated liquid, this feed line will be a
vertical line. We also found earlier that the composition of feed stream F3 is 0.5.
Therefore, we can draw the feed line as shown in purple below.
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Next, we need to draw operating lines for the distillation at minimum reflux
ratio. The slope of the Upper Operating Line (UOL which refers to section of
column above feed) can be expressed in terms of reflux ratio R as shown below.
As R decreases, 1/R increases, and the slope of the UOL decreases. Therefore at
minimum R, we draw the UOL with the smallest gradient possible.

Slope of UOL ¼ R

Rþ 1
¼ 1

1þ 1=R
ð1Þ

Given that the distillate composition xp,D has to be 0.99 (shown by yellow
line), the point (0.99,0.99) becomes specified as one end point for our UOL.
Starting from this point, we can only have a UOL with minimum slope when the
UOL intersects the feed line at the phase equilibrium line (note that operating
lines cannot cross the phase equilibrium line since that is thermodynamically
impossible). This point of intersection can also be called the pinch point and it
occurs at xp ¼ 0.5 where the saturated liquid feed (therefore zp ¼ xp) enters the
column. The UOL is added to the diagram as described in red below.
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Now we can draw the Lower Operating Line (LOL) which refers to the
section of the column below the feed location. The LOL is defined by the
bottoms composition; therefore, it has to start from the point (0.01, 0.01), and
this line has to intersect the UOL at the feed location.
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Going back to Eq. (1), we can find the minimum reflux ratio Rm by calculating
the slope of the UOL from our plot.

Slope of UOL ¼ Rm

Rm þ 1
¼ 0:60

Rm ¼ 1:5

The minimum reflux ratio is found to be 1.5. This occurs when we have an
infinite number of stages. Conversely if we want the minimum number of stages,
we set the condition whereby the reflux ratio is maximum, i.e., R ! 1. The
slope of the UOL is therefore equal to 1 as shown below, which is the same as the
line y ¼ x.

Slope of UOL ¼ lim
R!1

R

Rþ 1
¼ lim

R!1
1

1þ 1=R
¼ 1

To find the minimum number of stages, we note that our operating line (y¼ x)
is still defined by the bottoms composition specified by the point (0.01, 0.01),
feed composition specified by xp ¼ 0.5 and distillate composition specified by
the point (0.99, 0.99). Using a McCabe Thiele construction, which consists of a
series of steps as shown in red, between the operating line and the phase
equilibrium line (annotated as Vapor–Liquid Equilibrium (VLE) data), we find
that the number of steps is 11. This means that the minimum number of stages is
11, or 10 stages with the reboiler.

232 Separation Processes



(b) Now we wish to find the number of stages needed for an operating reflux ratio of
1.2 times the minimum.

R ¼ 1:2 Rmð Þ ¼ 1:2 1:5ð Þ ¼ 1:8

The new slope for the upper operating line (UOL) is therefore found as
follows. We know the distillate composition which fixes one end of the UOL.
Using a slope of 0.643, we can therefore draw the UOL until it intersects the feed
line at xp ¼ 0.5. This intersection point will fix one end of the lower operating
line (LOL), while the other end of the LOL is fixed at the bottoms composition.

R

Rþ 1
¼ 1:8

1:8þ 1
¼ 0:643

With the two operating lines drawn, we can now find the number of stages
using the same technique of “stepping up” using the McCabe Thiele construction
as shown below.

The total number of stages needed for the required separation is 25 stages or
24 stages with a reboiler.

(c) From the McCabe Thiele construction, we can read off the graph where the
“step” crosses the feed line to find that the optimal feed location to be the 12th
stage above the reboiler.
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(d) We now have two separate feed locations at the same reflux ratio of 1.8. To
better visualize this setup, we illustrate the diagram below.

The McCabe Thiele construction will now be adjusted to include two feed
lines, which are both vertical lines as we are told that the two feed streams are
saturated liquids (and therefore zp ¼ xp).

This time, we are constrained by the same bottoms and distillate compositions
specified by the points (0.01,0.01) and (0.99,0.99), respectively, as well as the
two feed compositions specified by xp,1 ¼ 0.6 and xp,2 ¼ 0.4 as given in the
problem.

With these constraints, we note that we will now have three sections to the
operating line as shown below:

• Upper Operating line (UOL) for the section between the upper feed stream
and the top of the column

• Intermediate Operating Line (IOL) for the section between the upper and
lower feed streams

• Lower Operating Line (LOL) for the section between the lower feed stream
and the bottom of the column.

Since the reflux ratio is the same as in part b, the slopes of the UOL and LOL
are also the same as in part b. The slope of the IOL will be defined automatically
as it is drawn by joining the LOL and UOL at the specified feed compositions.
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Counting the number of steps, there are 23 theoretical stages in total, or
22 stages with the reboiler.

(e) Feed stream 2 should be added at the 9th stage above the reboiler and feed stream
1 should be added at the 12th stage above the reboiler.

Problem 5

A saturated liquid feed contains a mixture of components 1 and 2. We are
required to separate them by a continuous steady-state distillation process
comprising of a total condenser and partial reboiler. The mole fraction of 1 in
the feed is 0.5 and the relative volatility of 1 to 2, α¼ 2.5. The column has a very
large number of equilibrium stages (approaching infinity) and the column will
be run essentially at the minimum reflux ratio. The maximum rate at which
vapor can be generated in the reboiler is 110 mol/h.

(a) Show that the following is true for vapor–liquid equilibrium, where vapor
and liquid mole fractions are denoted as y1 and x1 respectively, and relative
volatility is a constant value denoted as α12.

y1¼
α12x1

1þ α12 2 1ð Þx1
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(b) If the feed rate to the column is 110 mol/h, and the distillate and bottom
product flow rates are equal, find the concentrations of the distillate and
bottoms product streams.

(c) We need to produce distillate and bottom products of concentration 0.90
and 0.1, respectively. What is the fraction of feed that must be taken as
distillate product? Given the limit on reboiler vapor rate remains the same,
what is the rate at which the feed needs to be processed.

(d) We need to make the product in b, at a feed processing rate of 110 mol/h. To
accomplish this, given the limit on reboiler vapor rate, it is proposed to
vaporize some feed prior to entering the column. What fraction of feed
should be pre-vaporized to achieve our desired result?

Solution 5

Worked Solution

(a) Relative volatility αmeasures the difference in volatility (and hence their boiling
points) between two components, therefore it is also an indication of how easy or
difficult it will be to separate the components from each other. For this problem,
we define α12 as the relative volatility of component 1 with respect to 2 as
follows. We may also rewrite the quantity yi/xi in terms of equilibrium constant
Ki whereby Ki ¼ yi/xi.

α12 ¼ y1=x1
y2=x2

¼ K1

K2

Since we have a binary system comprising of components 1 and 2 only, the
mole fractions of both components in the liquid and vapor phases have to sum to
one; therefore we arrive at the following

α12 ¼ y1=x1
1� y1ð Þ= 1� x1ð Þ

Rearranging the above equation, we can express in terms of y1

1� y1ð Þα12x1 ¼ y1 1� x1ð Þ
α12x1 ¼ y1 � x1y1 þ α12x1y1 ¼ y1 1� x1 þ α12x1ð Þ

y1 ¼
α12x1

1� x1 þ α12x1ð Þ ¼
α12x1

1þ α12 � 1ð Þx1

(b) Note that this time we do not have VLE data provided in terms of a data table or
chart, but we can find the equation that defines the VLE curve and draw it
ourselves, by using the relative volatility α. From results of part a, we have the
following equilibrium relationship between vapor and liquid mole fractions,
denoted as y and x, respectively, at constant relative volatility, α.
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y ¼ αx

1þ α� 1ð Þx ¼
5x

2þ 3x

This equation can be used to draw the VLE curve as shown in blue below.

For a saturated liquid feed, a mass balance around the feed plate will give us
the following two equations for the rising vapor and falling liquid streams,
respectively. Maximum rate at which vapor can be generated in the reboiler is
110 mol/h; therefore VB ¼ VT ¼ 110 mol/h.

VB ¼ VT ¼ 110

F þ LT ¼ LB
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We know that F ¼ 110 mol/h and D ¼ B. Therefore we have the following
overall mass balances.

F ¼ Dþ B ! D ¼ B ¼ 110
2

¼ 55 mol=h

Fz1 ¼ Dx1,D þ Bx1,B

To find x1,D and x1,B, we need to determine the top operating line (TOL) and
bottom operating line (BOL). The TOL will apply for all the stages above the
feed and the BOL will apply for the stages below the feed.

We note that there is a large number of stages, i.e., a minimum reflux ratio and
the top and bottom operating lines will intersect at the VLE curve, which
coincides with the feed position. From the VLE curve, we can find that when
z1 ¼ x1 ¼ 0.5 (saturated liquid feed), y1 ¼ 0.7143.

To find the equations of the operating lines, we construct the mass balances as
shown in dotted lines below.

LTVT 

Reflux
LT, xi,R

Vapor stream
VT, yi,V

Feed stream 
F, zi

Dis�llate
D, xi,D

Total
Condenser

TOL

Bo�oms
B, xi,BPar�al

Reboiler

Liquid stream 
LB, xi,L

BOL

Reboiled vapor 
VB, yi,B

xi,m+1

VB LB

yi,m

yi,n-1 xi,n

For the TOL, we have

VT ¼ Dþ LT

110 ¼ 55þ LT ! LT ¼ 55 mol=h
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VTy1,n�1 ¼ Dx1,D þ LTx1,n

110 y1,n�1

� � ¼ 55 x1,Dð Þ þ 55 x1,nð Þ

We can find x1,D by substituting x1,n¼ 0.5 and y1,n�1¼ 0.7143 into the above
TOL equation

x1,D ¼ 110 0:7143ð Þ � 55 0:5ð Þ
55

¼ 0:9286

For the BOL, we have

VB þ B ¼ LB

110þ 55 ¼ LB ! LB ¼ 165 mol=h

VBy1,m þ Bx1,B ¼ LBx1,mþ1

110 y1,m
� �þ 55 x1,Bð Þ ¼ 165 x1,mþ1ð Þ

We can find x1,B by substituting x1,m+1¼ 0.5 and y1,m¼ 0.7143 into the above
BOL equation

x1,B ¼ 165 0:5ð Þ � 110 0:7143ð Þ
55

¼ 0:0714
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(c) Now we are given specified values for x1,B ¼ 0.1 and x1,D ¼ 0.9, so we have the
following mass balance.

F ¼ Dþ B

Fx1 ¼ Dx1,D þ Bx1,B

F 0:5ð Þ ¼ D 0:9ð Þ þ F � Dð Þ 0:1ð Þ

0:5 ¼ 0:9
D

F

� �
þ 0:1 1� D

F

� �
D

F
¼ 0:5

Using the BOL, we substitute the value of x1,B¼ 0.1, the given reboiler vapor
rate of VB ¼ 110 mol/h and x1,m+1 ¼ 0.5 and y1,m ¼ 0.7143 into the equation.

VBy1,m þ Bx1,B ¼ LBx1,mþ1

y1,m þ 0:1
LB
VB

� �
� 0:1 ¼ LB

VB

� �
x1,mþ1

LB
VB

¼ 0:7143� 0:1
0:5� 0:1

¼ 1:53575

LB ¼ 110 1:53575ð Þ ¼ 168:93

B ¼ 168:93� 110 ¼ 58:93

Fraction of feed taken as distillate is

B

F
¼ 1� D

F
¼ 1� 0:5 ¼ 0:5

F ¼ 58:93
0:5

¼ 117:86 mol=h

(d) Now that some of the feed is pre-vaporized, we need to note that VB 6¼ VT. Let us
look at the mass balance around the feed plate, whereby a fraction of feed, λ is
now vaporized, and (1 � λ) remains liquid.

VB þ λF ¼ VT

1� λð ÞF þ LT ¼ LB

We have F¼ 110 and the same reboiler rate VB¼ 110. From part b, we know
that DF ¼ 0:5 still holds if the desired distillate and bottoms compositions are the
same. So
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D ¼ D

F

� �
F ¼ 0:5 110ð Þ ¼ 55

B ¼ F � D ¼ 110� 55 ¼ 55

LB ¼ VB þ B ¼ 110þ 55 ¼ 165

LB
VB

¼ 165
110

¼ 1:5

The pre-vaporization of feed means the BOL equation will change since LB
VB

� �
is now changed to 1.5 instead. The equation of the BOL is:

VBy1,m þ Bx1,B ¼ LBx1,mþ1

y1,m þ LB � VB

VB

� �
0:1 ¼ LB

VB

� �
x1,mþ1

y1,m ¼ 1:5x1,mþ1 � 0:05

We can now construct this new BOL line, and find the new intersection with
the VLE curve from the graph, which is

x1,mþ1 ¼ 0:52

y1,m ¼ 0:73

The slope of the feed line (or q-line) is by definition whereby q denotes the
mole fraction of liquid in the feed. The feed line is drawn from the reference line
of y ¼ x to the point where the BOL intersects with the VLE curve (which is the
feed position for infinite number of stages)

Slope ¼ q

q� 1
¼ 1� λ

�λ
¼ 0:6� 0:73

0:6� 0:52
¼ �1:625

λ ¼ 0:38

The mole fraction of feed to pre-vaporize is 0.38, and this equates to an
amount of feed to pre-vaporize of λF ¼ 0.38(110) ¼ 42 mol/h.
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Problem 6

Consider a continuous distillation of two saturated liquid feed streams A and B,
each containing components 1 and 2. Each of the two streams has a flow rate of
120 mol/h, and the molar compositions are shown below. We are required to
obtain a distillate of 98.5 mol% of component 1, and a bottoms product of
1.5 mol% component 1. The relative volatility of 1 to 2 is 1.8.

x1 F [mol/h]

Feed A 0.25 120

Feed B 0.65 120

If the two feed streams are mixed together before entering the column at the
optimal location,

(a) Find the minimum reflux ratio and the minimum number of stages
required.

(b) If the operating reflux ratio is 1.2 times the minimum reflux ratio, determine
the number of stages required. Also, identify the location that the feed
should enter the column.
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If the two streams entered the column separately, each at its optimal
location,

(c) Find the number of stages required and locations for the feeds to enter the
column if the reflux ratio is the same as that in part b.

Solution 6

Worked Solution

(a) Given that the relative volatility of component 1 to 2 is 1.8, it means that
component 1 is more volatile. So it would be a good choice to construct the
McCabe–Thiele diagram (VLE graph of y1 against x1) for component 1.

For the case when the streams are mixed before entering the column as shown
in the diagram below, we can construct mass balance equations.

Reflux
LT, xi,R

Bo�oms
B, xi,B

Feed
FC, zi,c 

Dis�llate
D, xi,D

Condenser

Reboiler

Reboiled vapor
VB, yi,B

Liquid stream
LB, xi,L

Mixer

Vapor stream
VT, yi,V

FA, zi,A
FB, zi,B

FA þ FB ¼ FC

FAz1,A þ FBz1,B ¼ FCz1,C

Substituting known values, we have

FC ¼ 120þ 120 ¼ 240 mol=h

120 0:25ð Þ þ 120 0:65ð Þ ¼ 240 z1,Cð Þ
z1,C ¼ 0:45
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Using the relative volatility α ¼ 1.8, we can establish the following equilib-
rium relationship between vapor and liquid mole fractions for component 1.

y1 ¼
αx1

1þ α� 1ð Þx1 ¼
1:8x1

1þ 0:8x1

To find the minimum reflux ratio, we need to draw the operating lines on the
McCabe–Thiele diagram. This can be deduced from the following points:

• The operating lines will intersect at the feed position and the equilibrium line.
• Since the feed is saturated liquid, the feed line (also known as q-line) will be
vertical at the composition z1,C ¼ x1 ¼ 0.45.

• The operating lines before and after the feed position are constrained by the
bottoms composition and distillate composition requirements of x1,B ¼ 0.015
(y1 ¼ 0.015) and x1,D ¼ 0.985 (y1 ¼ 0.985).

We can draw the McCabe–Thiele diagram as shown below from the points above.

To find out the minimum reflux ratio, we note the important feature about this
graph that the slope of the top operating line (for rectifying section) is as follows,
where R is the reflux ratio
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Slope of TOL ¼ R

Rþ 1

We can find either by observing from the graph or by substituting x1 ¼ 0.45
into the equation y1 ¼ 1:8x1

1þ0:8x1
that the intersection point is at y1 ¼ 0.6. Therefore

the slope of the TOL is as follows. A zoom-in of the graph is shown on the next
page.

0:6� 0:985
0:45� 0:985

¼ R

Rþ 1

R ¼ Rmin ¼ 2:66

The minimum number of stages required occurs when reflux ratio is maxi-
mum, i.e., R ! 1

lim
R!1

R

Rþ 1
¼ lim

R!1
1

1þ 1=R
¼ 1
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This means that the slope of the TOL is 1, which coincides with the line of
y¼ x. The feed position becomes (0.45, 0.45), and this constrains the BOL to also
be the line y ¼ x. We can find the minimum number of stages by finding the
number of steps required to go from (0.015, 0.015) to (0.985, 0.985). From the
construction, we can see that the equilibrium line is hit 14 times; therefore, the
minimum number of stages is 14.

(b) If the reflux ratio is 1.2 times the minimum reflux ratio, then

R ¼ 1:2Rmin ¼ 1:2 2:66ð Þ ¼ 3:192

To determine the number of stages required, we only need to know the new
slope of the top operating line, since it is already defined at one point,
(0.985, 0.985).

Slope of TOL ¼ R

Rþ 1
¼ 3:192

4:192
¼ 0:76145
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Therefore the equation of the top operating line is:

y1 � 0:985
x1 � 0:985

¼ 0:76145

We can find the feed locus which is at (0.45, 0.5776) which is the intersection
between the TOL and the q-line (feed). We can also construct the bottom
operating line since it is defined by the point at the feed locus, i.e.,
(0.45, 0.5776) and the point that defines the bottoms composition of x1,B ¼ 0.015.

With the two operating lines drawn, we can step up the space between the
operating lines and the VLE curve to find the number of stages required for this
new value of reflux ratio R. Note that we start from x1, B ¼ 0.015 and step off the
bottom operating line until the feed locus is just crossed, then we switch to
stepping off the top operating line. The optimal stage for the feed to enter is the
stage number just before the feed locus is crossed.

From the McCabe–Thiele construction shown below, the feed position is at
stage 14. There is a total of 28 stages.
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(c) Now we have two entry points for the feed. This means that we have a third
operating line (which we term here as the Intermediate Operating Line (IOL))
that occurs between the two feed stages; therefore, we will now have 2 feed loci
to our McCabe–Thiele diagram, at x1 ¼ 0.25 and 0.65, instead of the previous
case of one feed at 0.45 only. Then we construct the steps, starting from the
bottoms composition on the BOL to the IOL (after passing first feed stage) and
then to the TOL (after passing second feed stage), until we reach the distillate
composition. We observe that the first feed stage occurs optimally at stage
10, and the second feed stage occurs optimally at stage 14. The total number
of stages is 24.

Problem 7

The equilibrium data for ethanol–water is provided below at 1 atm, where
component 1 is ethanol.
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(a) Determine the maximum and minimum ethanol concentrations that can be
achieved in the distillate and bottoms products at 1 atm.

(b) If the feed stream is a saturated liquid with the mole fraction of etha-
nol ¼ 0.25, and the required ethanol mole fractions in the distillate and
bottoms are 0.85 and 0.05, respectively. Find the flow rates of the product
streams for a feed flow rate of 1 mol/h. Find the minimum reflux ratio and
minimum number of stages for this separation.

Solution 7

Worked Solution

(a) We are required to find the maximum and minimum ethanol concentrations of
ethanol that can be obtained in the distillate and bottoms streams at 1 atm.

Note that the shape of the VLE data shows an intersection with the line y¼ x at
x1 ¼ 0.9. This is an azeotrope, and it represents the maximum ethanol concen-
tration that can be achieved. The minimum ethanol concentration is x1 ¼ 0.

(b) We can perform the following mass balances

F ¼ Dþ B
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Fx1 ¼ Dx1,D þ Bx1,B

1 0:25ð Þ ¼ D 0:85ð Þ þ B 0:05ð Þ
B ¼ 0:75 mol=h, D ¼ 0:25 mol=h

It is useful to note that the slope of the top operating line is defined as follows.

Slope of TOL ¼ R

Rþ 1

Normally, to find the minimum reflux ratio, we draw the top operating line
such that it joins the distillate point (on y ¼ x line) with the feed locus (on the
VLE curve). However, in this case, connecting these 2 points will violate VLE
equilibrium as the line crosses the VLE curve such that there is a section of the
TOL that lies above the VLE curve, which is not possible.

Therefore, we start with the distillate point, and adjust the slope of the TOL
until it is just tangential to the VLE without crossing above it, and this line hits
the VLE curve at the other point (near to the bottoms) at around (0.055, 0.33).

0:85� 0:33
0:85� 0:055

¼ Rmin

Rmin þ 1

Rmin ¼ 1:89
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To find the minimum number of stages, the top and bottom operating lines
coincide with y¼ x. The number of steps is 8, from the graphical construction as
shown below. Hence Nmin ¼ 8.

Problem 8

Consider flash unit with a single equilibrium stage. There are 3 components in
the feed as shown below

Component Feed composition, zi

Ki

Case 1 Case 2 Case 3 Case 4 Case 5

1 0.55 2.40 3.30 1.00 1 1
2 0.15 1.00 2.20 0.450 4.10 3.10

3 0.30 0.483 1.00 0.120 0.720 0.00

Under equilibrium conditions, the Rachford–Rice equation below holds,
where V and F are the vapor and feed flow rates.
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X
i

zi 12Kið Þ
V
F Ki 2 1ð Þþ1

¼0

Identify the cases whereby both liquid and vapor streams leave the flash unit
and find the vapor fraction in the feed if this is the case. Identify also the cases
whereby only a single phase leaves the flash unit, and specify its phase.

Solution 8

Worked Solution

We are given the following equation, whereby we have defined the vapor fraction in
the feed as β ¼ V/F. Note that Ki ¼ yi/xi at equilibrium.

F βð Þ ¼
X
i

zi 1� Kið Þ
β Ki � 1ð Þ þ 1

¼ 0

It helps to understand the derivation of the above RR equation by revisiting its
derivation which originates from the following four key equations:

F ¼ V þ L ð1Þ
Fzi ¼ Vyi þ Lxi ð2ÞX

i

xi ¼ 1 ð3Þ
X
i

yi ¼ 1 ð4Þ

When a mixture is at its bubble point,

X
i

Ki xi ¼ 1

And when a mixture is at its dew point,

X
i

yi
Ki

¼ 1

When both vapor and liquid streams exist, it means that there is a valid solution
for β that is between 0 and 1 for the Rachford–Rice equation.

Conversely, if there is only a single phase, either liquid-only or vapor-only, the
following cases are possible:

• Superheated vapor—all Ki values of all components in the mixture are �1.
• Subcooled liquid—all Ki values of all components in the mixture are �1.
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• The Ki values of some components are �1 and some are �1. This means that the
overall mixture is either:

– Liquid only, and below bubble point if F(β ¼ 0) > 0
– Liquid only at bubble point if F(β ¼ 0) ¼ 0
– Vapor only, and above dew point if F(β ¼ 1) < 0
– Vapor only at dew point if F(β ¼ 1) ¼ 0

Now let us analyze the 5 cases that we have been given.

Case 1:
Some Ki values are �1 and some are �1, so we need to determine F(β ¼ 0) and
F(β ¼ 1) to find out more.

F 0ð Þ¼
X
i

zi 1�Kið Þ¼ 0:55 1�2:4ð Þþ0:15 1�1ð Þþ0:30 1�0:483ð Þ¼�0:615< 0

F 1ð Þ¼
X
i

zi 1�Kið Þ
Ki

¼ 0:55 1�2:4ð Þ
2:4

þ0:15 1�1ð Þ
1

þ0:30 1�0:483ð Þ
0:483

¼ 0:0003� 0

This means that the mixture is a single phase vapor at dew point.

Case 2:
Observe that all Ki values are �1, the mixture is a single phase vapor (superheated)
above dew point.

F 1ð Þ¼
X
i

zi 1�Kið Þ
Ki

¼ 0:55 1�3:3ð Þ
3:3

þ0:15 1�2:2ð Þ
2:2

þ0:30 1�1ð Þ
1

¼�0:465< 0

Case 3:
Observe that all Ki values are �1, the mixture is a single phase liquid (subcooled)
below bubble point.

F 0ð Þ ¼
X
i

zi 1� Kið Þ ¼ 0:55 1� 1ð Þ þ 0:15 1� 0:45ð Þ þ 0:30 1� 0:12ð Þ

¼ 0:3465 > 0

Case 4:
Some Ki values are �1 and some are �1, so we need to determine F(β ¼ 0) and
F(β ¼ 1) to find out more.

We have K1 ¼ 1, it means all of component 1 is in the vapor phase. Also, we
need to use the L’Hospital’s rule to evaluate the value of the function.
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lim
x!1

f xð Þ
g xð Þ ¼ lim

x!1
f 0 xð Þ
g0 xð Þ

lim
Ki!1

zi 1� Kið Þ
β Ki � 1ð Þ þ 1

¼ lim
Ki!1

zi � Kizi
βKi � β þ 1

¼ lim
Ki!1

∂
∂Ki

zi � Kizið Þ
∂
∂Ki

βKi � β þ 1ð Þ ¼ �zi
β

F βð Þ ¼
X
i

zi 1� Kið Þ
β Ki � 1ð Þ þ 1

¼ �z1
β
þ z2 1� K2ð Þ
β K2 � 1ð Þ þ 1

þ z3 1� K3ð Þ
β K3 � 1ð Þ þ 1

F βð Þ ¼ �0:55
β

þ 0:15 1� 4:1ð Þ
β 4:1� 1ð Þ þ 1

þ 0:3 1� 0:72ð Þ
β 0:72� 1ð Þ þ 1

When we solve this equation for F(β) ¼ 0, we find that β ¼ 2.48 which is not
physically meaningful since 0 � β � 1. And so this mixture cannot be fully liquid.

Now, we test the value of β ¼ 1.

F β ¼ 1ð Þ ¼ �0:55
1

þ 0:15 1� 4:1ð Þ
1 4:1� 1ð Þ þ 1

þ 0:3 1� 0:72ð Þ
1 0:72� 1ð Þ þ 1

¼ �0:547 < 0

This result confirms that there is a single vapor phase which is above dew point.

Case 5:
We have K3 ¼ 0, it means that all of component 3 is in the liquid phase. All of
component 1 is in the vapor phase since K1 ¼1. This already tells us that there are
both liquid and vapor phases, and so there must be VLE. In this case, then F(β) ¼ 0
can be solved to find β.

F βð Þ ¼
X
i

zi 1� Kið Þ
β Ki � 1ð Þ þ 1

¼ �z1
β
þ z2 1� K2ð Þ
β K2 � 1ð Þ þ 1

þ z3 1� K3ð Þ
β K3 � 1ð Þ þ 1

F βð Þ ¼ 0 ¼ �0:55
β

þ 0:15 1� 3:1ð Þ
β 3:1� 1ð Þ þ 1

þ 0:3 1� 0ð Þ
β 0� 1ð Þ þ 1

β ¼ 0:68

Problem 9

Consider the following components in a feed mixture at equilibrium at 95�C
and 12 bar. Ideal mixture can be assumed for both the vapor and liquid phases.
The vapor pressures of the components follow the following correlation.

ln Pvap bar½ �ð Þ ¼ A2B= T K½ �ð Þ
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Component z A B

1 0.20 9.623 2240

2 0.45 9.915 2598

3 0.35 10.053 3099

(a) Find out whether the mixture is a subcooled liquid, a liquid–vapor mixture,
or a superheated vapor.

(b) In order to bring the mixture to its bubble point as a saturated liquid, what
is the pressure required for the temperature at 95�C.

(c) If pressure is maintained at 12 bar, what temperature must the mixture be
to reach the bubble point.

Solution 9

Worked Solution

(a) Let us determine the K values of each component at the operating conditions
120�C and 12 bar.

ln Pvap bar½ �ð Þ ¼ A� B= T K½ �ð Þ

Pvap
i ¼ exp Ai � Bi

T

� �

Under vapor–liquid equilibrium, chemical potentials in each phase are equiv-
alent. Assuming ideal gas for the vapor phase and ideal mixtures in both the
vapor and liquid phases, then

μL
i ¼ μV

i

μL
i,pure þ RT ln xi ¼ μV

i,pure,ref þ RT ln
f i

Ppure,ref

μV
i,pure,ref þ RT ln

f i,pure
Ppure,ref

� �
þ RT ln xi ¼ μV

i,pure,ref þ RT ln
f i

Ppure,ref

RT ln xi ¼ RT ln
f i

f i,pure

xi ¼ f i
f i,pure

xi ¼ Pi

Pi,pure
for ideal gas
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xi ¼ yiP

Pi,pure
for ideal mixing in vapor phase

In fact, Pi,pure ¼ Pvap
i ; therefore,

xi ¼ yiP

Pvap
i

Ki ¼ yi
xi

¼ Pvap
i

P
¼ exp Ai � Bi

T

� �
P

Component zi A B Pvap
i bar½ � Ki ziKi zi/Ki

1 0.20 9.623 2240 34.331 2.8609 0.57218 0.069908

2 0.45 9.915 2598 17.378 1.4482 0.65168 0.31073

3 0.35 10.053 3099 5.1131 0.42609 0.14913 0.82142

1.37 1.20

If all Ki > 1, the mixture will be a superheated vapor. Conversely if all Ki < 1,
the mixture will be a subcooled liquid. In our case, we have some Ki values
greater than 1 and some less than 1.

Consider the Rachford–Rice equation for vapor–liquid equilibrium, where
β ¼ V/F.

X
i

zi Ki � 1ð Þ
β Ki � 1ð Þ þ 1

¼ 0

It is worth noting first that at bubble point, β ¼ 0 at F ¼ 0 and so

X
i

zi Ki � 1ð Þ ¼ 0

X
i

ziKi ¼ 1

For our mixture, the value of
P
i
ziKi ¼ 1:37 > 1. This means that our

operating temperature of 95�C is above the bubble point.
Separately, we note that at dew point, β ¼ 1 at F ¼ 0 and so

X
i

zi Ki � 1ð Þ
Ki

¼ 0

X
i

zi
Ki

¼ 1
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For our mixture, the value of
P

izi=Ki ¼ 1:20 > 1. This means that our
operating temperature of 95�C is below the dew point. We can deduce that we
have a vapor–liquid mixture and can find the value of β for it such that 0 < β < 1.

X
i

zi Ki � 1ð Þ
β Ki � 1ð Þ þ 1

¼ 0

0:20 2:8609� 1ð Þ
β 2:8609� 1ð Þ þ 1

þ 0:45 1:4482� 1ð Þ
β 1:4482� 1ð Þ þ 1

þ 0:35 0:42609� 1ð Þ
β 0:42609� 1ð Þ þ 1

¼ 0

β ¼ 0:66

(b) We note from part a that we have a mixture that is above bubble point and below
dew point. In order to bring a mixture that is above its bubble point to its bubble
point without changing temperature, we can increase pressure to greater than
12 bar.

X
i

zi Ki � 1ð Þ ¼
X
i

zi
Pvap
i

P
� 1

� �

¼ 1
P

X
i

ziP
vap
i �

X
i

zi ¼ 1
P

X
i

ziP
vap
i � 1 ¼ 0

X
i

ziP
vap
i ¼ P

P ¼
X
i

zi exp Ai � Bi

95þ 273

� �� 	
¼ 16:5 bar

(c) Similar to part b, in order to bring a mixture that is above its bubble point to its
bubble point without changing pressure, we can decrease temperature to lower
than 95�C.

X
i

zi Ki � 1ð Þ ¼ 0

X
i

zi
Pvap
i

P
� 1

� �
¼
X
i

zi
exp Ai � Bi

T

� �
 �
12

� 1

 !
¼ 0

T ¼ 78:6
�
C

Problem 10

Consider a mixture containing components 1 and 2 which are to be separated
by continuous distillation. The mixture is at bubble point and contains 25 mol%
of component 1 and 75 mol% component 2. The relative volatility of 1 to 2 is 2.8.
The feed flow rate is 150 mol/h and the separation objective is to obtain a
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distillate product of 97 mol% of component 1 and which contains 0.6 of the
amount of component 1 in the feed.

(a) What is the minimum reflux ratio and minimum number of stages
required?

(b) If there was a partial reboiler and total condenser for the column, and the
operating reflux ratio was set at 1.25 of the minimum, how many stages are
required? Determine the optimal location for the feed.

(c) Assuming that we have a test column that is fitted with a partial reboiler and
total condenser. It comes with 10 plates above the reboiler and operates at
reflux ratio of 3.8. The feed is to enter at stage 5 (where stage 1 is above the
reboiler). The reboiler has a vaporization rating of 120 mol/h.

i. Is this column able to achieve the desired separation objective, and
comment on the adequacy of the reboiler provided. Can the feed stream
enter directly into the reboiler (instead of at stage 5)?

ii. What is the minimum number of stages for this test column, and identify
the optimal feed location.

Solution 10

Worked Solution

(a) Let us illustrate a diagram for our system.

Reflux
LT, xi,R

Vapor stream
VT, yi,V

Bottoms
B, xi,B

Feed
F, zi,F

Distillate
D, xi,D

Total
Condenser

Partial
Reboiler

Reboiled vapor
VB, yi,B

Liquid stream
LB, xi,L
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Using the relative volatility α ¼ 2.8, we can establish the following equilib-
rium relationship between vapor and liquid mole fractions for component
1, which we can use to construct the VLE curve.

y1 ¼
αx1

1þ α� 1ð Þx1 ¼
2:8x1

1þ 1:8x1

We can perform the mass balances as shown below based on the information
provided.

F ¼ Dþ B

Fz1,F ¼ Dx1,D þ Bx1,B

0:6 ¼ Dx1,D
Fz1,F

¼ D 0:97ð Þ
150ð Þ 0:25ð Þ

D ¼ 23:196 mol=h

B ¼ F � D ¼ 150� 23:196 ¼ 126:804 mol=h

x1,B ¼ Fz1,F � Dx1,D
B

¼ 150ð Þ 0:25ð Þ � 23:196ð Þ 0:97ð Þ
126:804

¼ 0:1183

For minimum reflux ratio R, the top operating line (TOL) intersects the feed
q-line at the VLE curve. We know that the feed is a saturated liquid at bubble
point; hence the q-line is vertical.

As a rule of thumb, it is useful to note the following characteristics of the
q-line for different feed types.

Saturated
liquid

Saturated
vapor

Subcooled
liquidPar�ally

vaporized 

Superheated
vapor 

y=x line

Therefore we can construct the McCabe Thiele diagram for the case of
minimum reflux ratio. Note that the slope of the TOL is related to the reflux
ratio as follows:
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Slope of TOL ¼ Rmin

Rmin þ 1
¼ 0:97� 0:483

0:97� 0:25
¼ 0:6767

Rmin ¼ 2:09

The minimum number of stages occurs when our operating lines coincide
with the line y ¼ x. There are 6 equilibrium stages from the graphical construc-
tion and this number includes the partial reboiler. Therefore there are 5 stages
and 1 partial reboiler.
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(b) Now that we have an operating reflux ratio which is 1.25 times of the minimum,
we have a new slope for the top operating line ¼ 0.723. Since the TOL is also
defined at the point, (0.97, 0.97), we can construct the TOL line.

R ¼ 1:25 2:09ð Þ ¼ 2:61

Slope of TOL ¼ 2:61
1þ 2:61

¼ 0:723

From the diagram, we observe that the TOL intersects the q-line (feed) at
x ¼ 0.25, y ¼ 0.449. We can draw the bottom operating line now as it passes
through this feed locus at (0.25, 0.449) and the point (0.1183, 0.1183) defined by
the bottoms composition.

Once we have both operating lines, we can draw “steps” on the McCabe–
Thiele diagram to find out the number of stages required at this new reflux ratio.
We find that there are 11 equilibrium stages (i.e., 10 stages and 1 reboiler stage),
where the optimal feed location is at stage 3 (where stage 1 is after the reboiler)
where we step over from lower operating line to top operating line.
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(c) (i) Now that R ¼ 3.8. We have a new slope for the TOL.

Slope of TOL ¼ 3:8
1þ 3:8

¼ 0:79167

We still want to retain the column from part b, which consists of 11 equilib-
rium stages (1 reboiler + 10 stages). But this time, we are asked to introduce the
feed at plate 5 as one of the options. We note from the graph that this design will
be able to give us a distillate product that is purer than the required x1,D ¼ 0.97.

Now we check if the reboiler has adequate capacity. The BOL is already
defined based on the specifications in the problem. It has a slope as follows from
the graphical construction.

Slope of BOL ¼ 0:1183� 0:4
0:1183� 0:25

¼ 2:139

The equation of the BOL can also be obtained from a mass balance at the
bottom of the column,
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VBy1,m þ Bx1,B ¼ LBx1,mþ1

y1,m ¼ LB
VB

� �
x1,mþ1 � B

VB

� �
x1,B

Slope of BOL ¼ LB
VB

¼ F þ RD
VB

¼ 150þ 3:8 23:196ð Þ
VB

¼ 238:14
VB

Equating both expressions for slope of BOL,

238:14
VB

¼ 2:139

VB ¼ 111:3 mol=h

We are given a reboiler that has VB ¼ 120 mol/h which is greater than
111.3 mol/h. Therefore the reboiler has adequate capacity. We also observe
that it is not possible for the feed to enter directly into the reboiler as that would
require stepping from the BOL to TOL at the first step.

(ii) From graphical construction (black line), we can determine the minimum
number of equilibrium stages ¼ 8 (7 stages + reboiler), with the optimal feed
location at plate 2 (above reboiler).
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Problem 11

Consider a flash unit that is used to process two hydrocarbon streams A and B.
The flash operation is performed at 90�C and 1.4 bar. Each stream contains
three components 1, 2, and 3 as shown below:

Feed stream

Mole fraction, zi
Flow rate [mol/h]

Vapor pressure [bar]

1 2 3 1 2 3

A 0.52 0.28 0.20 110 2.10 1.32 0.62

B 0.45 0.45 0.10 110

You may assume that there is an ideal gas vapor phase and both the liquid
and vapor phases have ideal mixing.

(a) Comment on whether both vapor and liquid phases are present in the exit
stream, and find the fraction of vapor flow rate to feed flow rate.

(b) Determine the vapor and liquid flow rates at the exit streams and their
molar compositions.

(c) If the flash unit is maintained at 90�C, what is the pressure required to
ensure only liquid at its bubble point leaves the unit?

Solution 11

Worked Solution

(a) Let us illustrate our system in a simple diagram.

We know that by definition, Ki ¼ yi/xi at vapor–liquid equilibrium. Also,
since we have ideal mixing in both vapor and liquid phases, and an ideal gas in
the vapor phase, it follows that

yiP ¼ xiP
sat
i

Ki ¼ P sat
i

P
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Feed
stream

Mole fraction, zi Flow rate
[mol/h]

Vapor pressure
[bar] Ki

1 2 3 1 2 3 1 2 3

A 0.52 0.28 0.20 110 2.10 1.32 0.62 2.10/1.4¼ 1.5 0.943 0.443

B 0.45 0.45 0.10 110

We can calculate the effective single feed composition for the two feed
streams.

�z1 ¼ FA

FA þ FB

� �
0:52þ FB

FA þ FB

� �
0:45 ¼ 0:485

�z2 ¼ FA

FA þ FB

� �
0:28þ FB

FA þ FB

� �
0:45 ¼ 0:365

�z3 ¼ FA

FA þ FB

� �
0:20þ FB

FA þ FB

� �
0:10 ¼ 0:15

For equilibrium, we can apply the Rachford Rice equation where β ¼ V/F and
denotes the ratio of vapor flow rate to feed flow rate.

F ¼
X
i

zi 1� Kið Þ
1� βð Þ þ βKi

¼ 0

Let us check the values of the function F assuming β ¼ 0 (bubble point) and
β ¼ 1 (dew point). At bubble point, β ¼ 0 at F ¼ 0 and so

X
i

zi 1� Kið Þ ¼ 0

X
i

ziKi ¼ 1

0:485 1:5ð Þ þ 0:365 0:943ð Þ þ 0:15 0:443ð Þ ¼ 1:14

For our mixture, the value of
P

iziKi ¼ 1:14 > 1. This means that our
operating temperature of 90�C is above the bubble point. Separately, we know
that at dew point, β ¼ 1 at F ¼ 0 and so

X
i

zi 1� Kið Þ
Ki

¼ 0

X
i

zi
Ki

¼ 1
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0:485
1:5

þ 0:365
0:943

þ 0:15
0:443

¼ 1:05

For our mixture, the value of
P

i
zi
Ki
¼ 1:05 > 1. This means that our operating

temperature of 90�C is below the dew point. Therefore, we have a mixture
between bubble point and dew point, which means that we have both vapor
and liquid phases in the exit stream. To find the fraction of vapor, we can solve
for β which is the fraction of vapor to feed flow rate.

0:485 1� 1:5ð Þ
1� βð Þ þ 1:5β

þ 0:365 1� 0:943ð Þ
1� βð Þ þ 0:943β

þ 0:15 1� 0:443ð Þ
1� βð Þ þ 0:443β

¼ 0

β ¼ 0:801

(b) Since the total feed flow rate entering the unit is

F ¼ FA þ FB ¼ 110þ 110 ¼ 220 mol=h

V ¼ 0:801 220ð Þ ¼ 176 mol=h

L ¼ 220� 176 ¼ 43:8 mol=h

To find the molar compositions, we can use the mass balance equation

Fzi ¼ Vyi þ Lxi

220ð Þ0:485 ¼ 176ð ÞK1x1 þ 43:8ð Þx1 ¼ 176ð Þ 1:5ð Þx1 þ 43:8ð Þx1
x1 ¼ 0:347, y1 ¼ 1:5 0:347ð Þ ¼ 0:520

220ð Þ0:365 ¼ 176ð ÞK2x2 þ 43:8ð Þx2 ¼ 176ð Þ 0:943ð Þx2 þ 43:8ð Þx2
x2 ¼ 0:383, y2 ¼ 0:943 0:383ð Þ ¼ 0:361

220ð Þ0:15 ¼ 176ð ÞK3x3 þ 43:8ð Þx3 ¼ 176ð Þ 0:443ð Þx3 þ 43:8ð Þx3
x3 ¼ 0:271, y3 ¼ 0:443 0:271ð Þ ¼ 0:120

(c) If temperature is held constant, the way to make the 2-phase mixture reach its
bubble point (single liquid phase) is to increase pressure to a value greater than
1.4 bar. At bubble point, the following is true at β ¼ 0.

X
i

zi 1� Kið Þ ¼ 0

X
i

ziKi ¼
X
i

zi
P sat
i

P

� �
¼ 1

266 Separation Processes



0:485
2:1
P

� �
þ 0:365

1:32
P

� �
þ 0:15

0:62
P

� �
¼ 1

P ¼ 1:59 bar

Problem 12

Consider distillation of a binary mixture containing A and B. The relative
volatility of A to B is 2.4 and mole fraction of A in the feed is 0.6. The distillate
composition needs to be 80 mol% of A. Determine if this can be achieved for the
following scenarios, and determine the ratio of distillate to feed flow rate where
the desired separation is possible.

(a) The feed mixture enters directly into a partial reboiler as a saturated liquid
at bubble point. The reboiler is fitted to a total condenser with a reflux ratio
of R¼ 2.3. Vapor–liquid equilibrium can be assumed in the partial reboiler.

(b) The feed mixture enters a distillation column comprising of one plate and
one total condenser. The feed is a saturated liquid at bubble point and reflux
ratio R ¼ 2.3.

(c) Total reflux is used for the conditions in part b.
(d) Reflux ratio R ¼ 0 for the conditions in part b.
(e) The saturated liquid feed enters the column into the single plate for the

conditions in part b.
(f) A partial condenser is used instead of total condenser for the same condi-

tions as in part a. Liquid returns to reboiler and vapor is removed as
distillate. The liquid and vapor leaving the condenser may be assumed to
be in equilibrium with each other.

Solution 12

Worked Solution

(a) Let us sketch a diagram for our setup.

Total
Condenser

Par�al
Reboiler

Vapor stream
VT, yi,V Dis�llate D, xi,D

Reflux LT, xi,R

Bo�oms
B, xi,B

Feed
F, zi,F
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We know that relative volatility α ¼ 2.4; therefore, we can draw the VLE
curve using the following equilibrium relationship.

yA ¼ αxA
1þ α� 1ð ÞxA ¼ 2:4xA

1þ 1:4xA

At the reboiler, we have equilibrium; therefore we can find xA,B

yA,V ¼ xA,D ¼ 0:8 ¼ 2:4xA,B
1þ 1:4xA,B

xA,B ¼ 0:625 > zA,F ¼ 0:6

This means that the bottoms product has a higher composition of component
A than in the feed, which is not possible. Therefore, this setup does not give us
our desired product.

(b) Now we have a setup that includes one stage in the column.

Total
Condenser

Par�al
Reboiler

Vapor stream
VT, yi,V

Dis�llate
D, xi,D

Reflux
LT, xi,R

Bo�oms
B, xi,B

Feed F, zi,F

Reboiled vapor
VB, yi,B

Liquid stream
LB, xi,L

We know that reflux ratio is 2.4, and a mass balance around the total
condenser gives us the following.

RD ¼ LT

VT ¼ Dþ LT ¼ D 1þ Rð Þ ¼ 3:4D

We have equilibrium reached at the stage in the column, and we know that
yA,V ¼ xA,D ¼ 0.8; therefore

yA,V ¼ 2:4xA,L
1þ 1:4xA,L
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0:8 ¼ 2:4xA,L
1þ 1:4xA,L

xA,L ¼ 0:625

A mass balance around the first stage and total condenser gives us

VByA,B ¼ DxA,D þ LBxA,L

yA,B ¼ D

VB
0:8ð Þ þ LB

VB
0:625ð Þ

The slope of the top operating line is defined by the reflux ratio as follows.
This coincides with the gradient term LB

VB
of the above equation for the TOL. Also

we know that VB ¼ VT

Slope of TOL ¼ R

1þ R
¼ 2:3

3:3
¼ 0:69697 ¼ LB

VB

yA,B ¼ D

VT
0:8ð Þ þ 0:69697 0:625ð Þ ¼ 1

3:4
0:8ð Þ þ 0:69697 0:625ð Þ ¼ 0:671

yA,B ¼ 2:4xA,B
1þ 1:4xA,B

¼ 0:671

xA,B ¼ 0:460 < zA,F ¼ 0:6

Therefore, it is possible to produce the required distillate product. To find the
required flow rate (as a ratio of distillate to feed flow rate) to achieve this, we can
perform the following mass balances.

F ¼ Dþ B

FzA,F ¼ DxA,D þ BxA,B

zA,F ¼ D

F
xA,D þ 1� D

F

� �
xA,B

D

F
¼ zA,F � xA,B

xA,D � xA,B
¼ 0:6� 0:46

0:8� 0:46
¼ 0:412

We note that we will produce a distillate stream at flow rate of 41.2 moles per
100 moles of feed.

(c) Now we have total reflux, i.e., R ! 1, which also means that all of the liquid
obtained from the total condenser is returned to the column, and there is no outlet
distillate stream. This means that it is not possible to produce a distillate stream
of 80 mol% A as required.
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Total
Condenser

Par�al
Reboiler

Vapor stream
VT, yi,V

Reflux
LT, xi,R

Bo�oms
B, xi,B

Feed F, zi,F

Reboiled vapor
VB, yi,B

Liquid stream
LB, xi,L

(d) For reflux ratio R ¼ 0, there is no liquid return into the column. Therefore, there
is effectively only one equilibrium stage at the reboiler itself, and the stage in the
distillation column does not serve as an equilibrium stage. This setup is the same
as in part a, which we have earlier shown to be unfeasible to produce our desired
distillate product.

Total
Condenser

Par�al
Reboiler

Vapor stream
VT, yi,V

Bo�oms
B, xi,B

Feed F, zi,F

Reboiled vapor
VB, yi,B

Dis�llate
D, xi,D

(e) Now we have the saturated liquid feed entering the column into the plate.

Total
Condenser

Par�al
Reboiler

Vapor stream
VT, yi,V

Reflux
LT, xi,R

Bo�oms
B, xi,B

Feed F, zi,F

Reboiled vapor
VB, yi,B

Liquid stream
LB, xi,L

Dis�llate
D, xi,D
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This gives us a new mass balance around the total condenser.

VT ¼ Dþ LT ¼ D 1þ Rð Þ ¼ 3:3D

We also know from a mass balance around the single stage,

VT ¼ VB

LB ¼ F þ LT ¼ F þ RD

Finally, we know that yA,V and xA,L are related by the equilibrium equation.
yA,V is already constrained by the required distillate purity, i.e., yA,V ¼ xA,D ¼ 0.8.

yA,V ¼ 2:4xA,L
1þ 1:4xA,L

¼ 0:8

xA,L ¼ 0:625

We can now derive a bottom operating line, which applies for the partial
reboiler as an equilibrium stage. This can be done by doing a mass balance
around the partial reboiler and substituting earlier results.

LBxA,L ¼ BxA,B þ VByA,B

F þ RDð ÞxA,L ¼ F � Dð ÞxA,B þ VTyA,B

F þ RDð ÞxA,L ¼ F � Dð ÞxA,B þ 3:3Dð ÞyA,B

1þ 2:3
D

F

� �
xA,L ¼ 1� D

F

� �
xA,B þ 3:3

D

F

� �
yA,B

1þ 2:3
D

F

� �
0:625ð Þ ¼ 1� D

F

� �
xA,B þ 3:3

D

F

� �
2:4xA,B

1þ 1:4xA,B

� �
ð1Þ

An overall mass balance gives us one more equation required to solve for xA,B
and D

F.

FzA,F ¼ DxA,D þ BxA,B ¼ DxA,D þ F � Dð ÞxA,B

zA,F ¼ D

F

� �
xA,D þ 1� D

F

� �
xA,B

0:6 ¼ D

F

� �
0:8þ 1� D

F

� �
xA,B ð2Þ
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Solving the simultaneous Eqs. (1) and (2) gives us

xA,B ¼ 0:49,
D

F
¼ 0:35

(f) A partial condenser is used instead of total condenser for the same conditions as
in part a.

Partial
Condenser

Partial
Reboiler

Vapor stream
VT, yi,V Distillate D, yi,D

Reflux LT, xi,R

Bottoms
B, xi,B

Feed
F, zi,F

In this case, we have xA,R in equilibrium with yA,D as the partial condenser
effectively becomes an equilibrium stage and this scenario is equivalent to part b.

yA,D ¼ 0:8 ¼ 2:4xA,R
1þ 1:4xA,R

xA,R ¼ 0:625

Performing a mass balance around the partial condenser, we have

LT þ D ¼ VT ¼ D Rþ 1ð Þ ¼ 3:3D

VTyA,V ¼ LTxA,R þ DyA,D

yA,V ¼ LT
VT

0:625ð Þ þ D

VT
0:8ð Þ ¼ 2:3

3:3
0:625ð Þ þ 1

3:3
0:8ð Þ ¼ 0:678

yA,V ¼ 2:4xA,B
1þ 1:4xA,B

¼ 0:678

xA,B ¼ 0:468

We can also specify the required D/F by performing an overall mass balance

FzA,F ¼ DyA,D þ BxA,B

0:6 ¼ D

F
0:8ð Þ þ 1� D

F

� �
0:468ð Þ

D

F
¼ 0:40
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Therefore, we have shown that it is possible to produce the required distillate
at a flow rate of 40 mol per 100 mol of feed.

Problem 13

Consider a feed mixture comprising of three hydrocarbons 1, 2, and 3, which is
flashed at 1.8 bar and 93 �C. The molar compositions and K values are shown
below:

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3

zi 0.25 0.55 0.20

Ki at 93 �C, 1.8 bar 2.3 0.95 0.42

Ki at 25 �C, 1.8 bar 0.32 0.10 0.028

(a) Comment on whether 93 �C falls between the bubble and dew point tem-
peratures of the feed at 1.8 bar. Calculate the fraction of feed that is
vaporized, and the composition of the product streams.

(b) If a liquid of the same composition as the feed were stored under a nitrogen
blanket at 25 �C and 1.8 bar, what would be the partial pressure of nitrogen
and of the hydrocarbons in the vapor phase.

(c) If 0.8 kmol of that same feed as part a were mixed with 0.2 kmol of H2O at
1.8 bar, describe the method to find the bubble point of the resulting stream
(actual calculations are not necessary) if you are provided with the steam
table and K value nomogram for hydrocarbons?

(d) Further from part c, explain how the dew point temperature can be found,
and how you would determine if the hydrocarbon phase or water phase
condenses first.

Solution 13

Worked Solution

(a) At bubble point, the first bubble of vapor is formed from a saturated liquid. The
composition of vapor in the bubble must satisfy

X
i

yi ¼ 1

By definition, Ki ¼ yi/xi. Since there is VLE and the liquid composition is
known (and is not altered much by the first bubble), the bubble point condition
becomes
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X
i

Ki xi ¼ 1

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3 Sum

zi 0.25 0.55 0.20

Ki at 93 �C 2.3 0.95 0.42

Kixi (to find bubble pt, zi ¼ xi) 0.575 0.5225 0.084 1.18 > 1

The result of
P
i
Ki xi > 1 means that the temperature of 93 �C is greater than

the bubble point temperature. Since Ki represents equilibrium for an endothermic
(vaporization) process, therefore Ki�T. And it follows that a greater value of Kixi
than 1 (condition for bubble point temperature) means that the operating tem-
perature of 93 �C is greater than the bubble point temperature.

At dew point, the first droplet of liquid is formed from a superheated vapor.
The composition of liquid in the droplet must satisfy

X
i

xi ¼ 1

Similarly, by definition, Ki¼ yi/xi, and since there is VLE with a known vapor
composition (not altered much by the first droplet formation), the dew point
condition is

X
i

yi
Ki

¼ 1

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3 Sum

zi 0.25 0.55 0.20

Ki at 93 �C 2.3 0.95 0.42
yi
Ki
(to find dew pt, zi ¼ yi) 0.109 0.579 0.476 1.16 > 1

The result of yi
Ki
> 1means that the temperature of 93 �C is lower than the dew

point temperature. Since Ki represents equilibrium for an endothermic (vapori-
zation) process, therefore Ki�T. And it follows that a greater value of yi

Ki
than

1 (for dew point) means Ki is smaller than is required for dew point, and hence
the temperature of 93 �C is lower than the dew point temperature.

Let us consider our system in the simple diagram below.
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To find the fraction of feed that is evaporated, we can begin with mass
balance equations.

F ¼ V þ L

Fzi ¼ Vyi þ Lxi

Fzi ¼ V Ki xið Þ þ F � Vð Þxi ¼ xi VKi þ F � Vð Þ

xi ¼ Fzi
VKi þ F � V

¼ zi
V
F

� �
Ki þ 1� V

F

� � ¼ zi
V
F Ki � 1ð Þ þ 1

We know that
P
i
xi ¼

P
i
yi ¼ 1 is always true. Therefore,

X
i

zi
V
F Ki � 1ð Þ þ 1

�
X
i

yi ¼ 0

X
i

zi
V
F Ki � 1ð Þ þ 1

�
X
i

Ki xi ¼
X
i

zi
V
F Ki � 1ð Þ þ 1

�
X
i

Ki
zi
V
F

Ki � 1ð Þ þ 1

� �
¼ 0

X
i

zi 1� Kið Þ
V
F Ki � 1ð Þ þ 1

¼ 0

0:25 1� 2:3ð Þ
V
F 2:3� 1ð Þ þ 1

þ 0:55 1� 0:95ð Þ
V
F 0:95� 1ð Þ þ 1

þ 0:2 1� 0:42ð Þ
V
F 0:42� 1ð Þ þ 1

¼ 0

V

F
¼ 0:52
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Therefore the fraction of feed that is evaporated is 0.52 and the compositions
of the product streams at 93 �C and 1.8 bar are as follows.

Liquid stream:

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3

zi 0.25 0.55 0.20

Ki 2.3 0.95 0.42

xi ¼ zi
0:52 Ki�1ð Þþ1 0.15 0.56 0.29

Vapor stream:

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3

zi 0.25 0.55 0.20

Ki 2.3 0.95 0.42

yi ¼ Kizi
0:52 Ki�1ð Þþ1

0.34 0.54 0.12

(b) Nitrogen blankets are used as they are inert and also do not dissolve readily into
the liquid phase of the mixture. Therefore, we can assume that nitrogen only
features in the vapor composition and not the liquid composition.

Ptotal ¼ P1 þ P2 þ P3 þ PN2 ¼ PHC þ PN2

We have the following liquid feed composition, which we can use to find the
vapor molar composition yi ¼ Kixi.

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3 Nitrogen

xi 0.25 0.55 0.20 0

Ki at 25 �C, 1.8 bar 0.32 0.10 0.028 –

yi ¼ Kixi 0.08 0.055 0.0056 0.86

X
i

yi ¼ 1

yN2 ¼ 1� 0:08� 0:055� 0:0056 ¼ 0:86

PN2 ¼ yN2Ptotal ¼ 0:86 1:8ð Þ ¼ 1:55 bar

PHC ¼ 0:14 1:8ð Þ ¼ 0:25 bar

(c) We assume that water and hydrocarbon phases do not mix. Hence the liquid
composition we are considering here is for the hydrocarbon phase. To determine
bubble point, we need the condition below to be met for the hydrocarbon phase
at the bubble point temperature. Ki values for hydrocarbons are defined at a
specific temperature and pressure from a nomogram.

X
i

Kix
HC
i ¼

X
i

yHCi ¼ 1
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A nomogram is also called a DePriester chart which looks like the following.
On the left-hand side, we have a vertical axis of pressure values, and on the right-
hand side, we have a vertical axis of temperature values. The Ki value of a
hydrocarbon can be found by drawing a straight line connecting the relevant
temperature and pressure values, and reading the Ki value corresponding to the
specific hydrocarbon of interest. The example below is shown for methane at
T ¼ 60�F, P ¼ 100 psia.

Also at the bubble point, the following pressure condition will be fulfilled
whereby PH2O is the partial pressure of water and PHC is the partial pressure of
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the hydrocarbons. Note that since the liquid water phase is immiscible with the
hydrocarbon phase, it is separately exerting its full saturated vapor pressure. The
saturated vapor pressure of water can be found from steam tables for a specified
temperature.

PHC þ PH2O ¼ Ptotal ¼ 1:8 bar

We know that P ¼ 1.8 bar. Therefore, we need to follow the below steps:

1. Guess a bubble point temperature, Tguess.
2. From steam tables, determine the corresponding PH2O at Tguess.
3. We can then determine PHC since PHC ¼ 1:8 bar � PH2O (from step 2).
4. With knowledge of PHC and Tguess, we can find Ki values for the

hydrocarbons.
5. We know that the hydrocarbon phase feed has the same molar composition as

in part a shown below. Therefore we can find KixHCi using the Ki values
obtained from step 4. If the result of

P
iKixHCi > 1, then we need to reduce

Tguess and vice versa. We iterate until we obtain the bubble point temperature
when

P
iKixHCi ¼ 1

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3

xHCi 0.25 0.55 0.20

6. We can then find the corresponding PH2O at that temperature from steam
tables. We can then obtain PHC ¼ 1:8 bar � PH2O. The partial pressures of
each hydrocarbon component can be found using yHCi PHC ¼ PHC

i , where
yHCi ¼ KixHCi .

To find dew point, the condition to be met is as follows.

X
i

yHCi

Ki
¼ 1

(d) For dew point calculation, we similarly guess a temperature value and find Ki at

that temperature for the hydrocarbons. We then calculate the value of
P

i
yHC
i
Ki

using the feed composition below, and iterate until we get the dew point

temperature when
P

i
yHC
i
Ki

¼ 1.

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3

yHCi 0.25 0.55 0.20
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This time, since we start with a vapor phase as we go towards dew point, the
vapor phase starts off with miscible vapors of water and hydrocarbons, and the
vapor compositions and partial pressures will therefore be as follows:

yHCi ¼ 0:8, yH2O
i ¼ 0:2

PH2O ¼ yH2O
i Ptotal ¼ 0:2 1:8 barð Þ ¼ 0:36 bar

PHC ¼ 1:8 bar � PH2O ¼ 1:44 bar

If the hydrocarbon phase condenses first, it means that at the dew point
temperature, the saturated vapor pressure of water (which can be found from
steam tables) should be >0.36 bar.

Problem 14

A mixture of 70 kmol of hydrocarbon A, 5 kmol of water, and 10 kmol of
nitrogen occupies a container of volume 90 m3 at 130 �C. Find the number of
phases present and determine the pressure in the container and the composition
in each phase. List any other assumptions made.

You are given the saturated vapor pressure of hydrocarbon A at
130 �C ¼ 5.2 bar, liquid density ¼ 750 kg/m3, and molecular weight ¼ 84 kg/
kmol.

Solution 14

Worked Solution

First, we will assume that the vapor phase is an ideal gas, i.e., intermolecular
interactions are negligible. Also, we may assume that nitrogen gas is immiscible in
the liquid phase. The liquid phases include a liquid hydrocarbon phase and liquid
water phase which are immiscible with each other.

To find the number of phases present, we can first guess that there is a single
vapor phase (and no liquid phase), at a total system pressure denoted as P2. For 1 mol
of an ideal gas, we can assume that it occupies a volume of 24 dm3 at room
temperature and pressure of 298 K and 1 bar. This is equivalent to 24 m3 for
1 kmol. Using the ideal gas relationship, we have

P1V1

T1
¼ P2V2

T2

Therefore we can find the volume of 1 kmol of vapor at 130 �C (or 403.15 K),
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V2 ¼ P1V1T2

P2T1
¼ 1 24ð Þ 403:15ð Þ

P2 298ð Þ ¼ 32:5
P2

If the total volume of the system is 90 m3, then V2 ¼ Vtotal, we can find the total
system pressure P2¼ Ptotal as follows, where nT denotes the total number of kmols of
gas.

32:5
Ptotal

nTð Þ ¼ 90

Ptotal ¼ 32:5 70þ 5þ 10ð Þ
90

¼ 30:7 bar

If our assumption was correct, then we can calculate the partial pressures of the
hydrocarbon and water phases. For water, we can find the saturated vapor pressure at
130 �C using the steam table.

PH2O ¼ yH2OPtotal ¼ 5
85

30:7ð Þ ¼ 1:8 bar < saturated vap pr at 2:7 bar

This means that water still exists as a vapor, and there is no liquid phase for water.

PHC ¼ yHCPtotal ¼ 70
85

30:7ð Þ ¼ 25:3 bar 	 saturated vap pr at 5:2 bar

This means that some of the hydrocarbon has already condensed into liquid, i.e.,
there is a vapor phase and a liquid phase for the hydrocarbon. It follows that we can
now guess that we have 1 vapor phase (containing both water and hydrocarbon) and
1 liquid phase (containing hydrocarbon only). Therefore, the total number of kmols
in the vapor phase is

nvap
T ¼ nvap

HC þ 5þ 10 ¼ nvap
HC þ 15

Since the liquid phase is pure hydrocarbon, the partial pressure of hydrocarbon is
also the saturated vapor pressure of hydrocarbon, 5.2 bar, at the same temperature of
130 �C.

PHC ¼ nvap
HC

nvap
HC þ 15

Ptotal ¼ 5:2 bar

Ptotal ¼
5:2 nvap

HC þ 15
� �
nvap
HC

ð1Þ

V total ¼ Vvapor phase þ V liquid phase ¼ 32:5
Ptotal

nvap
Tð Þ þ 70� nvap

HC

� �
84ð Þ

750
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90 ¼ 32:5
Ptotal

nvap
HC þ 15

� �þ 70� nvap
HC

� �
84ð Þ

750
ð2Þ

We can solve the pair of simultaneous Eqs. (1) and (2), to find

Ptotal ¼ 11:03 bar

nvap
HC ¼ 13:4 kmol

We can now check if our assumption of phases was correct.

PH2O ¼ yH2OPtotal ¼ 5
13:4þ 15

11:03ð Þ ¼ 1:94 bar < saturated vap pr at 2:7 bar

This means that water still exists as a vapor, and there is no liquid phase for water.

V liquid phase ¼ 70� 13:4ð Þ 84ð Þ
750

¼ 6:3 m3

The volume of liquid phase is 0 m3 < 6.3 m3 < 90 m3, which is reasonable. The
vapor phase compositions are therefore,

yHC ¼ 13:4
13:4þ 15

¼ 0:47, PHC ¼ 0:47 11:03ð Þ ¼ 5:2 bar ¼ saturated vap pr

yH2O ¼ 5
13:4þ 15

¼ 0:18

yHC ¼ 10
13:4þ 15

¼ 0:35

Problem 15

Consider 1 kmol of a hydrocarbon feed mixture with the following composition,
which is flashed at 60 �C, 8 bar. Find the quantity and composition of the final
liquid.

Component zi Ki at 60 �C, 8 bar

1 29.90 20.9

2 7.05 4.5

3 5.13 1.7

4 5.05 0.57

5 4.80 0.31

6 4.32 0.081

7 4.71 0.025

8 4.68 0.011

Involatile bottoms 34.36 0.000
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Solution 15

Worked Solution

Vapor stream
V, yi

Liquid stream
L, xi

Feed stream
F, zi

T=60℃

P=8bar

F ¼ V þ L

Fzi ¼ Vyi þ Lxi

Fzi ¼ V Ki xið Þ þ F � Vð Þxi ¼ xi VKi þ F � Vð Þ

xi ¼ Fzi
VKi þ F � V

¼ zi
V
F Ki � 1ð Þ þ 1

We know that
P

i xi ¼ 1 is always true. Therefore,

X
i

zi
V
F Ki � 1ð Þ þ 1

¼ 1

We know the values of zi and Ki; therefore, we can start with an initial guess for VF.

Component zi
Ki at 60 �C,
8 bar

zi in mole
fraction xi ¼ zi

V
F Ki�1ð Þþ1

1 29.90 20.9 0.299 0.035

2 7.05 4.5 0.0705 0.030

3 5.13 1.7 0.0513 0.040

4 5.05 0.57 0.0505 0.060

5 4.80 0.31 0.048 0.065

(continued)
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Component zi
Ki at 60 �C,
8 bar

zi in mole
fraction xi ¼ zi

V
F Ki�1ð Þþ1

6 4.32 0.081 0.0432 0.070

7 4.71 0.025 0.0471 0.075

8 4.68 0.011 0.0468 0.075

Involatile
bottoms

34.36 0.000 0.3436 0.55

P
i
xi when V

F is 0:38 ¼ 1:00

V

F
¼ 0:38

Given that F ¼ 1 kmol, V ¼ 0.38 kmol and therefore the quantity of resulting
liquid is as follows with the mole fractions xi as shown in the table above.

L ¼ 1� 0:38 ¼ 0:62 kmol

Problem 16

Hydrocarbon A is to be separated from hydrocarbon B by distillation, with a
partial condenser at the top of the column. The separation requirement is that
the vapor distillate should contain mole fraction of A, yA,D ¼ 0.95. The outlet
temperature from the partial condenser is 45�C. The K values for A and B at
45�C and various pressures are given below.

Pressure/bar KA KB

10 1.33 0.25

11 1.21 0.23

12 1.10 0.20

13 1.015 0.185

(a) Find the pressure at the top of the column and the composition of the liquid
reflux. You may assume negligible pressure drop between the condenser
and the top of the column.

(b) A liquid bottoms product from a distillation column has the following
component flow rates and K values at 710 kPa and varying temperatures.
If the pressure at the bottom of the column is 710 kPa, find the temperature
of the bottoms product.

Component
Flow rate [kmol/
h]

Ki at 710 kPa,
63 �C

Ki at 710 kPa,
68 �C

Ki at 710 kPa,
73 �C

1 10 1.08 1.35 1.69

2 230 0.9 1.1 1.35

3 24 0.35 0.5 0.72

4 15 0.27 0.43 0.71
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(c) The stream in part b is subsequently flashed to 120 kPa and
15�C. Determine if the feed remains liquid? Describe briefly how you
would find out the enthalpy required to be added or removed in this process
if the identities of the components are known hydrocarbons.

Component Ki at 120 kPa, 15 �C
1 2.05

2 1.54

3 0.48

4 0.38

Solution 16

Worked Solution

(a) Let us illustrate a simple diagram for our setup.

Vapor stream
VT, yi,T

Bo�om liquid 
LB, xi,B

LT, xi,T

Feed stream
F, zi

T=45℃

Par�al
Condenser

Dis�llate
vapor, yi,D

We note that the separation objective in the vapor distillate is yA,D¼ 0.95, and
hence yB,D ¼ 0.05. In the partial condenser, the temperature will be at dew point;
therefore the following is satisfied. When

P
i
yi
Ki
> 1, we need to increase Ki

which will be at a lower pressure if temperature remains the same.

X
i

xi ¼
X
i

yi
Ki

¼ 1
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Component
Mole
fraction yi,D

Ki at 45 �C,
12 bar

xi ¼ yi
Ki 12 barð Þ

Ki at 45 �C,
11 bar

xi ¼ yi
Ki 11 barð Þ

A 0.95 1.10 0:95
1:1

¼ 0:864
1.21 0.785

B 0.05 0.20 0.250 0.23 0.217

∑ixi ¼ 1.11 ∑ixi ¼ 1.00

Therefore the pressure at the top of the column is 11 bar, where the dew point
condition is met in the condenser.

The composition of the liquid reflux is given by xi ¼ yi
Ki 11 barð Þ, and is there-

fore, xA,T ¼ 0.785 and xB,T ¼ 0.217 as calculated in the table above.
(b) We have a liquid bottoms product, which means that we have a partial reboiler at

the bottom, since it has to generate vapor that feeds back into the column, and
produce a liquid bottom stream that is removed as product.

In the partial reboiler, the mixture is at bubble point temperature and hence

X
i
yi ¼

X
i
Ki xi ¼ 1

We can find the mole fractions from the flow rates,

Component Flow rate [kmol/h] Mole fraction xi,B
1 10 10

279 ¼ 0:036

2 230 0.824

3 24 0.086

4 15 0.054

∑iLi,B ¼ 279 ∑ixi,B ¼ 1

Component

Mole
fraction xi,
B

Ki at
63 �C

yi ¼ Kixi at
63 �C

Ki at
68 �C

yi ¼ Kixi at
68 �C

Ki at
73 �C

yi ¼ Kixi at
73 �C

1 0.036 1.08 0.04 1.35 0.05 1.69 0.06

2 0.824 0.9 0.74 1.1 0.91 1.35 1.11

3 0.086 0.35 0.03 0.5 0.04 0.72 0.06

4 0.054 0.27 0.02 0.43 0.02 0.71 0.04

∑iyi ¼ 0.83 ∑iyi ¼ 1.02 ∑iyi ¼ 1.27

We can see that the bubble point condition is met at a temperature of
approximately 68 �C. Therefore the temperature of the bottoms product is 68 �C.

(c) The liquid bottom stream in part b becomes the feed to the flash unit for this part.
Therefore the molar composition of the feed, zi, is as shown below added to the
table of K values provided.
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Component Ki at 120 kPa, 15 �C zi Kizi
zi
Ki

1 2.05 0.036 0.07 0.02

2 1.54 0.824 1.27 0.54

3 0.48 0.086 0.04 0.18

4 0.38 0.054 0.02 0.14

∑iKizi ¼ 1.4 > 1
P

i
zi
Ki
¼ 0:88 < 1

Since ∑iKizi > 1, it means that the temperature of 15 �C at 120 kPa is above
the bubble point. Therefore some of the feed is vaporized. In order to find out if
all of the liquid is vaporized, we need to check against dew point.

For dew point,
P

i
zi
Ki
¼ 1. Since we have

P
i
zi
Ki
< 1, it means that our K values

are higher than if they were at dew point temperature. This means that the
temperature of 15 �C is higher than the dew point temperature at 120 kPa.
Therefore, we can conclude that all of the liquid in the feed is vaporized, and
none remains as liquid.

The enthalpy required to be added to the flash unit, _q , is found from an energy
balance around the unit, where hin denotes the enthalpy of the saturated liquid
feed at 68 �C, hout denotes the enthalpy of the exit vapor stream at 15 �C and
120 kPa. Enthalpies can be found from data booklets for known hydrocarbons
based on specified operating conditions such as temperature and pressure.

hin � hout þ _q ¼ 0

Problem 17

A hydrocarbon feed has the following composition.

Component 1 2 3 4 Involatiles

Mole fraction 30 29 20 11 10

A distillation column operating at 1 bar is used to separate the components,
consisting of a total condenser and a partial reboiler. The separation objective is
to have a distillate of x3,D ¼ 0.02 and bottoms product with x2,B ¼ 0.006.

(a) Determine the molar composition of the product streams.
(b) Check if the temperatures at the top plate and the reboiler are set appro-

priately at 25 �C and 89 �C, respectively. You are provided with the
following K values

Component 1 2 3 4 Involatiles

K at 1 bar, 89 �C – 3.7 1.65 0.76 –

K at 1 bar, 25 �C 2.3 0.70 0.2 – –

(c) By using the Fenske equation, find the number of theoretical plates needed
for total reflux.
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Solution 17

Worked Solution

(a) Before we solve this problem, let us revisit some basic concepts in
multicomponent distillation of volatiles.

We may encounter the terms, “Light Non-Key (LNK),” “Light Key (LK),”
“Heavy Key (HK),” and “Heavy Non-Key (HNK) ,” representing 4 components
of adjacent volatilities with the most volatile to least volatile in the order
LNK ! LK ! HK ! HNK.

• The feed entry point separates the column into a top rectifying section and a
bottom stripping section.

• LNK is the most volatile, and its concentration decreases down the column
(pink line).

• HNK is the least volatile, and its concentration increases down the column
(orange line).

• The intermediate species, such as HK and LK, experience maxima in their
concentrations, where this maxima occurs at the top section for the LK (green
line), and the bottom section for the HK (yellow line).

Feed

Top

Bo�om
x

Plate

LNK LK

HK
HNK

Stripping
sec�on

Rec�fying
sec�on

In this problem, we have component 2 as our LK, and component 3 as our
HK. Assuming 100 kmol of feed we have the following, where P and Q are amounts
of LK and HK in the bottoms and tops products, respectively:

Component 1 2 (LK) 3 (HK) 4 Involatiles Total/kmol

Mole
fraction

0.3 0.29 0.2 0.11 0.10 1

Feed/kmol 30 29 20 11 10 100

Tops/kmol 30 29 � P ¼ 28.76 Q ¼ 1.2 0 0 59 � P + Q ¼ 59.96

Bottoms/
kmol

0 P ¼ 0.24 20 � Q ¼ 18.8 11 10 41 + P � Q ¼ 40.04
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The required LK concentration in the bottoms product is

P

41þ P� Q
¼ 0:006

The required HK concentration in the tops product is

Q

59� Pþ Q
¼ 0:02

Solving the simultaneous equations, we have P ¼ 0.24 and Q ¼ 1.2.

(b) The mole fractions in the tops product is

Component 1
2
(LK)

3
(HK) 4 Involatiles

Total/
kmol

Mole fraction in tops, xtops 30/
59.96 ¼ 0.500

0.48 0.02 0 0 1

Mole fraction in bottoms,
xbottoms

0 0.006 0.469 0.275 0.25 1

Since we have a total condenser, xtops ¼ yT, where yT is the vapor mole
fraction exiting the top plate. To find out if the top plate temperature should be
25 �C, we need to verify if it coincides with the dew point temperature. For dew
point, the following condition holds. From the calculations in the table below, it
is shown that the dew point condition is fulfilled, hence the top plate temperature
is correctly set at 25 �C.

X
i

yT , i
Ki

¼ 1

Component 1 2 (LK) 3 (HK) 4 Involatiles

Mole fraction in tops, yT 0.500 0.48 0.02 0 0

K at 1 bar, 25 �C 2.3 0.70 0.2 – –
yT, i
Ki

0.5/2.3 ¼ 0.22 0.69 0.1 – –
P
i

yT, i
Ki

� 1

Similarly, for the reboiler, we need to check if the temperature of 89 �C is the
bubble point temperature for the liquid bottoms composition. For bubble point,
the following condition holds; therefore, the temperature of the reboiler is
correctly set at 89 �C.

X
i

Ki xi ¼ 1
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Component 1 2 (LK)
3
(HK) 4 Involatiles

Mole fraction in Bottoms,
xB

0 0.006 0.469 0.275 0.25

K at 1 bar, 89 �C – 3.7 1.65 0.76 –

Kixi – 3.7
(0.006) ¼ 0.022

0.77 0.21 –
P
i
Ki xi � 1

(c) The Fenske equation has the general form as follows for a binary mixture, where
N denotes the number of theoretical plates where the reboiler is considered a
plate, α is the relative volatility of the more volatile component to less volatile
component, and xD and xB are the mole fractions of the more volatile component
in the tops and bottoms product streams, respectively.

N ¼
log xD

1�xD

� �
1�xB
xB

� �h i
logα

When we have a multicomponent mixture, we can express the Fenske
equation in the form below, where the more volatile and less volatile components
are the LK and HK, respectively. When we have total reflux, N is the minimum,
i.e., Nm.

N ¼
log xLK

xHK

� �
D

xHK
xLK

� �
B

h i
logαavg

When α is not a constant across the height of column, a mean value can be
used whereby αavg is averaged across the height of column using
αavg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αLK�HK,Dð Þ αLK�HK,Bð Þp

.

αLK�HK ¼
yLK
xLK

� �
yHK
xHK

� � ¼ KLK

KHK

At the top of the column at 25 �C,

αLK�HK,D ¼ KLK

KHK






25�C

¼ 0:7
0:2

¼ 3:5

At the bottom of the column at 89 �C

αLK�HK,D ¼ KLK

KHK






89�C

¼ 3:7
1:65

¼ 2:24
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Therefore, the average relative volatility can be found as follows.

αavg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αLK�HK,Dð Þ αLK�HK,Bð Þ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3:5ð Þ 2:24ð Þ

p
¼ 2:8

Under total reflux, the minimum number of theoretical plates is 6, since the
value of Nm includes the partial reboiler as one of the stages.

Nm ¼
log

0:48
0:02

� �
0:469
0:006

� �� 	
log2:8

2:8Nm ¼ 0:48
0:02

� �
0:469
0:006

� �
¼ 1876

Nm ¼ log1876
log2:8

¼ 7:3 � 7

Problem 18

The Fenske’s equation is given as follows. αij is the relative volatility of compo-
nent i to component j.

Nm ¼

log

xi,D
x j,D

� �
xi,B
x j,B

� �
2
664

3
775

logαij

Consider a liquid feed at its bubble point into a distillation column with the
following composition.

Component 1 2 3 4 5 6

Mole fraction 0.14 0.11 0.22 0.28 0.06 0.19

Relative volatility αi4 3.21 2.20 1.83 1.00 0.612 0.399

(a) If we require the recovery of component 3 in the distillate to be 98.5% of its
amount in the feed and the recovery of component 4 in the bottoms stream
to be 97.5% of its amount in the feed, what is the minimum number of
equilibrium stages required to achieve these targets.

(b) Find the compositions of the distillate and bottoms streams assuming that
the light non-keys end up in the distillate stream only, and the heavy
non-keys end up in the bottoms stream only. Determine also, the distribu-
tion of the non-keys.

(c) Given Underwood’s equations as follows, determine the minimum reflux
ratio Rm and value of θ.
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X
i

αi xiF
αi 2 θ

¼ 12 q

X
i

αi xiD
αi 2 θ

¼ 1þRm

(d) If the actual reflux ratio R ¼ 1.2Rm, find N using an appropriate equation
from Gilliland’s correlation as shown below. Comment on other methods to
determine N using this correlation.

For R2Rm
Rþ1

� �
2 0; 0:01½ �,

N2Nm

Nþ1
¼ 1:02 18:57

R2Rm

Rþ1

� �

For R2Rm
Rþ1

� �
2 0:01; 0:9½ �,

N2Nm

Nþ1
¼ 0:54582 0:5914

R2Rm

Rþ1

� �
þ0:002743

R2Rm
Rþ1

� �

For R2Rm
Rþ1

� �
2 0:9; 1½ �,

N2Nm

Nþ1
¼ 0:16592 0:1659

R2Rm

Rþ1

� �

Solution 18

Worked Solution

(a) Let us assume that we have 100 kmol of feed for easy computation. Applying the
below principles, we are able to derive the values in bold in the table below.

• From the separation objectives, we can define component 3 as the Light Key
(LK) and component 4 as the Heavy Key (HK). The implication of this is that:

Distillate

– There will be none of components 5 and 6 (i.e., heavier than HK) in the
distillate stream.

– Components 1 and 2 (i.e., lighter than LK) will have no change in amount
from the feed.

Bottoms

– There will be none of components 1 and 2 (i.e., lighter than LK) in the
bottoms stream.
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– Components 5 and 6 (i.e., heavier than HK) will have no change in amount
from the feed.

• The requirement of x3,D ¼ 0.985 and x4,B ¼ 0.975 are used to compute ni in
the distillate and bottoms streams, respectively.

• Finally for the same component, we note that mass balance has to apply;
therefore ni,feed ¼ ni,D + ni,B.

Component i 1 2 3 (LK) 4 (HK) 5 6 Sum

Mole fraction
in feed, zi

0.14 0.11 0.22 0.28 0.06 0.19
P
i
zi¼1

Amount in
feed, ni,feed/
kmol

0.14(100)
¼ 14

11 22 28 6 19
P
i
ni, feed¼100

Relative vola-
tility, αi4

3.21 2.20 1.83 1.0 0.612 0.399

Amount in
distillate, ni,D/
kmol

14 11 0.985
(22)¼ 21.7

28 – 27.3 ¼
0.7

0 0
P
i
ni, D ffi 47:4

Amount in
bottoms, ni,B/
kmol

0 0 22 – 21.7
¼ 0.3

0.975(28) ¼
27.3

6 19
P
i
ni, B ffi 52:6

Mole frac-
tion in distil-
late, xi,D

14/47.4 ¼
0.30

0.23 0.46 0.015 0 0
P
i
xi, D ffi 1

Mole frac-
tion in bot-
toms, xi,B

0 0 0.3/52.6 ¼
4.0057

0.52 0.11 0.36
P
i
xi, B ffi 1

We are given the following Fenske’s equation, which we can apply to compo-
nents 3 and 4, i.e., the LK and HK.

Nm ¼

log

xi,D
x j,D

� �
xi,B
x j,B

� �
2
664

3
775

logαij
¼

log
x3,Dx4,B
x3,Bx4,D

� 	
logα34

We are told that recovery of component 3 in the distillate is 98.5% of its
amount in the feed.

0:985 ¼ Dx3,D
Fz3

ð1Þ

292 Separation Processes



1� 0:985 ¼ Fz3 � Dx3,D
Fz3

¼ Bx3,B
Fz3

ð2Þ

Equation (2) divided by Eq. (1) gives:

Dx3,D
Bx3,B

¼ 0:985
1� 0:985

ð3Þ

Similarly, we are told that the recovery of component 4 in the bottoms stream
is 97.5% of its amount in the feed.

0:975 ¼ Bx4,B
Fz4

1� 0:975 ¼ Fz4 � Bx4,B
Fz4

¼ Dx4,D
Fz4

Bx4,B
Dx4,D

¼ 0:975
1� 0:975

ð4Þ

The product of Eqs. (3) and (4) gives

Dx3,D
Bx3,B

� �
Bx4,B
Dx4,D

� �
¼ 0:985

1� 0:985

� �
0:975

1� 0:975

� �

Nm ¼
log x3,Dx4,B

x3,Bx4,D

h i
logα34

¼ log 0:985
1�0:985

� �
0:975

1�0:975

� �
 �
log1:83

Nm ¼ 12:99 � 13

Therefore, the minimum number of equilibrium stages required is 13.

(b) Before we solve this problem, let us revisit some related concepts in
multicomponent distillation of volatiles with non-keys.

Non-key profiles are characterized by long sections where mole fraction
x does not change much. Assume the case when we have an intermediate
non-key component between the LK (green line) and HK (yellow line) as
shown in the diagram below, its destination in the distillate or bottoms is
unimportant. In section AB near the bottom of column, separation is between
NK and HK, and the mole fraction of LK does not change much. In the
remaining section BC, both LK/NK and LK/HK separation occurs. The mole
fraction of NK can reach an appreciable value (purple line).
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In our problem, we have a heavy non-key (less volatile than HK) and a light
non-key (more volatile than LK). We can modify our Fenske equation, such that
β represents the recovery fraction of component i in the distillate relative to its
amount in the feed.

Nm ¼
log βi

1�βi

� �
0:975

1�0:975

� �h i
logαi4

¼ 12:99 ffi 13

βi ¼
Dxi,D
Fzi

¼ ni,D
ni, feed

αi4
13 ¼ βi

1� βi

� �
0:975

1� 0:975

� �
¼ βi

1� βi

� �
39ð Þ

βi ¼
αi413

39þ αi413

We can determine the values of bold, as shown in the table below. The
compositions of the distillate and bottoms streams, and the distribution of non-
keys are evaluated. It can also be verified that the light non-keys end up mainly
in the distillate and heavy non-keys end up mainly in the bottoms stream.

Component i 1 (LNK) 2 (LNK) 3 (LK) 4 (HK) 5 (HNK) 6 (HNK) Sum

Relative vola-
tility, αi4

3.21 2.20 1.83 1.0 0.612 0.399

βi 3.2113/(39
+3.2113) ¼
1.00

0.999 0.985 0.025 4.33E-05 1.67E-07

Amount in
feed, ni,feed/
kmol

14 11 22 28 6 19
P
i
ni, feed ¼ 100

(continued)
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Component i 1 (LNK) 2 (LNK) 3 (LK) 4 (HK) 5 (HNK) 6 (HNK) Sum

Amount in dis-
tillate, ni,D/
kmol

1.00(14) ¼
14.0

11.0 21.7 0.7 2.60E-04 3.17E-06
P
i
ni, D ffi 47:4

Amount in
bottoms, ni,B/
kmol

14 – 14.0 ¼
0.0

0.0 0.3 27.3 6.00 19.0
P
i
ni, B ffi 52:6

Mole fraction
in distillate,
xi,D

14.0/47.4¼
0.295

0.232 0.458 0.0148 5.49E-06 6.69E-08
P
i
xi, D ffi 1

Mole fraction
in bottoms,
xi,B

0.0/52.6 ¼
0

0.0 0.00570 0.519 0.114 0.361
P
i
xi, B ffi 1

(c) The Underwood’s equations can be obtained from the data booklet. They are
also provided in our problem as shown:

X
i

αi xiF
αi � θ

¼ 1� q

In distillation, q denotes the fraction of liquid phase in the feed. Conversely,
the fraction of vapor phase in the feed is 1� q. In our problem, we have a feed at
bubble point; therefore q ¼ 1.

X
i

αi xiF
αi � θ

¼ 0

α14x1,F
α14 � θ

þ α24x2,F
α24 � θ

þ α34x3,F
α34 � θ

þ α44x4,F
α44 � θ

þ α54x5,F
α54 � θ

þ α64x6,F
α64 � θ

¼ 0

3:21 0:14ð Þ
3:21�θ

þ2:20 0:11ð Þ
2:20�θ

þ1:83 0:22ð Þ
1:83�θ

þ1:0 0:28ð Þ
1:0�θ

þ0:612 0:06ð Þ
0:612�θ

þ0:399 0:19ð Þ
0:399�θ

¼ 0

θ ¼ 1:265

We can substitute this value of θ into the equation below to find Rm

X
i

αi xiD
αi � θ

¼ 1þ Rm

α14x1,D
α14 � θ

þ α24x2,D
α24 � θ

þ α34x3,D
α34 � θ

þ α44x4,D
α44 � θ

þ α54x5,D
α54 � θ

þ α64x6,D
α64 � θ

¼ 1þ Rm
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3:21 0:296ð Þ
3:21� 1:265

þ 2:20 0:232ð Þ
2:20� 1:265

þ 1:83 0:458ð Þ
1:83� 1:265

þ 1:0 0:0148ð Þ
1:0� 1:265

þ 0:612 5:52E � 6ð Þ
0:612� 1:265

þ 0:399 6:74E � 8ð Þ
0:399� 1:265

¼ 1þ Rm

Rm ¼ 1:459

(d) Gilliland established a method that empirically correlates the number of stages
N at a finite reflux ratio R to the minimum number of stages Nm (which occurs at
total reflux) and the minimum reflux ratio Rm (which occurs at infinite number of
stages). To develop this correlation, a series of empirical calculations were
made and a correlation was found between the function N�Nm

Nþ1 and R�Rm
Rþ1 . The

correlation can be presented in the form of equations as given in the problem,
and the equation to use depends on the value of R�Rm

Rþ1 .
We often use Gilliland’s correlation to find out the number of stages, N, using

values previously calculated from the Fenske and Underwood equations (i.e.,
Nm, R, and Rm). Note that the Gilliland correlation is empirical and useful for
rough estimates, but does not provide exact solutions.

We can determine the specific Gilliland correlation equation to use by
calculating the value as follows.

R� Rm

Rþ 1
¼ 1:2 1:459ð Þ � 1:459

1:2 1:459ð Þ þ 1
� 0:1061

Therefore we use the following equation to determine N.

N � Nm

N þ 1
¼ 0:5458� 0:5914

R� Rm

Rþ 1

� �
þ 0:002743

R�Rm
Rþ1

� �
Given that the actual reflux ratio R ¼ 1.2Rm, we compute the value of N as

follows

N � 12:99
N þ 1

¼ 0:5458� 0:5914 0:1061ð Þ þ 0:002743
0:1061

N � 28

The Gilliland correlation can also be presented in a plot where the value of
N can be read off as shown below.
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Problem 19

In multicomponent distillation comprising more than 3 components, it is often
required to use rigorous programming methods to perform rating calculations
that help determine specific compositions of distillate and bottom streams. This
is necessary for production plants to ensure that the distillation process meets
product specification requirements. These rigorous programming methods
require data inputs such as operating conditions (e.g., flow rates of inlet and
outlet streams) as well as initial estimates for key distillation parameters (e.g.,
number of stages, reflux ratio). The programming method then performs
subsequent iterations using this initial data set, to converge to specific output
values of product stream compositions.

Shortcut methods have been developed to find estimates for these data
inputs, and they include the combined use of the Fenske’s equation, Under-
wood’s equations, and Gilliland’s correlation.

(a) Discuss the use of the alternative form of the Fenske’s equation given below
for multicomponent distillation calculations, where Nm is the minimum
number of stages at total reflux, αij is the relative volatility of a certain
component i to another component j. (αij)geom avg is the geometric average
for αij and xiD and xiB refer to the mole fractions of component i in the
distillate and bottoms streams, respectively (same for component j). Com-
ment also on the choice of components i and j, as well as the use of a
geometric average for αij.

Nm ¼
ln

xiD=x jD

xiB=x jB

� 	
ln αij
� �

geom avg
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(b) A saturated liquid feed with a flow rate of 100 kmol/h and the following
composition enters a column operated at 1 atm. Using the Fenske’s equation
from part a, find the minimum number of stages to achieve a light key
composition in the bottom stream xiB¼ 0.01 and a heavy key composition in
the distillate stream xjD ¼ 0.015. You may assume that (αij)geom avg ¼ 2.4.

Component i j k

Feed mole fraction 0.4 0.3 0.3

Number of carbon atoms in molecule 6 7 8

(c) Underwood’s equations are useful in estimating the minimum reflux ratio
Rm for multicomponent distillations. Explain the terms used in Under-
wood’s First and Second equations shown below and state any assumptions
made when using these equations.

X
i

αizi
αi 2 θ

¼ 12 q ð1Þ

X
i

αi xiD
αi 2 θ

¼ 1þRm ð2Þ

(d) Using the distillation example in part b, and assuming that (αkj)geom avg¼ 0.3,
find the minimum reflux ratio Rm using Underwood’s equations.

(e) Following from the example in part b, if the operating reflux ratio is 1.2
times of the minimum Rm, explain how Gilliland’s empirical correlation in
the graphical form as shown below (taken from “Separation Process Prin-
ciples—Chemical and Biochemical Operations” by Seader, Henley and
Roper) can be used to estimate the total number of equilibrium stages N
needed for the separation example in part b.
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Solution 19

Worked Solution

(a) Shortcut methods have been developed to find estimates for the number of stages
N required for specified separation objectives. A common method is the com-
bined use of the Fenske equation, Underwood’s equations, and Gilliland’s
empirical correlation.

The Fenske equation is used in binary distillations to estimate the minimum
number of stages at total reflux. An alternative form of the equation was also
developed for multicomponent distillations to obtain estimates for the minimum
number of stages at total reflux Nm by defining a most volatile component as the
“Light Key (LK)” and a least volatile component as the “Heavy Key (HK)”.

Nm ¼
ln xiD=x jD

xiB=x jB

h i
ln αij
� �

geom avg

In the equation, the LK is component i and the HK is component j. The choice
of the LK and HK is usually done by identifying two components whose
compositions in the outlet streams are good indicators of the effectiveness of
the separation process, i.e., the separation achieves a good split between the two
keys. These two key components are typically adjacent in order of volatility. The
more volatile LK ends up mostly in the distillate stream, while the less volatile
HK ends up mostly in the bottom stream. Components lighter than the LK are
referred to as Light Light Keys (LLK) or Light Non-Keys (LNK), and end up
almost exclusively in the distillate stream. Components heavier than the HK (i.e.,
Heavy Heavy Keys (HHK), or Heavy Non-Keys (HNK)) end up almost exclu-
sively in the bottom stream.

αij ¼ Ki=K j

αij
� �

geom avg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αijDαijB

p

When we use the Fenske’s equation, we assume a constant value for αij.
However, we note that volatilities are not constant along the column since
temperature varies. Pressure also changes slightly along the column but this is
a minor variation unless the column operates under significant vacuum. The use
of a geometric average is an attempt to account for this temperature effect,
although not fully, by taking the average value for αij using αijD where temper-
ature Ttop occurs at the top end of the column (total condenser) and αijB where
temperature Tbottom occurs at the bottom end (partial reboiler) of the column.

For a known component, if we define a temperature and pressure, we can find
the corresponding Vapor–Liquid equilibrium constant K using diagrams such as
the DePriester Chart (for simple hydrocarbons).
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We can find Ttop (through a series of iterative guesses) such that the dew point
condition is met at the total condenser. We do so by first assuming a guess value
for Ttop. Using this initial guess and the known operating pressure P, we can find
K from a data chart. Then, using known values for the distillate composition yiD,
we check if the condition is met. If the condition is not met, we adjust our guess
value for Ttop until the condition is satisfied.

Dew Point condition at temperature Ttop and pressure P:

X
i

xiD ¼
X
i

yiD
KiD

¼ 1

Note that since the top end is almost pure in the lighter component, it is
reasonable to assume that temperature also remains fairly constant at Ttop.

This method provides us with the values of Ki and Kj for the light and heavy
keys, respectively, at the top of the column, which we can use to find (αij)top.

αij
� �

top ¼
Ki

K j






T top

Similarly at the bottom of the column, we can find Tbottom through a series of
iterations such that the bubble point condition is met at the partial reboiler.
Again, we first guess a value for Tbottom at the known operating pressure P to find
the corresponding K from a data chart. Using known values for the bottoms
composition xiB, we check if the bubble point condition is met. If the condition is
not met, we adjust our guess value for Tbottom until the condition is satisfied.

Bubble Point condition at temperature Tbottom and pressure P:

X
i

yiB ¼
X
i

KiB xiB ¼ 1

This gives us with the values of Ki and Kj for the light and heavy keys,
respectively, at the bottom of the column, which we can use to find (αij)bottom.

αij
� �

bottom ¼ Ki

K j






Tbottom

With these two values (αij)top and (αij)bottom, we can find a geometric average
for αij as an attempt to account for the temperature variation along the column.

αij
� �

geom avg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αijDαijB

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αij
� �

top αij
� �

bottom

q

300 Separation Processes



(b) We can illustrate our setup in the diagram below.

We note that the separation objectives are defined by components i and j.
From the table provided, we also note that component j is a larger carbon chain
than component i, so it is reasonable to identify component i as less volatile than
component j and define our light and heavy keys as i and j, respectively. It
follows that component k is the Heavy Non-Key. The LK component i will be
found mainly in the distillate while the HK component j will be found mainly in
the bottoms stream.

For ease of reference, let us denote the molar flow rate (in kmol/h) of LK
component i in the bottom stream as a, and the molar flow rate of HK component
j in the distillate as b.

We are told that xiB ¼ 0.01 and xjD ¼ 0.015. Since component k is a HNK, it
collects almost exclusively in the bottom stream and we can deduce that the
distillate stream comprises mainly of i and j; hence xiD ffi 1� 0.015¼ 0.985 and
xkD ffi 0.

We can tabulate the respective compositions and flow rates as shown:

Component i
(LK)

Component j
(HK)

Component
k (HNK)

Feed flowrate, F [kmol/h] Fi ¼ 0.4(100) ¼ 40 30 30

Bottom flowrate, B [kmol/h] a 30 � b 30

Distillate flowrate, D [kmol/h] 40 � a b 0

xB xiB ¼ a
aþ 30�bð Þþ30 ¼ 0:01 ? ?

xD xiD ¼ 40�a
40�að Þþb ¼ 0:985 x jD ¼ b

40�að Þþb ¼ 0:015 0
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We can solve for a and b, using the compositions xiD and xiB to form two
simultaneous equations for the two unknowns.

xiD ¼ 40� a

40� að Þ þ b
¼ 0:985 ð1Þ

xiB ¼ a

aþ 30� bð Þ þ 30
¼ 0:01 ð2Þ

From Eq. (1), we obtain an expression for a

0:6 ¼ 0:015aþ 0:985b

a ¼ 40� 65:667b ð3Þ

From Eq. (2), we have the following,

0:6 ¼ 0:99aþ 0:01b

Substituting Eq. (3) into the above result, we get

0:6 ¼ 0:99 40� 65:667bð Þ þ 0:01b

b ¼ 0:6

a ¼ 40� 65:667b ¼ 0:6

We can now use the values of a and b to find xjB and xkB. These values are
updated in the table below in bold.

Component i (LK) Component j (HK) Component k (HNK)

Feed flowrate,
F [kmol/h]

40 30 30

Bottom flowrate,
B [kmol/h]

a 30 � b 30

Distillate flowrate,
D [kmol/h]

40 � a b 0

xB xiB ¼ a
aþ 30�bð Þþ30 ¼ 0:01 x jB¼ 302 b

aþ 302 bð Þþ30¼0:49 xkB¼ 30
aþ 302 bð Þþ30¼0:5

xD xiD ¼ 40�a
40�að Þþb ¼ 0:985 x jD ¼ b

40�að Þþb ¼ 0:015 0

Therefore, we can find Nm as follows using values determined in the table
above. Note that the partial reboiler is also an equilibrium stage; therefore,
Nm ¼ 9.23 is equivalent to 1 partial reboiler and 8.23 (round up to 9) stages in
the column.
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Nm ¼
ln

xiD=x jD

xiB=x jB

� 	
ln αij
� �

geom avg

¼
ln

0:985=0:015
0:01=0:49

� 	
ln 2:4

Nm ¼ 9:23

(c) When reflux ratio is at its minimum for a binary distillation, we have a pinch
point at the feed location. For multicomponent distillations, pinches also occur,
but they are not necessarily at the feed location, and may appear in the rectifi-
cation (above the feed) and stripping (below the feed) sections of the column.

The key assumptions made in Underwood’s analysis include:

• Constant molar overflow (i.e., constant liquid and vapor molar flow rates in
the rectifying section and stripping section are constant (but need not be the
same flow rates in these two sections)).

• Constant relative volatility αi between pinch points. If the values of αi
significantly differ in the rectifying and stripping sections of the column,
you may use a geometric average as explained in part a.

• High recovery of keys (i.e., a sharp separation)
• No other components with α values close to that of the keys.

Underwood’s First and Second equations are given as shown:

X
i

αizi
αi � θ

¼ 1� q ð1Þ
X
i

αi xiD
αi � θ

¼ 1þ Rm ð2Þ

αi typically refers to the relative volatility of component iwith respect to the
component identified as the heavy key. zi is the feed composition for compo-
nent i. q describes the nature of the feed, whereby q ¼ 1 for a saturated liquid
feed (i.e., at bubble point) and q ¼ 0 for a saturated vapor feed (i.e., at dew
point). θ is an unknown parameter to be determined.

Note that mathematically, there are multiple solutions for θ to Eq. (1). We
solve Eq. (1) iteratively until we obtain the only valid solution, whereby θ lies
between the relative volatilities for the light and heavy keys as shown below.

αHK < θ < αLK

With θ value found from Eq. (1), we substitute into Eq. (2) to obtain Rm.

(d) We start with Underwood’s First equation as given below

X
i

αizi
αi � θ

¼ 1� q ð1Þ
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To use (1), we need to first find the relative volatilities for each component
with respect to the heavy key j. It is given that αij ¼ 2.4 and αkj ¼ 0.3. It is
straightforward to note that αjj ¼ 1. [Note that we are using the geometric
average for α, averaged between the top and bottom ends of the column to
account partially for the temperature variation of α along the column.]

From the problem statement, we know that zi¼ 0.4, zj¼ 0.3, and zk¼ 0.3. For
a saturated liquid feed, q ¼ 1.

X
i

αizi
αi � θ

¼ αijzi
αij � θ

þ α jjz j
α jj � θ

þ αkjzk
αkj � θ

¼ 1� q

2:4 0:4ð Þ
2:4� θ

þ 1 0:3ð Þ
1� θ

þ 0:3 0:3ð Þ
0:3� θ

¼ 1� 1 ¼ 0

0:96
θ � 2:4

þ 0:3
θ � 1

þ 0:09
θ � 0:3

¼ 0

0:96 θ � 1ð Þ θ � 0:3ð Þ þ 0:3 θ � 2:4ð Þ θ � 0:3ð Þ þ 0:09 θ � 2:4ð Þ θ � 1ð Þ
θ � 2:4ð Þ θ � 1ð Þ θ � 0:3ð Þ ¼ 0

0:96θ2�1:248θþ0:288
� �þ 0:3θ2�0:81θþ0:216

� �þ 0:09θ2�0:306θþ0:216
� �¼ 0

1:35θ2 � 2:364θ þ 0:72 ¼ 0

θ ¼
� �2:364ð Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2:364ð Þ2 � 4 1:35ð Þ 0:72ð Þ

q
2 1:35ð Þ ¼ 1:36 or 0:39

The valid root is 1.36 since it meets the following condition.

αHK < θ < αLK

α jj < θ < αij

1 < θ < 2:4

Using this value of θ ¼ 1.36, and the distillate compositions found in part b,
we substitute into Underwood’s Second Eq. (2)

X
i

αi xiD
αi � θ

¼ 1þ Rm ð2Þ

Rm ¼ �1þ αij xiD
αij � θ

þ α jjx jD

α jj � θ
þ αkjxkD
αkj � θ

Rm ¼ �1þ 2:4 0:985ð Þ
2:4� 1:36

þ 1 0:015ð Þ
1� 1:36

þ 0:3 0ð Þ
0:3� 1:36

Rm ¼ 1:23
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(e) Given that the operating reflux ratio R ¼ 1.2Rm ¼ 1.2(1.23)¼ 1.48, we can look
up Gilliland’s correlation chart by calculating the required value on the horizon-
tal axis as shown below

R� Rm

Rþ 1
¼ 1:48� 1:23

1:48þ 1
¼ 0:101

The corresponding value on the vertical axis can be read off Gilliland’s
correlation chart for R�Rm

Rþ1 ¼ 0:101

N � Nm

N þ 1
� 0:52

We obtained Nm ¼ 9.23 from Fenske’s equation in part b. Therefore we can
calculate N

N � 9:23
N þ 1

¼ 0:52

N ¼ 20:3 � 21

The total number of equilibrium stages required is 21, or 20 stages with
1 partial reboiler.

Problem 20

In distillation, we often use a q-line to find the locus of intersection of operating
lines for the rectifying and stripping sections.

y¼ q
q2 1

x2
zF

q2 1

Explain the q-line and show how the following equation is derived where q is
defined as the heat required to convert 1 mol of feed from its initial enthalpy to a
saturated vapor, divided by the molal latent heat. Comment on the usefulness of
this equation.

Solution 20

Worked Solution

The introduction of feed changes the slope of operating lines, by triggering a switch
between the stripping section (below feed and closer to bottoms) and the rectifying
section (above feed and closer to tops).

The diagram below shows the key vapor and liquid streams at the feed stage.
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The quantities of the liquid and vapor streams change when the feed is introduced
as it may consist of a liquid, vapor, or both. For example, if the feed is a saturated
liquid, the liquid stream will exceed its initial flow rate by the amount of added feed.
This can be shown in the following general mass balance equation.

F þ Lnþ1 þ Vn�1 ¼ Vn þ Ln

Vn�1 � Vn

F
¼ Ln � Lnþ1

F
� 1

The energy balance is also shown below.

FHF þ Lnþ1HL,nþ1 þ Vn�1HV ,n�1 ¼ VnHV ,n þ LnHL,n

The vapor and liquid inside the distillation column are saturated, and the molal
enthalpies of all the saturated vapors and liquid over one tray are almost equivalent
due to almost similar temperature and compositions. So we may assume that HL,n+1¼
HL,n ¼ HL and HV,n ¼ HV,n�1 ¼ HV and the equation simplifies to the following.

FHF þ Vn�1 � Vnð ÞHV ¼ Ln � Lnþ1ð ÞHL

We can combine this energy balance with the earlier mass balance equation.

HF þ Vn�1 � Vn

F

� �
HV ¼ Ln � Lnþ1

F

� �
HL

HF

HV
þ Ln � Lnþ1

F

� �
� 1 ¼ Ln � Lnþ1

F

� �
HL

HV

Ln � Lnþ1

F
¼

1� HF

HV

1� HL

HV

¼ HV � HF

HV � HL
¼ q ð1Þ

We can observe from the above that q is the amount of heat energy required to
convert 1 mole of feed from its initial enthalpy HF to the enthalpy of the saturated
vapor HV at stage n, divided by the molal latent heat (HV � HL).
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The feed can take on a range of different conditions, from being a subcooled
liquid, saturated liquid, partial liquid partial vapor, saturated vapor to a superheated
vapor. These different types of feed can be characterized by their respective q values.

Vn�1 � Vn ¼ F q� 1ð Þ ð2Þ

The mass balances around the top rectifying section (excluding feed) and bottom
stripping section (excluding feed) give:

yVn ¼ Lnþ1xþ DxD

yVn�1 þ BxB ¼ Lnx

Combining both equations give us

Vn�1 � Vnð Þy ¼ Ln � Lnþ1ð Þx� BxB þ DxDð Þ ð3Þ

An overall mass balance around the entire column is

FzF ¼ DxD þ BxB ð4Þ

Combining Eqs. (1), (2), (3), and (4), we can derive the given equation. Starting
with Eq. (1):

Ln � Lnþ1ð Þ ¼ Fq

Ln � Lnþ1ð Þx� BxB þ DxDð Þ ¼ Fqx� DxD � BxB

Substituting Eq. (3), we get

Vn�1 � Vn ¼ Fqx

y
� DxD

y
� BxB

y

Substituting Eqs. (2) and (4), we get

q� 1ð ÞF ¼ Fqx

y
� FzF

y

q� 1ð Þy ¼ qx� zF

y ¼ q

q� 1
x� zF

q� 1

One of the key features of this equation is the value of the slope q
q�1 which can

help us determine the state of the feed (e.g., saturated liquid or saturated vapor)
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State of feed q
q�1 q

Subcooled liquid >1.0 >1.0

Saturated liquid 1 1.0

Partial liquid partial vapor For F ¼ VF + LF,
q

q�1 ¼ LF
LF�F

0 < q < 1.0

Saturated vapor 0 0

Superheated vapor 0 < q
q�1 < 1:0 < 0

VLE curve Saturated
liquid

Saturated
vapor

Liquid+vapor

Subcooled
liquid

Superheated
vapor

y = x

Liquid mole
frac�on, x

Vapor mole
frac�on, y

zF

Problem 21

Reflux ratio is a common parameter encountered in distillation column design.
It is a ratio between the amount of reflux that goes back into the column to the
amount of reflux that is collected as distillate. Explain the terms minimum
reflux and maximum reflux.

Solution 21

Worked Solution

Consider a simple column shown in the diagram where the reflux ratio is defined as
follows.

R ¼ LT
D
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Condenser

Par�al
Reboiler

Vapor
VT, yi,V Dis�llate D, Xi,D

Feed
F, zi,F

Bo�oms B, xi,B

Reflux LT, xi,R

When there is total reflux, the reflux ratio R ¼ 1 and there is no distillate
collected in the receiver as all of the material is returned back into the column. In
order to achieve mass balance for the overall column, when there is no distillate
collected, we will also need to reboil all of the bottoms product. Total reflux also
means infinite reboiler heat and condenser cooling capacities.

At maximum or total reflux, VT ¼ LT. In terms of the McCabe–Thiele construc-
tion, the operating lines of both the rectifying and stripping sections of the column
coincide with the y ¼ x diagonal line. At this maximum reflux, the number of stages
is the minimum. Below is a sample diagram showing distillation at maximum reflux,
with the “steps” corresponding to the theoretical stages, for a hypothetical scenario
with defined mole fractions of the feed, distillate and bottoms.
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The operating lines move closer to the equilibrium curve as we decrease the reflux
ratio. Consequently, at the minimum reflux ratio, we arrive at the maximum number
of stages to achieve the desired separation. This also means minimum reboiler heat
and condenser cooling capacities. The operating lines for the top rectifying section
and bottom stripping section intersect with the feed line. The top operating line is
further constrained by the required distillate composition, while the bottom operat-
ing line is constrained by the bottoms composition. Below is an example with a
subcooled liquid feed, where we included operating lines at a minimum reflux ratio.

The minimum reflux ratio depends on the shape of the VLE curve, as its curvature
can constrain its value. An example is shown below for a saturated liquid feed, where
the slope of the top operating line cannot be any less steep, otherwise it will cross
over the VLE curve above the point marked with a cross which is not physically
possible.
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Problem 22

Consider a stripping column comprising countercurrent flows of water and
clean air. Volatile hydrocarbon compounds are removed from the water source
at 25 �C and 1 bar, with the purification objective to remove 99.95% of
compound 1. The compounds present and their K values (molar basis) at
25 �C and 1 bar are shown below.

Compound K Concentration (mass basis) in water [kg/m3] Molecular weight [kg/mol]

1 260 0.182 0.078

2 251 0.065 0.092

3 280 0.047 0.106

(a) Determine the volumetric ratio of flow rate of air to water if the air flow rate
is 3 times the minimum required to achieve the purification objective for
compound 1.

(b) List the assumptions that allow multicomponent absorption processes to be
modeled using the analytical Kremser–Souders–Brown procedure and the
key results of this analysis.
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(c) Assuming that our system is sufficiently dilute and may be modeled using
the Kremser–Souders–Brown equation for a stripping column as shown
below, find the number of plates required for an overall efficiency of 10%.
x�B denotes the hypothetical equilibrium value for liquid mole fraction at the
bottom of the column, L and G denote the liquid and gas molar flow rates,
respectively, and K values (molar basis) are as provided in the above.

xT 2 xB
xT 2 x�B

¼
1
A2

1
A

� �Nþ1

12 1
A

� �Nþ1 , where A ¼ L
GK

(d) Determine the concentrations (mass basis) of the compounds in the water at
its exit from the column.

Solution 22

Worked Solution

(a) We can illustrate our system as shown.

Water stream

Air stream

Vola�le compounds
stripped from water

As the clean air stream rises, it is increasingly enriched with the volatile
compounds from the water stream; hence, the driving force for compounds to
move into the air stream is largest at the bottom part of the column. Conversely,
at the top of the column, we can assume equilibrium between the vapor and
liquid streams.

We are given K values on a molar basis, which means that Ki ¼ yi/xi, where yi
and xi are the mole fractions of component i in the vapor phase and liquid phase,
respectively.
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We can first convert the mass concentration to molar concentration.

ρ1 ¼ 0:182
kg

m3 water

� 	
¼ 0:182

0:078
mol

m3 water

� 	
¼ 2:33

mol
m3 water

� 	

We know that ρwater ¼ 1000 kg/m3 and molecular weight is 0.018 kg/mol.
Therefore 1 m3 of water has an equivalent molar amount of
1000
0:018 ¼ 5:55
 104 mol. Therefore the mole fraction of compound 1 in water,
x1, is as follows.

x1 ¼ 2:33

5:55
 104
¼ 4:2
 10�5 ¼ x1,Top

x1 calculated above represents incoming compound 1 mole fraction at the top
of the column. Equilibrium is reached near the top, so the vapor mole fraction of
compound 1 at the top is,

y1,Top ¼ K1x1,Top ¼ 260 4:2
 10�5
� � ¼ 0:0109

We require the following to be true based on the purification objective for
compound 1, and also noting that incoming air at the bottom is clean.

x1,Bottom
x1,Top

¼ 1� 0:9995
1

¼ 0:0005

y1,Bottom ¼ 0

We can construct a mass balance for compound 1 around the stripping
column, where L and G are the molar flow rates for the liquid and gas streams,
respectively.

Lx1,Top þ Gy1,Bottom ¼ Lx1,Bottom þ Gy1,Top

x1,Top ¼ x1,Bottom þ G

L
0:0109ð Þ

G

L
¼ x1,Top � x1,Bottom

0:0109
¼ 4:2
 10�5
� �

1� 0:0005ð Þ
0:0109

¼ 3:85
 10�3 ¼ G

L






min

The value of G
L above is the minimum required to meet the purification

objective. It is stated that the operating G ¼ 3Gmin. Therefore the operating G
L

is as follows, on a molar basis.

G

L






molar

¼ 3 3:85
 10�3
� � ¼ 0:01155
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We can convert the molar ratio into a volumetric ratio as follows:

G

L






volume

¼ nair=ρm, air
nwater=ρm,water

¼ nair
nwater

ρm,water
ρm, air

� �
¼ G

L






molar

ρm,water
ρm, air

� �

We can find the molar density of air ρm, air [mol/m3] using the ideal gas law

ρm, air ¼
P

RT
¼ 105

8:314 298ð Þ ¼ 40:36 mol=m3

ρm,water ¼
ρwater

MWwater
¼ 1000

0:018
mol=m3

Therefore, putting our results together, we have the operating volumetric ratio
as follows:

G

L






volume

¼ 0:01155
1000
0:018

40:36

� �
¼ 15:9

(b) As a general overview, design calculations for multicomponent absorption
processes can be performed by the McCabe–Thiele method or the analytical
Kremser–Souders–Brown (KSB) procedure. In the KSB procedure, both the
equilibrium and operating lines are assumed straight. This can be extended to
multicomponent problems if the following are assumed:

• System is dilute—The total flow rates of the gas and liquid streams, G and L,
respectively, are constant over the column. Moreover, the partition of any
solute between the two phases is independent of the other solutes present.

• There is a constant temperature and pressure from plate to plate. This means
constant K values (linear equilibrium) throughout the column can be assumed
and no complications from variations of pressure and/or significant heats of
absorption.

In this case, a pseudo single-component calculation for each component can
be done for the mixture. It is common to focus on a particular component, called
the “key component” which is referenced to when separation objectives are
specified. For example, the key component has to achieve a specified minimum
level of removal from the liquid stream (absorbed into the gas phase) in a
stripping column.

Analysis for this key component, for example, component i, can be done
assuming it was a single component.

Operating Line from Mass Balance (purple outline): yn, i ¼ L
G xnþ1, i � yT , i
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Equilibrium Relationships (for all components): yn,i ¼ Kixn,i

The purpose of the KSB analysis is to arrive at the number of stages
N required to meet the purification objective. The key results of this analysis
are as follows where A ¼ L

GK:
For stripping column:

xT � xB
xT � x�B

¼
1
A � 1

A

� �Nþ1

1� 1
A

� �Nþ1

For rectifying column:

yB � yT
yB � y�T

¼ A� ANþ1

1� ANþ1

(c) Using component 1, we can first calculate the value of A,

A1 ¼ L

GK1
¼ 1

0:01155 260ð Þ ¼ 0:33

Note that x�B is the hypothetical equilibrium mole fraction at the bottom of the
column; however, in reality, equilibrium is not reached at the bottom for a
stripping column. This parameter is used in the KSB equation as a hypothetical
reference state.

We note that clean air enters the bottom, hence y1,B ¼ 0 and given that by
definition, K1,B ¼ y1,B/x1,B at equilibrium, x1,B ¼ 0 at equilibrium, and x�1,B ¼ 0.
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Substituting values into the KSB equation, we have

xT � xB
xT � x�B

¼
1
A � 1

A

� �Nþ1

1� 1
A

� �Nþ1

x1,T � x1,B
x1,T � 0

¼ 0:9995 ¼
1

0:33 � 1
0:33

� �Nþ1

1� 1
0:33

� �Nþ1

N ¼ 5:6

Given that the overall efficiency is 10%, the number of plates requiredwill be 56.

N ¼ 5:6
0:1

¼ 56

(d) Now that we have found the value of N, we can back-calculate the compositions
of the other compounds using the KSB equation.

For compound 1, the concentration (mass basis) is more straightforward as it
is defined by the purification objective.

ρ1 ¼ 1� 0:9995ð Þρ1, inlet ¼ 0:0005 0:182ð Þ ¼ 9:1
 10�5 kg=m3

We can calculate the A values for compounds 2 and 3,

A2 ¼ L

GK2
¼ 1

0:01155 251ð Þ ¼ 0:345

A3 ¼ L

GK3
¼ 1

0:01155 280ð Þ ¼ 0:309

Substituting into the KSB equation for compounds 2 and 3, we have

x2,T � x2,B
x2,T � 0

¼
1

0:345 � 1
0:345

� �5:6þ1

1� 1
0:345

� �5:6þ1 ¼ 0:99822

ρ2 ¼ 1� 0:99822ð Þρ2, inlet ¼ 1� 0:99822ð Þ0:065 ¼ 1:16
 10�4 kg=m3

x3,T � x3,B
x3,T � 0

¼
1

0:309 � 1
0:309

� �5:6þ1

1� 1
0:309

� �5:6þ1 ¼ 0:99898

ρ3 ¼ 1� 0:99898ð Þρ3, inlet ¼ 1� 0:99898ð Þ0:047 ¼ 4:80
 10�5 kg=m3
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Problem 23

(a) Derive the following operating line equation for an arbitrary stage n in an
absorption column with N number of stages in total (1 � n � N). Let L0 and
V0 denote the molar flow rates of solute-free liquid absorbent and vapor
streams, respectively. The mole fractions of solute to solute-free liquid
absorbent and vapor stream are denoted as x and y, respectively.

ynþ1¼ xn
L0

V0

� �
þy1 2 x0

L0

V0

� �

(b) Plot operating lines for the following 3 cases for L0. Also include in your plot
a sketch of the equilibrium curve and explain the relative positions of the
plots.

(i) L0 ¼ L0
min

(ii) L0
min<L0<1

(iii) L0 ¼1
(c) An air feed stream containing 1.8 vol% of impurity Z is to be scrubbed with

pure water in a column packed with ceramic rings at atmospheric condi-
tions. The absorption requirement is to achieve an outlet concentration of
solute Z, yout ¼ 0.0045. If the total vapor and liquid flow rates are
V ¼ 0.065 kmol/s and L ¼ 2.5 kmol/s, respectively, and the equilibrium
correlation between the vapor mole fraction (yeqm) and liquid mole fraction
(xeqm) for solute Z is as follows,

yeqm ¼ 42xeqm

• Using results from part a, show that the required liquid stream flow rate
L needs to be twice the value of L0

min for the desired separation in this
problem.

• State any assumptions made in your solution to this problem.

Solution 23

Worked Solution

(a) Let us perform a general mass balance around a section of an absorber that has a
total number of N stages as shown in the diagram below. The mass balance
denoted by dotted line starts from the top end of the tower (i.e., stage 1) and ends
at an arbitrary equilibrium stage n (where n < N ). The mass balance equation
gives us the operating line equation for absorption.
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n

1

N

xnyn+1

x0, L’ y1, V’

yN+1, V’ xN, L’

The mass balance equation can therefore be written as follows

x0L
0 þ ynþ1V

0 ¼ xnL
0 þ y1V

0

ynþ1 ¼ xn
L0

V 0

� �
þ y1 � x0

L0

V 0

� �

(b) Note that by convention, the subscript for mole fraction x (and similarly for y)
refers to the stage from which the stream leaves; therefore, the inlet feed (liquid)
mole fraction has a subscript 0 instead of 1 at the point on the graph that refers to
stage 1. This convention also explains why the point corresponding to stage N in
the graph has a vapor mole fraction of yN+1, where the subscript is N + 1 instead
of N.

For absorption, the operating line is drawn above the equilibrium curve since
for a specific solute concentration in the liquid absorbent stream, the solute
concentration in the vapor stream is always greater than the equilibrium value,
otherwise no absorption can take place. This difference in concentration between
the liquid and vapor streams creates a driving force for mass transfer.

The two extreme cases whereby the liquid absorbent flow rate L0 ¼ L0min and
1 set the limits of the straight line plot for this absorption. At L0min, there is
equilibrium between the vapor and liquid phases at stage N; hence, the line
touches the equilibrium curve at the bottom of the column (or top right of the
plot). This occurs when we have an infinite number of stages.

As L0 increases to a value L0min < L0 < 1, the gradient of the operating line
increases until it approaches a vertical line whereby L0 ¼ 1 (number of stages
required is zero).
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We note that as L0 increases, the required number of stages decreases. This
shows a trade-off between building a taller column (increased material cost) and
increasing L0 (increased energy cost). Only one of the two factors can be cost-
optimized at one time to achieve a desired separation.

(c) (i) At L0 ¼ L0min, we reach equilibrium between the liquid absorbent stream
leaving the bottom of the column (n ¼ N ) and the vapor feed stream entering
the bottom of the column. The corresponding solute concentrations in the liquid
stream at stage N and feed gas are therefore xN and yN+1. Note that it takes an
infinite number of stages to achieve this equilibrium.

An expression for L0min at stage N can be obtained from the operating line
equation derived in part a

yNþ1 ¼ xN
L0min

V 0

� �
þ y1 � x0

L0min

V 0

� �

L0min ¼
V 0 yNþ1 � y1
� �
xN � x0

We substitute the equilibrium condition at stage N, xN ¼ yN+1/KN to obtain

L0min ¼
V 0 yNþ1 � y1
� �
yNþ1
KN

� x0

Since the liquid absorbent entering the column is pure water and has not yet
absorbed any solute Z, x0 ¼ 0,

L0min ¼
V 0 yNþ1 � y1
� �

yNþ1
KN

¼ V 0 yNþ1 � y1
yNþ1

� �
KN ð1Þ
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We observe that the quantity in brackets, yNþ1�y1
yNþ1

, represents the fraction of

solute Z absorbed by the column. We can calculate this fraction from the values
given in the problem.We start with an inlet vapor feed containing air and 1.8 vol%
of solute Z. We can compute V0, i.e., the solute-free molar flow rate for the vapor
stream

V 0 ¼ V 1� 0:018ð Þ ¼ 0:065 1� 0:018ð Þ ¼ 0:064 kmol=s

The molar flow rate of solute Z at the inlet of the column is therefore

VZ, inlet ¼ V 0:018ð Þ ¼ 0:065 0:018ð Þ ¼ 0:0012 kmol=s

We know that the mole fraction of solute Z in the vapor stream exiting the
column, yout ¼ 0.0045. This means that the mole fraction of solute-free vapor in
the vapor stream at the outlet of the column is 1 � yout ¼ 0.9955.

The molar flow rate of solute Z at the outlet of the column is therefore

VZ, outlet

V 0 ¼ yout
1� yout

¼ 0:0045
0:9955

VZ, outlet ¼ 0:064
0:0045
0:9955

� �
¼ 0:00029 kmol=s

Since the liquid absorbent entering the column was pure water that is solute-
free, all of the solute Z that was removed from the vapor stream entered the liquid
stream. Hence the molar flow rate of Z in the liquid stream at the outlet of the
column, LZ,outlet, can be calculated as follows

LZ,outlet ¼ VZ,inlet � VZ,outlet ¼ 0:0012� 0:00029 ¼ 0:00091 kmol=s

Fraction of solute Z absorbed can also be found,

LZ,outlet
VZ,inlet

¼ 0:00091
0:0012

¼ 0:76 ¼ yNþ1 � y1
yNþ1

We now return to Eq. (1) to substitute the fraction of solute absorbed into the
expression. We note that KN ¼ 42 as given in the problem; therefore

L0min ¼ V 0 yNþ1 � y1
yNþ1

� �
KN ¼ 0:064 0:76ð Þ 42ð Þ ¼ 1:22

Finally we arrive at the required condition for the liquid flow rate in order to
achieve the absorption objective
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L

L0min

¼ 2:5
1:22

� 2

(ii) Assumptions and important points to note for absorption are as follows:

• Continuous and steady-state operation.
• Vapor–liquid phase equilibrium is assumed between the vapor and

liquid streams leaving each tray (in countercurrent directions in this
problem).

• Only solute Z is transferred from one phase to another, no other mass
transfers occur between the countercurrent streams.

• The values of L0 and V0 are assumed constant throughout the column.

– We assume no vaporization of liquid absorbent into the vapor
stream and no absorption of vapor from the vapor stream by the
liquid.

– The vapor feed mixture is dilute (in solute Z ) such that the mass
transfer of Z as a result of absorption from the vapor to liquid
stream does not alter the values of L0 and V0 significantly.

Problem 24

Absorption towers are often used in industrial plants to remove air pollutants
from gaseous process streams before the “cleaned” air is released into the
atmosphere. One example of such a pollutant is sulfur dioxide or SO2, which
is easily absorbed by water.

Consider the case where SO2 is to be removed from an air–SO2 mixture by
contacting a feed gas with pure water in a packed tower at 30 �C and 1 atm.
SO2-free water enters the tower at the top with a flow rate of 420 kg/h. The
liquid stream leaving the tower at the bottom contains 0.5 g SO2 per 100 g
water. As for the gas stream leaving the top of the tower, there is a partial
pressure of SO2 measuring 30 mmHg and a mole ratio of water to air (SO2-free)
equivalent to 20:1. You may assume that the system is dilute.

(a) Determine the percentage of SO2 in the feed gas that is absorbed by the
tower.

(b) Find the partial pressure of SO2 in the feed gas stream.

Solution 24

Worked Solution

(a) We know that the molecular weight of water is 18, so we can convert the mass
flow rate of the incoming liquid absorbent stream (i.e., pure water) at the top of
the tower to molar flow rate as follows
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Lw,top ¼ 420
18

¼ 23:3 kmol=h

We are also told that at the top of the tower, the mole ratio of water to air
(SO2-free) is 20:1. In this case, water refers to the liquid absorbent stream
entering the top, while air refers to the vapor stream exiting the top. Using this
information, we can calculate the molar flow rate of air (SO2-free) leaving the
tower at the top

V air,top ¼ Lw,top
20

¼ 1:165 kmol=h

We know that the tower is operating at 1 atm, which is equivalent to
760 mmHg. Since the partial pressure of SO2 in the vapor stream at the top,
ps, is 30 mmHg, the resulting partial pressure of air (SO2-free) in this vapor
stream, pair, can be found

ps,top ¼ 30 mmHg

pair,top ¼ 760� 30 ¼ 730 mmHg

The molar flow rate of SO2 in the vapor stream exiting the top is therefore

Vs,top ¼ Vair,top
ps,top
pair,top

 !
¼ 1:165

30
730

� �
¼ 0:0479 kmol=h

We know that the molecular weight of SO2 is 64 and the liquid stream leaving
the tower at the bottom contains 0.5 g SO2 per 100 g water. We also note that the
system is dilute such that the amount of SO2 absorbed into the liquid stream as
the liquid flows down the tower has no impact on the mass flow rate of the liquid
stream. Hence, the mass flow rate of water (i.e., 420 kg/h) entering the top of the
tower is the same as that leaving the bottom of the tower (although enriched with
SO2). We can compute the molar flow rate of SO2 in the effluent liquid stream at
the bottom

Ls,bottom ¼ 0:5 420
100

� �
64

¼ 0:0328 kmol=h

We can perform a simple mass balance around the tower for SO2 as illustrated
below. This gives us the molar flow rate of SO2 entering the tower in the feed gas
at the bottom.
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In� Out ¼ 0

Ls,top þ Vs,bottom � Ls,bottom � Vs,top ¼ 0

We know that the liquid absorbent stream is pure water that is free of SO2;
therefore Ls, top ¼ 0. Substituting values found from earlier, we get

Vs,bottom ¼ Ls,bottom þ Vs,top

Vs,bottom ¼ 0:0328þ 0:0479 ¼ 0:0807 kmol=h

The percentage of SO2 absorbed is therefore

Vs,top

Vs,bottom

 100% ¼ 0:0479

0:0807

 100% � 59%

(b) We note that air is just a carrier medium for the gaseous SO2 in the vapor stream
and is not affected by the absorption process; hence, the molar flow rate of air in
the vapor stream is constant throughout the tower

Vair,bottom ¼ V air,top ¼ 1:165 kmol=h

The partial pressure of SO2 in the vapor feed stream at the bottom is therefore

ps,bottom ¼ Vs,bottom

Vs,bottom þ V air,bottom
¼ 0:0807

0:0807þ 1:165
¼ 0:065 atm
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Problem 25

Consider a column packed with rings that is used to strip a solute Q from liquid
water using air (gas stream) as illustrated below. G and L denote gas and liquid
streams, and the mole fraction of soluteQ in the liquid stream entering the top is
given as xtop¼ 0.015. The required mole fraction ofQ in the outlet liquid stream
is x0 ¼ 0.0015. You may assume that the inlet gas stream is solute-free.

It is given that at vapor–liquid equilibrium for solute Q, the following
correlation between the mole fraction in the vapor (air) phase, y, and that in
the liquid (water) phase holds true

yeqm ¼ 8:2xeqm

The rate of mass transfer of solute Q is also assumed to be controlled by the
liquid side’s resistance such that the overall mass-transfer coefficient based on
the liquid phase, Kx, can be approximated as the liquid side coefficient, kL, as
shown below, where a denotes the interfacial area per unit volume.

Kxa�kLa

If the liquid stream enters at a flow rate per unit area of L¼ 6000 mol/(m2 h),
and the stripping column has a height l¼ 30 m and operates at 30 �C and 1 atm,

(a) Find the minimum flow rate of air, Gmin.
(b) Sketch a graph of y against x for solute Q for the scenario in part a. Include

in your plot, the equilibrium curve.
(c) If the operating flow rate of air G is 2.5 times that of Gmin, determine the

value of ytop. Plot the operating line for this scenario.
(d) Given the following expressions for the number of overall liquid phase

transfer units, NOL, and height of an overall transfer unit based on the
liquid phase, HOL, show that the value of kLa � 640 mol/(m3.h.Δx).

324 Separation Processes



NOL ¼
ðxbottom
xtop

dx
xeqm 2 x

HOL¼ L
Kxa

(e) A faulty valve was found to occur at a position measuring 10 m from the
base of the tower, causing gas leakage such that the gas flow rate in the
section of the column above the valve to be reduced to 50% of the value of G
(as found in part c). The gas flow rate in the bottom section of the column
remains unaffected. If the mole fraction of solute Q in the liquid stream
leaving the tower is found to increase to x0 ¼ 0.0018, determine the mole
fraction of Q in the gas stream at the position of the valve, yvalve position. Plot
the operating line for this faulty mode of operation. You may assume that
the faulty valve does not affect the liquid stream.

Solution 25

Worked Solution

(a) We will get the minimum flow rate of air if we set the condition whereby vapor–
liquid equilibrium for solute Q is just reached at the top of the column.

We can construct a mass balance for solute Q as shown in dotted line below
which cuts the column at an arbitrary position between the top and bottom of the
column. This method is useful in deriving an operating equation for the stripping
process in the column.

In� Out ¼ 0

Lxþ Gy0 � Gy� Lx0 ¼ 0
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We note that the inlet air is solute-free; this means y0 ¼ 0. Dividing by
G throughout, we get the operating line.

y ¼ L

G
x� x0ð Þ

At minimumG, equilibrium is just reached at the top of the tower. We are also
told that x0 ¼ 0.0015 and xtop ¼ 0.015. Using the equilibrium correlation
provided, and the operating line equation (specified at the top of the column)
found above, we have

ytop ¼ 8:2xtop ¼ 8:2 0:015ð Þ ¼ 0:123

ytop ¼
L

Gmin
xtop � x0
� �

L

Gmin
¼ ytop

xtop � x0
¼ 0:123

0:015� 0:0015
¼ 9:1

The problem states that the liquid stream enters at a rate (per unit area) of
6000mol/(m2.h); hence substituting L¼ 6000, we obtainGmin¼ 660mol/(m2.h).

Gmin ¼ 6000
9:1

� 660

(b) Part b examines the graphical significance of the results in part a. Note that when
equilibrium is reached at the top of the column, we may also refer to this point as
the “pinch point” where the operating line intersects the equilibrium curve.

Since L
Gmin

is equivalent to L
G




max

. The ratio L
G represents the gradient of the

operating line in the plot below. Hence the scenario in part a occurs when we
have a pinch point at the top of the column and when the operating line is the
steepest possible given the specified mole fractions at the top and bottom of the
column.
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(c) We found the value of Gmin in part a; therefore, we can compute the operating
flow rate of air

G ¼ 2:5
 Gmin ¼ 2:5
 660 ¼ 1650

Performing a mass balance around the entire column, we have

In� Out ¼ 0

Lxtop þ Gy0 � Gytop � Lx0 ¼ 0

Again, we note that the inlet air is solute-free; this means y0 ¼ 0. Dividing by
G throughout, we get

ytop ¼
L

G
xtop � x0
� � ¼ 6000

1650
0:015� 0:0015ð Þ ¼ 0:049

We can plot the operating line as shown below, where the driving force for
mass transfer is due to the difference between equilibrium and operating condi-
tions as shown in the red arrow.
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(d) We are given the following definition for NOL since solute Q is stripped from the
liquid phase (water) and is highly soluble in the air stream. The resistance to
mass transfer is expected to be in the liquid film.

NOL ¼
ðxbottom
xtop

dx

xeqm � x

In simplifying this integral, we can use the logarithmic mean (LM) average as
shown below, since the relationship is non-linear. Note that on the contrary,
arithmetic average is better used for linear correlations.

NOL ¼
ðxbottom
xtop

dx

xeqm � x
¼ xbottom � xtop

xeqm � x
� �

LM

¼ xbottom � xtop
xeqm � x
� �

bottom � xeqm � x
� �

top

ln
xeqm � x
� �

bottom

xeqm � x
� �

top

 !" #

To determine the value of NOL, we need to find xeqm at the top and bottom of
the column using the equilibrium relationship. We note that it is given in the
problem that y0 ¼ 0 and K ¼ 8.2, we also found the value of ytop in part c.

xeqm
� �

bottom ¼ ybottom
K

¼ y0
K

¼ 0
8:2

¼ 0

xeqm
� �

top ¼
ytop
K

¼ 0:049
8:2

¼ 0:006

Substituting these values back into the expression for NOL, and noting from
the problem that xbottom ¼ x0 ¼ 0.0015 and xtop ¼ 0.015, we have

NOL ¼ 0:0015� 0:015
0� 0:0015ð Þ � 0:006� 0:015ð Þ ln

0� 0:0015
0:006� 0:015

� �
¼ 3:2

Given that the packed column height is 30 m, we can determine HOL

HOL ¼ l

NOL
¼ 30

3:2
¼ 9:4

Using the expression for HOL provided in the problem, we can find kLa as
shown below

HOL ¼ L

Kxa
� L

kLa
¼ 6000

kLa
¼ 9:4
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kLa ¼ 640 mol= m3:h:Δx
� �

(e) We note from the following expression that the height of the column l is
proportional to NOL. The value of HOL is dependent on the properties of the
liquid stream, which is unaffected by the leaky valve and remains constant
throughout the column.

l ¼ HOLNOL

l / NOL

Since the valve is located 10 m from the base of the tower which has a total
height of 30 m, the value of NOL,bottom for the bottom section of the tower can be
determined.

NOL,bottom ¼ NOL

3
¼ 3:2

3
� 1:1

NOL,bottom ¼ xbottom � xvalve position

xeqm � x
� �

bottom � xeqm � x
� �

valve position

ln
xeqm � x
� �

bottom

xeqm � x
� �

valve position

 !" #

Equating the value of NOL,bottom, and noting that this time, xbottom ¼
x0 ¼ 0.0018, we have

1:1¼ 0:0018� xvalve position
xeqm�0:0018
� �

bottom� xeqm� x
� �

valve position

ln
xeqm�0:0018
� �

bottom

xeqm� x
� �

valve position

 !" #

ð1Þ

We can find the corresponding xeqm at the two ends of the bottom section of
the column using the equilibrium relationship. It is given that y0 ¼ 0 and
K ¼ 8.2; therefore Eq. (1) simplifies to the following

xeqm
� �

bottom ¼ ybottom
K

¼ y0
K

¼ 0
8:2

¼ 0

1:1 ¼ 0:0018� xvalve position

�0:0018� xeqm � x
� �

valve position

ln
�0:0018

xeqm � x
� �

valve position

 !" #
ð1Þ

Using the equilibrium relationship at the valve position, we can express
(xeqm)valve position in terms of yvalve position

xeqm
� �

valve position ¼
yvalve position

K
¼ yvalve position

8:2
ð2Þ
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We also obtained a general operating line equation from part a which we can
apply to the column section below the valve as shown. The gas stream flow rate
is only reduced in the top section of the column, so Gbottom ¼ G. This helps us to
express xvalve position in terms of yvalve position.

y ¼ L

G
x� x0ð Þ ! yvalve position ¼

L

Gbottom
xvalve position � 0:0018
� �

xvalve position ¼ Gbottom

L

� �
yvalve position þ 0:0018

xvalve position ¼ 1650
6000

� �
yvalve position þ 0:0018 ð3Þ

Substituting Eqs. (2) and (3) into Eq. (1), we obtain an equation that we can
solve for yvalve position

1:1 ¼
� 1650

6000

� �

� 1
8:2

þ 1650
6000

� � ln
�0:0018

yvalve position

8:2
� 1650

6000

� �
yvalve position � 0:0018

0
BB@

1
CCA

2
664

3
775

¼ �1:8 ln
�0:0018

�0:15yvalve position � 0:0018

 !" #

yvalve position ¼ 0:0101

Now we can plot the operating line for the faulty mode of operation. To do so,
we can analyze the top section (above the faulty valve) and bottom section
(below the valve) separately.

Above the valve, the gas flow rate is reduced by 50%. We can perform a mass
balance as follows following the control volume marked in dotted line.

0.5�, ����

0.5�, �

�, 	���

�, 	

Solute 


In� Out ¼ 0
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Lxtop þ 0:5Gð Þy� 0:5Gð Þytop � Lx ¼ 0

y ¼ L

0:5G
x� xtop
� �þ ytop

y ¼ 6000
0:5
 1650

x� xtop
� �þ ytop ¼ 7:3 x� xtop

� �þ ytop

The above equation can be referred to as the Upper Operating Line (UOL),
and it is a straight line with a gradient (or slope) of 7.3.

Next, we move on to the section below the valve, to find a similar equation for
the Lower Operating Line (LOL). Below the valve, the gas flow rate is not
affected. We perform a mass balance as marked in dotted line.

In� Out ¼ 0

Lxþ Gy0 � Gy� Lx0 ¼ 0

It is given that y0 ¼ 0 and x0 ¼ 0.0018; therefore the equation simplifies to

y ¼ L

G
x� x0ð Þ

y ¼ 6000
1650

x� 0:0018ð Þ ¼ 3:6 x� 0:0018ð Þ

The above equation describes the LOL, and it is a straight line with a gradient
(or slope) of 3.6.

We observe that the slope of the UOL is steeper than that of the LOL. We
also note key points in the plot, i.e., the mole fractions at the bottom end of
the column (x0 ¼ 0.0018 and y0 ¼ 0) and the intersection point between the
two operating lines where the faulty valve is located has a value for y of
yvalve position ¼ 0.0101 as found earlier.

Separation Processes 331



Problem 26

A stream of polluted water is processed in a stripping column with the aim of
removing a volatile organic compound A from the liquid water stream via
contact with an air stream at 298 K and pressure of 1.8 bar. The inlet mole
fraction of solute A in the liquid stream is 15 ppm by weight, while the required
outlet mole fraction of A is 0.003 ppm. As for the air stream, it is assumed to
enter the column solute-free. The volumetric mass-transfer coefficients for the
liquid and gaseous phases for solute A are given as kLa ¼ 0.061 s�1 and
kGa ¼ 0.84 s�1, respectively. The equilibrium constant K of solute A is also
given as K ¼ 149.

(a) Discuss the use of a volumetric mass-transfer coefficient and explain what a
means.

(b) Using an appropriate diagram, discuss the two-film mass transfer theory for
the stripping column and explain how the following equation comes about,
where r refers to the rate of mass transfer of solute A across the liquid and
vapor phases. State any assumptions clearly.

r¼ kGaCG yb 2 yið Þ¼ kLaCL xi 2 xbð Þ¼KGaCG yb 2 y�ð Þ

(c) Determine the value of KGa with units clearly indicated, if we base it on a

(i) Concentration driving force
(ii) Partial pressure driving force

Solution 26

Worked Solution

(a) Volumetric mass-transfer coefficients of the form kLa for the liquid phase and
kGa for the vapor phase are useful for packed bed operations such as in a packed
column. This is because the surface area for mass transfer in a packed bed is
difficult to measure easily and hence determine accurately. Therefore it is
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convenient to adopt volumetric mass-transfer coefficients which use a volume
(rather than area) basis. The additional parameter a which is defined as the mass
transfer area per unit volume of packed bed helps to convert from an area basis to
a volume basis.

(b) Upon examination of the expression, we notice that it essentially equates the rate
of mass transfer of solute A in the liquid phase (as denoted by subscript “L”) and
the gas phase (as denoted by subscript “G”).

This equation originates from Fick’s law of diffusion, which helps explain
mass transfer phenomena that are largely caused by Brownian motion of mole-
cules. In this case, the mass transfer rate is determined by a chemical potential
difference, which is translated into either a concentration or pressure gradient.
This gradient drives the movement of molecules from an area of higher concen-
tration to lower concentration. [Note that diffusion is opposed to bulk motion of
fluids which can work against a concentration or pressure gradient due to
convective effects.]

In this example of a stripping column, we have a gas (air) phase and a liquid
(water) phase. Under the two-film theory, we assume there is a gas film and a
liquid film on both sides of the gas–liquid interface. It is also assumed that the
bulk liquid and bulk gas are perfectly mixed. Under steady-state conditions and
assuming no chemical reactions occur, the rate of mass transfer in gas film equals
that in the liquid film. This system is illustrated in the diagram below.

Using Fick's law, we arrive at the equation given:

r ¼ kGaCG yb � yið Þ ¼ kLaCL xi � xbð Þ

In the expression above, CG and CL are the total gas and liquid phase
concentrations, respectively. r can be expressed in terms of the mole fraction
driving force in either the liquid or gas phase, whereby the partial pressure
driving force is used if the basis was the gas phase (note that CG is related to
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pressure via the ideal gas law where CG ¼ P/RT), while the concentration
driving force is used if the basis was the liquid phase.

The rate expression can be re-expressed in terms of an overall mass transfer
coefficient KG which is defined in terms of an overall driving force. The reason
for this is because solute compositions at the interface between the gas and liquid
films are, in practice, difficult to determine. So we refer to an overall driving
force, and we make use of the equilibrium constant K for the solute to create an
“imaginary” mole fraction, y� in this case, which is the gas phase mole fraction
of A in equilibrium with the mole fraction of A in the bulk liquid, xb. The two
mole fractions are related in terms of y� ¼ Kxb. In addition to using an overall
mass transfer coefficient, we note that the controlling resistance to mass transfer
is in the gas film (and not the liquid film); hence KG instead of KL is used.

r ¼ KGaCG yb � y�ð Þ

We can annotate the two-film theory diagram with mole fractions and con-
centrations for a stripping column example as shown below:

(c) (i) We are given the rate equation and phase equilibrium relationship as follows.
We further note that we can express the mole fractions at the interface using the
equilibrium constant K; therefore, we have a system of simultaneous equations
as follows. Note that the rate equation in (1) is such that the overall volumetric
mass transfer coefficient, KGa, is based on a concentration driving force.

r ¼ KGaCG yb � y�ð Þ ð1Þ
y� ¼ Kxb ð2Þ
yi ¼ Kxi ð3Þ
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Our objective is to determine KGa so we can substitute Eqs. (2) and (3) into
Eq. (1) in a way that helps simplify the expression and single out this parameter
such that it can be solved using known values provided. One useful trick is to
create the useful pairs of (yb� yi) and (y

� � yi) which are quantities relative to the
interface mole fraction yi.

1
KGaCG

¼ yb � y�

r
¼ yb � yið Þ � y� � yið Þ

r

¼ yb � yi
r

þ yi � y�

r

¼ yb � yi
r

þ K xi � xbð Þ
r

We can now substitute the other expressions for mass transfer rate
r ¼ kGaCG(yb � yi) ¼ kLaCL(xi � xb) into the equation above. This substitution
is useful since we are given values for the liquid and gas phase mass transfer
coefficients; hence, we should try to incorporate these parameters into the
expression.

yb � yi
r

þ K xi � xbð Þ
r

¼ 1
kGaCG

þ K

kLaCL
¼ 1

KGaCG

1
KGa

¼ 1
kGa

þ KCG

kLaCL

Total gas concentration CG can be determined using the ideal gas law as
follows

CG ¼ P

RT
¼ 180; 000

8:314
 298
¼ 72:7 mol=m3

Total gas concentration CL can be determined using the known properties of
liquid water, which are the density ρL and molecular weight ML.

CL ¼ ρL
ML

¼ 1; 000; 000
18

¼ 5:56
 104 mol=m3

Finally we can put together all known parameters and solve for KGa for a
concentration driving force.

KGa ¼ 1
1

kGa
þ KCG

kLaCL

¼ 1
1

0:84
þ 149 72:7ð Þ
0:061 5:56
 104

� � ¼ 0:23 s�1
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(ii) For a partial pressure driving force, we have included the expression on
the right with subscript “p” in the term KGjp to indicate this, and the use of total
pressure P instead of total concentration CG

r ¼ KGaCG yb � y�ð Þ ¼ KGjpaP yb � y�ð Þ

KGjpa ¼ KGa
CG

P

We can express CG in terms of pressure using the ideal gas law.

CG ¼ P

RT

Substituting the expression for CG into the mass transfer rate equation, and
using our earlier result for KGa from part c(i), we obtain the overall volumetric
mass transfer coefficient based on a partial pressure driving force as follows.

KGjpa ¼ KGa
CG

P
¼ KGa

RT
¼ 0:23

8:314
 10�3 
 298
¼ 0:093 mol= kPa:m3:s

� �

Problem 27

Show that for a binary gas mixture containing components A and B, the if the
permeate side pressure is assumed to be small relative to feed side pressure, the
mole fraction of component A on the permeate side, yA may be expressed as
follows, where xA denotes the mole fraction of component A on the feed side, and
α represents selectivity ratio for membrane coefficients where α ¼ Km,A/Km,B.
Describe any assumptions made in the analysis.

yA¼
αxA

1þ α2 1ð ÞxA

Solution 27

Worked Solution

Before we solve this problem, let us revisit some basic concepts.
The general equation for flux of component i across a membrane from feed side

to permeate side is as follows, where Cf,i and Cp,i are the feed side and permeate
side concentrations, respectively. In gas systems, we typically use partial pressures
or mole fractions in place of concentration:

N 00
i ¼ Ki C f ,i � Cp, i

� �
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In gas separation, Ki may be approximated to the membrane coefficient Km,i as it
dominates over mass transfer effects on Ki, and it is further assumed that Km,i

(different for different components) is based on partial pressures.
Let us now consider the following diagram for a general binary mixture

containing components A and B. pf,A and pf,B are the partial pressures of A and
B on the feed side. pp,A and pp,B are the partial pressures of A and B on the permeate
side. Pf and Pp are the total pressures on the feed and permeate sides, respectively.

Feed

Permeate
Membrane

pf,A, pf,B Pf

pp,A, pp,B Pp

xA

yA

In general, analysis can be done as follows for component A:

N 00
A ¼ Km,A pf ,A � pp,A

� �
N 00

A ¼ Km,A Pf xA � PpyA
� �

Similarly, for component B:

N 00
B ¼ Km,B pf ,B � pp,B

� �
N 00

B ¼ Km,B Pf 1� xAð Þ � Pp 1� yAð Þ� �
Let the pressure ratio be β ¼ Pp/Pf where 0 < β < 1, and selectivity ratio is defined

as α ¼ Km,A/Km,B.
Substituting β into the equation, we have

N 00
A ¼ Km,APf xA � βyAð Þ

N 00
B ¼ Km,BPf 1� xAð Þ � β 1� yAð Þð Þ

The amount of component A on the permeate side can be expressed as

yA ¼ N 00
A

N 00
A þ N 00

B

¼ Km,APf xA � βyAð Þ
Km,APf xA � βyAð Þ þ Km,BPf 1� xAð Þ � β 1� yAð Þð Þ

Substituting α into the equation, we have the following quadratic equation in yA.

yA ¼ xA � βyA
xA � βyAð Þ þ 1=αð Þ 1� xAð Þ � β 1� yAð Þð Þ
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One useful simplification is to consider when β ! 0, then the equation can be
approximated to

yA ¼ αxA
1þ α� 1ð ÞxA

Problem 28

An industrial gas stream containing 55% by volume of hydrogen, 40% of
propane, 5% ethane needs to be separated into a pure hydrogen product stream
and the remaining hydrocarbon stream using a membrane separation process.
The membrane selectivity for hydrogen-propane is 120. The feed is at a pres-
sure of 28 bar and the gas may be assumed as a pseudo-binary mixture.

(a) Determine the mole fraction of hydrogen in the permeate at the inlet if the
permeate pressure is 2 bar, 7 bar, and 15 bar.

(b) Find the permeate pressure necessary to have an initial permeate concen-
tration of 97% hydrogen.

(c) If the permeate pressure is 2 bar, and the gas mixture leaves the unit with a
hydrogen concentration of 3% by volume, use the arithmetic average
(across length of separator from inlet to outlet) of permeate mole fraction
to determine the recovery R of permeate and the fraction of hydrogen
recovered in the permeate. R is defined as follows whereby Qp is the
volumetric flow rate of permeate (across membrane) and Qin is the volu-
metric flow rate of feed into the separator at the inlet (parallel to
membrane).

R ¼ Qp

Qin

(d) Using a logarithmic mean average for the volume fluxes at the two ends
of the separation unit, find the surface area of membrane necessary to
achieve the required purification, if the permeability of hydrogen is
4.5 
 10�5 Nm3/m2.s.bar and the feed flow rate is 0.15 Norm3/s.

Solution 28

Worked Solution

(a) Let us illustrate our system as shown below.

Feed

Permeate
Membrane

pf,H, pf,P, pf,E Pf = 28bar

pp,H, pp,P, pp,E Pp

xH

yH
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Assuming ideal gas behavior, the volume ratio is equivalent to molar ratio for
a constant temperature and pressure. PV ¼ nRT ! V�n. We have in this
problem xH ¼ 0.55, xP ¼ 0.40, and xE ¼ 0.05. We can construct the volume
flux equations for propane and hydrogen, assuming that we have a pseudo binary
mixture of hydrogen and the main other component propane. Therefore,
xP � 1 � xH and yP � 1 � yH.

N 00
H ¼ Km,H pf ,H � pp,H

� �
N 00

H ¼ Km,H Pf xH � PpyH
� �

N 00
P ¼ Km,P pf ,P � pp,P

� �
N 00

P ¼ Km,P Pf 1� xHð Þ � Pp 1� yHð Þ� �
Let the pressure ratio be Pp/Pf, where Pf ¼ 28 bar and selectivity ratio

α ¼ Km,H
Km,P

¼ 120. Substituting β into the equation, we have

N 00
H ¼ Km,HPf xH � βyHð Þ

N 00
P ¼ Km,PPf 1� xHð Þ � β 1� yHð Þð Þ

The amount of hydrogen on the permeate side can be expressed as

yH ¼ N 00
H

N 00
H þ N 00

P

¼ Km,HPf xH � βyHð Þ
Km,HPf xH � βyHð Þ þ Km,PP f 1� xHð Þ � β 1� yHð Þð Þ

Substituting selectivity ratio α ¼ Km,H
Km,P

¼ 120 into the equation, we have the

following quadratic equation in yH.

yH ¼ xH � βyH
xH � βyHð Þ þ 1=120ð Þ 1� xHð Þ � β 1� yHð Þð Þ

yH ¼ 120 xH � βyHð Þ
120 xH � βyHð Þ þ 1� xHð Þ � β 1� yHð Þ

We have the following permeate pressures, Pp ¼ 2 bar, 7 bar, and 15 bar, to
determine the corresponding yH values. This means β ¼ 2

28,
7
28, and

15
28.
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yH ¼ 0:992, when β ¼ 2
28

¼ 0:0714

yH ¼ 0:988, when β ¼ 7
28

¼ 0:250

yH ¼ 0:935, when β ¼ 15
28

¼ 0:536

(b) Now we need to find Pp to have an initial permeate concentration of 97%
hydrogen, yH ¼ 0.97. We can substitute this back into the earlier quadratic
equation in yH and solve for β.

0:97 ¼ 120 0:55� 0:97βð Þ
120 0:55� 0:97βð Þ þ 1� 0:55ð Þ � β 1� 0:97ð Þ

β ¼ 0:44

Pp ¼ 28ð Þβ ¼ 12:4 bar

(c)

Feed

Membrane

Pf = 28bar

Pp = 2bar

dQP

–

xH

Permeate

Qin, xH,in Qout, xH,out

QPyH

Note that the mole fractions of the gas mixture components vary along the
length of membrane from inlet to outlet, therefore we can use an average such as
the arithmetic or logarithmic mean average to approximate the permeate side
mole fraction.

In this problem, we have xH,in ¼ 0.55 and xH,out ¼ 0.03.

β ¼ Pp

Pf
¼ 2

28
¼ 0:0714

yH, in ¼
120 0:55� 0:0714yH, in
� �

120 0:55� 0:0714yH,in
� �þ 1� 0:55ð Þ � 0:0714 1� yH,in

� �
yH, in ¼ 0:992

yH,out ¼
120 0:03� 0:0714yH, out
� �

120 0:03� 0:0714yH,out
� �þ 1� 0:03ð Þ � 0:0714 1� yH,out

� �
yH,out ¼ 0:359
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�yH ¼ 1
2

0:992þ 0:359ð Þ ¼ 0:676

In order to relate to recovery R, we can construct a mass balance using
volumetric flow rates

Qp�yH þ QoutxH,out ¼ Qin xH,in

Qp

Qin

� �
�yH þ Qout

Qin

� �
xH, out ¼ xH,in

Since Qout ¼ Qin � Qp and R ¼ Qp

Qin
, therefore,

R�yH þ 1� Rð ÞxH,out ¼ xH,in

R ¼ xH,in � xH,out
�yH � xH,out

¼ 0:55� 0:03
0:676� 0:03

¼ 0:806

The fraction of hydrogen recovered in the permeate is

Qp�yH
Qin xH, in

¼ 0:806
0:676
0:55

� �
¼ 0:945

(d) Note that permeability Km,H is expressed in units of Nm3/m2. s. bar whereby
Nm3 refers to volume measured at normal conditions of 1 bar and 25 �C.

N 00
H, in ¼ Km,HP f xH,in � βyH,in

� � ¼ 4:5
 10�5
� �

28ð Þ 0:55� 0:0714ð Þ0:992ð Þ
N 00

H,in ¼ 6:04
 10�4 Nm3=m2:s

N 00
H,out ¼ Km,HP f xH,out � βyH,out

� � ¼ 4:5
 10�5
� �

28ð Þ 0:03� 0:0714ð Þ0:359ð Þ
N 00

H,out ¼ 5:50
 10�6 Nm3=m2:s

Note that typically if
N 00

H, in
N 00

H,out
	 2, we can use a logarithmic mean to find an

appropriate average. The logarithmic mean volume flux is calculated as follows:

�N 00
H ¼ N 00

H,in � N 00
H,out

ln
N 00

H,in

N 00
H,out

 ! ¼ 6:04
 10�4 � 5:50
 10�6

ln
6:04
 10�4

5:50
 10�6

� � ¼ 1:27
 10�4 Nm3=m2:s

The area of membrane A required is as follows, where
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�N 00
H ¼ Qp

A
�yH ¼ RQin

A
�yH

1:27
 10�4 ¼ 0:806 0:15ð Þ
A

0:676

A ¼ 643:5 m2

Problem 29

An air separation unit is used to process a binary feed containing components A
and B, with 25% by volume of component A. The membrane has a selectivity

ratio given by α ¼ Km,A
Km,B

¼ 4:6 and the permeability of component A, Km,A ¼
1.6 
 10�5 Nm3/m2.s.bar. The unit operates in a cocurrent flow mode, and the
retentate contains 97.5% by volume of component B.

(a) Determine the permeate composition and the fraction of feed obtained as
permeate if the pressure at feed side is 13 bar and the pressure at permeate
side is 1 bar.

(b) Find the area of the membrane needed to treat a feed of 1.4 Nm3/s using
numerical integration with step size of 0.025 (you may use a spreadsheet).

You may use the following expression for local value of permeate mole
fraction yi without derivation, where β is the ratio of permeate side pressure
to feed side pressure:

yi ¼
xi 2 βyi

xi 2 βyiþ 1=αð Þ 12 xið Þ2 β 12 yið Þ½ �

Solution 29

Worked Solution

(a) Let us illustrate our system as shown below.

Membrane

Pf = 13bar

Pp = 1bar

dQP

–

xA

Feed
QF, xi,F

Retentate
QR, xi,R

QP, xi,P
Permeate

yA

Let us establish some known values from the problem statement. α and β are
assumed constant along the length of the membrane.
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α ¼ Km,A

Km,B
¼ 4:6

β ¼ Pp

P f
¼ 1

13
¼ 0:0769

We assume ideal gas at constant P and T; therefore, volume fraction is the
same as mole fraction.

xA,R ¼ 1� 0:975 ¼ 0:025, xA,F ¼ 0:25

We can find the local values of yA using the expression given:

yA,F ¼ xA,F � βyA,F
xA,F � βyA,F þ 1=αð Þ 1� xA,Fð Þ � β 1� yA,F

� �
 �
yA,F ¼ 0:5695

yA,R ¼ xA,R � βyA,R
xA,R � βyA,R þ 1=αð Þ 1� xA,Rð Þ � β 1� yA,R

� �
 �
yA,R ¼ 0:08562

(b) To find the area of membrane required using manual numerical integration, we
can tabulate data on a spreadsheet. To help us get there, let us establish some
principles:

• Interval size is given as 0.025. Therefore ΔxA ¼ 0.025 as we step along the
membrane from inlet (first row of table) to outlet (last row of table).

• We can find the corresponding local yA for each specified local xA using the
equation provided

yA ¼ xA � βyA
xA � βyA þ 1=αð Þ 1� xAð Þ � β 1� yAð Þ½ �

• We can perform a mass balance to find differential expression to find
recovery R.

Membrane


|	, 	� 
|	 + �	, 	� + �	�

�
�, ��
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Qjx
� �

xA � Qjxþdx

� �
xA þ dxAð Þ � dQp

� �
yA ¼ 0

Qjx
� �

xA � Qjx þ dQ
� �

xA þ dxAð Þ � dQp

� �
yA ¼ 0

QF 1� Rð Þ½ �xA � QF 1� Rð Þ � QFdRð Þ xA þ dxAð Þ � QFdRð ÞyA ¼ 0

1� Rð ÞxA � 1� R� dRð Þ xA þ dxAð Þ � yAdR ¼ 0

Ignoring higher order terms (i.e., dRdxA) due to their small value, we have

1� Rð ÞdxA � xAdRþ yAdR ¼ 0

dR

1� R
¼ dxA

xA � yA

� ln 1� R xð Þð Þ ¼
ð x
xA,F

dxA
xA � yA

The above continuous integral can be discretized into the following form
for an interval with interval end points from 1 to 2 (see diagram below).

� ln 1� R xAj2
� �� � ¼ X

intervals

ΔxA
�xA � �yA

¼
X

intervals

xAj2 � xAj1
xAj1þxAj2

2

� �
� yAj1þyAj2

2

� �

Membrane

1 2

• From a differential element mass balance, we can deduce that differential
volume flux isd N 00

AA
� � ¼ yAdQp, where yA andN

00
A are both local values. For a

constant membrane coefficient and constant feed side and permeate side
pressures, N 00

A is constant along the membrane length. Therefore the equation
may be expressed as

N 00
AdA ¼ yAdQp ! �N 00

AdA ¼ �yAdQp

In a manual numerical integration using defined step sizes, we will approx-
imate the local values yA and N 00

A using mean values over the interval. It
therefore follows that the smaller the step, the closer we get to the local value.

A ¼
ðoutlet
inlet

dA ¼
ðoutlet
inlet

yA
N 00

A

dQp
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The above continuous integral can be discretized into the following form:

Xoutlet

inlet
ΔA ¼

Xoutlet

inlet

�yA
�N 00
A

ΔQp

We know further that we can define recovery as R ¼ Qp/QF. Therefore
dQp ¼ QFdR. Therefore we can express dA in terms of dR:

dA ¼ yA
N 00

A

dQp ¼
QFyA
N 00

A

dR ! QF�yA
�N

00
AΔR

A ¼
ðoutlet
inlet

QFyA
N 00

A

dR

Again, the above continuous integral can be discretized into the following
form:

A ¼
Xoutlet

inlet

QF�yA
�N 00
A

ΔR

• We can find the mean volume flux over the interval, �N 00
A. Considering an

interval with interval end points from 1 to 2 (refer to earlier diagram above)

�N 00
A




2
¼ Km,AP f

�
�xA � β�yA

�
¼ 1:6
 10�5
� �

13ð Þ xAj1 þ xAj2
2

� �
� 0:0769ð Þ yAj1 þ yAj2

2

� �� 	

Applying the points described above, we obtain the data of values shown in
the table below.

Finally, we can determine the membrane area required, which is 16,797 m2.
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Problem 30

Key factors affecting the rate of transport of a component through a membrane
include a driving force and a resistance to mass transfer.

(a) Comment on this statement, and explain the following general equation for
overall permeability of a membrane separation system for component i.

1
Koverall,i

¼ 1
k f ,i

þ 1
Km, i

þ 1
kp, i

(b) Explain the difference between membrane separation for liquid and gas
phase systems and describe the phenomenon of concentration polarization.
Show this expression, in the case of a steady state between back diffusion
caused by concentration polarization and convective transport of solute
across the membrane, where J00v is solvent volumetric flux, kf,i is the mass
transfer coefficient on the feed side, and CF,i|w, CF,i, and CP,i are the solute
concentrations at the wall on the feed side, on the feed side, and on the
permeate side.

J00v
m3 solvent

m2:s

� 	
¼ k f , i ln

CF,i



w 2CP,i

CF,i 2CP,i

 !

Solution 30

Worked Solution

(a) Driving force for mass transport through a membrane is analogous to the
difference in fugacities of a component between each side of the membrane.
This fugacity difference may be approximated as a concentration difference,
ΔCi, or a difference in partial pressure for gases, Δpi.

In liquid separation systems, we have a bulk flow of solvent through the
membrane, driven by a pressure difference between each side of the membrane,
i.e., the feed side (also called the retentate side at the downstream position), and
the permeate side. Below is a simple diagram showing a cocurrent flow mem-
brane separation system where the pressure difference is Pf � Pp, and the mole
fractions of species i on the feed side and permeate side are xi and yi, respectively.

Permeate

Membrane

RetentateFeed
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We may find this concept similar in the molar flux equation derived from
Fick’s law of diffusion as shown below for species i. D i denotes the diffusion
coefficient, ∇Ci is the concentration gradient, and δBL ¼ x2 � x1 is the boundary
layer width over which mass transfer driving force exists.

Molar Flux in x direction:

N 00
x, i ¼ �D i

dCi
dx

� � ¼ �D i
Cijx2�Cijx1

x2�x1

� �
¼ �D i

δBL
Cijx2 � Cijx1
� �

¼ D i
δBL

ΔCi

In this equation, the term D i
δBL

is analogous to the overall permeability or mass

transfer coefficient in a membrane separation system.
The transport of component A through a membrane in the direction shown in

the diagram below can be modeled via a series of mass transfer resistances. δP
and δF denote the mass transfer fluid films on the permeate side and feed side,
respectively. The feed film resistance is characterized by the mass transfer
coefficient, kf, similarly the permeate side film resistance is characterized by
the mass transfer coefficient kp. The concentrations of solute at the walls of the
membrane in the membrane are C0

F,w and C0
P,w on the feed side and permeate

side, respectively. These corresponding wall concentrations in the free fluid are
CF,w and CP,w, respectively. In this diagram, C0

w 6¼ Cw whereby the difference is
measured by a solubility factor. When the solute dissolves fully in the mem-
brane, thenC0

w ¼ Cw. The concentration gradient within the membrane is almost
linear, indicating a constant value for membrane permeability, Km.

The flux of solute i is given by N 00
i ¼ Koverall,i CF,i � CP,ið Þ, where Koverall,i

denotes the overall permeability of the system. It is a sum of a series of
resistances,
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1
Koverall,i

¼ 1
k f ,i

þ 1
Km,i

þ 1
kp,i

(b) In gas systems, it is typical for the membrane coefficient component to dominate
(i.e., mass transfer effects are negligible when kf,i and kp,i 	 Km,i); hence the
above may be simplified to:

1
Koverall,i

� 1
Km,i

In liquid systems, concentration polarization may occur, i.e., kf,i is small.
Concentration polarization is a phenomenon whereby the flux through the
membrane is controlled by the film mass transfer resistance on the feed side,
rather than the resistance of the membrane, Km,i.

1
Koverall,i

� 1
k f ,i

Concentration polarization arises because a solute is selectively retained by
the membrane, and accumulates at the wall of the membrane, generating a mass
transfer resistance for the solute in its mass transport. The flux of solute and
solvent towards the membrane convects solute to the wall of the membrane
where it becomes “stranded” in the stagnant boundary layer (width of δ) at the
wall. At steady state, this is balanced by a back diffusion (in the reverse direction
of desired mass transport direction, i.e., back into bulk feed fluid) of the solute
down the concentration gradient created by this accumulation of solute at the
membrane wall.

z
Permeate sideFeed side

solvent vol flux

solute molar flux

Solute back diffusion

Bulk 
�

′′
3  

2.

′′
 

2.
, ,

 

3

,′′
 

2 .

, |

,

Membrane
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At steady state in the +z direction, we have the molar fluxes on the permeate
side equivalent to that on the feed side.

N 00
i




P
¼ N 00

i




F

�J 00vCP,i ¼ �J 00vCF,i þ N 00
i,back

�J 00vCP,i ¼ �J 00vCF,i � D i
dCF,i

dz

J 00v CF,i � CP,ið Þ ¼ �D i
dCF,i

dzð δ
0
J 00v dz ¼

ðCF,i

CF, ijw
�D i

CF,i � CP,i
dCF, i

J 00vδ ¼ D i ln
CF,ijw � CP,i

CF,i � CP,i

� �

J 00v ¼
D i

δ
ln

CF,ijw � CP,i

CF,i � CP,i

� �
¼ k f ,i ln

CF,ijw � CP,i

CF,i � CP,i

� �

The above equation describes the concentration polarization effect, where kf,i
denotes the mass transfer coefficient across the stagnant film on the feed side. It
is noted that the solvent flux, J 00v , depends greatly on the solution concentration
profile. For a larger solvent flux, the higher the solute concentration due to wall
accumulation, CF,ijw. To decrease back CF,ijw, kf,i needs to be increased by
methods such as increasing the rate of bulk flow parallel to the surface of the
membrane (tangential to surface of membrane).

This trend of an increasing J 00v with increasing CF,ijw as implied by the
equation, however, is not indefinite in reality because of the following factors
which work to decrease back the solvent flux as CF,ijw increases.

• Increased local osmotic pressure will decrease the solvent flux.
• The formation of a solute gel (gel effect) which is a high viscosity structured

liquid through which the solute cannot penetrate and poses resistance to the
solvent flux. Then CP,i ¼ 0 and CF,ijw ¼ CF,gel,i and a limiting flux J 00v




limit

is
reached. We can increase solvent flux by increasing the pressure difference
between feed and permeate side; however, this is only temporary before a
thicker gel forms to decrease back the flux to a limiting value.

J 00v



limit

¼ kf ,i ln
CF,gel,i

CF,i

� �
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Problem 31

Amembrane separation unit used to remove salt from seawater contains hollow
tubes of outer diameter D2 ¼ 2 
 10�4 m and inner diameter D1 ¼ 1 

10�4 m. The volume flux of water J00v is 3.9 
 10�6 m3/m2.s. The feed contains
salt concentration of CF,i ¼ 1.5 
 10�4 mol/m3 at room temperature of 25 �C,
and flows perpendicular to the outside of the tubes at velocity of 0.006 m/s with
an apparent solute retention ratio Rapp ¼ 0.98. Comment on whether concen-
tration polarization is significant.

You may assume that the solute has the same properties as water, and Dsalt

¼1:5
102 9 m2=s . Note that flow that is perpendicular to a cylinder can be
described by the correlation Sh ¼ 0.6 Re0.5Sc0.3. The kinematic viscosity of
water at 25 �C is ν ¼ 8.93 
 10�7 m2/s. You may use the following expression
without derivation, where J00v is solvent volumetric flux, kf,i is the mass transfer
coefficient on the feed side, and CF,ijw, CF,i, and CP,i are the solute concentra-
tions at the wall on the feed side, on the feed side, and on the permeate side.

J00v ¼ k f, iln
CF,i




w 2CP,i

CF,i 2CP,i

 !

Solution 31

Worked Solution

Before we solve this problem, let us revisit some concepts. Apparent solute retention
ratio, Rapp is defined as follows where Ci,P and Ci,F are the solute concentrations on
the permeate side and feed side, respectively. This is an apparent value as the true
value is based on wall concentration on the feed side. Note that solute retention ratio
is the same as solute rejection ratio.

Rapp ¼ 1� CP,i

CF,i
, Rtrue ¼ 1� CP,i

CF,ijwall
In our system, we have a cross flow pattern across tubular membranes, which is

common in commercial operations. This can help remove fouling, and facilitate
semicontinuous operations instead of batch mode. Hollow tubular membranes are
typically asymmetric membranes that are specially prepared such that the membrane
is composite in nature, being supported by a highly porous layer capable of with-
standing pressure drops while offering little resistance to flow. This supporting layer
allows the membrane itself to remain thin (to maximize flux) while ensuring
structural integrity. Some examples of membrane separation in commercial pro-
cesses include desalination via reverse osmosis, ultrafiltration for macromolecular
concentration, hydrogen recovery in gas separation, and ion separation in
electrodialysis.

350 Separation Processes



Looking at this problem, we can first calculate the dimensionless quantities that
describe the flow.

The Reynolds number is commonly used in fluid analysis and represents the ratio
of inertial forces to viscous forces. It can be used to determine if flow is laminar or
turbulent.

Re ¼ VD2

ν
¼ 0:006ð Þ 2
 10�4

� �
8:93
 10�7 ¼ 1:34

The Schmidt number represents the ratio of momentum diffusivity (kinematic
viscosity) and mass diffusivity, and is used for fluid flows where there are both
momentum and mass diffusion convection processes.

Sc ¼ ν

D
¼ 8:93
 10�7

1:5
 10�9 ¼ 595

The Sherwood number represents the ratio of the convective mass transfer to the
rate of diffusive mass transport.

Sh ¼ k f D2

D
¼ 0:6Re0:5Sc0:3 ¼ 0:6 1:340:5

� �
5950:3
� � ¼ 4:72

k f ¼
4:72 1:5
 10�9

� �
2
 10�4 ¼ 3:5
 10�5 m=s

We can find the solute concentration on the permeate side, CP,i.

Rapp ¼ 0:98 ¼ 1� CP,i

CF,i

CP,i ¼ 1� 0:98ð Þ 1:5
 10�4
� � ¼ 3
 10�6 mol=m3

To find out whether concentration polarization is significant, we can determine
the solute concentration at the wall on the feed side and compare it with the
concentration in the free fluid on the feed side.

J 00v ¼ kf ,i ln
CF,ijw � CP,i

CF,i � CP,i

� �

CF,ijw ¼ CF,i � CP,ið Þexp J 00v
k f ,i

� �
þ CP,i

¼ 1:5
 10�4 � 3
 10�6
� �

exp
3:9
 10�6

3:5
 10�5

� �
þ 3
 10�6
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CF,ijw ¼ 1:66
 10�4 mol=m3

CF,ijw � CF,i

CF,i
¼ 1:66
 10�4 � 1:5
 10�4

1:5
 10�4 ¼ 0:106 > 0:1

This means that the solute concentration at the wall due to concentration polar-
ization just exceeds about 10% accumulation, which is just about significant.

We were given the apparent retention ratio, Rapp ¼ 0.98. We can also find the true
retention ratio to observe the difference. We find that Rtrue is slightly greater than
Rapp.

Rtrue ¼ 1� CP,i

CF,ijwall
¼ 1� 3
 10�6

1:66
 10�4 ¼ 0:982

Problem 32

Determine the osmotic pressure difference between pure water and an aqueous
solution containing the following molar compositions of an ideal solute at 298 K.

(a) 1.5 mol%
(b) 2.5 mol%

Solution 32

Worked Solution

(a) The system can be illustrated as shown below:

Water
(I)

Aqueous
solu�on

(II)

μ I
w ¼ gw T;P0

� � ð1Þ
μ II
w ¼ gw T ;Pð Þ þ RT ln xw

μ II
w ¼ gw T ;P0

� �þ ∂g
∂P






T

P� P0
� �þ RT ln xw ð2Þ

The chemical potentials of water in (I ) and (II) are equivalent at equilib-

rium. Also, we know that dg ¼ vdP � sdT ¼ vdP or ∂g
∂P





T
¼ v at constant T.

Therefore,

μ I
w ¼ μ II

w
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gw T ;P0
� � ¼ gw T ;P0

� �þ ∂g
∂P






T

P� P0
� �þ RT ln xw

0 ¼ v P� P0
� �þ RT ln xw

�RT ln xw
v

¼ P� P0 ¼ ΔΠ

The density of water is 1000 kg/m3, and its molecular weight is 0.018 kg/mol,
hence the molar volume of water is

v ¼ 0:018
1000

m3=mol

Therefore we can find the osmotic pressure differences at the two different
solute molar compositions.

ΔΠj1:5 mol% ¼ � 8:314ð Þ 298ð Þ ln 1� 0:015ð Þ
0:018
1000

� � ¼ 2:08
 106 Pa

(b) The same method is used to find the osmotic pressure difference at 2.5 mol% of
solute.

ΔΠj2:5 mol% ¼ � 8:314ð Þ 298ð Þ ln 1� 0:025ð Þ
0:018
1000

� � ¼ 3:48
 106 Pa

Problem 33

A reverse osmosis system is used to remove a solute X from water containing
35 g/L of X. The pressure on the feed side is 65 barg while that at the permeate
side is at atmospheric pressure. The osmotic pressure in the solution can be
expressed as Π[bar] ¼ 0.75C [g/L], where C refers to concentration of solute in
the solution. The apparent solute rejection factor and permeability of the
membrane are Rapp¼ 0.997 and Km¼ 3.8
 10�3 m3/m2.h.bar.We are required
to process a feed of flow rate Qf ¼ 10 m3/day.

(a) Determine the maximum recovery Smax if S remains constant and concen-
tration polarization effects may be ignored.

(b) If the operating value of recovery, S ¼ 0.5Smax, find the membrane area
required and the concentration of solute in the permeate. Arithmetic mean
values may be used.

(c) If concentration polarization effects are significant, the expression below
holds whereby Cfjw is the solute concentration at the membrane wall. Find
Cfjw at the inlet if the mass transfer coefficient kf ¼ 1.2 
 10�4 m/s.
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J00v ¼ k f ln
Cf




w 2Cp

C f 2Cp

 !

Solution 33

Worked Solution

(a) Let us start with an illustration of our reverse osmosis system. As the feed
solution flows along membrane, water is removed from it and it becomes more
concentrated in X as it reaches the tail end of the feed side (i.e., retentate side).
The permeate side will contain water with the desired purity.

x

�� = 65���� Feed side

Permeate side

�� = 3.8 × 10−3�3/�2.ℎ�.���

���� = 0.997
Membrane

Water

�� =����


� = 10�3/���

35�/� of solute X

At maximum recovery S, osmotic pressure is equivalent to pressure difference
across the membrane.

ΔΠ ¼ ΔP

Π f ,w � Πp ¼ P f � Pp ¼ 65þ Patmð Þ � Patm ¼ 65

When concentration polarization effects are ignored, then Cf,w ¼ Cf and Πf,

w ¼ Πf. Therefore,

Π f � Πp ¼ 65 ð1Þ

We note that by definition, Rapp ¼ 1 � Cp/Cf therefore RappCf ¼ Cf � Cp

Π f � Πp ¼ 0:75 C f � Cp

� � ¼ 0:75 RappC f

� � ¼ 0:75 0:997ð ÞC f

Substituting this result into Eq. (1), we have the following equation at
maximum S.

0:75 0:997ð ÞC f




Smax

¼ 65

C f




Smax

¼ 86:927g=L
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Recovery S is the ratio of volumetric flow rate across the membrane to the
feed side flow rate. We can perform a mass balance to find a differential
expression for S.


�(	), 
�(	) 
�(	+�	), 
�(	) + �
�

Membrane

x

�
� , 
�

Qf xð ÞC f xð Þ � Qf xþ dxð Þ C f xð Þ þ dC f

� �� dQp

� �
Cp ¼ 0

Qf xð ÞC f xð Þ � Qf xð Þ þ dQ f

� �
C f xð Þ þ dC f

� �� dQp

� �
Cp ¼ 0

Let Qf(x ¼ 0) ¼ Qin therefore Qf(x) ¼ Qin(1 � S)

Qin 1� Sð Þ½ �C f xð Þ � Qin 1� Sð Þ � QindSð Þ C f xð Þ þ dC f

� �� QindSð ÞCp ¼ 0

1� Sð ÞC f xð Þ � 1� S� dSð Þ C f xð Þ þ dC f

� �� CpdS ¼ 0

Ignoring higher order terms (i.e., dSdCf) due to their small value, we have

1� Sð ÞdC f � C f dSþ CpdS ¼ 0

dS

1� S
¼ dC f

C f � Cp

� ln 1� S xð Þð Þ ¼
ðC f xð Þ

C f x¼0ð Þ

dC f

C f � Cp

In our problem, we know that Cf(x ¼ 0) ¼ 35 g/L, and we found earlier that
C f




Smax

¼ 86:927 g=L; therefore,

� ln 1� Smaxð Þ ¼
ð86:927g=L
35g=L

dC f

RappC f
¼ 1

0:997
ln

86:927
35

� �
Smax ¼ 0:59846

(b) We are told that the operating recovery is 0.5Smax, and let us define the solute
concentration at the outlet on the feed side be Cf,out

S ¼ 0:5 0:59846ð Þ ¼ 0:299

� ln 1� 0:299ð Þ ¼ 1
0:997

ln
C f ,out

35

� �
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C f ,out ¼ 49:875g=L

Therefore the concentration of solute in the permeate Cp, out is

Cp,out ¼ C f ,out 1� Rð Þ ¼ 49:875 1� 0:997ð Þ ¼ 0:1496 g=L

Cp,in ¼ C f ,in 1� Rð Þ ¼ 35 1� 0:997ð Þ ¼ 0:105 g=L

To find the area of membrane required, we can relate to the volume flux of
solvent (i.e., water) across the membrane averaged over the length of the unit
from inlet to outlet, �J 00v . We are also told that Qf ¼ 10 m3/day.

�J 00vA ¼ Qp ð2Þ

Qp ¼ S Q f

� � ¼ 0:299 10ð Þ 1
24

� �
¼ 0:1246 m3=h

�J 00v ¼
J 00v



inlet

þ J 00v



outlet

2
¼ Km ΔP� ΔΠð Þinlet þ ΔP� ΔΠð Þoutlet


 �
2

�J 00v ¼
3:8
 10�3 60� 0:75 C f ,in � Cp,in

� �
 �þ 60� 0:75 C f ,out � Cp,out
� �
 �� �

2

�J 00v ¼
3:8
 10�3 60� 0:75 35� 0:105ð Þ½ � þ 60� 0:75 49:875� 0:1496ð Þ½ �f g

2

¼ 0:107 m3=m2:h

Combining our results in Eq. (2), we have

0:107A ¼ 0:1246

A ¼ 1:16 m2

(c) If concentration polarization effects are significant, then to find Cf,injw, we can
use the equation

J 00v



in
¼ k f ln

C f ,in



w
� Cp,in

C f ,in � Cp,in

 !

J 00v



in
¼ Km ΔP� ΔΠð Þinlet ¼ Km ΔP� 0:75 C f ,in




w
� Cp,in

� �h i

J 00v



in
¼ 3:8
 10�3

3600
60� 0:75 RappC f ,in




w

� �h i
¼ 3:8
 10�3

3600
60� 0:75 0:997C f ,in




w

� �h i
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Combining the expressions for solvent volume flux at the inlet, we have the
following given that kf ¼ 1.2 
 10�4 m/s,

3:8
 10�3

3600
60� 0:75 0:997C f ,in




w

� �h i
¼ 1:2
 10�4
� �

ln
Cf ,in




w
� Cp,in

Cf ,in � Cp,in

 !

3:8
10�3

3600
60�0:75 0:997C f ,in




w

� �h i
¼ 1:2
10�4
� �

ln
0:997C f ,in




w

35� 1�0:997ð ÞCf ,in



w

" #

60� 0:74775Cf ,in



w
¼ 113:68 ln

0:997Cf ,in



w

35� 0:003Cf ,in



w

" #

Cf ,in



w
¼ 44:3 g=L

Problem 34

An ultrafiltration unit uses a membrane to concentrate a solution from a feed of
solute concentration 70 g/L to a product of 300 g/L. The solute has a rejection
ratio ofR¼ 1 by the membrane. At high solute concentrations exceeding 390 g/L,
a gel layer forms. A single stage membrane is used with a recycle of retentate. The
recycle stream flow rate QR is much greater than the inlet feed flow rate at
Qf ¼ 60 m3/h. Changes in osmotic pressure and concentrations along the mem-
brane are assumed negligible. Given that the membrane permeability to water is
8.2 
 10�6 m/s.bar, and the mass transfer coefficient kf is 2.5 
 10�5(V0.68)m/s.

(a) Determine the minimum membrane surface area required to process a
process stream at V ¼ 1.5 m/s and 4 m/s.

(b) If two units are placed in series, find the area required for the same
velocities (as indicated in part a) of process streams passing through both
units.

Solution 34

Worked Solution

(a) Let us illustrate a diagram for our ultrafiltration unit.
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To relate to membrane area, we can start with the expression for volume flux
of solvent (i.e., water in this case). Note that a constant mean flux �J 00v across the
length of membrane is used here, since we are told that variations in concentra-
tions and osmotic pressure may be ignored along the membrane length. For the
minimum area, we will require maximum flux, therefore

�J 00v,maxAmin ¼ Qp

In order to find Qp, we can construct a simple mass balance. Maximum
volume flux occurs when we reach the limiting solute concentration on feed
side at the membrane wall, Cf,wall ¼ Cf,G. We are told that R ¼ 1. By definition,
RCf ¼ Cf � Cp; therefore Cp ¼ 0.

QfC f ¼ QpCp þ Qf ,outCf ,out

60
3600

70ð Þ ¼ Qp 0ð Þ þ Qf ,out 300ð Þ

Qf ,out ¼ 3:889
 10�3 m3=s

Qp ¼ Qf � Qf ,out ¼
60

3600
� 3:889
 10�3 ¼ 0:01278 m3=s

�J 00v,maxAmin ¼ 0:01278

We can also express �J 00v,max in terms of mass transfer coefficient kf and solute
concentrations for the concentration polarization effect. Note that sinceQR	Qf,
therefore Cf,in � Cf,out ¼ 300 g/L (and not Cf ¼ 60 g/L).

�J 00v,max ¼ k f ln
C f ,wall � Cp

C f ,in � Cp

� �
¼ 2:5
 10�5
� �

V0:68
� �

ln
Cf ,G � 0
Cf ,in � 0

� �

Note that kf is a function of flow velocity; therefore, we have the following
fluxes at each velocity

�J 00v,max




V¼1:5 m=s

¼ 2:5
 10�5
� �

1:50:68
� �

ln
390
300

� �
¼ 8:641
 10�6 m3=m2:s

AminjV¼1:5 m=s ¼
0:01278

8:641
 10�6 ¼ 1479 m2

�J 00v,max




V¼4 m=s

¼ 2:5
 10�5
� �

40:68
� �

ln
390
300

� �
¼ 1:684
 10�5 m3=m2:s

AminjV¼4 m=s ¼
0:01278

1:684
 10�5 ¼ 759 m2
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(b)

We know thatQf¼ 60 m3/h. From part a, we obtainedQf,out¼ 3.889
 10�3 m3/s
which will be equivalent to Qf,out,2 since we are constrained by the same feed
entering the two-unit system.

Qf ,out,2 ¼ 3:889
 10�3 m3=s

Furthermore, since the twounits are the same,wehaveQp,1 +Qp,2¼ 0.01278m3/s
(Qp from part a) wherebyQp,1¼Qp,2; therefore

Qp,1 ¼ Qp,2 ¼ 0:5 0:01278ð Þ ¼ 6:39
 10�3 m3=s

We can perform a mass balance around unit 1 to find Cf,out,1

Qf ¼ Qp,1 þ Qf ,out,1

60
3600

¼ 6:39
 10�3 þ Qf ,out,1

Qf ,out,1 ¼ 0:010277 m3=s

QfC f ¼ Qp,1Cp,1 þ Qf ,out,1C f ,out,1 ¼ Qp,1 0ð Þ þ Qf ,out,1C f ,out,1

C f ,out,1 ¼
60

3600 70ð Þ
0:010277

¼ 113:5 g=L

We can also perform a mass balance around both units,

QfC f ¼ Qp,1Cp,1 þ Qp,2Cp,2 þ Qf ,out,2C f ,out,2

60
3600

70ð Þ ¼ Qp,1 0ð Þ þ Qp,2 0ð Þ þ Qf ,out,2 300ð Þ

Qf ,out,2 ¼ 3:889
 10�3 m3=s

Nowwe can find themembrane areas required for each unit, startingwith unit 1.

�J 00v,max,1Amin,1 ¼ Qp,1 ¼ 6:39
 10�3 m3=s

Separation Processes 359



Similar to part a, note that since QR,1 and QR,2 are large, therefore Cf,in,1 �
Cf,out,1 (and not Cf) and Cf,in,2 � Cf,out,2 (and not Cf,out,1)

�J 00v,max,1 ¼ k f ln
C f ,wall � Cp,1

C f ,in,1 � Cp,1

� �
¼ 2:5
 10�5
� �

V0:68
� �

ln
C f ,G � 0
C f ,out,1 � 0

� �

�J 00v,max,1




V¼1:5 m=s

¼ 2:5
 10�5
� �

1:50:68
� �

ln
390
113:5

� �
¼ 4:0655
 10�5m3=m2:s

Amin,1jV¼1:5 m=s ¼
6:39
 10�3

4:0655
 10�5 ¼ 157 m2

�J 00v,max,1




V¼4 m=s

¼ 2:5
 10�5
� �

40:68
� �

ln
390
113:5

� �
¼ 7:921
 10�5 m3=m2:s

Amin,1jV¼4 m=s ¼
6:39
 10�3

7:921
 10�5 ¼ 80:67 m2

Repeating the steps for unit 2, we have

�J 00v,max,2Amin,2 ¼ Qp,2 ¼ 6:39
 10�3 m3=s

�J 00v,max,2 ¼ k f ln
C f ,wall � Cp,2

C f ,in,2 � Cp,2

� �
¼ 2:5
 10�5
� �

V0:68
� �

ln
C f ,G � 0
C f ,out,2 � 0

� �

�J 00v,max,2




V¼1:5 m=s

¼ 2:5
 10�5
� �

1:50:68
� �

ln
390
300

� �
¼ 8:641
 10�6 m3=m2:s

Amin,2jV¼1:5 m=s ¼
6:39
 10�3

8:641
 10�6 ¼ 739 m2

�J 00v,max,2




V¼4 m=s

¼ 2:5
 10�5
� �

40:68
� �

ln
390
300

� �
¼ 1:684
 10�5 m3=m2:s

Amin,2jV¼4 m=s ¼
6:39
 10�3

1:684
 10�5 ¼ 379:5 m2

Therefore the total areas required for the two flow velocities are

AminjV¼1:5 m=s ¼ 157þ 739 ¼ 896 m2

AminjV¼4 m=s ¼ 80:67þ 379:5 ¼ 460 m2
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Problem 35

Consider a solution containing a solute A in solvent B. Explain the origin of
osmotic pressure Π and how reverse osmosis can occur, using chemical poten-
tial and activity of solvent B in your explanation. Show that a dilute and ideal
solution has an osmotic pressure given by the following expression, if 1 mol of
salt at concentration CA dissociates to give α mols of solute A, where α is a
positive integer.

Π ¼ αRTCA

Solution 35

Worked Solution

It is a natural occurrence for a solvent to diffuse down its (i.e., solvent) concentration
gradient, from a region of lower solute concentration to a region of higher solute
concentration. When there is a membrane separating two regions of differing
concentrations, this diffusion process occurs from one side to the other side of the
membrane, as shown by the arrow in the diagram below left, where we assume that
the membrane rejection for A is R ¼ 1 (i.e., permeable to B but impermeable to A).

B

Osmosis
Reverse Osmosis

(�II ≫ �I )

B
Pure

solvent B
(I)

Pure
solvent B

(I)

Solu�on
of A in B

(II)

Solu�on
of A in B

(II)

This diffusion process continues until equilibrium is reached when the activity of
the solvent is the same on both sides. We can make this happen artificially by
increasing pressure on the solution side (i.e., region II), and this increased pressure
can cause solvent to move in the reverse direction from II to I (diagram above right).
This is called reverse osmosis which is applied in commercial processes of ultrafil-
tration and hyperfiltration for macromolecular concentration and desalination of
seawater.

The concentration of B in region I is higher than that in II. If the pressure of both
regions were equivalent, the difference in chemical potential of B will be as shown
below.

μB Pð Þ ¼ μ
�
B þ RT ln aB þ

ð P
P
�

∂μB
∂P

� �
T

dP

Activity of a species ai is, to a real solution, what “concentration” is to an ideal
solution. Unlike ideal solutions, real solutions mean that interactions between
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species in the solution are significant. Activity is related to the mole fraction, xi, via
the activity coefficient, γi, and this is commonly expressed as ai ¼ γixi.

Recall the thermodynamic relationship as shown below where �Gi is a partial molar
gibbs free energy (contribution by species i in a mixture).

dG ¼ ∂G
∂T

� �
P,ni

dT þ ∂G
∂P

� �
T ,ni

dPþ
X
i

�Gidni

When there is no change in composition, dni ¼ 0, the equation should match the
following thermodynamic relationship dG ¼ � SdT + VdP. Therefore for our
mixture, and at equilibrium when dG ¼ 0. Note also that an equivalent notation
for �Gi is μi.

0 ¼ �SdT þ VdPþ
X
i

�Gidni

∂G
∂T

� �
P,ni

¼ �S,
∂G
∂P

� �
T ,ni

¼ V

∂μi
∂T

� �
P,ni

¼ ∂ �Gi

∂T

� �
P,ni

¼ ��Si,
∂μi
∂P

� �
T ,ni

¼ ∂ �Gi

∂P

� �
T ,ni

¼ V i

Therefore, going back to our earlier equation for our system, we can deduce that
∂μB
∂P

� �
T
¼ vB, where vB is the molar volume of B [m3/mol]. Since B is a liquid, it can

be assumed constant.

μB Pð Þ ¼ μ
�
B þ RT ln aB þ

ð P
P
�
vBdP

Region I : μB,I PIð Þ ¼ μ
�
B þ RT ln aB þ vB PI � P

�� �
aB ¼ 1 in region I since it is pure solvent B. Therefore,

μB,I PIð Þ ¼ μ
�
B þ vB PI � P

�� �
As for region II, we have the following where aB, II < 1 and the term “RT ln aB,II”

is a negative value

Region II : μB,II PIIð Þ ¼ μ
�
B þ RT ln aB,II þ vB PII � P

�� �
The above analysis is for the case where PI ¼ PII, hence μB,I > μB,II will cause the

diffusion of solvent B from I to II to increase μB,II in a normal osmosis scenario.
This direction of transport of B can be reversed if we apply pressure Π to region II

so that we increase back μB, II artificially until it reverses the inequality μB,I < μB,II.
Let us denote this new increased pressure in region II as PII,new ¼ PI + Π.
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μB, I PIð Þ ¼ μB, II PII, newð Þ
μ

�
B þ vB PI � P

�� � ¼ μ
�
B þ RTlnaB, II þ vB PII, new � P

�� �
0 ¼ RT ln aB, II þ vB Πð Þ

Π ¼ �RT ln aB, II
vB

This increment in pressureΠ is known as osmotic pressure and drives the dilution
of the solution.

Taking this into account, our expression for solvent volume flux becomes as
shown, whereΠf,wall is the osmotic pressure with respect to the concentration on feed
side at the wall (Cf,wall), and Πp is with respect to the concentration on the permeate
side (Cp). Note that if rejection factor of membrane R¼ 1, then Πp¼ 0 since Cp¼ 0.

J 00v ¼ Km ΔP� ΔΠð Þ ¼ Km ΔP� Π f ,wall � Πp

� �
 �
If we have a dilute solution, then γB,II � 1 as the solution behaves close to pure

solvent.

aB, II ¼ γB, IIxB, II � 1 1� xA, IIð Þ ¼ 1� xA, II

When both sides of the membrane are in equilibrium, then we have

Π ¼ �RT ln 1� xA, IIð Þ
vB

Since the solution is dilute, xA,II is small, we know that the power series expansion

of the function ln 1� xð Þ ¼ �x� x2

2 � x3

3 þ . . . which can be approximated to ln
(1 � x) � � x for small values of x. Applying this to our equation, we have the
following, where nA and nB are the number of moles of A and B in the solution.

Π ¼ RT
vB

xA, II ¼ RT
vB

nA
nA þ nB

� �

For a dilute solution, we may approximate nA + nB � nB and VB � V, where V is
the total volume of the solution. Finally we have a simplified expression

Π � RT
vB

nA
nB

� �
¼ RTnA

VB
� RTnA

V

For 1 mole of salt at concentration CA that dissociates to produce α moles of
solutes (for example, 1 mole of NaCl gives 2 moles of solutes since it dissociates into
Na+ and Cl�), we have nA

V ¼ αCA; therefore, we arrive at the expression:

Π ¼ αRTCA
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Problem 36

The drying of solids by thermal vaporization is usually the final step in indus-
trial processing when we require liquid to be removed before the material is fed
into a heated drier.

(a) Describe the main types of driers and comment on the differences between
adiabatic driers and non-adiabatic driers.

(b) Derive general expressions for the rate of liquid removal from the material
for adiabatic drying in a cross-circulation drier, considering both the con-
stant rate period and the falling rate period.

Solution 36

Worked Solution

(a) There are various types of driers to cater for different needs. Wet solids may exist
in the form of crystals, granules, powders, or continuous sheets. The liquid to be
removed may be on the surface of the solid, or inside the solid, or both. Driers
may operate in continuous or batch mode, and may be with or without agitation
of the solids, and be operated under vacuum for cases that require reduced drying
temperatures.

The main types of driers are adiabatic (or direct) driers and non-adiabatic
(or indirect) driers.

In direct driers, the wet solids are exposed directly to a heated gas. This can be
done by passing hot gas over the solid surface in cross-circulation drying.
Alternatively, the hot gas can be blown through a bed of solids in through
circulation drying. In the latter, the solid bed may be a moving bed, whereby
there is a downward movement of particles through a gas stream, or entrainment
of particles in a high velocity gas stream.

In indirect driers, the only gas involved is the vaporized liquid. Heat is
transferred to the wet solids via contact with a hot surface or via radiant/
microwave energy. The solids may be spread across a heated surface or travel
over the surface by a conveyor or agitator.

(b) We can obtain the rate of liquid removal/evaporation from wet solids via batch
experiments. Let us consider an adiabatic drier, whereby a gas of constant
temperature and humidity is passed over the solids, and the variation in the
solids’ liquid content is measured against time.

Falling rate period

Constant rate period

Cri�cal wetness

−

Constant rate
period

Falling rate period

�me
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During the constant rate period, the liquid content is high (w > wc) and the
drying rate is independent of w. Drying rate is only a function of humidity
driving force defined by ΔH ¼ H�H�, whereby H has units of mass of bone
dry air per mass of bone dry material assuming the use of hot air for drying.
During this phase, the surface of the solid is completely wet, and therefore the
surface is at the wet bulb temperature TW of the gas.

� dw

dt
¼ N 00a ¼ k H�H�ð Þa

The units of�dw
dt is

kg liquid removed
kg bone dry material:s

h i
, the units of a is m2 interfacial area

kg bone dry material

h i
, and

the units for N00 is kg liquid removed
m2 interfacial area:s


 �
. k is the mass transfer coefficient, and the

value of ka can be obtained experimentally, when we measure the drying rates
for different values of imposed humidity difference, ΔH.

During the falling rate period, the liquid content has dropped tow <wc. There is
now insufficient liquid to completely wet the surface of the material, and the
material may not be at its wet bulb temperature, TW. The rate of mass transfer of
liquid from the interiors of the solid to the surface is limiting and the drying rate
becomes a function of both the humidity driving force and the liquid content or
wetness w.

Problem 37

Consider the drying of a wet sheet that has a water content of 0.97 kg water/kg
bone dry sheet, whereby the drying rates are given below:

2 dw
dt ¼8:2ΔH h2 1


 �
in the constant rate period and

2 dw
dt ¼0:4w h2 1


 �
in the falling rate period

We are provided with a countercurrent adiabatic drier and the required
final product has to achieve w¼ 0.09 kg water/kg bone dry sheet. Air is supplied
at 45�Cwhich has a wet bulb temperature of 22�C. Determine the time required
to dry the wet sheet as required, if the air flow rate is 1.3 times of the minimum.

Solution 37

Worked Solution

Let us illustrate our system.

Wet sheet
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Let mair denote the air flow rate with units of mass of bone dry air per mass of
bone dry sheet. A mass balance around the drier on water gives us the following,
assuming 1 kg of bone dry sheet.

mair H1 �H2ð Þ ¼ w1 � w2

There are two common assumptions in this case that we can make to simplify the
analysis:

• The adiabatic saturation temperature Ts remains constant as air moves through the
dryer.

• For an air/water system, the wet bulb temperature TW remains constant and this is
at the value that occurs at the inlet, which is 22 �C in this problem.

• For an air/water system, the specific enthalpy lines and the wet bulb temperature
lines (diagonals running from left top to right bottom) coincide.

• At the left most part of the diagram, we have the bold line indicating the saturation
wet bulb temperature where relative humidity is 100%.

We can find out the value of specific humidity H if have a specified value of
temperature T using a psychrometric chart. A simplified sketch of the air/water
psychrometric chart is shown below. [Note that the vertical axis (on the right) is
used for both specific humidity and specific enthalpy, but in this case, only specific
humidity is shown for a simplified view.]
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Take, for example, that we need to determineH2 at a temperature T2 ¼ 45�C and
wet bulb temperature of 22�C. We can first find the point on the wet bulb saturation
curve at this wet bulb temperature of 22�C. We then follow the wet bulb temperature
diagonal line down towards the right until it crosses the desired dry bulb temperature
of T2 ¼ 45�C. At this point, we read off the specific humidity H2 from the vertical
axis on the right.

H2 ¼ 0:0066,T2 ¼ 45
�
C, HW ¼ 0:0165, TW ¼ 22

�
C

The minimum air flow rate mmin,air occurs when the air at the outlet has reached
equilibrium with the incoming wet sheet. This means that saturation occurs at the
outlet and H1 ¼ HW ¼ 0:0165.

mmin,air H1 �H2ð Þ ¼ w1 � w2

mmin,air ¼ w1 � w2

H1 �H2
¼ 0:97� 0:09

0:0165� 0:0066
¼ 88:9 kg BD air=kg BD sheet

mair ¼ 1:3mmin,air ¼ 1:3 88:9ð Þ ¼ 115:56

The operating line for this drier is shown below, whereH and w are values at any
point within the drier. Also note that HW is assumed constant, and we define
ΔH ¼ HW �H.

mair H�H2ð Þ ¼ w� w2

mair ΔH2 � ΔHð Þ ¼ w� w2

ΔH ¼ 0:0165� 0:0066ð Þ � w� 0:09
115:56

¼ 0:01068� 0:00865w

We can find the critical wetness which occurs at the transition point between the
constant rate period and falling rate period.

�dw

dt
¼ 8:2ΔH ¼ 0:4wc

8:2 0:01068� 0:00865wcð Þ ¼ 0:4wc

wc ¼ 0:186 kg water=kg BD sheet

The time required to dry the sheet to the required wetness can be found by
summing the time spent in the constant rate period and falling rate periods.

�dw

dt
¼ 8:2ΔH ¼ 8:2 0:01068� 0:00865wð Þ

dw

dt
� 0:07093w ¼ �0:0876
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To solve this differential equation, we can use an integrating factor of the form
e
Ð
(�0.07093)dt ¼ e�0.07093t. c is an integration constant.

we�0:07093t ¼
ð
e�0:07093t �0:0876ð Þdt

we�0:07093t ¼ e�0:07093t

�0:07093
�0:0876ð Þ þ c

w ¼ 0:0876
0:07093

þ ce0:07093t ¼ 1:235þ ce0:07093t

When t¼ 0, w¼ w1¼ 0.97, so c¼ � 0.265. Therefore the wetness profile for the
constant rate period is as follows.

w ¼ 1:235� 0:265e0:07093t

When w¼ wc¼ 0.186, tCRP¼ 19.4 h. We can now similarly solve the differential
equation for the falling rate period.

�dw

dt
¼ 0:4w

w ¼ e�0:4t

0:4
¼ 2:5e�0:4t

When w ¼ w2 ¼ 0.09, t ¼ 8.31 h. When w ¼ wc ¼ 0.186, t ¼ 6.50 h.
tFRP ¼ 8.31 � 6.50 ¼ 1.81 h

Total time spent to dry the wet cloth to required water content is 21.2 h.

t ¼ tCRP þ tFRP ¼ 19:4þ 1:81 ¼ 21:2 h

Problem 38

A humidification unit is used to increase the moisture content of air. A feed
stream of air at 18 �C and wet bulb temperature of 12.5 �C is heated to 48 �C
and enters the unit. The outlet air is fully saturated. Determine the following:

(a) The dew point of the inlet air
(b) The humidity of the inlet air
(c) The percentage humidity of the inlet air
(d) The heat supplied per kg of dry air
(e) The water evaporated per kg of dry air
(f) The temperature of the exit air
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Solution 38

Worked Solution

(a) This problem is good for understanding the basic terms and concepts on humid-
ity and drying. Below is a simple diagram showing our system.

Humidifica�on
Unit

Fully
saturated 

Inlet Air
T=18°C

TW=12.5°C

Hot Air
 T=48°C 

Dew point occurs at the temperature when saturation is reached. We can find
the dew point by following these steps, and as shown by arrows in the psychro-
metric chart below.

1. On the horizontal axis of dry bulb temperature, draw a vertical line at the wet
bulb temperature of 12.5 �C.

2. When this vertical line hits the saturation curve, follow the diagonal down
towards the right until we reach the corresponding dry bulb temperature of
18 �C.

3. From the point identified from step 2, move horizontally to the left until we
reach the saturation curve, and read off the temperature value at this point
from the horizontal axis of dry bulb temperature. We find that dew point is
8 �C.
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(b) The humidity of the inlet air at 18 �C at wet bulb temperature of 12.5 �C can be
found by reading off the corresponding specific humidity ℋ value from the
vertical axis on the right. In this case, ℋ ¼ 0.0065 kg water/kg dry air.

(c) The percentage of humidity is measured as relative humidity [%] and can be read
off from the curved lines (indicated in green below). For our specific case of
T ¼ 18 �C at wet bulb temperature of Tw ¼ 12.5 �C, the RH is 49%.
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(d) The heat supplied per kg of dry air is related to enthalpy. We can find the specific
enthalpies corresponding to the dry bulb temperature T ¼ 18 �C and wet bulb
temperature Tw ¼ 12.5 �C, which are 35 and 65 kJ/kg, respectively. Therefore
the enthalpy required to heat the air is Δh ¼ 65 � 35 ¼ 30 kJ/kg dry air.

(e) To find amount of water removed per kg of dry air, we need to find the difference
in specific humidities between the inlet and outlet. The specific humidity at the
inlet is ℋ ¼ 0.0065 kg water/dry air, which is at the point where T ¼ 48 �C as
shown in part b. We know that air at the outlet is fully saturated. To meet this
condition, we move up the adiabatic saturation lines (diagonals in maroon) from
the inlet point (i.e., at T ¼ 48 �C and ℋ ¼ 0.0065 kg water/dry air) until we hit
the saturation curve (100% RH). This point has specific humidity,
ℋ ¼ 0.0172 kg water/dry air, and amount of water to be evaporated is ΔH
¼ 0:0172� 0:0065 ¼ 0:0107 kg water/dry air.
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(f) The exit temperature is the dry bulb temperature that corresponds to the exit
point, i.e., atℋ ¼ 0.0172 kg water/dry air. This value is T ¼ 22.5 �C as read off
from the horizontal axis.

Problem 39

Consider 30,000 kg/h of dry air with a dry bulb temperature of 25 �C and wet
bulb temperature of 15 �C. It is heated to 50 �C before passing over wet slabs.
The slabs are to be dried from an initial water content of 0.85 kg water/kg bone
dry slab to 0.02 kg water/kg bone dry slab.

372 Separation Processes



(a) Determine the heat required to heat the air, and find the wet bulb temper-
ature and dew point of the heated air.

(b) Determine the maximum mass of slab that can be dried if an adiabatic
countercurrent drier is used.

(c) If the actual mass of slabs that is dried is 70% of the maximum, find the
temperature and humidity of the exit air. Determine also the total drying
time if the following apply to this scenario.

�dw
dt

¼ 12ΔH h�1

 �

in the constant rate period;

�dw
dt

¼ 0:5w h�1

 �

in the falling rate period.

Solution 39

Worked Solution

(a) To find the amount of heat required to heat the air, we consider enthalpy change
from its initial temperature (dry bulb) of T ¼ 25 �C to T ¼ 50 �C. This can be
found from the psychrometric chart as shown below. The amount of heat
required is Δh ¼ 68 � 42 ¼ 26 kJ/kg dry air. The dry air flow rate is
30,000 kg/h; therefore, the power required [kW] is 217 kW. We can also find
the specific humidity for inlet air which is ℋ ¼ 0.0066 kg/kg.

Power ¼ 26 30; 000ð Þ
3600

¼ 217 kW
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For the wet bulb temperature, we follow the line of constant wet bulb
temperature going diagonally left-up, until we reach the saturation curve at
100% relative humidity. The wet bulb temperature is read from the horizontal
axis, and has a value of 23 �C at a specific humidity of 0.0178 kg/kg. The dew
point of the heated air can be found by following the horizontal line and going
leftwards until we reach the saturation curve at 100% relative humidity. The dew
point temperature is read from the horizontal axis and has a value of 8 �C.

(b) Let us illustrate our drier operation as shown below.

The maximum number of slabs that can be dried can be found by setting the
condition whereby the air exiting the drier is at saturation, i.e., 100% relative
humidity when H1 ¼ Hw. This scenario also corresponds to the minimum air
flow rate.

We have found from part a that the saturation humidity Hw ¼ 0:0178 kg
water=kg dry air and the specific humidity of the inlet air
H2 ¼ 0:0066 kg water=kg dry air.
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H1 ¼ 0:0178 kg water=kg dry air, w1 ¼ 0:85 kg water=kg dry slab

H2 ¼ 0:0066 kg water=kg dry air, w2 ¼ 0:02 kg water=kg dry slab

A mass balance around the drier on water gives us the following, assuming
1 kg of bone dry slab, and where the air flow rate is mair[kg dry air/kg dry slab].

mair,min H1 �H2ð Þ ¼ w1 � w2

mair,min 0:0178� 0:0066ð Þ ¼ 0:85� 0:02

mair,min ¼ 74:1 kg=kg

Maximum mass of slab ¼ 1/74.1 ¼ 0.0135 kg dry slab/kg dry air.
(c) Given that the actual mass of slabs dried is 70% of the maximum, we have actual

mass of slabs ¼ 0.009446 kg dry slab/kg dry air. Substituting this value into the
mass balance, we can find the new value of H1,

H1 �H2 ¼ 0:009446 w1 � w2ð Þ
H1 � 0:0066 ¼ 0:009446 0:85� 0:02ð Þ

H1 ¼ 0:0144

The humidity of the exit air is 0.0144 kg water/kg dry air. From the psychro-
metric chart, we can find the temperature T1 ¼ 31�C.
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To find the total drying time, we can find the sum of the drying time in the
constant rate period and falling rate period. The critical wetness wc needs to be
determined to find out the transition point between the two periods. We found
from earlier that Hw ¼ 0:0178.

At critical wetness,

12ΔH ¼ 0:5wc

12 Hw �Hð Þ ¼ 12 0:0178�Hð Þ ¼ 0:5wc

The operating line is as follows, where the humidity and wetness at the air
outlet is now a variable.

H�H2 ¼ 0:009446 w� w2ð Þ
H � 0:0066 ¼ 0:009446 w� 0:02ð Þ

H ¼ 0:009446wþ 0:00641

Combining the results, we have

12 0:0178� 0:009446wc � 0:00641ð Þ ¼ 0:5wc

wc ¼ 0:222

For the constant rate period, we have

�dw

dt
¼ 12ΔH ¼ 12 0:0178� 0:009446w� 0:00641ð Þ ¼ 0:137� 0:113w

ð0:222
0:85

�1
0:137� 0:113w

dw ¼
ðtCRP
0

dt

tCRP ¼ 1
0:113

ln
0:137� 0:113 0:222ð Þ
0:137� 0:113 0:85ð Þ
� 	

¼ 8:9 h

For the falling rate period, we have

�dw

dt
¼ 0:5w

ð0:02
0:222

�1
0:5w

dw ¼
ðtFRP
0

dt

tFRP ¼ 1
0:5

ln
0:222
0:02

� �
¼ 4:8 h
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The total drying time is therefore

t ¼ tCRP þ tFRP ¼ 8:9þ 4:8 ¼ 13:7 h

Problem 40

The drying of filter cakes can occur during a constant rate period and a falling
rate period. Starting from the general equation for drying flux, R00 kg

h:m2


 �
as

shown below, where X represents free moisture content [% dry basis], ms

represents the mass of bone dry solid, and A represents the surface area over
which drying occurs.

R00¼2
ms

A
dX
dt

Derive expressions for the following cases:

(a) Drying time in the phase of the constant rate period, if X1 and X2 represent
the initial and final free moisture contents, respectively.

(b) Drying time in the phase of the falling rate period if the rate is a linear
function of X whereby R00 ¼ k, k > 0 when X ¼ 0. You may assume again
that X1 and X2 represent the initial and final free moisture contents,
respectively.

(c) Drying time for the falling rate period if the rate is a linear function of X and
R00 ¼ 0 when X ¼ 0. You may assume again that X1 and X2 represent the
initial and final free moisture contents, respectively.

Solution 40

Worked Solution

(a) Before we derive the expressions, here are some key distinctions between the
constant rate and falling rate periods.

The constant rate period occurs at the beginning of the drying process, when
the surface of the solid is very wet and a continuous film exists on the drying
surface. This water in the film is entirely unbound and acts as if the solid is not
present. Therefore evaporation rate is independent of the solid and occurs from
the free liquid surface. The constant rate period will last for as long as there is
water supplied to the surface as fast as it is evaporated.

The constant rate period eventually transitions into the falling rate period
when the free moisture content drops to a critical value Xc. There is now
insufficient water to maintain a continuous wet film on the drying surface, and
the wetted area decreases until completely dry.
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The rate is constant, therefore R00 can be taken out of the integral as shown
below. Note that X2 > Xc.

ðtCRP
0

dt ¼ � ms

R00A

ðX2

X1

dX

tCRP ¼ ms

R00A
X1 � X2ð Þ

(b) In the falling rate period, note that X1 < Xc. If R
00 is linear with respect to X as

described, then it can be expressed as follows where a is the slope of this linear
function.

R00 ¼ aX þ k

dR00 ¼ adX

Therefore we can evaluate the integral, noting that R00 is no longer a constant
with respect to X

ðtFRP
0

dt ¼ �ms

A

ðX2

X1

dX

R00 ¼
ms

A

ðX1

X2

dX

R00 ¼
ms

Aa

ðR00
1

R00
2

dR00

R00

tFRP ¼ ms

Aa
ln

R00
1

R00
2

� �

We can derive an expression for a as follows:

R00
1 ¼ aX1 þ k, R00

2 ¼ aX2 þ k

a ¼ R00
1 � R00

2

X1 � X2

Substituting this result into our earlier expression, we eliminate a from the
expression for tFRP as shown.

tFRP ¼ ms X1 � X2ð Þ
A R00

1 � R00
2

� � ln
R00
1

R00
2

� �

(c) This part is similar to part b, except that the linear function is now as follows,
where R00 ¼ 0 when X ¼ 0.

R00 ¼ aX

dR00 ¼ adX
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We evaluate the integral like in part b, again noting that R00 is no longer a
constant with respect to X

ðtFRP
0

dt ¼ �ms

A

ðX2

X1

dX

R00 ¼
ms

A

ðX1

X2

dX

R00 ¼
ms

Aa

ðR00
1

R00
2

dR00

R00

tFRP ¼ ms

Aa
ln

R00
1

R00
2

� �

This time, the expression for a can be found by applying the fact that the
falling rate period starts from the upper limit moisture content Xc and falls to zero
where R00 also becomes zero. This means that R00

1 ¼ R00
c , X1 ¼ Xc and R00

2 ¼ 0,
X2 ¼ 0. The expression for a becomes simplified to:

a ¼ R00
c

Xc

Substituting this result into our earlier expression, we eliminate a from the
expression for tFRP as shown.

tFRP ¼ msXc

AR00
c

ln
R00
c

R00
2

� �
¼ msXc

AR00
c

ln
Xc

X2

� �

For any 0 < R00 < R00
c , R

00 ¼ R00
c

X
Xc

� �
.

Problem 41

We are required to dry slabs of wet filter cake that fill rectangular trays
measuring 90 cm (length) by 85 cm (width) by 2 cm (depth). Drying air is
passed over the top surface of the filter cake, and drying may be assumed to
occur at the top surface only. Drying air is maintained at 160 �C and 1 bar, with
a wet bulb temperature of 60 �C and passes over the cake surface at a velocity of
4 m/s.

The specific humidity H of air at 160 �C can be obtained from a high
humidity psychrometric chart and is given as 0.10 kg water/kg dry air. The
heat of vaporization of water at 60 �C obtained from steam tables is 2400 kJ/kg.

The properties of the filter cake are as follows:

• Bone-dry density ¼ 2500 kg/m3

• Initial free moisture content, X1 ¼ 105% (dry basis)
• Critical free moisture content, Xc ¼ 65% (dry basis)
• Final free moisture content Xf ¼ 4% (dry basis)
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The drying times in hours during the constant rate period (CRP) and falling
rate period (FRP) may be modeled using the following equations:

tCRP ¼ ms

R00A
X1 � Xð Þ, Xc < X < X1

tFRP ¼ msXc

AR00
c
ln

Xc

X

� �
, 0 < X < Xc

R00 kg
h:m2


 �
denotes drying flux, ms denotes mass of bone dry solid, A represents

the surface area over which drying occurs, X denotes free moisture content at
time t with X1 and Xc representing initial and critical values, respectively, R00

c
denotes drying flux at Xc.

(a) Determine the drying time in the constant rate period.
(b) Determine the drying time in the falling rate period.

Solution 41

Worked Solution

(a) We can first illustrate our system as shown below. Note that we assume that all
heat is used to evaporate liquid (i.e., latent heat), and not to raise the temperature
of the evaporated moisture (i.e., sensible heat ignored).

0.9m

0.85m

0.02m

Slab of wet filter
cake in tray

Drying air at 4m/s,
Tdb=160°C, Twb=60°C, 1 bar

We can construct an energy balance as shown below
(Mass flux of water) 
 (heat absorbed per kg water evaporated) ¼ (heat

transfer coefficient) 
 (ΔT)

R00ð Þ ΔHvap




Tsolid surface

� �
¼ h Tair � T solid surfaceð Þ

R00 ¼ h Tdb � Twbð Þ
ΔHvap




Twb

ð1Þ

For parallel flow of air to the solid surface, the heat transfer coefficient h W
m2K


 �
may be modeled by the following correlation in terms of G kg

m2h


 �
, where ρ and

u denote density kg
m3


 �
and velocity m

s


 �
of air, respectively.
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h ¼ 0:0204G0:8, G ¼ 3600 ρu

Assuming ideal gas behavior P ¼ ρRT and molecular weight of air is
0.029 kg/mol.

ρ ¼ 101325 0:029ð Þ
8:314 160þ 273ð Þ ¼ 0:8 kg=m3

However, this is the density of dry air, and we need to correct for moisture
in air.

We know that in 1 kg of dry air, we have 0.10 kg water.

Vmoist air ¼ nmoist airRT
P

¼ 8:314 160þ 273ð Þ
101325

1
0:029

þ 0:1
0:018

� 	
¼ 1:4

ρmoist air ¼
ρ

1:4
¼ 0:8

1:4
¼ 0:6

Therefore, we can evaluate h as follows,

h ¼ 0:0204 9000ð Þ0:8 ¼ 30, G ¼ 3600 0:6ð Þ 4ð Þ ¼ 9000

For CRP,

R00 Að Þ Δtð Þ ¼ ms ΔXð Þ ð2Þ

Combining Eqs. (1) and (2), we have

tCRP ¼
msΔXΔHvap




Twb

hA Tdb � Twbð Þ

The bone dry density of solid is 2500 kg/m3. Tray volume is (0.9)(0.85)
(0.02) ¼ 0.015 m3. Therefore, mass of solid in one tray ms is 2500
(0.015) ¼ 38 kg. Drying area A is tray area (0.9)(0.85) ¼ 0.8 m2.

tCRP ¼ 38ð Þ 1:05� 0:65ð Þ 2400
 103
� �

30 0:8ð Þ 160� 60ð Þ ¼ 15; 200 s ¼ 4:2 h

(b) For FRP,

R00
c Að Þ Δtð Þ ¼ msXc ln

Xc

X f

� �
ð3Þ
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Combining Eqs. (1) and (3), we have

tFRP ¼
msXcΔHvap




Twb

hA Tdb � Twbð Þ ln
Xc

X f

� �
¼ 38ð Þ 0:65ð Þ 2400
 103

� �
30 0:8ð Þ 160� 60ð Þ ln

0:65
0:04

� �
¼ 69000 s

¼ 19 h

Problem 42

Consider a wet solid that takes 6 h to dry from 40 wt% to 8 wt% on a dry basis.
The critical and equilibrium moisture contents are 17 wt% and 2 wt% on a dry
basis, respectively. Find the drying time for the same wet solid from 50 wt% to
6 wt% on a dry basis. You may assume a linear falling rate period.

Solution 42

Worked Solution

We know that the transition point from constant rate period to falling rate period is at
the critical moisture content, Xc. Therefore, we have the total drying time as shown
below.

t ¼ tCRP þ tFRP ¼ ms

Rc
00A

X1 � Xcð Þ þ msXc

Rc
00A

ln
Xc

X f

� �

We know that it takes 6 h to reach Xc ¼ 0.17 � 0.02 ¼ 0.15 from an initial
X1 ¼ 0.40 � 0.02 ¼ 0.38. So we can use that to find ms

Rc
00A.

6 ¼ ms

Rc
00A

0:38� 0:15ð Þ

ms

Rc
00A

¼ 6
0:38� 0:15

¼ 26

Substituting this result back into our earlier equation, and with the new conditions
of an initial X1 ¼ 0.50� 0.02¼ 0.48 and final Xf ¼ 0.06� 0.02¼ 0.04, we can find
the total drying time.

t ¼ 26 0:48� 0:15ð Þ þ 0:15 ln
0:15
0:04

� �� 	
¼ 13:7 h
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Problem 43

We have trays measuring 1.8 m by 1 m by 0.2 m which contain a wet solid of
initial total moisture content of 120 wt% on a dry basis. The final total moisture
content is 10 wt% dry basis. Drying air at 33 �C is blown over the wet solids at
1 bar and a relative humidity (RH) of 15%. The equilibrium moisture content is
3 wt% on a dry basis.

Data of total moisture content (dry basis) against time in minutes is provided
below.

Time [min] 0 100 200 300 400 500 600 700 800 900 950 1000

Total moisture
content, dry
basis [%]

120 93 65 44.5 32 23.5 17 13.5 11 10 9.1 8.7

Find the drying time required for the test case of reducing from total
moisture content of 110 wt% to 5 wt% if air of 52 �C and 20% relative humidity
is used instead.

From data obtained from the psychrometric chart and steam table at 1 bar,
the wet bulb temperatures are Twb (Tdb ¼ 33 �C, RH ¼ 15%) ¼ 16 �C and Twb

(Tdb ¼ 52 �C, RH ¼ 20%) ¼ 29 �C, while the heat of vaporizations at these wet
bulb temperatures are ΔHvap(Twb ¼ 16�C) ¼ 2800 kJ/kg and ΔHvap(Twb ¼
29�C) ¼ 2400 kJ/kg.

Solution 43

Worked Solution

We can plot the data provided on a chart, and calculate the free moisture content
which is the difference between total moisture content and equilibrium moisture
content of 3 wt%.

Time [min] 0 100 200 300 400 500 600 700 800 900 950 1000

Total moisture
content, dry
basis [%]

120 93 65 44.5 32 23.5 17 13.5 11 10 9.1 8.7

Free moisture
content, dry
basis [%]

117 90 62 41.5 29 20.5 14 10.5 8 7 6.1 5.7
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We can observe from the plot that the critical moisture content where the linear
region (constant rate period) transitions into a non-linear region (falling rate period)
is approximately at 210 min, where free moisture content is 59 wt% (or total
moisture content of 62 wt%).

We can find the constant drying rate using the slope of the initial linear region.
For CRP: R00 ¼ msΔX

A:Δt , where ms denotes mass of bone dry solid.

R00A
ms

¼ ΔX
Δt

¼ constant

ΔX
Δt

¼ 1:20� 0:62
210

¼ 0:00276 kg water=kg dry solid:min

From an energy balance, we can relate drying rate to enthalpy of vaporization at
the wet bulb temperature as shown below.

R00 ¼ h Tdb � Twbð Þ
ΔHvap




Twb

¼ msΔX
AΔt
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Δt Tdb � Twbð Þ
ΔXΔHvap




Twb

¼ ms

Ah
¼ constant

We can equate the constant between the two known cases:

Δt Tdb � Twbð Þ
ΔXΔHvap




Twb

" #
case 1

¼ Δt Tdb � Twbð Þ
ΔXΔHvap




Twb

" #
case 2

210 33� 16ð Þ
120� 62ð Þ 2800
 103

� � ¼ Δtð Þcase 2 52� 29ð Þ
110� 62ð Þ 2400
 103

� �
Δtð Þcase 2 ¼ 110 min

Therefore, the drying time during the constant rate period is 110 min for the test
case. Now we need to find the drying time during the falling rate period. For the
falling rate period,

R00
c Að Þ Δtð Þ ¼ msXc ln

Xc

X f

� �
ð1Þ

R00 ¼ h Tdb � Twbð Þ
ΔHvap




Twb

ð2Þ

Combining Eqs. (1) and (2), we have

Δt ¼
msXcΔHvap




Twb

hA Tdb � Twbð Þ ln
Xc

X f

� �

Δtð Þcase 1

Δtð Þcase 2

¼

ΔHvap




Twb

Tdb � Twbð Þ ln
Xc

X f

� �" #
case 1

ΔHvap




Twb

Tdb � Twbð Þ ln
Xc

X f

� �" #
case 2

900� 210
Δtð Þcase 2

¼
2800
 103

33� 16ð Þ ln
62
10

� �� 	
2400
 103

52� 29ð Þ ln
62
5

� �� 	
Δtð Þcase 2 ¼ 603 min

Therefore the total drying time for the test case is

tcase 2 ¼ 110þ 603 ¼ 713 min
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Problem 44

Explain the difference between bound moisture and unbound moisture in a wet
solid with a simple sketch of total moisture content [kg water/kg dry solid]
against relative humidity [%].

Solution 44

Worked Solution

There are two main types of moisture in a wet solid. It is useful to know the
difference in considering drying problems.

1. Bound moisture: moisture that is adsorbed into the material’s cell walls, capil-
laries, or surfaces. Bound water in wet solid exerts a vapor pressure that is less
than the partial pressure of water at the same temperature.

2. Free moisture: moisture in excess of the equilibrium moisture content. This
excess, unbound water is held in the voids of the solid.

Let us visualize some of these concepts in the following diagrams (at constant
temperature and pressure).

Equilibrium moisture content decreases with increasing temperature, and
increases with increasing relative humidity. It varies with material type. The equi-
librium content occurs at the point when the moisture content is at 100% relative
humidity. Any moisture content above the equilibrium value will be free moisture.
Different curves are shown for different materials.

Rela�ve humidity [%]

Bound water

Bound water

Bound water

100%

Different materials

Equilibrium moisture content
[kg water/kg dry solid]
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100%
Rela�ve humidity [%]

Unbound moisture

Bound moistureXT

Xeqm = X*

Total moisture content
[kg water/kg dry solid]

Xfree = XT –X*

Problem 45

Describe the different phases in a drying process of a wet solid, and show how
the drying flux varies with free moisture content and with time, highlighting
any key features.

Solution 45

Worked Solution

At time t ¼ 0, the initial free moisture content is indicated by point A (far right). In
the beginning, the solid is usually at a temperature lower than its ultimate temper-
ature and the evaporation rate will be higher due to a larger temperature difference. If
the solid was hot to start with, the rate may start at point A’.

At point B, the surface temperature increases to an equilibrium value. From B to
C, the phase of drying is known as the constant rate period (CRP). This phase is
characterized by the fact that the solid surface is very wet and a continuous film
exists on the drying surface. This water film is completely unbound and water
behaves as if the solid was not there. Therefore, during the CRP, the evaporation
rate is independent of the solid as evaporation occurs from the free liquid surface.
The duration of the CRP depends on how long water can be supplied to the surface at
least as fast as it evaporates.

At point C the CRP ends and we enter into the falling rate period (FRP). This
occurs when the free moisture content reaches a critical value, typically denoted as
Xc. From point C onwards, there is insufficient water to maintain a continuous film
and the solid surface is no longer entirely wetted. The wetted area starts to decrease
with time, until the solid is completely dry at point D.
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From point D onwards, we enter into a second falling rate period when the plane
of evaporation recedes from surface inwards into the interior of the solid. Vaporized
water moves through the solid into the air stream outside. At a given relative
humidity, drying can only remove water until the free moisture content is zero,
i.e., when total moisture content is equivalent to equilibrium moisture content.

1st FRP

Drying Flux, R’’                      
[kg water/m2.hr]

Free moisture content, Xfree

[kg water/kg dry solid]

2nd FRP CRP
Brief ini�al 

unsteady period

A

A’BC

D

E

1st FRP

Time [hr]

Free moisture 
content, Xfree

[kg water/kg 
dry solid]

2nd FRP

CRP

Brief ini�al 
unsteady period

A
A’

B

C

D E

Problem 46

In a psychrometric chart, we can find diagonals running down towards the
bottom right which indicate enthalpy values. Explain what these lines are, and
show how they relate to physical properties of an air–water system. Also
explain the terms adiabatic saturation temperature and adiabatic saturation
humidity.
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Solution 46

Worked Solution

The enthalpy of a gas–vapor mixture comprises the enthalpy of the bone dry gas and
the enthalpy of the vapor. [Note that over here, vapor refers to moisture, for example,
water vapor in dry air]. We can therefore define enthalpy h for a mixture of specific
humidityH as shown below, where λ is the enthalpy of vaporization (or latent heat of
vaporization) at temperature T0.

h ¼ Cp,gas T � T0ð Þ þ H Cp,gas T � T0ð Þ þ λ

 �

Let us define a new variable, s, which simplifies the above equation. This is a
useful quantity and is also known as humid heat, which is also the effective heat
capacity of the gas–vapor mixture. Humid heat varies with specific humidity, H.

h ¼ s T � T0ð Þ þ Hλ

s ¼ Cp,gas þHCp,vapor

In a psychrometric chart, the enthalpy of a gas–vapor mixture can be read from
lines of constant enthalpy. An example is shown below for an air–water mixture at
40 �C and specific humidity of 0.0345 kg/kg. The corresponding enthalpy line at this
point is at 120 kJ/kg.
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Lines of constant enthalpy are also known as adiabatic saturation lines. And this
term can be better understood by considering the following scenario. We have
mixing of a gas–vapor mixture with more liquid. The mixture is allowed to reach
equilibrium under adiabatic conditions.

The mass of liquid added per kg of bone dry gas ¼ℋ3 –ℋ1. An energy balance
can be done for the liquid, where T0 denotes a reference temperature.

h3 � h1 ¼ H3 �H1ð ÞCP,liq T2 � T0ð Þ

The enthalpy of the liquid added, h ¼ s T � T0ð Þ � λH. Therefore we can sub-
stitute this expression into the above equation to obtain

s T3 � T0ð Þ þ H3λ½ � � s T1 � T0ð Þ þ H1λ½ � ¼ H3 �H1ð ÞCP, liq T2 � T0ð Þ
s T3 � T1ð Þ ¼ � H3 �H1ð Þ λþ CP, liq T2 � T0ð Þ
 �

Note that the amount of sensible heat to raise temperature of the liquid from T0 to
T2 is assumed negligible as compared to latent heat of vaporization λ. And we can
derive the equation of the adiabatic saturation line as follows, which relates specific
humidity H to temperature T. Note that the line has a slope of �s

λ.

H3 �H1

T3 � T1
¼ �s

λ

By observing the form of the equation, we may note that as more liquid is added,
humidity increases but temperature falls. This is because enthalpy is used to vaporize
the added liquid adiabatically. As we add even more liquid, the mixture eventually
becomes saturated and the temperature and humidity at this point are also known as
the adiabatic saturation temperature Ts and adiabatic saturation humidity Hs.
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Problem 47

The understanding of crystallization processes, especially at the molecular level,
is important in biological and industrial applications. Good control of the
crystallization process is key in obtaining desired crystalline particles. Discuss
the factors that influence the following aspects of crystallization:

(a) Crystal growth rate
(b) Particle size distribution
(c) Crystal shape

Solution 47

Worked Solution

(a) Crystallization involves the creation of a new daughter phase from a bulk parent
phase and nucleation refers to the first step in the formation of this new phase
through molecular self-assembly. The growth rate of crystals is largely depen-
dent on nucleation conditions.

The nucleation step can be categorized into primary or secondary, and
heterogeneous or homogeneous. Primary nucleation occurs without requiring
pre-existing crystals to be present, while secondary nucleation produces new
crystals from pre-existing crystals. Primary nucleation can be avoided by
maintaining low levels of supersaturation. In industrial applications, secondary
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nucleation is the common mode of crystallization and can be enhanced by
agitation. Pre-existing crystals in supersaturated solution can be initiated by
fluid shear forces acting along crystal surfaces in a crystallizer, sweeping away
nuclei as a result. Collisions between crystals, as well as with vessel surfaces or
agitator blades also contribute to the generation of pre-existing crystal nuclei.

As for heterogeneous nucleation, it occurs when nucleation sites are on
surfaces, while homogeneous nucleation occurs from the interior of a uniform
substance. Heterogenous nucleation is more common and requires supersatura-
tion. Homogeneous nucleation typically requires superheating or supercooling
and occurs randomly and spontaneously.

Crystal growth is influenced by kinetic and thermodynamic factors.

Thermodynamic Effects

The total overall Gibbs free energy of formation of small crystal units in
solution, ΔGf is the sum of the surface free energy change, ΔGs and the bulk
free energy associated with the movement of small crystal units from solution
into the bulk solid crystal phase (or lattice free energy), ΔGb. These units can be
ions, atoms, or molecules.

ΔGf ¼ ΔGs þ ΔGb

ΔGs arises due to the creation of an interface between the new solid phase and
the solution phase. This quantity is always a positive value and works against
crystallization as it increases the overall Gibbs free energy ΔGf. ΔGs is repre-
sentative of a surface tension, and is therefore proportional to the surface area of
the new crystal forming.

ΔGb is influenced by the degree of supersaturation S of the solution which
relates to the difference in chemical potential of the crystal μcrystal and the
solution of its ions μions. Using the example of a spherical crystal, ΔGb can be
expressed in terms Δμ as shown below, whereby k is the Boltzmann constant,
T is temperature, c is the concentration of ions in the solution, ceqm is the
equilibrium concentration of ions in a saturated solution, r is the radius of the
crystal cluster being formed, and a is the size of individual units making up the
crystal cluster.

ΔGb ¼ �4
3
π

r

a

� �3
Δμ

Δμ ¼ μions � μcrystal ¼ kT ln S ¼ kT ln
c

ceqm

� �

For c > ceqm, μions > μcrystal, it then follows that ΔGb is always negative. We
can see that it is the competition between ΔGs and ΔGb that determines the
overall thermodynamic conditions for crystal growth. To visualize this better, we
can sketch the following diagram.
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We note that the free energy of crystal formation ΔGf increases initially;
hence, this part of the process is thermodynamically challenging due to the need
to overcome the dominating surface tension effect (ΔGs > 0) when crystal units
are small. However, as the crystal grows further, the competing effect from bulk
lattice free energy (ΔGb > 0) starts to dominate, and this makes it more
thermodynamically favorable for crystal growth. There is a point in the process
whereby the crystal size reaches a critical value, rc. This is also the point when
the crystal is referred to as a nucleus. Mathematically, this point is a maximum

point defined by (dΔG f

dr ¼ 0), and a further increase in size from rc decreases
overall Gibbs free energy and is therefore spontaneous.

Kinetic Effects

Kinetic factors refer more to mass transfer aspects, such as the adsorption rate
of molecules into the crystal lattice, or diffusion to surfaces, etc.

Using the example of a pure ionic crystal with a cubic lattice structure, and
assuming heterogenous nucleation, crystals grow as small crystal units deposit
on a crystal surface. Prior to deposition, the units are transported to the surface,
and are adsorbed. They may then diffuse to a site that is most energetically
favorable. As the crystal grows, more surface sites are filled, and we eventually
obtain a flat surface. Further growth results in the formation of new layers, and
this layered structure gives rise to a two-dimensional island disc shape, charac-
teristic of heterogenous nucleation. A high degree of supersaturation is kineti-
cally favorable for this process. On the other hand, homogenous nucleation is
more often characterized by three-dimensional shapes.
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(b) The particle size distribution (PSD) can be considered at two levels, macroscopic
and molecular. At the molecular level, PSD is influenced by the competition
between different growth mechanisms, temperature effects, local concentrations,
and presence of impurities in solution.

At the macroscopic level, we refer to aggregation and attrition of particles that
commonly occur within industrial-scale mixers and growth chambers, and which
affect crystal size. Intense mixing typically lead to smaller particles.

(c) The smallest repeating unit in a crystal is called a unit cell. Crystal shape is
affected by the geometry and packing parameters of the unit cell. In reality
however, we do not often have perfect shapes and/or repetitions of atoms in the
crystal lattice due to the presence of impurities which distort crystal lattice
structures.

The type of nucleation (e.g., homogeneous or heterogenous) and the relative
rates of growth on the various crystal planes also influence overall shape. Other
factors that affect crystal shape and morphology include temperature, the degree
of supersaturation, and kinetic effects. Thermodynamic effects are relatively less
prominent, and typically affect only smaller particle sizes.

Problem 48

(a) Explain briefly the use of seed crystals in industrial applications, and
common methods to minimize the degree of nucleation.

(b) Consider the batch crystallization of a spherical hydrated salt (X.nH2O)
from a seeded aqueous solution at atmospheric pressure. A heat exchanger
is used to maintain the operating temperature at 30 �C throughout the
crystallization process. The crystallizer was initially filled with 2000 kg of
saturated aqueous solution and inoculated with 1 kg of crystal seeds
(hydrated salt X.nH2O). The crystal seeds have radii measuring 20 μm
and it is assumed that crystallization occurs predominantly from the
seeds. The final desired size of the hydrated crystal salt is 350 μm in
diameter. If the average crystal growth rate is 8 
 10�8 m/s measured
from the crystal plane and supersaturation level is 0.02 g crystal/g solution,
determine the following:

(i) Final mass of hydrate crystals in the crystallizer.
(ii) Number of crystals in the seed inoculum.
(iii) Mass of water evaporated.
(iv) Time taken to reach the desired crystal size.
(v) Explain how supersaturation affects crystal size distribution in solu-

tion crystallization.
(vi) Given the following correlation for surface-averaged Sherwood num-

ber for mass transfer, determine if crystal growth is controlled by
mass transfer or surface reactions.
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Sh¼ 2þ 0:6Re0:5Sc0:3

The following table is provided for reference.

Molecular weight of X. nH2O 220

Molecular weight of X 100

Solubility of X in aqueous solution [weight %] 25

Density of X. nH2O [kg/m3] 1700

Density of aqueous solution [kg/m3] 1300

Viscosity of aqueous solution [g/cm.s] 0.07

Diffusivity of X in aqueous solution [cm2/s] 1.05 
 10�5

Solution velocity past crystal surface [m/s] 0.04

Solution 48

Worked Solution

(a) Crystal growth is relatively easier compared to nucleation. Because nucleation is
a random process that occurs at the molecular level, it is difficult to control and
predict and this is a disadvantage for large-scale industrial processes requiring
precise control and monitoring. It is challenging to detect crystal nuclei at atomic
dimensions especially at initial stages of nucleation and a quantitative treatment
for the nucleation of salts is therefore difficult. However, nucleation conditions
have significant impact on the size and size distribution of crystal particles. In
order to have reproducible results, efforts are made to get around the randomness
of the nucleation phase, and one way is to use well-characterized seed crystals. A
seed crystal is the first small piece of crystal that you use to grow into a larger
crystal of desired specifications. For most electrolytes, there is a relatively well-
defined critical supersaturation value, below which a stable supersaturated
solution can be maintained for long periods without spontaneous crystallization
occurring. By controlling experimental conditions within this range, the rate of
growth of crystals is more reproducible and can be more easily studied from
microscopic examinations and observed kinetics. In order to minimize primary
nucleation events, we can alter supersaturation to sufficiently low levels. We can
also adopt milder agitation to avoid secondary nucleation.

(b) (i) The initial crystal seeds have radii measuring 20 μm, this translates to a
diameter of 40 μm ¼ 4 
 10�5 m. The final desired crystal has a diameter of
350 μm¼ 3.5
 10�4 m. We know the initial mass of crystal seeds, and we need
to find the final mass of crystals after the crystallization process.

It helps to first find a correlation between mass and length scale (e.g.,
diameter) for a spherical particle. In general, the mass M of a spherical particle
is related to its diameter D, volume V, and density ρ as follows:

M ¼ ρV ¼ ρ
4
3
π

D

2

� �3
 !

¼ ρ
πD3

6

� �
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M � D3

M1

D1ð Þ3 ¼
M2

D2ð Þ3

We know that M1 ¼ 1 kg, D1 ¼ 4 
 10�5 m, and D2 ¼ 3.5 
 10�4 m;
therefore, the final mass of the hydrate salt crystals is approximately 670 kg.

M2 ¼ M1
D2

D1

� �3

¼ 1
3:5
 10�4

4
 10�5

� �3

¼ 670 kg

(ii) Given the density of the hydrated salt crystal is 1700 kg/m3, we can
calculate the mass of a single crystal in the seed inoculum.

m1 ¼ ρ
πD1

3

6

� �
¼ 1700

π 4
 10�5
� �3

6

 !
¼ 5:7
 10�11kg

We can now find the number of crystals ncrystal in the seed inoculum

ncrystal ¼ M1

m1
¼ 1

5:7
 10�11 ¼ 1:8
 1010

(iii) To find the mass of water evaporated, we can start with a mass balance on
water between the initial and final stages. The initial mass of water in the
saturated solution mw,initial should be equivalent to the sum of (1) the mass of
water left in the solution at the final stage mw,final soln, (2) the mass of water
entrapped in the newly formed hydrated crystals, mw,nH2O, and (3) the mass of
water evaporated mw,evaporated.

mw,initial ¼ mw,final soln þ mw,nH2O þ mw,evaporated ð1Þ

We need to determine mw, evaporated; therefore, we can focus on first deter-
mining mw,initial, mw,final soln, and mw,nH2O.

To determine mw,initial:

We are told that the mass of the initial saturated solution is 2000 kg, and that
solute X is at 25 wt% in solution. We can use this information to find out the
initial mass of water and X, respectively, in the saturated solution.

mx,initial ¼ 0:25
 2000 ¼ 500 kg

mw,initial ¼ 2000� 500 ¼ 1500 kg

396 Separation Processes



To determine mw, nH2O:
We know that we have 1 kg of crystal seeds added to the saturated solution at the
initial stage, and from part a we note that the total final mass of hydrate crystals
(seeds + newly formed) is 670 kg. The mass of crystals mnew crystals that were
newly formed is therefore

mnew crystals ¼ 670� 1 ¼ 669 kg

Given that the molecular weights of X and X.nH2O are 100 and 220, respec-
tively, we can calculate the corresponding weight of the hydration portion (i.e.,
nH2O) of the crystal relative to one molar unit of crystal (X.nH2O) as follows

MWnH2O ¼ MWX:nH2O �MWX ¼ 220� 100 ¼ 120

We can now find the mass of water entrapped in the hydrated crystals that
were newly formed, mw,nH20. For one molar unit of crystal, we have

mw,nH2O

MWnH2O
¼ mnew crystals

MWX:nH2O

mw,nH2O ¼ 120
669
220

� �
¼ 365 kg

To determine mw,final soln:
Finally let us find out the mass of water left in solution. We know from earlier
that mnew crystals ¼ 669 kg. We also found that within these newly formed
crystals, the hydration mass is mw,nH2O ¼ 365 kg. Therefore, we know that the
portion of the newly formed crystals that comprises X only has the following
mass

mx, new crystals ¼ mnew crystals � mw,nH2O

¼ 669� 365 ¼ 304 kg

The initial mass of X in solution, mx,initial, was found earlier to be 500 kg.
Some of the X went into the crystals as mx,new crystals. Hence the remaining mass
of X in the final solution is

mx, f inal soln ¼ mx,initial � mx,new crystals ¼ 500� 304 ¼ 196 kg

We know that temperature and pressure are maintained throughout the
process; hence, solubility of X in the aqueous solution can also be reasonably
assumed to be maintained at 25 wt% of X.

mw, f inal soln ¼ mx, f inal soln
75
25

� �
¼ 196

75
25

� �
¼ 588 kg
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Putting together our intermediate results into Eq. (1):

mw, initial ¼ mw, f inal soln þ mw,nH2O þ mw, evaporated

mw, evaporated ¼ 1500� 588� 365 ¼ 547 kg

Hence the mass of water evaporated is 547 kg.
(iv) The growth rate from one plane of the crystal is 8 
 10�8 m/s. Since we

have a spherical crystal, this growth rate extends the diameter on both sides and
the diameter therefore grows at twice the value of 8 
 10�8 m/s, which is
equivalent to 1.6 
 10�7 m/s.

From earlier, we obtained the initial crystal seed diameter of
40 μm ¼ 4 
 10�5 m and final crystal diameter of 350 μm ¼ 3.5 
 10�4 m.

t ¼ 3:5
 10�4
� �� 4
 10�5

� �
1:6
 10�7 ¼ 1937:5 s

The time taken is about 1937.5 s or 32 min.
(v) In solution crystallization, supersaturation is a key driving force and is

equivalent to the difference between the actual concentration and the solubility
concentration at a given temperature. Supersaturation is often controlled to avoid
undesirable nucleation.

The solubility curve is an important aspect to consider when deciding the
preferred method for crystallization. The effect of temperature on solubility
varies between different types of compounds (e.g., organic vs. inorganic), and
this determines the best method for controlling supersaturation levels. For
compounds whereby solubilities decrease only slightly with large drops in
temperature (e.g., systems of most inorganic salts in water), cooling the crystal-
lizer unit by evaporation is preferred. As for compounds that have solubilities
decrease significantly with decrease in temperature, crystallization by cooling
(e.g., heat removal using heat exchanger) can be used. A general solubility curve
is illustrated below where Δc determines supersaturation levels. The solubilities
of most inorganic compounds increase with temperature.
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Supersaturation is a key driving force for crystal nucleation and growth.
Nucleation refers to the creation of new crystal nuclei, while crystal growth refers
to the enlargement of crystal size as solute is deposited from solution. Nucleation
can be either primary (spontaneously occurs from solution) or secondary (pre-
existing crystals). The importance of recognizing these two processes is in noting
that the competition between these two processes at different supersaturation
levels significantly influences the final crystal size distribution.

The rates of both processes r can be denoted using a general form of the rate
equation as shown below whereby k is the growth (or nucleation) constant, n is
the growth (or nucleation) order:

r ¼ k Δcð Þn

We can observe that supersaturation which is indicated by Δc has an expo-
nential correlation with the order of the reaction. Therefore, for systems whereby
growth order is much smaller than nucleation order (e.g., organic systems), then
at low supersaturation, crystal growth dominates as it is faster than nucleation
and we have more large crystals. Conversely, at high supersaturation, nucleation
is much faster than crystal growth and we end up with smaller crystals. Other
than controlling supersaturation levels, mechanical agitation can also give rise to
smaller crystals that are also higher in purity, more uniformly sized, and pro-
duced faster. Both supersaturation levels and uniformity of crystal sizes can be
controlled by careful consideration of circulation between the crystallizing zone
and the supersaturation zone. The use of vertical baffles promotes uniform
mixing.

(vi) The surface-averaged Sherwood number is given in the problem as
follows:

Sh ¼ 2þ 0:6Re0:5Sc0:3

It is worth noting that this correlation is valid for the range of approximately
0 � Re < 200, and 0 � Sc < 250. At very low Re, Sh tends to a value of 2 and
this considers the molecular diffusion from a sphere into a large volume of
stagnant fluid.

From data booklets, we can find the definitions of the 3 dimensionless
numbers, namely the Sherwood number (Sh), Reynolds number (Re), and
Schmidt number (Sc).

Sherwood Number

The Sherwood number represents the ratio of convection rate to diffusion rate in
mass transfer. Mathematically it can be expressed as follows whereby k is the
convective mass transfer coefficient, D is the mass diffusivity (or molecular
diffusion coefficient of solute in solution), and L is the characteristic length. In
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the case of a spherical particle in this problem, L can be approximated as particle
diameter Dp. In our problem, we note that D ¼1.05 
 10�5 cm2/s.

Sh ¼ k

D=L
¼ k

D=Dp
¼ kDp

1:05
 10�5

Schmidt Number
The Schmidt number Sc describes the ratio of momentum diffusivity to mass
diffusivity. Mathematically, it is equivalent to the ratio of the kinematic viscosity
of the fluid v to diffusivity D. v can be further expressed in terms of dynamic
viscosity μ and fluid density ρl. In our problem, we note that μ ¼ 0.07 g/(cm.s)
and ρl ¼ 1300 kg/m3 ¼ 1.3 g/cm3.

Sc ¼ v

D
¼ μ

Dρl
¼ 0:07

1:05
 10�5
� �

1:3
� 5128

Reynolds Number
Lastly, the Reynolds number Re is useful in understanding flow patterns, and
specifically it indicates whether fluid flow is steady or turbulent. Mathematically
it is expressed as follows whereby V is fluid velocity, L is the characteristic
length which is approximated as particle diameterDp in this problem, and r is the
crystal radius. In our problem, we note that V ¼ 0.04 m/s ¼ 4 cm/s:

Re ¼ VL

v
¼ VρlDp

μ
¼ 4 1:3ð ÞDp

0:07
� 74Dp ¼ 148r

To solve the problem, let us first consider the case where mass transfer is the
controlling mechanism. We can express the growth rate of the crystals as a
differential equation with respect to time t and in terms of a mass transfer
coefficient and a concentration driving force. In the equation below, n denotes
the molar amount of hydrate crystals, As refers to the surface area of the crystals,
k denotes the growth (assumed dominated by mass transfer) constant, andΔc is a
concentration difference that is correlated to supersaturation.

dn

dt
¼ Ask Δcð Þ

Since we have spherical crystals, we know that As ¼ 4πr2.

dn

dt
¼ 4πr2k Δcð Þ ð1Þ
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We can also relate n to molar density ρm of the crystal and this is useful since
ρm can be calculated easily from the given mass density (ρ ¼ 1.7 g/cm3) of the
crystal.

ρm ¼ ρ

MWX:nH2o
¼ 1:7

220
¼ 0:0077 mol=cm3

The volume of a sphere is known to be Volume ¼ (4/3)πr3. Therefore, the
number of moles of spherical crystal is written as

n ¼ 4
3
πr3ρm

Substituting the above expression for n into Eq. (1), we have

dn

dt
¼ d

dt

4
3
πr3ρm

� �
¼ 4πr2k Δcð Þ

The left-hand side of the equation can be simplified as follows

d

dt

4
3
πr3ρm

� �
¼ 4

3
πρm

d r3ð Þ
dt

¼ 4
3
πρm 3r2

� �dr
dt

¼ 4πr2ρm
dr

dt

Equating the above with the right-hand side of the equation, we now have a
differential equation representative of the growth rate of the crystal in terms of its
size (i.e., radius)

4πr2ρm
dr

dt
¼ 4πr2k Δcð Þ

dr

dt
¼ k Δcð Þ

ρm
¼ k Δcð Þ

0:0077
ð2Þ

We can now make use of the given correlation for the Sherwood number in
the problem and equate it to the definition of the Sherwood number.

Sh ¼ kDp

1:05
 10�5 ¼ 2þ 0:6Re0:5Sc0:3

k 2rð Þ
1:05
 10�5 ¼ 2þ 0:6 148rð Þ0:5 5128ð Þ0:3

The initial and final sizes of the crystal are r1 ¼ 2 
 10�3cm and
r2 ¼ 1.75 
 10�2cm, respectively. We can therefore calculate the values of
k for the initial and final stages to examine the effect of mass transfer on crystal
growth rate.
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The initial and final values of mass transfer coefficient k1 and k2 can be found
as follows

k1 ¼
1:05
 10�5
� �

2þ 0:6 148r1ð Þ0:5 5128ð Þ0:3
� �

2r1
¼ 0:016 cm=s

k2 ¼
1:05
 10�5
� �

2þ 0:6 148r2ð Þ0:5 5128ð Þ0:3
� �

2r2
¼ 0:004 cm=s

We observe that the mass transfer coefficient decreases as the crystal grows.
Going back to our differential Eq. (2), we can examine how the different values
of k affect growth rate dr

dt.

dr

dt
¼ k Δcð Þ

0:0077

The concentration driving force Δc for the above equation is in molar units,
and this can be obtained from the known value of supersaturation (mass basis) of
0.02 g X.nH2O per g of solution as follows.

Δc ¼ 0:02 ρlð Þ
MWX:nH2O

¼ 0:02 1:3ð Þ
220

¼ 0:00012 mol=cm3

Therefore the initial and final growth rates are:

dr

dt






1

¼ k1 Δcð Þ
0:0077

¼ 0:016 0:00012ð Þ
0:0077

¼ 2:5
 10�4 cm=s

dr

dt






2

¼ k2 Δcð Þ
0:0077

¼ 0:004 0:00012ð Þ
0:0077

¼ 6:2
 10�5 cm=s

We compare the above growth rates (assuming mass-transfer dominated)
with the given observed average growth rate of 8 
 10�6 cm/s and notice that
even for the slower growth rate (assuming mass-transfer dominated) of
dr
dt




2
¼ 6:2
 10�5 cm=s, it is still much faster than the observed growth rate.
Therefore, we conclude that crystal growth in this case is not controlled by

mass transfer, but by surface integration reactions instead.

Problem 49

Plot a graph showing the effect of temperature and solute concentration on
solubility and explain the following phenomena and terms using the graph:

(a) No crystals are observed when a solution is undersaturated.
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(b) Clouds at high altitude do not form ice although they are at temperatures
below freezing point.

(c) “Supersaturation temperature difference,” “supersaturation,” and “rela-
tive supersaturation”.

(d) Spontaneous nucleation can give rise to very small crystals under certain
conditions, although these crystals are invisible to the naked eye (less than
about 20 μm).

(e) “Metastable region” and “metastable limiting solubility”.

Solution 49

Worked Solution

(a) The plot below is an example of a solubility curve, which correlates the
concentration of solute with temperature. In most cases, solubility increases
with increasing temperature. No crystals are observed when a solution is under-
saturated; this can be represented by the point (marked in red) as shown in the
plot below. As the point lies below the solubility curve, it is in the “undersatu-
rated” region where crystals of all sizes dissolve. No crystals form unless we
increase concentration of solute or reduce temperature (as shown in gray arrows)
such that the point is sufficiently moved out of this “undersaturated” region.

(b) Clouds are essentially a mass of tiny water droplets. These water droplets do no
freeze into ice even though temperature may be below freezing point at high
altitudes (assuming there are no pre-existing ice crystals that serve as seed
crystals to trigger crystallization). This phenomenon can be explained in the
diagram below, where we exist in the region as marked by red, below the
metastable limit (represented by the c* curve) and the solubility curve. Along
the solubility curve, c ¼ cs and equilibrium exists between the crystal (visible)
and saturated solution. At the point marked in red, cs < c < c� and crystals can
grow but no spontaneous nucleation occurs since c < c�. In the absence of pre-
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existing seed crystals, if no nucleation occurs then no new crystals can form
(Note: If pre-existing crystals are present, these crystals can grow).

(c) Supersaturation temperature difference is shown by the horizontal gray arrow
and represents the difference in temperature between a point above the solubility
curve and a point on the solubility curve at constant solute concentration.
Supersaturation Δc is defined as the difference between actual solute concentra-
tion and solubility concentration. It can be represented by the vertical gray arrow
between a point above the solubility curve and a point on the solubility curve at
constant temperature.

Δc ¼ c� cs

Relative supersaturation s is an alternate form of measuring the degree of
supersaturation and is typically defined as follows, where we may find the use of
a supersaturation ratio, S ¼ c

cs
.

s ¼ c� cs
cs

¼ c

cs
� 1 ¼ S� 1
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(d) Spontaneous nucleation can give rise to the creation of new and very small
crystals (invisible to the naked eye), even if there are no pre-existing crystals
present. This occurs when we are located on the metastable limit curve c* as
marked in red below.

(e) The term metastable limiting solubility refers to the value of c�, whereby the c�

curve is simply a continuous plot of metastable liming solubility values over a
temperature range. The metastable region is the region “sandwiched” between
the metastable limit curve c� and the solubility curve cs. We can also define a
“limit of the supersaturation temperature difference” as shown below by the
horizontal gray arrow, as well as a limiting supersaturation as shown by the
vertical gray arrow (Δc� ¼ c� � cs).

Problem 50

Other than temperature, solubility is also influenced by crystal size. In general,
there is greater solubility with smaller crystals. The equation below is used to
model the relationship between crystal size and solubility of a particular
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inorganic compound A (assumed hydrate-free) in water at temperature T. In
this equation, c denotes actual concentration of solute A, cs denotes the solubil-
ity of hydrate-free A at infinite dilution, σ denotes interphase surface tension
between solid and liquid phases, ρm denotes molar density of crystals of A, q
denotes the number of ions dissociated from one solute molecule of A, Dp refers
to the diameter of the crystal particle, and R refers to the gas constant.

ln
c
cs

� �
¼ 4σ

ρmqRTDp

It is given that the molecular weight, density, and q value for A are
75, 2000 kg/m3, and 2, respectively, and at a temperature of 30 �C, it was
found that the values of cs and σ for A are 37 g/100 g H2O and 0.03 J/m2,
respectively.

Show how crystal size affects solubility of A and comment on any key
observations.

Solution 50

Worked Solution

The equation that is given in this problem originates from the Kelvin equation, which
is used to study solubility of small particles. In its general form, the Kelvin equation
models the change in the vapor pressure of a liquid or the solubility of a solid due to
the curvature of the interface between adjacent phases (e.g., liquid–vapor interface or
solid–liquid interface). In this problem, we have a solid–liquid interface when solid
crystals of A dissolve in liquid water.

We are told that the solubility of A at infinite dilution and at 30 �C is 37 g/100 g
water on a hydrate-free basis. For systems comprising soluble organic or inorganic
compounds in water, extensive data is available for solubility as a function of
temperature. (Note: The heat of solution at infinite dilution at room temperature
can also be found from such published data.)

The q value of A is given as 2. Solutes such as sodium chloride (NaCl) and
potassium chloride (KCl) are examples of salts with this dissociation number since
one molecule of NaCl (for example) dissociates into two ions Na+ and Cl- in water.

We know that R ¼ 8314 J/(kmol. K), and can substitute the given values for
A into the equation as follows:

ρm ¼ ρ

MW
¼ 2000

75
¼ 26:7 kmol=m3

ln
c

cs

� �
¼ 4σ

ρmqRTDp

ln
c

37

� �
¼ 4 0:03ð Þ

26:7ð Þ 2ð Þ 8314ð Þ 273þ 30ð ÞDp
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We can obtain a function of actual solute concentration c with respect to size of
particle Dp.

c g A=100 g H2O½ � ¼ 37exp
9:12
 10�10

Dp m½ �
� �

¼ 37exp
9:12
 10�4

Dp μm½ �
� �

After tabulating values of c for an arbitrary range of Dp, we notice that the
solubility of crystal A increases as size starts to decrease from about 0.01 μm.
However, beyond a size of about 0.1 μm, the size of crystal A does not affect
solubility much and solute concentration remains at around 37 g A per 100 g water.

c [g A/100 g H2O] Dp [μm]

92.10396 0.001

67.95991 0.0015

53.28836 0.0025

44.40348 0.005

40.53306 0.01

38.37468 0.025

37.68107 0.05

37.33898 0.1

37.03376 1

37.00337 10

37.00034 100

A graph can be plotted to better visualize this trend, note that the horizontal axis is
plotted on a log10 scale.
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Understanding the impact of crystal size on solubility helps better design crys-
tallization conditions. For example, for small crystals where solubility is sufficiently
high, supersaturation can occur without agitation, especially if the cooling rate
is slow.

Problem 51

The Mixed Suspension, Mixed Product Removal (MSMPR) model is a useful
mathematical model developed to study a particular type of crystallizer known
as the draft-tube baffled (DTB) crystallizer. It is useful for characterizing size
distributions of crystals as experimental data can be easily obtained in the lab to
determine useful parameters such as crystal nucleation rate and growth rate.
Such parameters can then be applied in the design of industrial-scale crystal-
lizer units.

(a) Explain what is meant by a particle size distribution and how it relates to
the distribution function of the population. Plot the cumulative distribution
for an arbitrary population to show how its distribution function relates to
particle size and concentration of particles.

(b) One of the useful results from the MSMPR model is the population density
function given as follows. Explain what the symbols in this equation mean
and show how it is derived. Include in your derivation any key assumptions
made.

n ¼ n0exp �tL
τ

� �

(c) Nucleation rate B0 is sometimes expressed as follows, whereby G denotes
crystal growth rate. Show how this expression can be derived from the
population density function n.

B0 ¼ Gn0

Solution 51

Worked Solution

(a) A distribution function helps us determine properties of interest for a population
of particulates. An example of such properties is the particle concentration (i.e.,
number of particles of defined size or size range per unit volume).

The distribution function given in this problem is also referred to as “number
density” or “population density” and can be denoted as n(L ). It represents the
distribution of population about a size L (assuming a linear length scale for size)
and can be expressed mathematically as the number of crystal particles (N ) per
unit size of crystal (L ) per unit volume of mother liquor (VML). [Note: Mother
liquor refers to the solids-free liquid in a solid–liquid crystallization system.]
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n Lð Þ ¼ d N=VMLð Þ
dL

¼ 1
VML

dN

dL

It follows that the number of particles of size L to L + dL in volume VML of
liquid (solids-free) is therefore

dN ¼ VMLn Lð ÞdL

We can determine cumulative distribution properties such as the total con-
centration of particles over a defined size range as follows, by integrating the
population density function.

For the concentration (number per unit volume of mother liquor) of particles
of size from L1 to L2, we have:

ðL2
L1

n Lð ÞdL ¼ N L1; L2ð Þ
VML

We can also find the cumulative concentration, representing the number of
particles per unit volume of mother liquor below a size L

ð L
0
n Lð ÞdL ¼ N 0; Lð Þ

VML

The total concentration of particles in our system can be determined by
integrating over the limits of L, from 0 to the largest crystal in the population
of size, e.g., Lmax:

ðLmax

0
n Lð ÞdL ¼ NT

VML

Graphically, we can see the significance of population density n as the
gradient of the graph of the cumulative number of particles per unit volume of
mother liquor N/VML against crystal size L.
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(b) One key assumption in the MSMPR model is that the crystal growth rate is the
same for crystals of all sizes. Therefore, the growth rate G can be simplified as a
constant value.

G ¼ dL

dt
¼ ΔL

Δt
ð1Þ

Another important assumption for the MSMPR model is perfect mixing
conditions such that the mixtures inside the crystallizer and in the exiting fluid
are identical, uniform, and homogeneous in composition at all times. As such,
the concentration of particles in the crystallizer can be expressed as equivalent to
the concentration of particles in the product stream that is withdrawn as follows.

Ncrystallizer

VML,crystallizer
¼ Nwithdrawn

VML,withdrawn

VML,withdrawn

VML,crystallizer
¼ Nwithdrawn

Ncrystallizer

We assume a continuous, steady-state operations; hence, with a constant
volumetric flow rate QML for the withdrawn product stream, we have

dVML,withdrawn

dt
¼ QML

VML,withdrawn ¼
ðt2
t1

QMLdt ¼ QMLΔt

Substituting back into the expression earlier, and noting the negative sign due
to a decrease in the number of crystals left in the crystallizer upon withdrawal of
crystals over time

QMLΔt
VML,crystallizer

¼ Nwithdrawn

Ncrystallizer






t2

� Nwithdrawn

Ncrystallizer






t1

¼ �Δn
n

Substituting expression (1) to replace Δt, we have

QMLΔL
GVML,crystallizer

¼ �Δn
n

Δn
ΔL

¼ � QMLn

GVML,crystallizer
limit of ΔL ! 0�����������! dn

dL
¼ � QMLn

GVML,crystallizer
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The residence time τ is the time taken to completely exchange the contents of
the crystallizer and is defined as follows. It is also referred to as turnover time or
flushing time.

τ ¼ VML,crystallizer

QML

dn

dL
¼ � n

Gτ

Integrating the above using the lower limit of n¼ n0 when L¼ 0, we obtain a
function of n with respect to L.

ð n
n¼n0

dn

n
¼
ð L
L¼0

� 1
Gτ

dL

ln
n

n0

� �
¼ � L

Gτ

n Lð Þ ¼ n0exp � L

Gτ

� �

The time taken for crystals to grow to size L can be further defined and
denoted by tL. tL may also be referred to as a “residence time,” although this
residence time is different from τ. Instead it refers to “age” of particles in the
crystallizer of size L; in other words, it represents the time spent by crystals of
size L in the crystallizer. Assuming a constant growth rate G as shown in Eq. (1),
we can also express number density in terms of tL.

tL ¼ L

G

n ¼ n0exp �tL
τ

� �
(c) n0 refers to the concentration (number per volume of mother liquor per size/

length of crystal) of crystals of zero length (i.e., the nuclei) and it is also called
the “zero size population density” or “nuclei population density”. Therefore, the
rate of formation of nuclei per unit volume of mother liquor B0 can be deter-
mined by taking the limit of crystal size tends to zero.

B0 ¼ 1
VML

lim
L!0

dN

dt
¼ 1

VML
lim
L!0

dN

dL

dL

dt

� �

We know that growth rate can be expressed as follows, and assuming that it is
a constant under the MSMPR model, it can be taken out of the differential.
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G ¼ dL

dt

Therefore, we re-express nucleation rate as such,

B0 ¼ G
VML

lim
L!0

dN

dL

� �

We know from earlier that by definition, we have

n Lð Þ ¼ 1
VML

dN

dL

We now set the condition when L ¼ 0, n ¼ n0

n L ¼ 0ð Þ ¼ n0 ¼ 1
VML

dN

dL

lim
L!0

dN

dL

� �
¼ VMLn0

Substituting this result back into the earlier expression for B0, we obtain the
given expression.

B0 ¼ G
VML

VMLn0ð Þ ¼ Gn0

Problem 52

In a DTB crystallizer, crystals of a particular monohydrate salt are to be
produced at an operating temperature of 30 �C. The MSMPR model was
used to study this process, whereby the population density function was given
as follows:

n Lð Þ ¼ n0exp 2
L
Gτ

� �

(a) Using a suitable dimensionless quantity for crystal size, derive an expression
representing the fraction of crystals of size L and below out of the total
number of crystals in the crystallizer. Using your result, plot the cumulative
crystal population distribution and the differential population distribution
functions against the dimensionless size.

(b) The numbers fraction found in part a is also referred to as the zeroth
moment for the population density function n. The form of this fraction
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can be further generalized for a kth moment as shown in the expression
below, where z refers to dimensionless size.

xk ¼

ð z
0
nzkdzð1

0
nzkdz

Using the expression given above, determine the corresponding cumula-
tive function x1 and differential function dx1/dz for the first moment (i.e.,
k ¼ 1).

(c) Given that the second and third moment equations for n are as follows, plot
the first, second, and third moment functions in the same diagram as the
plots in part a and comment on any key features.

x2 ¼ 12 1þzþz2

2

� �
e2 z

x3 ¼ 12 1þzþz2

2
þz3

6

� �
e2 z

(d) The predominant (or modal) crystal size Ld is a commonly used quantity
that can be calculated using the expression shown below. This quantity is
particularly useful in the design of crystallizers. Show how this expression
may be derived from the mass distribution function.

Ld ¼ 3Gτ

Solution 52

Worked Solution

(a) The population distribution function is given as follows:

n Lð Þ ¼ n0exp � L

Gτ

� �

To derive the said fraction, x, we have in the numerator an integral (summa-
tion over) from L ¼ 0 to L which represents the number of crystals of size L and
smaller, per unit volume of mother liquor. Similarly, by setting limits of inte-
gration from L¼ 0 to1, we have the denominator representing the total number
of crystals for all sizes per unit volume of mother liquor.
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x ¼

ð L
0
n Lð ÞdLð1

0
n Lð ÞdL

¼

ð L
0
n0exp � L

Gτ

� �
dLð1

0
n0exp � L

Gτ

� �
dL

We can also apply some useful results of integrals of exponential functions as
shown below as Eqs. (1) and (2):

ð
eaxdx ¼ 1

a
eax ð1Þ

ð1
0
e�axdx ¼ 1

a
ð2Þ

Using result (1) for the numerator, where a ¼ � 1
Gτ we have,

ð L
0
n0exp � L

Gτ

� �
dL ¼ n0 �Gτð Þexp � L

Gτ

� �� 	L
0

¼ n0 �Gτð Þexp � L

Gτ

� �
þ Gτ

� 	
¼ n0Gτ 1� exp � L

Gτ

� �� �

Using result (2) for the denominator, where a ¼ 1
Gτ we have,ð1

0
n0exp � L

Gτ

� �
dL ¼ n0Gτ

Therefore, we have the fraction as follows

x ¼ 1� exp � L

Gτ

� �

We can non-dimensionalize crystal size, L by dividing it over a characteristic
length, L� ¼ Gτ to obtain a dimensionless crystal size z as follows

z ¼ L

L�
¼ L

Gτ

n zð Þ ¼ n0e
�z

We arrive at the following cumulative number distribution and differential
distribution.
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x ¼ 1� e�z

dx

dz
¼ e�z

By plotting x against z, we have the cumulative numbers distribution shown
below.

By plotting dx
dz against z, we have the differential numbers distribution shown

below.
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(b) Let us determine the first moment equation x1 knowing that the population
density function expressed in terms of dimensionless size is n(z) ¼ n0e

�z

x1 ¼

ð z
0
nz dzð1

0
nz dz

¼

ð z
0

n0e
�zð Þzdzð1

0
n0e

�zð Þzdz
¼

ð z
0
ze�z dzð1

0
ze�z dz

We can use integration by parts to simplify the numerator. Recall that

ð
udv ¼ uv�

ð
vdu

We set u ¼ z and dv ¼ e�zdz, then applying the earlier results for integrals of
exponential functions, we have

ð z
0
ze�zdz ¼ �ze�z½ � z0 �

ð z
0

�e�zð Þdz

¼ �ze�z � e�z½ � z0 ¼ �ze�z � e�z � 1½ � ¼ 1� 1þ zð Þe�z

For the denominator of the fraction x1, we follow the same steps above but
adjust to the new limits of integration

ð1
0
ze�zdz ¼ �ze�z½ �10 �

ð1
0

�e�zð Þdz ¼ 0�
ð1
0

�e�zð Þdz ¼
ð1
0
e�zdz

Applying result (2) from part a, we have

ð1
0
e�zdz ¼ 1

Therefore we derive the first moment equations (cumulative and differential)
as follows.

x1 ¼ 1� 1þ zð Þe�z

dx1
dz

¼ � 1þ zð Þ �e�zð Þ þ e�z �1ð Þ ¼ ze�z

(c) We are given the following moment equations. Upon examining the four
moment equations, i.e., for k¼ 0, 1, 2, 3, we notice that these equations represent
crystal size distributions in increasing dimension.

The numbers distribution function is obtained when k ¼ 0.
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x0 ¼ xnumber ¼ 1� e�z

dx0
dz

¼ e�z

When k ¼ 1, we obtain the size distribution in the linear form, i.e., length
distribution.

x1 ¼ xlength ¼ 1� 1þ zð Þe�z

dx1
dz

¼ ze�z

By extension, it follows that the given expressions for the second and third
moments represent the area (size in quadratic terms) distribution function and
volume/mass (size in cubic terms) distribution function.

x2 ¼ xarea ¼ 1� 1þ zþ z2

2

� �
e�z

x3 ¼ xvolume=mass ¼ 1� 1þ zþ z2

2
þ z3

6

� �
e�z

We can find the differential forms for x2 and x3 as follows

dx2
dz

¼ � 1þ zþ z2

2

� �
�e�zð Þ þ e�z �1� zð Þ ¼ z2

2
e�z

dx3
dz

¼ � 1þ zþ z2

2
þ z3

6

� �
�e�zð Þ þ e�z �1� z� z2

2

� �
¼ z3

6
e�z

The cumulative and differential functions for the first, second, and third
moments are added to the plot in part a (zeroth moment) as follows.
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We notice that for the differential plots, the length, area, and volume/mass
distributions experience a peak value. The peak value for the volume/mass
distribution can give us insights on the predominant crystal size, and mathemat-
ically determined by setting the condition for the gradient of the differential plot
to be equal to zero. This is also referred to as the predominant crystal size.

(d) The third moment for the population density function n represents a volume or
mass distribution. The predominant crystal size (or modal) crystal size Ld occurs
at the maximum point of the mass distribution (differential) function. To find this
maximum point, we set the condition of gradient (i.e., derivative) equal to zero.

d dx3
dz

� �
dz

¼ 0

d z3

6 e
�z

� �
dz

¼ �z3

6
e�z þ e�z z2

2

� �
¼ 0

z ¼ 3

We know from part a that the dimensionless length z can be expressed in
terms of growth rate G and residence (or turnover) time τ; therefore, we derive
the given expression for predominant crystal size.

z ¼ L

L�
¼ L

Gτ

Ld
Gτ

¼ 3

Ld ¼ 3Gτ
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Reactor Kinetics

Problem 1

Using suitable examples, explain the rate of reaction r, rate law, and order
of reaction.

Solution 1

Worked Solution

First we need to understand what this notation r for rate of reaction means. Take for
example the following reaction where 1 mole of reactant A is converted to 1 mole of
product B.

A ! B

Rate of reaction r ¼ rB, where r > 0, which refers to the rate of formation of
product species B and r has units of mol m�3 s�1.

It follows that rB¼�rA since rate of production of species B is equal to the rate of
disappearance of species A. Note that the stoichiometric ratios may not always be 1:1
between A and B; therefore, if we have a reaction that is described by the expression
shown below, it should be noted that the rate of reaction is given by the expression,
r ¼ rB ¼ �1

2 rA.

2A ! B

The rate of reaction r can also be expressed in terms of “per unit volume” such as
in a CSTR and PFR, or in terms of “per unit mass of catalyst” such as in PBR, or “per
unit area of reaction surface” such as for catalytic membranes. The specific choice
depends on which parameter contributes to the rate of reaction. In a PBR, solid
catalysts are packed in a tubular reactor and catalyze the reactions within. Hence, the
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mass of catalyst directly affects the rate of reaction, and it is logical that the rate of
reaction is expressed per unit mass catalyst. In a CSTR, the volume of reactor
contains the liquid reagents; hence, the volume that the CSTR can hold directly
affects the rate of reaction and r is therefore expressed per unit volume.

The rate law is a rate equation whereby r is expressed as a product of reaction rate
constant (k) and concentration of species (Ci). The specific correlation of species
concentration to r may be determined experimentally, and this correlation can be
zeroth order, first order, second order, and up to nth order.

In a zeroth-order reaction, the rate of reaction is independent of species concen-
tration, and is therefore simply the reaction rate constant. k has units of mol m�3 s�1.

r ¼ k

In a first-order reaction, the rate law for the example reaction below is as shown,
and k has units of s�1. Note that there can exist reactants other than A under this rate
law; this is the case when these other reactants are zero order with respect to rate of
reaction.

A ! B

r ¼ kCA

In a second-order reaction, the overall rate law equation will have concentration
of species raised to power of 2. This may be from the second-order relationship with
a single reactant species, or first-order relationship with respect to each of the two
reactant species, as shown for the reaction below.

Aþ B ! C

r ¼ kCACB or kCA
2

Problem 2

There are three main types of continuous flow reactors, the Continuous Stirred
Tank Reactor (CSTR), the Plug Flow Reactor (PFR), and the Packed Bed
Reactor (PBR).

(a) Derive the design equation for each type of reactor.
(b) Assuming we have a PFR containing a first-order reaction where species

A reacts to form species B. What is the reactor volume required to achieve
a conversion of 90%, if the volumetric flow rate is constant at a value of
_Q¼0:3 m3/s and the reaction rate constant k ¼ 0.05 s�1.
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Solution 2

Worked Solution

(a) Design equations help us size the reactors for the reactions that we desire. Let us
illustrate a simple CSTR.

FA

FA0

rA, CA

V

FA0 denotes flow rate at the reactor inlet, FA denotes flow rate at the outlet, and
r¼�rA is the rate of reaction. It is assumed that the concentration of species A in
the tank is the same as that in the outlet stream; hence, it follows that FA ¼ CA _Q
[mol s�1]. We assume no spatial variations of r within the volume; hence, a
constant V is multiplied to r.

The mass balance for species A is as shown, note that rA < 0:

FA0 � FA þ rAV ¼ dNA

dt

FA0 � FA þ rAV ¼ 0 steady stateð Þ

Therefore the design equation for CSTR is as follows, where X is conversion.
[Note that for batch reactors, there are no inflows or outflows, therefore rAV ¼ dNA

dt ]

V ¼ FA0 � FA

�rA
¼ FA0X

�rA

Let us proceed to tubular reactors. A simple PFR (below left) and PBR (below
right) are shown here.

Tubular reactors are typically cylindrical with turbulent flow contained
within, and we assume no spatial variation (in radial direction) of species
concentrations under plug flow. However, species concentrations change in the
axial direction as reactions proceed as the reagents flow along the axial direction.

For the PFR:
The mass balance for species A in a differential volume element is below, note

that rA < 0:
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FA xð Þ � FA xþ Δxð Þ þ rAV ¼ dNA

dt

FA xð Þ � FA xþ Δxð Þ þ rAΔV ¼ 0 steady stateð Þ
rAAΔx ¼ FA xþ Δxð Þ � FA xð Þ

rAA ¼ dFA

dx

Therefore the design equation for the PFR is as follows,

rA ¼ dFA

dV

As for a PBR, there is a solid catalyst, so rate of reaction r0A is defined per unit
mass of catalyst instead of per unit volume.

Therefore the design equation for the PBR is as follows,

r0A ¼ dFA

dW

(b) Given that the reaction A! B is first order, we can express the rate law equation
as follows

�rA ¼ kCA

Then, we apply the design equation for PFR which is derived from the mass
balance for species A:

rA ¼ dFA

dV
¼ d

�
CA _Q

�
dV

� _Q
dCA

dV
¼ kCA

�
_Q

k

dCA

CA
¼ dV

We can integrate this differential equation using boundary conditions. We
know that species A is progressively converted to B as it flows through the PFR
(i.e., with increasing V ); therefore, at the inlet when V ¼ 0, CA ¼ CA0.
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�
_Q

k

ðCA

CA0

dCA

CA
¼
ð V
0
dV

V ¼
_Q

k
ln
CA0

CA
¼

_Q

k
ln

1
1� X

¼ 0:3
0:05

ln
1
0:1

¼ 13:8

The reactor volume required is 13.8 m3.

Problem 3

Consider a gas phase reaction A ! B + C which occurs in a batch reactor of
constant volume V ¼ 3 m3 and temperature. An initial amount of A ¼ 30 moles
was added.

(a) Assuming the reaction is first order with respect to A, find the time taken for
99% conversion to be reached. Assume that the rate constant k ¼ 0.67 s�1.

(b) Assuming the reaction is now second order with respect to A, find the time
taken to deplete 27 moles of A, given that k ¼ 0.00035 m3 mol�1 s�1.

(c) Determine the final pressure when reaction is completed, if initial temper-
ature is 105 �C.

Solution 3

Worked Solution

(a) Let us first state the rate law equation: �rA ¼ kCA. We can apply the design
equation for a batch reactor: dNA

dt ¼ rAV . Combining both we have:
d

NA
Vð Þ
dt ¼ dCA

dt ¼ �kCA.

dCA

CA
¼ �kdt

t ¼ �1
k
ln

CA

CA0
¼ �1

k
ln 1� Xð Þ

t ¼ � 1
0:67

ln 1� 0:99ð Þ ¼ 6:9

The time taken for 99% conversion to be achieved is 6.9 s.
(b) Let us again state the rate law equation: �rA ¼ kCA

2. Again, we can apply the
design equation for a batch reactor: dNA

dt ¼ rAV . Combining both we have,

d NA
V

� �
dt

¼ dCA

dt
¼ �kCA

2
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dCA

CA
2 ¼ �kdt

� 1

CA
2 þ

1

CA0
2 ¼ �kt

CA0 ¼ 30
3

¼ 10 mol m�3

CA ¼ 27
3

¼ 9 mol m�3

Therefore the time taken to deplete 27 moles of A can be found as follows

t ¼ �1
k

� 1

CA
2 þ

1

CA0
2

� �
¼ � 1

0:00035
� 1

92
þ 1

102

� �

t ¼ 6:7 s

(c) When reaction goes to completion, we will have 30 moles each of B and C.
Therefore using the ideal gas equation,

P ¼ 60� 8:314� 105þ 273ð Þ
3

¼ 0:63� 105Pa

Problem 4

Consider a reversible gas phase reaction that is carried out in a CSTR. The
equilibrium constant for the reactionK¼ 120. At 298K, theΔh¼ � 50 kJmol�1

and the Δcp ¼ 7 J mol�1 K�1 (assume Δcp is not temperature dependent). The
forward and backward reactions follow first-order kinetics.

P$Q

(a) Determine the maximum conversion that can be achieved at a temperature
of 298 K and 500 K if we assume equilibrium is reached.

(b) Show that the below expression is true if we assume the rate constant obeys
the Arrhenius equation of kforward ¼A exp 2 Ea

RT

� �
where A ¼ 150 s�1 and

Ea ¼ 18 kJ mol�1:

2 rP¼kforwardCP0 12XP 1þ1
K

� �� �
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(c) The inlet volumetric flow rate into the CSTR of volume V ¼ 8 m3 is
1.5 m3 s�1. Determine the conversion of P that would be practically
achieved, at 298 K and 500 K under isothermal conditions.

Solution 4

Worked Solution

(a) We can find conversion X at 298 K directly at equilibrium,

K ¼ CQ, eq

Cp, eq
¼ X

1� X
¼ 120

X ¼ 1
1þ 1=K

¼ 0:99

Note that Δh is temperature dependent. We can express Δh as a function of
T to determine its value for T ¼ 500 K.

Δh Tð Þ ¼ Δh 298 Kð Þ þ Δcp T � 298ð Þ
¼ �50; 000þ 7 T � 298ð Þ ¼ �52; 086þ 7T J mol�1

We recall a useful result from thermodynamics,

Δgrxn ¼ �RT lnK

d lnK
dT

¼ �
d Δgrxn

RT

� 	
dT

We can differentiate the right-hand side using chain rule

d lnK
dT

¼ Δgrxn
RT2 � 1

RT

dΔgrxn
dT

¼ Δgrxn
RT2 þ Δsrxn

RT

Finally we apply the relationship of Δgrxn¼ Δhrxn� TΔsrxn using the values at
298 K as our lower limit of integration.

d lnK
dT

¼ Δh
RT2ð

d lnK ¼ 1
R

ð�52; 086þ 7T

T2 dT ¼ 1
R

ð�52; 086

T2 þ 7
T
dT

ln
K

120

� �
¼ 1

R
52; 086

1
T
� 1
298

� �
þ 7 ln

T

298

� �
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At T ¼ 500 K,

K ¼ 120 exp
1

8:314
52; 086

1
500

� 1
298

� �
þ 7 ln

500
298

� �
 �
¼ 0:04

X ¼ 0:04

(b)
P $ Q

We can define the rate equation of this reversible reaction as follows

r ¼ �rP ¼ kforward CP � kbackwardCQ

¼ kforward CP0 1� Xð Þ � kbackwardCP0X

�rP ¼ kforwardCP0 1� Xð Þ � kbackward
kforward

X

� �

At equilibrium, forward reaction rate is equal to backward reaction rate.

kforwardCP, eq ¼ kbackwardCQ, eq

K ¼ CQ, eq

Cp, eq
¼ kforward

kbackward

Therefore we can substitute back into the reaction rate equation

�rP ¼ kforwardCP0 1� Xð Þ � 1
K
X

� �

¼ kforwardCP0 1� XP 1þ 1
K

� �� �

(c) Based on the Arrhenius equation, we have

kforward ¼ 150 exp � 18; 000
RT

� �

We know that the design equation for CSTR is as follows

�rP ¼ FP0XP

V
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Substituting our results from part b,

kforwardCP0 1� XP 1þ 1
K

� �� �
¼ FP0XP

V

kforward 1� XP 1þ 1
K

� �� �
¼ FP0=CP0ð ÞXP

V
¼
�
_Q in

�
XP

V

Substituting parameters of the Arrhenius equation into kforward and using
known values of _Q in and V,

150 exp � 18; 000
8:314� T

� �
1� XP 1þ 1

K

� �� �
¼ 1:5ð ÞXP

8

XP ¼ 1
8

1:5� 150

� �
exp

18; 000
8:314� T

� �
þ 1þ 1

K

� �

At T ¼ 298 K, K ¼ 120 and at T ¼ 500 K, K ¼ 0.04 the conversions are
XP(T ¼ 298 K) ¼ 0.02 and XP(T ¼ 500 K) ¼ 0.03.

Problem 5

Residence time distributions (RTDs) are useful in estimating the conversion in
reactors that have non-ideal flow. The mean residence time τ is the time
required to process one reactor volume of fluid based on entrance conditions.

Using Laplace transforms, and assuming 2 reactor vessels connected in
series,

(a) Show that the overall RTD is independent of the order of the vessels. Define
the transfer function for vessel 2.

(b) We can define the nth moment for a RTD as μn¼
Ð1
0 tnE tð Þdt. The zeroth

moment is defined as follows:

ð1
0
E tð Þdt¼μ0¼1

and the first moment which is also the mean residence time is defined as
follows:

τ¼μ1¼
ð1
0
tE tð Þdt

Show that the mean residence time τ for the vessels in series is additive.
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(c) Given that variance is defined as σ2¼ Ð10 t2 τð Þ2E tð Þdt, show that
σ2 ¼ μ2 � μ1

2. Show further that the variance σ2 for the vessels in series is
additive.

Solution 5

Worked Solution

(a) Before we begin, let us recall the concept of a residence time distribution.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Residence Time Distribution (RTD) is a distribution of times spent by fluid
elements taking different routes through the reactor and hence taking different
times to exit the vessel. The distribution of these times for a specific stream of
fluid (e.g., a delta pulse) is called the exit age distribution or RTD, or Ewith units
of s�1. E is defined as

Ð1
0 E tð Þdt ¼ 1 and it is normalized.

Area under curve from 0 to t1 = ſ 0
t1 E(t) dt =

Frac�on of exit stream that has spent a
�me of t1 or less in the reactor

Total area under curve =
ſ 0
∞ E(t) dt = 1

t
 t1

E

Separately it is useful to also recall the definition of a Laplace transform,
which states that for a function E(t), its transform �E sð Þ is defined as follows

�E sð Þ ¼ L E tð Þf g ¼
ð1
0
e�stE tð Þdt

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Now let us consider a system of vessels connected in series as shown below, and
assume that we introduce a δ-pulse of tracer into vessel 1 at t ¼ 0. At a certain
time t ¼ t1, a fraction of tracer leaves vessel 1 and enters vessel 2, and this
fraction is denoted by E1(t1). At time t, the fraction of tracer in exit stream of
vessel 2 is denoted by E2(t�t1).
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Vessel 1

Vessel 2

Vessel 3

Since the fraction of vessel 2 is calculated using the exit fraction from vessel
1 as a basis, therefore the fractions multiply in the integral. This is mathemati-
cally shown as

E3 tð Þ ¼
ð t
0
E1 t1ð ÞE2 t � t1ð Þdt1 ¼

ð1
0
E1 t1ð ÞE2 t � t1ð Þdt1

Since there is fixed amount of tracer injected in a δ-pulse, extending the upper
limit of time integral makes no difference to the value.

After performing Laplace transform on E3(t), and substituting the integral for
E3(t)

�E3 sð Þ ¼
ð1
0
e�stE3 tð Þdt ¼

ð1
0
e�stdt

ð1
0
E1 t1ð ÞE2 t � t1ð Þdt1

¼
ð1
0
e�stE2 t � t1ð Þdt

ð1
0
E1 t1ð Þdt1

Let us define a new variable t0 ¼ t � t1

�E3 sð Þ ¼
ð1
�t1

e�s t0þt1ð ÞE2 t0ð Þdt0
ð1
0
E1 t1ð Þdt1

Note that
Ð1
�t1

e�s t0þt1ð ÞE2 t0ð Þdt0 ¼ Ð10 e�s t0þt1ð ÞE2 t0ð Þdt0 because E2(t
0) ¼ 0 for

t0 < 0.

�E3 sð Þ ¼
ð1
0
e�st0E2 t0ð Þdt0

ð1
0
E1 t1ð Þe�st1dt1 ¼ �E1 sð Þ�E2 sð Þ

The overall RTD of two vessels in series is the convolution of the individual
RTDs. Therefore, the order of vessels does not affect the overall RTD. The
transfer function of vessel 2 is defined as G(s) such that

G sð Þ ¼
�E3 sð Þ
�E1 sð Þ ¼

�E2 sð Þ
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(b) From the definition of a Laplace transform, we can take d
ds of

�E sð Þ as follows

�E sð Þ ¼
ð1
0
e�stE tð Þdt

d

ds
�E sð Þ ¼ �t

ð1
0
e�stE tð Þdt

For a derivative of kth order with respect to s, we have the general form

dk

ds
�E sð Þ ¼ �1ð Þk

ð1
0
tke�stE tð Þdt

When we take the limit of s ! 0, we obtain the kth moment μk

lim
s!0

dk

ds
�E sð Þ ¼ �1ð Þk

ð1
0
tkE tð Þdt

�1ð Þk lim
s!0

dk

ds
�E sð Þ ¼

ð1
0
tkE tð Þdt ¼ μk

In our problem, �E3 sð Þ ¼ �E1 sð Þ � �E2 sð Þ, and taking first moment (since it is
equal to τ)

μ1,vessel 3 ¼ �1ð Þ lim
s!0

d

ds
�E3 sð Þ ¼ �1ð Þ lim

s!0

d

ds
�E1 sð Þ �E2 sð Þ½ �

Using product rule to evaluate the differential,

μ1,vessel 3 ¼ �1ð Þ lim
s!0

�E1 sð Þ d
�E2 sð Þ
ds

þ �E2 sð Þ d
�E1 sð Þ
ds

� �

¼ lim
s!0

� �E1 sð Þ d
�E2 sð Þ
ds

� �E2 sð Þ d
�E1 sð Þ
ds

� �

Since we know that lim
s!0

�E sð Þ ¼ lim
s!0

Ð1
0 e�stE tð Þdt ¼ Ð10 E tð Þdt ¼ 1

μ1,vessel 3 ¼ lim
s!0

� d �E2 sð Þ
ds

� d �E1 sð Þ
ds

� �

¼ �1ð Þ lim
s!0

d

ds
�E2 sð Þ þ �1ð Þ lim

s!0

d

ds
�E1 sð Þ
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μ1,vessel 3 ¼ μ1,vessel 2 þ μ1,vessel 1

τvessel 3 ¼ τvessel 2 þ τvessel 1

(c)

σ2 ¼
ð1
0

t � τð Þ2E tð Þdt

¼
ð1
0
t2E tð Þdt þ

ð1
0
τ2E tð Þdt � 2τ

ð1
0
tE tð Þdt

¼ μ2 þ τ2
ð1
0
E tð Þdt � 2τ μ1ð Þ

¼ μ2 þ τ2 � 2τ2 ¼ μ2 � τ2

σ2 ¼ μ2 � μ1
2

Now we proceed to show that σ2 is additive. In our problem,
�E3 sð Þ ¼ �E1 sð Þ � �E2 sð Þ, and taking second moment this time round

μ2,vessel 3 ¼ �1ð Þ2 lim
s!0

d2

ds2
�E3 sð Þ ¼ lim

s!0

d2

ds2
�E1 sð Þ�E2 sð Þ½ �

Using the product rule to evaluate the derivative,

μ2,vessel 3 ¼ lim
s!0

d

ds
�E1 sð Þ d

�E2 sð Þ
ds

þ �E2 sð Þ d
�E1 sð Þ
ds

� �

¼ lim
s!0

�E1 sð Þ d
2 �E2 sð Þ
ds2

þ d �E1 sð Þ
ds

d �E2 sð Þ
ds

þ �E2 sð Þ d
2 �E1 sð Þ
ds2

þ d �E1 sð Þ
ds

d �E2 sð Þ
ds

� �

¼ lim
s!0

�E1 sð Þ d
2 �E2 sð Þ
ds2

þ 2
d �E1 sð Þ
ds

d �E2 sð Þ
ds

þ �E2 sð Þ d
2 �E1 sð Þ
ds2

� �

We know that lim
s!0

�E sð Þ ¼ lim
s!0

Ð1
0 e�stE tð Þdt ¼ Ð10 E tð Þdt ¼ 1

μ2,vessel 3 ¼ lim
s!0

1ð Þ d
2 �E2 sð Þ
ds2

þ 2 � d �E1 sð Þ
ds

� �
� d �E2 sð Þ

ds

� �
þ 1ð Þ d

2 �E1 sð Þ
ds2

� �

¼ μ2,vessel 2 þ 2 μ1,vessel 1
� �

μ1,vessel 2
� �þ μ2,vessel 1

μ2,vessel 3 � μ1,vessel 3
2 ¼ μ2,vessel 2 þ 2 μ1,vessel 1

� �
μ1,vessel 2
� �þ μ2,vessel 1 � μ1,vessel 3

2

We know from the earlier part that μ1,vessel 3 ¼ μ1,vessel 1 + μ1,vessel 2 and we
have also shown earlier that σ2 ¼ μ2 � μ1

2; therefore
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σvessel 3
2 ¼ μ2,vessel 2 þ 2 μ1,vessel 1

� �
μ1,vessel 2
� �þ μ2,vessel 1 � μ1,vessel 1 þ μ1,vessel 2

� �2
¼ μ2,vessel 2 þ μ2,vessel 1 � μ1,vessel 1

2 � μ1,vessel 2
2

¼ σvessel 1
2 þ σvessel 2

2

Problem 6

Given a CSTR and a PFR, there are two possible ways to arrange them in
series. Option 1 was to have the CSTR placed before the PFR, and Option 2 was
to have the PFR placed before the CSTR. The reaction to be carried out is
second order. We are provided with the mean residence time for the CSTR
which is 2 min, while that of the PFR is 1.5 min. The reaction rate constant
k ¼ 3 � 10�4 m3 mol�1 s�1 and the initial concentration of reactant is
1200 mol m�3.

(a) Assuming all reactors are well mixed, explain which option should be
chosen for maximum conversion.

(b) If the reaction was first order, how would your choice in part a change?

Solution 6

Worked Solution

(a) Let the reactant that is first order to reaction rate be A. Then we have the same
rate law for both reactors as follows: �rA ¼ kCA

2.
For CSTR, �rAV ¼ FA0 � FA, we have the following equation, knowing that

τ ¼ V
_Q
:

kCA
2V ¼ FA0 � FA ¼ _Q CA0 � CAð Þ

kCA
2τ ¼ CA0 � CA

For PFR, rAdV ¼ dFA, similarly, we have the equation:

�kCA
2dV ¼ dFA ¼ _QdCAð V

0

k
_Q
dV ¼

ðCA

CA0

� 1

CA
2 dCA ¼ 1

CA
� 1
CA0

kτ ¼ 1
CA

� 1
CA0
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Option 1: CSTR Followed by PFR

FA0,CSTR = FA,PFR

FA,CSTR

FA0

In the CSTR, we substitute the given values, CA0 ¼ 1200 mol m�3,
k ¼ 3 � 10�4 m3 mol�1 s�1, τ ¼ 120 s.

kCA
2τ ¼ CA0 � CAð Þ

3� 10�4
� �

CA
2 120ð Þ ¼ 1200� CAð Þ

0:036CA
2 þ CA � 1200 ¼ 0

CA ¼ �1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4 0:036ð Þ �1200ð Þp
2 0:036ð Þ ¼ 169 mol m�3

In the PFR, at V ¼ 0, CA0 ¼ 169 mol m�3. τ ¼ 90 s and
k ¼ 3 � 10�4 m3 mol�1 s�1.

kτ ¼ 1
CA

� 1
CA0

3� 10�4 � 90 ¼ 1
CA

� 1
169

CA ¼ 30:4 mol m�3

Xoption 1 ¼ CA0 � CA

CA0
¼ 1200� 30:4

1200
¼ 0:975

Option 2: PFR Followed by CSTR

FA0,PFR = FA,CSTR
FA,PFR

FA0

In the PFR, at V ¼ 0, CA0 ¼ 1200 mol m�3. τ ¼ V
_Q
¼ 90 s and k ¼ 3 �

10�4 m3 mol�1 s�1.
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kV
_Q
¼ 1

CA
� 1
CA0

3� 10�4 � 90 ¼ 1
CA

� 1
1200

CA ¼ 35:9 mol m�3

In the CSTR, we substitute the given values, CA0 ¼ 35.9 mol m�3, k ¼ 3 �
10�4 m3 mol�1 s�1, τ ¼ V

_Q
¼ 120 s.

kCA
2 V

_Q

� �
¼ CA0 � CAð Þ

3� 10�4
� �

CA
2 120ð Þ ¼ 35:9� CAð Þ

0:036CA
2 þ CA � 35:9 ¼ 0

CA ¼ �1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4 0:036ð Þ �35:9ð Þp
2 0:036ð Þ ¼ 20:6 mol m�3

Xoption 2 ¼ CA0 � CA

CA0
¼ 1200� 20:6

1200
¼ 0:983

In this case, there is higher conversion when the CSTR is placed after the
PFR. Note that the order of the vessels affect the overall conversion but the order
does not affect the overall residence time distribution since the overall RTD of
two vessels in series is the convolution of the individual RTDs and
�Eoverall sð Þ ¼ �E1 sð Þ � �E2 sð Þ ¼ �E2 sð Þ � �E1 sð Þ.

(b) If reaction was first order, then �rA ¼ kCA.
In the CSTR,

kCAτ ¼ CA0 � CA

kτ ¼ CA0

CA
� 1 ¼ 1

1� X
� 1

In the PFR,

�kCAdV ¼ _QdCAð V
0
� k

_Q
dV ¼

ðCA

CA0

1
CA

dCA ¼ ln
CA

CA0

�kτ ¼ ln 1� Xð Þ
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In both cases, the conversion becomes only a function of τ. Since overall
RTD is the same regardless of order of vessel, the same conversion will be
achieved regardless of the option chosen.

Problem 7

Describe methods for measuring residence time distributions and provide some
examples of reactor RTDs.

Solution 7

Worked Solution

Residence time distributions can be measured using an inert tracer in a pulse
experiment or a step function experiment.

Pulse Input:

t

E(t)
The ideal d func�on is of infinite height: E(t) = d (t - t). 

Prac�cally, we get a peak with finite height ℎ . For width �, ℎ =
1
�

Area under the func�on is 1.

.

A typical setup comprises a syringe that instantaneously injects a δ-pulse of tracer
into a reactor. The concentration of tracer is plotted against time elapsed. The tracer
concentration profile is the same as residence time distribution E, whereÐ1
0 E tð Þdt ¼ 1 ¼ Ð10 C tð Þdt. In this setup we assume closed vessel, i.e., no varia-
tions introduced at the boundaries of the system (i.e., vessel inlet/outlet) for the
length of time concerned. Note that the concentration response at the reactor exit is
normalized, and that the Laplace transform of a δ function is 1.

Unit Step Function Input:

t

F(t)

1

A step function of unit size is introduced at t ¼ 0, and the fraction of tracer in the
outlet stream at time t can be measured as concentration, and this will provide the
fraction of fluid that has an age �t. This fraction is equivalent to the cumulative
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distribution of this tracer up to time t, F tð Þ ¼ Ð t0 E tð Þdt. To derive the residence time

E from this fraction, we can use E tð Þ ¼ dF
dt . Note that E(t)dt represents the fraction of

fluid elements leaving between t and dt. Note that the Laplace transform of a unit
step function is 1/s.

Typical Reactor RTDs

In ideal reactors, we can formulate simple expressions for the mean residence time τ
from the RTD profiles, where τ ¼ V= _Q . In an ideal PFR, E(t)¼ δ(t� τ), while in an
ideal CSTR, E tð Þ ¼ 1

τ e
�t=τ. For a CSTR, the E(t) and F(t) graphs are exponential.

Problem 8

The “mixed cup” method is sometimes used in measuring RTD to remove the
flow variations near the boundaries of the reactor. Two identical CSTRs are
placed upstream and downstream of the test reactor each, as shown in the
configuration below. A δ-function pulse is introduced into the first CSTR at
t ¼ 0 and the RTD functions are recorded at points marked with X. The plotted
data points are fit into a best fit curve, and it was found that after the first
CSTR, the distribution correlated to e�t, while at the end of the series of
reactors, it was 1

3
4
3 e2

t
4 2 e2 t

� �
 �
2 te2 t . Using Laplace transform, determine

the second and third moments of the RTD of the test reactor.

Solution 8

Worked Solution

Before we begin the solution, let us revisit some key related concepts.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Background Concepts

A δ pulse and step function pulse are in reality, difficult to administer because they
require an instantaneous shot of tracer. However, there will be time lag and velocity
gradients at the reactor inlet; this problem repeats itself at the outlet of the reactor,
and is more apparent with a δ pulse function. To get over this, CSTRs are placed
before and after the test reactor, and the analysis of the test reactor can be done by
deconvolution of the series. The “imperfections” present in the CSTRs before and
after the test reactor become well defined, and hence acceptable as they can be
measured and eliminated from subsequent consideration.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Let us label the vessels as shown below.

Test Reactor

Vessel 1 Vessel 2 Vessel 3

X� pulse X

We know that for this system of vessels in series, individual RTDs convolute.
For the first point of measurement,

E1 tð Þ ¼ E3 tð Þ ¼ e�t

For the second point of measurement,

E1 tð Þ � E2 tð Þ � E3 tð Þ ¼ E1 tð Þ � E2 tð Þ � E1 tð Þ ¼ 1
3

4
3

e�
t
4 � e�t

� 	� �
� te�t

Let us convert the RTDs into Laplace forms. By definition, Laplace transform is
defined as

�E sð Þ ¼ L E tð Þf g ¼
ð1
0
e�stE tð Þdt

�E1 sð Þ ¼ �E3 sð Þ ¼
ð1
0
e�ste�tdt ¼

ð1
0
e� sþ1ð Þtdt ¼ e� sþ1ð Þt

� sþ 1ð Þ
� �1

0

¼ 1
1þ s

�E1 sð Þ � �E3 sð Þ ¼ 1

1þ sð Þ2
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E1 tð Þ � E2 tð Þ � E1 tð Þ ¼ 1
3

4
3

e�
t
4 � e�t

� 	� �
� te�t

�E1 sð Þ � �E2 sð Þ � �E1 sð Þ ¼
ð1
0
e�st 1

3
4
3

e�
t
4 � e�t

� 	� �
� te�t


 �
dt

¼ 1
3

ð1
0

4
3

e� sþ1
4ð Þt � e� sþ1ð Þt

� 	� �
� te� sþ1ð Þt


 �
dt

¼ 1
3

ð1
0

4
3

e� sþ1
4ð Þt � e� sþ1ð Þt

� 	� �
dt þ t

sþ 1ð Þe
� sþ1ð Þt

� �1
0

� 1
sþ 1ð Þ

ð1
0
e� sþ1ð Þtdt

¼ 1
3

4
3

� 1

sþ 1
4

e� sþ1
4ð Þt þ 1

sþ 1ð Þe
� sþ1ð Þt

 !" #1
0

þ 1
sþ 1ð Þ

1
sþ 1

e� sþ1ð Þt
� �1

0

¼ 1
3

4
3

1

sþ 1
4

� 1
sþ 1ð Þ

 !" #
� 1

sþ 1ð Þ2 ¼
1
3

4
3

3
4

sþ 1
4

� �
sþ 1ð Þ

 !" #
� 1

sþ 1ð Þ2

¼ 1
3

3
4

sþ 1
4

� �
sþ 1ð Þ2

" #
¼ 1

4 sþ 1
4

� �
sþ 1ð Þ2

The transfer function is also the RTD of the test reactor and is defined as

G ¼ �E2 sð Þ ¼
�E1 sð Þ �E2 sð Þ�E3 sð Þ

�E1 sð Þ �E3 sð Þ ¼

1

4 sþ 1
4

� �
sþ 1ð Þ2

1

sþ 1ð Þ2
¼ 1

4 sþ 1
4

� �

We need to find the second and third moments of the RTD for the test reactor, we
will first define kth moment of an RTD, μk as follows

μk ¼ �1ð Þk lim
s!0

dk

dsk
�E sð Þ

First moment is also the mean residence time, τ

μ1 ¼ �1ð Þ lim
s!0

d

ds
�E2 sð Þ ¼ �1ð Þ lim

s!0
� 1

4 sþ 1
4

� �2
" #

¼ 4 s

The second moment can be derived as follows

μ2 ¼ �1ð Þ2 lim
s!0

d2

ds2
�E2 sð Þ ¼ lim

s!0

2

4 sþ 1
4

� �3
" #

¼ 32 s
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And finally the third moment is derived as follows

μ3 ¼ �1ð Þ3 lim
s!0

d3

ds3
�E2 sð Þ ¼ �1ð Þ lim

s!0
� 6

4 sþ 1
4

� �4
" #

¼ 384 s

Problem 9

Consider a tubular reactor packed with non-reactive solid particles, and oper-
ating at constant temperature. The packed bed reactor is 16.5 cm in length, and
particles have radius of 7.5 mm. A liquid phase reaction of first order occurs in
the reactor, and it was advised that this packed bed reactor be modeled using a
cascade of CSTRs model. The mean residence time of the packed bed reactor is
τ ¼ 120 s and the reaction rate constant k ¼ 0.04 s�1.

(a) Describe the cascade of N CSTRs model and using Laplace transform,
derive the transfer function of the cascade.

(b) Determine the conversion achieved in the packed bed reactor.
(c) Comment on how your answer in part a would change if it was a PFR.
(d) Derive the first and second moments of the RTD for the cascade of CSTRs

model.
(e) Tracer experiments produced data showing that the variance of E(t) for the

packed bed reactor is 3600 s2. How does the conversion based on the
experimental data compare with the value found in part b.

Solution 9

Worked Solution

(a) In the modeling of non-ideal flow in real reactors, we seldom see the exact
behavior as in a CSTR or PFR which are ideal models. Actual reactors operate
between limits defined in the ideal situation. Therefore, we can model real
reactors as combinations of ideal reactors. One model is assuming a cascade of
N CSTRs. In this model, N identical CSTRs are connected in series.

� pulse
at � = 0

nth Tank (n+1)th Tank1st Tank Nth Tank(n-1)th Tank

�
·

����–1

�	

Let V denote the total volume of the N tanks, and _Q denote the volumetric
flow rate. Therefore the mean residence time for the entire cascade, τ ¼ V= _Q ,
and the mean residence time per tank is τ

N.
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Assuming that we inject a δ pulse of tracer at t¼ 0, let us analyze its behavior
by taking a mass balance around the nth tank.

_QCn�1 � _QCn ¼ V

N

dCn

dt

Cn�1 � Cn ¼ τ

N

dCn

dt

The boundary condition for this differential equation is such that at t � 0,
Cn ¼ 0. The solution to this equation is as follows, where it is normalized.

Cn tð Þ ¼ Nn

n� 1ð Þ!τn t
n�1 exp �Nt

τ

� �

Expanding to the another cascade, we can obtain the residence time E(t) of the
cascade,

E tð Þ ¼ CN tð Þ ¼ NN

N � 1ð Þ!τN tN�1 exp �Nt

τ

� �

We can take Laplace transform of the differential equation in t to find the
transfer function of one tank, and of the whole cascade.

�Cn�1 sð Þ � �Cn sð Þ ¼ τ

N
s �Cn sð Þ � Cn t ¼ 0ð Þ½ �

τ

N
s �Cn sð Þ ¼ �Cn�1 sð Þ � �Cn sð Þ

�Cn sð Þ sτ

N
þ 1

h i
¼ �Cn�1 sð Þ

The transfer function across one tank is found as follows:

�Cn sð Þ
�Cn�1 sð Þ ¼

sτ

N
þ 1

� 	�1

The transfer function across N tanks is therefore:

�CN sð Þ
�C0 sð Þ ¼

�C1 sð Þ
�C0 sð Þ �

�C2 sð Þ
�C1 sð Þ . . . ¼

sτ

N
þ 1

� 	�N

As N ! 1, the CSTR cascade will be closer to the PFR, whereby at each
point along the length of the PFR is an instantaneous CSTR (perfect mixing
across the circular cross section)
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CSTR

Flow into
PFR

(b) In a PBR, we can assume that the void space between each layer of solid
particles is a CSTR. We can also assume that the size of the gap between
particles is approximately equivalent to the characteristic diameter of the solid
particle. This hypothetical CSTR is assumed to be well mixed and this can be
ensured by maintaining a high superficial velocity (high Re) in the PBR to allow
good mixing in the gaps.

Therefore, the number of CSTRs required for the cascade model in this
problem is:

N ¼ 16:5
0:75� 2ð Þ ¼ 11

The mass balance around the nth CSTR in the cascade gives for species A,
where V is the total volume of the N reactors in the cascade model and τ ¼ V/N is
the mean residence time for the whole cascade:

_QCA,n�1 � _QCA,n þ rA
V

N

� �
¼ V

N

dCA,n

dt
¼ 0 steady stateð Þ

The rate law for a first-order reaction is �rA ¼ kCA,n; therefore

_QCA,n�1 � _QCA,n þ �kCA,nð Þ V

N

� �
¼ 0

_QCA,n�1 � _QCA,n ¼ k
V

N

� �
CA,n

CA,n�1 ¼ CA,n
τk

N
þ 1

� �

CA,n

CA,n�1
¼ 1

τk
N þ 1

Extrapolating this result to the whole cascade, we have

CA,N

CA,0
¼ 1

τk
N þ 1
� �N

Conversion achieved by the whole cascade (i.e., the packed bed reactor) can
be expressed as
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X ¼ 1� CA,N

CA,0
¼ 1� 1

τk
N þ 1
� �N ¼ 1� 1

120�0:04
11 þ 1

� �11 ¼ 0:981

(c) If the reactor was a PFR, we can use the design equation for a PFR for the
analysis.

rA ¼ dFA

dV
¼ d

�
CA _Q

�
dV

�kCA ¼ _Q
dCA

dV

V ¼ �
_Q

k
ln

CA

CA0

� �

�τk ¼ ln 1� Xð Þ
X ¼ 1� e�τk ¼ 1� e�120 0:04ð Þ ¼ 0:992

(d) To find the first and second moments, we can first assume that we introduce a δ
function tracer into the cascade at t ¼ 0. A mass balance around the nth CSTR
gave us this result from part a,

�Ecascade sð Þ ¼
�CN sð Þ
�C0 sð Þ ¼

sτ

N
þ 1

� 	�N

First moment is defined as follows

μ1 ¼ �1ð Þ lim
s!0

d

ds
�Ecascade sð Þ¼ �1ð Þ lim

s!0

d

ds

sτ

N
þ1

� 	�N
� �

¼ �1ð Þ lim
s!0

d

ds
�τ

sτ

N
þ1

� 	�N�1
� �

¼ τ

Second moment can be derived as follows

μ2 ¼ �1ð Þ2 lim
s!0

d2

ds2
�Ecascade sð Þ ¼ lim

s!0

�τ2 �N � 1ð Þ
N

sτ

N
þ 1

� 	�N�2
� �

¼ τ2 N þ 1ð Þ
N

(e) Variance σ2 is defined as μ2 � μ1
2. From the experimental data, we have a

variance of 3600 s2; therefore

σ2 ¼ τ2 N þ 1ð Þ
N

� τ2 ¼ τ2

N
¼ 3600 ! N ¼ 1202

3600
¼ 4

This means that the number of particles corresponding to one hypothetical
CSTR in the cascade of CSTRs is
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Number of particles per CSTR ¼ 1
4

16:5
0:75� 2ð Þ ¼ 2:75

Typically, for liquids at low Re, the liquid phase is not turbulent to ensure
ideal mixing in the inter-particle spaces if only one particle diameter space is
available. It requires approximately 4 cavities per CSTR for optimum mixing, in
this case it is about 3, which is close to the ideal 4. Note that the conversion
achieved with a cascade of 2.75 CSTRs, instead of the earlier 11, is lower as
shown below.

X ¼ 1� CA,N

CA,0
¼ 1� 1

τk

N
þ 1

� �N

X ¼ 1� 1

120� 0:04
2:75

þ 1

� �2:75 ¼ 0:938

Problem 10

The residence time distribution of a series of N CSTRs in series is given as
follows where τ denotes the residence time for the entire cascade and t is time:

E tð Þ¼ NN

N2 1ð Þ! t
N2 1 exp 2

Nt
τ

� �

In the form of Laplace transform, it is given that

�E sð Þ¼ sτ
N
þ1

h i2N

lim
N!1

sτ
N

þ 1
h i2N

¼ exp 2 sτð Þ

(a) Identify the extreme types of reactors described by this distribution, and
explain how this equation can be applied to model a real reactor.

(b) For a given reactor of volume 4 m3, given that the overall residence time for
the cascade is 2 min and that the inlet flow rate is 0.025 m3/s, propose a
model comprising of a combination of reactors which would provide the
RTD as shown below. Comment on the presence/absence of any dead
volumes.
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21624 120

E(t)

t/s

Area = A1

A2 = 0.5A1

A3 = 0.25A1

(c) Given that the variance of the first peak is 8 � 10�7s2, find the number of
CSTRs that should be used to model each of the reactors in part b.

Solution 10

Worked Solution

(a) When N ¼ 1, we have the residence time distribution of a CSTR.

E tð Þ ¼ exp � t

τ

� 	

When N ! 1, we have a Plug Flow Reactor (PFR), we observe from the
Laplace expression given above that:

lim
N!1

sτ

N
þ 1

h i�N
¼ exp �sτð Þ

The RTD of a PFR is a delta function which is of value 0 everywhere except
at t ¼ τ.

E tð Þ ¼ δ t � τð Þ

For an arbitrary function, y(t), its Laplace transform �y sð Þ is defined as follows.

�y sð Þ ¼
ð1
0
y tð Þexp �stð Þdt

Therefore the Laplace expression for a PFR is:

ð1
0
δ t � τð Þexp �stð Þdt ¼ exp �sτð Þ ¼ �E sð ÞjN!1
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CSTRs and PFRs are extreme cases of real reactors. The CSTR is assumed
perfectly mixed, while the PFR is assumed to have perfect radial mixing but no
axial mixing. Therefore the PFR is in fact a cascade of infinite number of CSTRs
in series.

(b) We can represent the given reactor using a configuration of 2 PFRs with a
recycle loop. Each peak in the graph (also called an RTD “fingerprint”) is
observed to be sharp and this corresponds to the feature of a plug flow. Let _Q
denote volumetric flowrate and R denote recycle ratio which is the ratio of
recycled fluid to fluid removed from the reactor.

A2

A1
¼ 1

2
¼ R

Rþ 1
! R ¼ 1

A3

A1
¼ R

Rþ 1

� �2

¼ 1
4

A1 ¼ 1
Rþ 1

¼ 1
2

Let tn denote the time at the nth peak,

Δt ¼ t2 � t1 ¼ t3 � t2 ¼ 96 s

V1

1þ Rð Þ _Q ¼ t1 ¼ 24 s

V1

1þ 1ð Þ0:025 ¼ 24 ! V1 ¼ 1:2 m3

Δt ¼ V1

1þ Rð Þ _Q þ V2

R _Q
¼ 96 s

24þ V2

1 0:025ð Þ ¼ 96 ! V2 ¼ 1:8 m3

Active volume ¼ V1 þ V2 ¼ 1:2þ 1:8 ¼ 3 m3 < Total volume of 4 m3

Therefore there is dead volume of 1 m3.
(c) For N CSTR tanks in series, variance is related to mean residence time as

follows:

σ2 ¼ τ2

N
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Variance of the first peak, σ1
2, is given as 8 � 10�7s2. The mean residence

time for the first peak, τ1, can be found as follows.

τ1 ¼ V1

1þ Rð Þ _Q ¼ 24 s

Combining the results, we can find N1, the number of CSTRs that should be
used to model the first reactor of volume V1 in part b.

σ1
2 ¼ τ12

N1

N1 ¼ 242

8� 10�7
� �2 ¼ 9� 1014

N2 ¼ V2

V1
N1 ¼ 1:8

1:2
9� 1014
� � ¼ 1:4� 1015

It follows that the number of CSTRs to model the second reactor of volume
V2 is 1.4 � 1015.

Problem 11

Consider a plug flow reactor as shown in the diagram below. The PFR has
volume V and recycle feed with a recycle ratio R.

(a) Derive the design equation for this PFR with recycle such that it correlates
the residence time in the PFR section to conversion.

(b) Sketch the residence time distributions for this reactor system at various
values of recycle ratio, R ¼ 0,1,5 and 1.

Solution 11

Worked Solution

(a) Consider the mass balance for a typical PFR without recycle feed, except that the
volumetric flow rate instead of the typical _Q is replaced by _Q new ¼ 1þ Rð Þ _Q .
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So the mass balance around this PFR is as follows, where FA denotes the
molar flow rate and x is in the axial direction of flow.

FA xð Þ � FA xþ Δxð Þ þ rAV ¼ dNA

dt

FA xð Þ � FA xþ Δxð Þ þ rAΔV ¼ 0 steady stateð Þ
rAΔV ¼ FA xþ Δxð Þ � FA xð Þ

For small values of Δx and ΔV

rA ¼ dFA

dV
¼ d

�
CA _Q new

�
dV

CA ¼ CA0 1� Xð Þ ! dCA ¼ �CA0dX

_Q newCA0dX ¼ �rAdV

1þ Rð Þ _QCA0dX ¼ �rAdV

We can integrate this differential equation using boundary conditions. Let the
conversion achieved be denoted by X1, and τ represents the residence time.

1þ Rð Þ _QCA0dX ¼ �rAV

V
_Q
¼ τ ¼ CA0 1þ Rð Þ

�rA

ð X
X1

dX

By conservation of mass for species A, we deduce that

CA1 ¼ CA0 þ RCA

1þ R

X1 ¼ 1� CA1

CA0
¼ 1�

CA0þRCA
1þR

CA0

X1 ¼
R 1� CA

CA0

� 	
1þ R

Therefore, putting the results together,

τ ¼ CA0 1þ Rð Þ
�rA

ð X
X1

dX, where X1 ¼
R 1� CA

CA0

� 	
1þ R
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(b) At R ¼ 0, the residence time distribution is that of a perfect PFR, which is an
infinite delta pulse at t ¼ τ. As recycle ratio R increases, the number of peaks
increase until the other extreme at R ! 1, the reactor’s residence time distri-
bution becomes equivalent to that of a perfect CSTR.

Problem 12

Experiments were conducted to determine the rate of reaction for a first-order
reaction occurring in catalytic particles shaped as rectangular slabs. The half-
width L of the catalytic particles were varied and the corresponding reaction
rates per unit area are shown below. Both faces of the slab particles are exposed
to surrounding reactant fluid of concentration 12000 mol m�3, which is equiv-
alent to the concentration of reactant A at the surface of the slabs (i.e., external
mass transfer effects may be ignored). Determine the reaction rate constant per
unit volume kv and effective diffusivity D.

L[m] 0.0002 0.0008 0.0012 0.015 0.05 0.15 0.25 0.35

�rA
00[mol m�2 s�1] 1.3 2.1 3.0 40.1 56.0 61.5 64.8 64.9

Solution 12

Worked Solution

Observe from the data that as L tends to a large size, the reaction rate tapers off to a
constant value of around�rA

00 ¼ 64.9 mol m�2 s�1. This extreme corresponds to the
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case when internal mass transfer effect is limiting. This also means that reaction rate
is much faster than internal mass transfer rate and the overall rate of reaction is
determined largely by the rate of internal mass transfer of reactant within the catalyst
particle.

We can also consider the other extreme, which is at the smallest particle size of
L¼ 0.0002 m, whereby we may assume that the rate-limiting process is reaction rate.
This means that the internal mass transfer rate is much faster than chemical reaction
rate at the active sites of the catalytic particles, and therefore overall rate of reaction
is largely a reflection of chemical reaction rate. This is also denoted by the ideal rate
which is the maximum possible rate achievable without mass transfer effects.

Ideal rate ¼ �rAV ¼ kvCA, s 2LAð Þ
�rAV ¼ �rA

00A ¼ 1:3A

kvCA, s 2LAð Þ ¼ 1:3A

We know that L ¼ 0.0002 m, CA, s ¼ 12000 mol m�3; therefore,

kv ¼ 1:3
2 12000ð Þ 0:0002ð Þ ¼ 0:27 s�1

We can relate the observed rate under mass transfer limitation to the ideal rate
using effectiveness factor η at large particle sizes when η~1/Ø.

η ¼ 1
Ø

¼ Observed ratejL¼0:35 m

Ideal ratejL¼0:35 m

Ideal ratejL¼0:35 m ¼ Ideal ratejL¼0:0002 m

0:0002
� 0:35 ¼ 1750� 1:3A

Observed ratejL¼0:35 m ¼ �rA
00A ¼ 64:9A

1
Ø

¼ 64:9A
1750� 1:3A

! Ø ¼ 35

By definition, we know that for a slab, Ø ¼ L
ffiffiffi
kv
D

q

35 ¼ 0:35

ffiffiffiffiffiffiffiffiffi
0:27
D

r

D ¼ 2:7� 10�5 m2s�1
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Problem 13

We have a CSTR of volume V¼ 25 m3 that contains a liquid phase reaction that
is experimentally shown to obey the following rate law equation, where kf refers
to the reaction rate constant of the forward reaction and K is the equilibrium
constant. Given that K ¼ 0.012 m3 mol�1, _Q ¼ 0:2 m3, kf ¼ 0.89 s�1, and
CA0 ¼ 1800 mol m�3

A$B

2 rA¼ k fCA

1þKCAð Þ2

(a) Derive the solutions for CA at steady-state conditions.
(b) Using suitable plots, determine the value of CA that gives the most stable

steady state.

Solution 13

Worked Solution

(a) Let us start with the mass balance equation using the rate law information
provided,

_QCA0 � _QCA þ rAV ¼ V
dCA

dt
¼ 0 steady stateð Þ

_QCA0 � _QCA ¼ Vk f CA

1þ KCAð Þ2

_Q

Vk f
CA0 � CAð Þ ¼ CA

1þ KCAð Þ2

0:2
25 0:89ð Þ 1800� CAð Þ ¼ CA

1þ 0:012CAð Þ2

0:009 1800� CAð Þ ¼ CA

1þ 0:012CAð Þ2

An easy way to solve this equation is to plot a straight line (for left-hand side
of equation) and the curve (right-hand side of equation) using a series of
hypothetical CA values starting from the CA0 value, and observing the intersec-
tion points which represent the solutions to the equation. A plot is shown below
and the solutions (i.e., steady state) occur at CA ¼ 180, 380, 1250 mol m�3, as
marked by black crosses.
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(b) The value of CA¼ 180 mol m�3 gives the most stable steady state, because when

CA is reduced from this value, CA

1þ0:012CAð Þ2
��� ��� < 0:009 1800� CAð Þj j, this means

that the rate of consumption of A via the reaction will be less than the net inflow
rate of species A into the tank, this serves to replenish the decrease in A, and
bring up the CA value, in a direction back to its steady-state position of
CA ¼ 180 mol m�3. The other value of CA ¼ 1250 mol m�3 behaves similarly
but is not as stable as compared to the point at CA ¼ 180 mol m�3.

Problem 14

We have an exothermic reaction A ! B with the enthalpy of reaction Δhrxn
given as�39560 J mol�1. The reactants are in the liquid phase and the reaction
obeys first-order kinetics. The reaction rate constant k is represented by the
Arrhenius equation where the pre-exponential factor is 107 and the activation
energy is 58200 J mol�1. You may assume that the rate of backward reaction is
negligible. If the mean residence time in the reactor is 100 s,

(a) Express conversion X as a function of temperature T.
(b) To ensure isothermal conditions at 298 K, a coolant is introduced whereby

the overall heat transfer coefficient between the inside of reactor and the
coolant U ¼ 2500 J s�1 m�2 K�1 and the heat transfer area A ¼ 68 m2. The
inlet flow of pure reactant into the reactor is at 298 K and at a flow rate of
450 mol s�1. The reaction mixture has an average Cp of 70 J mol�1 K�1.
Using an energy balance, find a correlation between conversion X and
temperature.

(c) Based on the results in earlier parts and a suitable plot, explain why the
reactor can operate at about 310 K and 377 K but not at 325 K.
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Solution 14

Worked Solution

(a) Let us first perform mass balance on reactant A, and combine it with the rate law
equation.

FA0 � FA þ rAV ¼ 0 steady stateð Þ
FA0 � FA þ �kCAð ÞV ¼ 0

FA0X ¼ kCAV ¼ kVCA0 1� Xð Þ

From the Arrhenius equation, we derive an expression for reaction rate
constant,

k ¼ A exp
�Ea

RT

� �
¼ 107exp

�58; 200
RT

� �

τ ¼ V
_Q
¼ CA0V

FA0
¼ 100 s

Combining the expressions we have,

FA0X ¼ kVCA0 1� Xð Þ
X ¼ kτ 1� Xð Þ

X

1� X
¼ 107τ exp

�58; 200
RT

� �

1
1
X � 1

¼ 107 100ð Þ exp �58; 200
RT

� �

X ¼ 1

10�9 exp 58;200
RT

� �þ 1

(b) We can construct a heat balance equation in [J s�1] as follows

Rate of heat generated from reaction ¼ �Δhrxnð ÞFA0X ¼ 39560 450ð ÞX
¼ 17; 802; 000X

Rate of heat removal by coolant ¼ UAΔT ¼ 2500 68ð Þ T � 298ð Þ
¼ 170; 000 T � 298ð Þ
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Rate of net heat inflow ¼ Heat inflow� Heat outflow�:

*Note that because this is an irreversible reaction of A ! B with a 1:1
stoichiometric conversion, due to conservation of mass, the outlet stream is
also at the same molar flow rate of 450 mol s�1 ¼ FA0.

Rate of net heat inflow ¼ FA0cp 298ð Þ � FA0cp Tð Þ ¼ 450 70ð Þ 298� Tð Þ
¼ 31500 298� Tð Þ

Combining the expressions, we have the overall heat balance equation as
shown below:

17; 802; 000X þ 31; 500 298� Tð Þ � 170; 000 T � 298ð Þ ¼ 0

X ¼ 170; 000 T � 298ð Þ þ 31; 500 T � 298ð Þ
17; 802; 000

¼ 0:0113 T � 298ð Þ

(c) We can construct two simple plots, one for heat generation and the other for heat
removal. For the function representing heat generation, we have the following,
note that gas constant R ¼ 8.314 J mol�1 K�1.

Heat generated per unit time ¼ 17; 802; 000X ¼ 17; 802; 000

10�9 exp 58;200
8:314T

� �þ 1

Heat removed per unit time ¼ 31; 500 T � 298ð Þ þ 170; 000 T � 298ð Þ
¼ 201; 500 T � 298ð Þ
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The reactor achieves heat balance at the three intersection points of the heat
generation and heat removal plots. However the point at T ¼ 325 K is unstable
since any slight deviation from the point will cause a further deviation. For
example, a small temperature increase from 325 K will move the point to the
right where heat generation is greater than removal and the temperature increases
further (hence unstable). The heat balances at 310 K and 377 K are more stable
since any slight deviation will be corrected. For example, any slight increase in
temperature above 377 K will cause heat removal to be faster than heat gener-
ation, and this will bring the temperature back down to 377 K.

Problem 15

In reaction kinetics, we may sometimes model heterogeneous non-catalytic
reactions occurring in spherical particles using the Shrinking Core Model
(SCM). State the assumptions of the SCM.

Solution 15

Worked Solution

For heterogeneous non-catalytic reactions, we can adopt the SCM assuming the
following:

• The spherical particle itself (e.g., solid B) is one of the reactants of the reaction,
with the other reactant (e.g., gas A) occurring in the surrounding bulk fluid.

• The spherical particle B is non-porous (impervious) to the reactant A in its
surrounding.

• Reaction proceeds only at the surface boundary of the unreacted core of B, and
this boundary is also termed the “reaction front”.

• The reaction front moves radially inwards with time as the unreacted core
shrinks in size as reaction proceeds to consume (and hence “shrink”) the
unreacted core.

• The overall size of the particle may or may not reduce. It may not change in size
if the product of reaction is a solid that collects at the surface of the particle,
restoring the shrinkage of the unreacted core. Conversely, the overall size of the
particle will reduce if the solid product falls off easily, or the product of reaction
is gaseous.

• Reaction is assumed to go to completion at the front, i.e., complete conversion.

Problem 16

In heterogeneous reactor systems, we have different phases present which may
consist of a fluid (liquid or gas) and a solid. In non-catalytic cases, the solid
particle does not change in size throughout the reaction; however, the compo-
sition of the solid particle changes as the unreacted core of the solid reduces in
size as reaction progresses. The overall size of the particle remains unchanged
as the volume previously occupied by the unreacted core is replaced by solid
products (e.g., ash) of reaction.
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(a) With the help of a diagram, describe the sequence of events that occur as
reaction progresses for a shrinking core model, whereby the size of particle
remains unchanged. You may assume that a solid spherical particle of
radius R reacts with a gas A in the reaction below and Rc is the radius of
the unreacted core of B.

A gð ÞþbB sð Þ!cC gð ÞþdD sð Þ

(b) Under steady-state conditions, if diffusion through the gas film surrounding
the solid particle is the rate-controlling step, derive an expression that
shows how the radius of the unreacted core changes with time. Show further
that the fractional time to complete conversion is equivalent to the frac-
tional conversion of solid reactant B. Let τ denote the time taken for
complete conversion, and assume that the reaction is almost irreversible.

(c) Repeat part b assuming diffusion through the ash layer is the rate-
controlling step.

(d) Repeat part b assuming chemical reaction at r ¼ Rc is the rate-controlling
step. You may assume that the reaction is first order with respect to A, with
a reaction rate constant per area denoted as kr

00.

Solution 16

Worked Solution

(a) We have the following reaction whereby gas A reacts with a solid B, at the
interface area between the solid particle and surrounding gas. The reaction
produces a gas C and a solid ash by-product D.

A gð Þ þ bB sð Þ ! cC gð Þ þ dD sð Þ

This process can be described in a series of steps as summarized below,
corresponding to the diagram below:

1. Bulk gas A at concentration CA,1 diffuses to a region near to the solid particle
surface (B).

2. At a small distance δ from the solid particle surface, i.e., between r ¼ R and
r ¼ R + δ, a gas film forms whereby reactant gas A diffuses through (this
distance δ) to reach the surface of the solid. The concentration of A decreases
from CA,1 to CA,2 at the solid surface. The rate of diffusion through the gas
film is dependent on the concentration gradient across δ, which is propor-
tional to CA,1 � CA,2.

3. At the surface of the solid particle, i.e., r ¼ R, there is by-product solid ash
(D). Reactant gas A has to diffuse through this ash layer in order to react with
B which is in the inner core of the particle. The diffusion of gas A through this
ash layer is driven by a concentration gradient proportional to CA,2 � CA,3,
between CA,2 at r ¼ R and CA,3 at the surface of the unreacted core r ¼ Rc.
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4. Gas A passes through the ash layer and reaches the interface with the
unreacted core. Gas A reacts with solid B, as per the reaction equation, to
produce gas C and solid ash D. Ash D collects on the surface of the unreacted
core to keep the particle size constant by replacing the lost volume of solid
B that is consumed by the reaction.

5. The gaseous product C is produced at the surface of the unreacted core, r¼ Rc

and starts to diffuse outwards through the ash layer. This diffusion is driven
by a concentration gradient proportional to CC,3 � CC,2, between CC,3 at
r ¼ Rc at the surface of the unreacted core and CC,2 at the surface of the solid
particle r ¼ R.

6. After diffusion through the ash layer, gas product C reaches the surface of the
solid particle where it starts to diffuse through the same gas film layer
(of thickness δ) as encountered at step 2, into the bulk gas region. The
diffusion through this gas film is driven by a concentration gradient propor-
tional to CC,2 � CC,1, between CC,2 at r¼ R at the surface of the solid particle
and CC,1 at the outer boundary of the gas film at r ¼ R + δ.

0 Rc

Unreacted core (B)Solid ash (D)Reac�on occurs 
only at interface

Time

Concentra�on of 
reactant B(s)

rrr
0R Rc R Rc R 0

δ

2

Concentra�on of 
reactant A(g) and 

product C(g)

CA,1

CA,2

CA,3

CC,3

CC,2

CC,1

r
0R Rc

1 3
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(b) Note that in a shrinking core model, due to the processes that occur in series,
either one of them can be the rate-limiting or rate-controlling step. Recall that we
have the following reaction.

A gð Þ þ bB sð Þ ! cC gð Þ þ dD sð Þ

Consider the case whereby diffusion through the gas film is the rate-limiting
step, as shown in yellow highlighted. Hence all of the concentration gradient
occurs in the gas film layer, and with an irreversible reaction, CA,2 ¼ 0.

Unreacted core (B)Solid ash (D)

Gas film (A)

Concentra�on of 
reactant A(g)

CA,1

CA,2 r

δ

0R Rc RRc

It follows from a mass balance on species B that the rate of loss of B(s) per
unit surface area of the particle is

Rate of loss of B per area ¼ � 1
As

dNB

dt
¼ � 1

4πR2

dNB

dt

A mass balance on species A gives the following, where k is the mass transfer
coefficient for the diffusion through the gas film. CA,1 is the concentration of A
(g) in the bulk gas, and CA,2 is the concentration of A(g) at the solid particle
surface (r ¼ R). When diffusion through the gas film is rate limiting, there
is no accumulation of A(g) at the surface of the particle at steady state; therefore
CA,2 ¼ 0.

The rate of loss of A(g) per unit surface area of the particle is

Rate of loss of A per area ¼ � 1

4πR2

dNA

dt
¼ k CA,1 � CA,2ð Þ ¼ kCA,1

By reaction stoichiometry, dNB ¼ bdNA. We can therefore convert the rate of
loss of B(s) to rate of loss of A(g) as follows

� 1

4πR2

dNB

dt
¼ � b

4πR2

dNA

dt
¼ bkCA,1
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The amount of B present in the particle is given byNB ¼ ρB
4
3πRC

3
� �

. The loss
of B(s), �dNB, can be further expressed as:

�dNB ¼ �ρBdV ¼ �ρBd
4
3
πRC

3

� �
¼ �4πρBRC

2dRC

Substituting back into the mass balance equation, we have

� 1

4πR2

dNB

dt
¼ � 4πρBRC

2

4πR2

dRC

dt
¼ � ρBRC

2

R2

dRC

dt
¼ bkCA,1

�ρB
R2

ðRC

R
RC

2dRC ¼ bkCA,1

ð t
0
dt

�ρB
R2

RC
3 � R3

3

� �
¼ ρBR

3
1� RC

R

� �3
" #

¼ bkCA,1t

t ¼ ρBR

3bkCA,1
1� RC

R

� �3
" #

This gives us the profile of RC with respect to time. τ is the time taken for
complete conversion, which means that at t ¼ τ, RC ¼ 0.

τ ¼ ρBR

3bkCA,1

And the function RC(t) can be expressed in terms of the fractional time for
complete conversion:

t

τ
¼ 1� RC

R

� �3

The fractional conversion X for the solid reactant B (which forms the
unreacted core at time t) is such that

1� X ¼
4
3πRC

3

4
3πR

3 ¼ RC

R

� �3

X ¼ t

τ

Therefore it is shown that the fractional time to complete conversion is the
same as the fractional conversion of solid reactant B.
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(c)

A gð Þ þ bB sð Þ ! cC gð Þ þ dD sð Þ

Consider the case whereby diffusion through the ash layer is now the rate-
limiting step, as shown in yellow highlighted. Hence all of the concentration
gradient occurs in the ash layer, and with an irreversible reaction, CA,3 ¼ 0. Note
that there is actually a small concentration gradient for the diffusion across the
gas film (A) from r¼ R to r¼ R + δ; however, as diffusion through the gas film is
not rate controlling , it is assumed to be fast and hence the concentration gradient
is negligible; therefore, CA,2 ffi CA,1.

δ

Unreacted core (B)Solid ash (D)

Gas film (A)

0R Rc

Concentra�on of 
reactant A(g)

r
RRc

CA,1 ≅ CA,2

CA,3

Let q00(r) denote the molar flux of gas A in the radial direction towards the core
of the particle at a certain r whereby R � r � RC. By mass conservation, it
follows that

� dNA

dt
¼ constant at any r

� dNA

dt
¼ j 00 r ¼ Rð ÞAsjr¼R ¼ j00 rð ÞAsjr¼r ¼ j 00 RCð ÞAsjr¼RC

� dNA

dt
¼ j 00 r ¼ Rð Þ4πR2 ¼ j 00 rð Þ4πr2 ¼ j 00 RCð Þ4πRC

2

By Fick’s Law, we can relate mass flux j 00(r) to concentration gradient via
diffusivity D

j 00 rð Þ ¼ D
dCA

dr
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Therefore the rate of loss of A(g) can be expressed as

� dNA

dt
¼ 4πr2D

dCA

dr
¼ constant

� dNA

dt

ðRC

R

1
r2
dr ¼ 4πD

ðCA,3¼0

CA,1¼CA,2
dCA

dNA

dt
� 1
RC

þ 1
R

� �
¼ 4πDCA,1

To arrive at the time-dependent profile of RC, we will try to express dNA in
terms of RC,

bdNA ¼ dNB ¼ ρBdV ¼ ρBd
4
3
πRC

3

� �
¼ 4πρBRC

2dRC

Therefore, we have the following equation only in terms of RC and time,

4πρBRC
2

b

� 	
dRC

dt
� 1
RC

þ 1
R

� �
¼ 4πDCA,1

ðRC

R
� 1
RC

þ 1
R

� �
RC

2dRC ¼
ð t
0

bDCA,1

ρB
dt

�RC
2

2
þ RC

3

3R

� �RC

R

¼ �RC
2

2
þ RC

3

3R
þ R2

2
� R2

3
¼ bDCA,1

ρB
t

R2

6
�3

RC

R

� �2

þ 2
RC

R

� �3

þ 1

" #
¼ bDCA,1

ρB
t

t ¼ ρBR
2

6bDCA,1
1� 3

RC

R

� �2

þ 2
RC

R

� �3
" #

τ is the time taken for complete conversion, which means that at t¼ τ, RC¼ 0.

τ ¼ ρBR
2

6bDCA,1

And the function RC(t) can be expressed in terms of the fractional time for
complete conversion:

t

τ
¼ 1� 3

RC

R

� �2

þ 2
RC

R

� �3
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The fractional conversion for the solid reactant B (which forms the unreacted
core at time t), X is such that

1� X ¼
4
3πRC

3

4
3πR

3 ¼ RC

R

� �3

t

τ
¼ 1� 3 1� Xð Þ2=3 þ 2 1� Xð Þ

Therefore we have derived the fractional time to complete conversion in
terms of the fractional conversion of solid reactant B.

(d)
A gð Þ þ bB sð Þ ! cC gð Þ þ dD sð Þ

Consider the case whereby reaction at the surface of the unreacted core is now
the rate-limiting step, as shown by the yellow line. Assuming an irreversible
reaction, concentration of A at the reaction surface, i.e., CA,3 ¼ 0. Note that there
is actually a small concentration gradient for the diffusion across the gas film
from r¼ R to r¼ R + δ, and through the ash layer from r¼ R to r¼ RC, however
as diffusion through the gas film and ash layer are not rate controlling, they are
assumed to be fast and hence the concentration gradients are negligible all the
way to the reaction surface where it assumed to instantaneously deplete to zero.

Unreacted core (B)Solid ash (D)

Gas film (A)

0R Rc

Concentra�on of 
reactant A(g)

r

δ

RRc

CA,1 ≅ CA,2≅ CA,3

CA,3

The rate law for this reaction is as follows, noting that reaction occurs at
r ¼ Rc

�rA
00 ¼ kr

00CA,3 ¼ kr
00CA,1

� 1

4πRC
2

dNA

dt
¼ kr

00CA,1 ¼ � 1

4πRC
2

1
b

� �
dNB

dt
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� 1

4πRC
2

ρBd
4
3πRC

3
� �
dt

¼ � 1

4πRC
2

4πρBRC
2dRC

dt
¼ bkr

00CA,1

�ρB

ðRC

R
dRC ¼ bkr

00CA,1

ð t
0
dt

ρB R� RCð Þ ¼ bkr
00CA,1t

t ¼ ρB R� RCð Þ
bkr

00CA,1

τ is the time taken for complete conversion, which means that at t ¼ τ,
RC ¼ 0.

τ ¼ ρBR

bkr
00CA,1

And the function RC(t) can be expressed in terms of the fractional time for
complete conversion:

t ¼ ρBR

bkr
00CA,1

1� RC

R

� �

t

τ
¼ 1� RC

R

The fractional conversion for the solid reactant B (which forms the unreacted
core at time t), X is such that

1� X ¼
4
3πRC

3

4
3πR

3 ¼ RC

R

� �3

t

τ
¼ 1� 1� Xð Þ1=3

Therefore we have derived the fractional time to complete conversion in
terms of the fractional conversion of solid reactant B.

Problem 17

Consider the following experimental data obtained for a heterogeneous
non-catalytic reaction occurring in spherical particles, where τ ¼ 500 s and
represents the fractional time to complete conversion, X represents conversion,
and RC represents the radius of unreacted core. The particles do not change in
size as reaction proceeds due to the deposition of solid product ash at the
surface, and the particles remain at a size of radius R ¼ 1.2 mm. However, it
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is expected that the size of unreacted core shrinks with progress of reaction and
hence the shrinking core analysis may be used to model this system. What is the
rate-controlling step (e.g., diffusion through gas film, or reaction or diffusion
through solid ash layer) for this reaction and explain.

t/s 50 150 250 350 450

RC/m 0.00108 0.00084 0.00060 0.00036 0.00012

Solution 17

Worked Solution

Based on the shrinking core model, we know that the overall reaction rate is limited
by a particular reaction step if they display the characteristic correlations between
fractional time to conversion t/τ and conversion X.

• Diffusion across gas film: t
τ ¼ X

• Chemical reaction: t
τ ¼ 1� 1� Xð Þ1=3

• Diffusion across ash layer: t
τ ¼ 1� 3 1� Xð Þ2=3 þ 2 1� Xð Þ

We can use the experimental data provided to calculate values of conversion X,
knowing that R ¼ 0.0012 m and τ ¼ 500 s. Regardless of which is the rate-limiting
step, the following is true:

1� X ¼
4
3πRC

3

4
3πR

3 ¼ RC

R

� �3

We can therefore obtain the following table of values, where we note that the
experimental data fits with the correlation that shows that the overall reaction is
limited by chemical reaction as shown below.

Chemical reaction limited :
t

τ
¼ 1� 1� Xð Þ1=3

t[s] 50 150 250 350 450

t/τ 0.1 0.3 0.5 0.7 0.9

RC[m] 0.00108 0.00084 0.00060 0.00036 0.00012

1 � X 0.729 0.343 0.125 0.027 0.001

1 � (1 � X)1/3 0.1 0.3 0.5 0.7 0.9
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Problem 18

Consider a reaction as follows, whereby the reactant solid particle (B) shrinks
as reaction progresses.

A gð Þþ bB sð Þ ! cC gð Þþ dD sð Þ

The particle of B is also in a free fall whereby Re < 1 and inertial effects are
negligible. The mass transfer coefficient for the particle is described by k¼ D

R,
where D is diffusivity and R is the radius of the particle at time t. Assuming
diffusion across the gas film surrounding the solid particle is the rate-limiting
step,

(a) Derive an expression showing how particle radius R changes with time.
The radius of the particle is R1 at time t ¼ 0. The molar density of solid
particle B is ρB and the bulk concentration of reactant gas A is CA,bulk.

(b) Express the fractional time for complete conversion as a function of con-
version X, if τ is defined as the time taken for complete conversion.

Solution 18

Worked Solution

(a) It follows from a mass balance on species B that the rate of disappearance of solid
reactant B per unit surface area of particle is

� 1
As

dNB

dt
¼ � 1

4πR2

dNB

dt

Since diffusion through the gas film is rate limiting, therefore we assume that
CAjr¼R ¼0, as all of the concentration gradient occurs within the gas film.

� 1
b

� �
1

4πR2

dNB

dt
¼ k CA, bulk � CAjr¼R

� � ¼ kCA, bulk

We can express dNB in terms of dR,

dNB ¼ ρBdV ¼ ρBd
4
3
πR3

� �
¼ 4πρBR

2dR

Substituting this result back into the earlier mass balance equation and
integrating, we have

� 1
b

� �
1

4πR2

4πρBR
2dR

dt
¼ kCA, bulk ¼ D

R
CA, bulk
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�
ð R
R1

RdR ¼
ð t
0

bDCA, bulk

ρB
dt

R1
2

2
� R2

2
¼ bDCA, bulk

ρB
t

t ¼ ρBR1
2

2bDCA, bulk
1� R

R1

� �2
" #

(b) τ is the time taken for complete conversion, which means that at t ¼ τ, R ¼ 0.

τ ¼ ρBR1
2

2bDCA, bulk

The fractional time for complete conversion is therefore:

t

τ
¼ 1� R

R1

� �2

The conversion X is defined as follows,

1� X ¼
4
3πR

3

4
3πR1

3 ¼
R

R1

� �3

t

τ
¼ 1� 1� Xð Þ2=3

Problem 19

In heterogeneous reactions, we may encounter adsorption systems, and one of
the types is physical adsorption due to attractive Van der Waals interactions. It
is common in physisorption that multilayer adsorption occurs.

(a) Explain how physical adsorption works using the example of nitrogen gas
as adsorbate for an adsorbent surface of material X. State your assumptions
and show how the following expression can be obtained for the nth layer
where kn is the rate of adsorption to form the nth layer and k�n is the rate of
desorption from the nth layer. θn is the fraction of total number of sites N
occupied by n adsorbed molecules and P is the pressure of gas above the
surface.
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θn ¼Pn kn
k2 n

� �
kn2 1

k2 n2 1ð Þ

� �
kn2 2

k2 n2 2ð Þ

� �

 
 
 k1

k2 1

� �
θ0

(b) How can we determine the surface area of X from experimental data given
the following BET model equation? V is the volume of nitrogen gas
adsorbed at pressure P, Psat is the saturated vapor pressure of nitrogen
gas, Vm is the volume of a monolayer of gas molecules adsorbed onto the
surface, C is a constant, and cross-sectional area of one nitrogen molecule
AC is 0.16 nm2.

P

V Psat 2P
� � ¼ C2 1ð ÞP

CVmPsat þ 1
CVm

Solution 19

Worked Solution

(a) Since multilayer adsorption is possible, it means that more than one nitrogen
molecule can adsorb to each site of the surface. It is worth noting the following
assumptions for this analysis:

• Ideal gas behavior of nitrogen
• Monolayer adsorption is possible as each adsorbed molecule provides a site

for adsorption of molecule in the layer above it
• All sites on the surface of adsorbent is identical
• There are no interactions between adsorbates (i.e., between nitrogen

molecules)
• Adsorbed molecules are stationary.
• The layers of nitrogen molecules from the second layer and above are liquid

like; therefore, adsorption energy of higher layers are determined by enthalpy
of vaporization, ΔHvap.

We have below an illustration of the surface of material X, where a circle
represents one nitrogen molecule. θn is the fraction of total number of sites
N (N ¼ 11 in this example) occupied by n adsorbed molecules. For our
example, we have θ0 ¼ 2

11 , θ1 ¼ 2
11 , θ2 ¼ 4

11 , θ3 ¼ 2
11 , θ4 ¼ 1

11. kn denotes rate
of adsorption to form the nth layer and k�n is the rate of desorption from the
nth layer.

1 site

Pressure � above 
surface
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At equilibrium, dθn
dt ¼ rads � rdes ¼ 0 for all n, which means rate of

adsorption ¼ rate of desorption.
Where n ¼ 0, i.e., for surface sites with no adsorbed molecules

k�1 θ1Nð Þ � k1 θ0Nð ÞP ¼ 0

θ1 ¼ P
k1
k�1

θ0

Similarly for surface sites with 1 adsorbed molecule,

k�2 θ2Nð Þ þ k1 θ0Nð ÞP� k2 θ1Nð ÞP� k�1 θ1Nð Þ ¼ 0

k�2 θ2Nð Þ � k2 θ1Nð ÞP ¼ 0

k�2θ2 ¼ k2θ1P

θ2 ¼ P
k2
k�2

θ1 ¼ P
k2
k�2

P
k1
k�1

θ0

� �
¼ P2 k2

k�2

� �
k1
k�1

� �
θ0

We can repeat the process for the further layers, and obtain the following
general expression for the nth layer

θn ¼ Pn kn
k�n

� �
kn�1

k� n�1ð Þ

� �
kn�2

k� n�2ð Þ

� �

 
 
 k1

k�1

� �
θ0

(b) We can experimentally determine values of P and V upon contacting the solid
surface with a known volume of gas. P is obtained by measuring the pressure of
gas in equilibrium, and V is obtained by measuring volume change on adsorption
assuming ideal gas behavior. Hence, we can plot an adsorption isotherm using
the BET model equation, using values of P

V Psat�Pð Þ as the vertical axis and
P
Psat as the

horizontal axis.

P

V Psat � Pð Þ ¼
C � 1
CVm

P

Psat

� �
þ 1
CVm

The vertical axis intercept will give the value of 1
CVm

while the gradient will

give C�1
CVm

. We can then obtain values of Vm and C by reading off the plot. If NT

denotes the total number of nitrogen molecules forming the monolayer on the
surface of X, and VN2 denotes the volume of a single nitrogen molecule, then

NT ¼ Vm

VN2

Surface area of material X ¼ NT ACð Þ

Reactor Kinetics 467



Problem 20

Consider the heterogeneous reaction P + Q ! R whereby all the molecules
involved, i.e., P, Q, and R adsorb onto the catalyst surface.

(a) Explain the key concepts and assumptions in the Langmuir-Hinshelwood
model for adsorption with reaction.

(b) Show that the rate equation can be expressed as shown below, using the
Langmuir-Hinshelwood model, where kr is the reaction rate constant and Ki

is the adsorption equilibrium constant for species i:

2 rP ¼ krKPPPKQPQ

1þKPPP þKQPQ þKRPR
� �2

(c) How would your result in part b change if P is strongly adsorbed but Q and
R are weakly adsorbed?

Solution 20

Worked Solution

(a) The Langmuir-Hinshelwood model is a further development from the Langmuir
model. In chemisorptions, a chemical bond is formed between the adsorbate and
adsorbent surface; therefore, the enthalpy of adsorption for chemisorption is
typically higher than that for physisorption, as the latter involves weaker Van der
Waals interactions between the adsorbate and adsorbent.

The Langmuir model has the following key assumptions:

• One molecule is specifically adsorbed to one site; hence, the maximum
adsorption is a monolayer of molecules. [The Langmuir model is unsuitable
if molecules vary significantly in size, as there may be co-adsorption of
molecules of different sizes at single site.]

• The probability of adsorption is not site specific, the surface energy is
uniform. [Note that in reality, most surfaces will not achieve perfectly
uniform surface energy. This assumption is particularly unsuitable for larger
molecules as the adsorption of a large molecule at one site will more
significantly affect the adsorption probability of its adjacent sites.]

• Molecules do not interact with each other, i.e., negligible attractive or
repulsive inter-molecular forces [The Langmuir model is unsuitable if mol-
ecules are charged, due to the significant intermolecular ionic forces.]

Following from the Langmuir model, the Langmuir-Hinshelwood model applies
when there is a reaction occurring between adsorbed species. When multiple
species are present, they compete for adsorption sites. If there is a reaction
occurring between adsorbed species (e.g., P and Q), then the adsorbed species
must be sufficiently near to each other, i.e., adsorbed on adjacent sites, in order for
a reaction to take place and it follows that the rate of reaction is proportional to
θPθQ, whereby θP represents the fraction of total number of sites occupied by P.
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(b) We have the following reaction: P + Q ! R
Let θP, θQ, and θR denote the fractions of total number sites occupied by P,Q,

and R, respectively. The total number of occupied sites θT is such that
θT ¼ θP + θQ + θR

Then the reaction rate is given as shown, since species A and B must be
adsorbed on neighboring sites in order for reaction to occur.

�rP ¼ krθPθQ

Separately, by definition, the adsorption equilibrium constant for P is defined
as:

KP ¼ kads
kdes

The rate of adsorption for P is given by kadsPP(1 � θT), while the rate of
desorption of P is kdesθP. Therefore, at equilibrium when rate of adsorption is
equivalent to the rate of desorption,

kadsPP 1� θTð Þ ¼ kdesθP

θP ¼ kads
kdes

PP 1� θTð Þ ¼ KPPP 1� θTð Þ

We can repeat the same for species Q and R to obtain:

θQ ¼ KQPQ 1� θTð Þ
θR ¼ KRPR 1� θTð Þ

θT ¼ θP þ θQ þ θR ¼ KPPP þ KQPQ þ KRPRð Þ 1� θTð Þ
1

1
θT
� 1

¼ KPPP þ KQPQ þ KRPR

1� θT ¼ 1
1þ KPPP þ KQPQ þ KRPR

We can now substitute this result into the earlier rate law expression to arrive
at the given expression.

�rP ¼ krθPθQ

�rP ¼ kr KPPP 1� θTð Þ½ � KQPQ 1� θTð Þ½ �

�rP ¼ krKPPPKQPQ

1þ KPPP þ KQPQ þ KRPRð Þ2
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(c) The definition of the adsorption equilibrium constant K is such that K ¼ kads
kdes

. It

follows that for strong adsorption, K is large and vice versa. If P is strongly
adsorbed, and Q and R are weakly adsorbed, then KP is large, while KQ and KR

are small.

�rP ¼ krKPPPKQPQ

1þ KPPP þ KQPQ þ KRPRð Þ2

�rP ffi krKPPPKQPQ

KPPPð Þ2 ¼ krKQPQ

KPPP

Problem 21

Consider a bimolecular reaction occurring at a catalyst surface between reac-
tants A and B, producing a desired product C and a by-product D.

AþB!CþD

(a) Discuss how we can obtain equilibrium constant for adsorption K, and
enthalpy of adsorption Δhads from experimental data.

(b) Show that the rate of reaction is given by:

2 rA ¼ krKAPAKBPB

1þKAPA þKBPB þKCPC þKDPDð Þ2

(c) Based on experimental results, we find that the observed activation energy
of this reaction differs from the actual activation energy for this reaction.
We are also told that D is more strongly adsorbed as compared to the other
species. Assuming the observed activation energy is EA,app, show that EA,app

can be expressed in terms of enthalpies of adsorption and the true activation
energy for the reaction, EA as shown below.

2EA, app ¼ 2EA 2Δhads, A 2Δhads, B þ 2Δhads, D

Solution 21

Worked Solution

(a) Let us first define the equilibrium constant KA for adsorption of a single species
A onto a surface. Let θA represent the fraction of surface sites occupied by A, and
NA represents the number of molecules of A. The rate of adsorption of A depends
on the fraction of empty sites, i.e., (1 � θA), as well as the partial pressure of A,
PA. It follows that the rate of adsorption is as follows:
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dNA

dt

����
ads

¼ kads 1� θAð ÞPA

The rate of desorption depends on the fraction of occupied sites and therefore
this rate is as follows:

dNA

dt

����
des

¼ kdesθA

At steady state, we have adsorption rate equivalent to desorption rate, and
therefore we have the following whereby the equilibrium constant for adsorption
is defined as KA ¼ kads

kdes
.

kads 1� θAð ÞPA ¼ kdesθA

θA ¼ kadsPA

kadsPA þ kdes

¼ KAPA

KAPA þ 1

θA ffi KAPA at low values of PAð Þ

We are able to measure and plot values of θA against PA and find the value of
KA from the initial gradient of the graph near to the limit where PA is small
(purple line).

In general, we can relate equilibrium constant K to thermodynamic properties,
since we know that:

Δgrxn ¼ �RT lnK

� d Δgrxn=RTð Þ
dT

¼ d lnK
dT

Applying chain rule, we can expand the left-hand side, and simplify further

knowing that this is true ∂Δgrxn
∂T

� 	
P
¼ �Δsrxn.
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� 1
RT

dΔgrxn
dT

þ Δgrxn
RT2 ¼ d lnK

dT

Δsrxn
RT

þ Δgrxn
RT2 ¼ d lnK

dT

We know further that Δgrxn ¼ Δhrxn � TΔsrxn; therefore

d lnK
dT

¼ Δhrxn
RT2

For an adsorption process for species A, it follows the temperature depen-
dence of KA can be derived. C is a constant of integration.

d lnKA

dT
¼ Δhads, A

RT2

KA ¼ C exp �Δhads, A=RTð Þ

From this correlation, we can then derive values of KA at different tempera-
tures, to obtain Δhads,A. The gradient of a straight line plot of lnKA against 1

T is
� Δhads, A

R . Δhads, A can be subsequently calculated since gas constant R is of known
value.

lnKA ¼ �Δhads, A
R

1
T

� �
þ lnC

(b) We have the following reaction: A + B ! C + D
Let θA, θB, θC, and θD denote the fractions of total number sites occupied by

A, B, C, and D, respectively. The total number of occupied sites θT is such that
θT ¼ θA + θB + θC + θD

Then the reaction rate is given as shown, since species A and B must be
adsorbed on neighboring sites in order for reaction to occur.

�rA ¼ krθAθB

And by definition, the adsorption equilibrium constant is defined as:

K ¼ kads
kdes

The rate of adsorption for A is given by kadsPA(1 � θT), while the rate of
desorption of A is kdesθA. Therefore, at equilibrium when rate of adsorption is
equivalent to the rate of desorption,
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kadsPA 1� θTð Þ ¼ kdesθA

θA ¼ kads
kdes

PA 1� θTð Þ ¼ KAPA 1� θTð Þ

We can repeat the same for species B, C, and D to obtain:

θB ¼ KBPB 1� θTð Þ
θC ¼ KCPC 1� θTð Þ
θD ¼ KDPD 1� θTð Þ

θT ¼ θA þ θB þ θC þ θD ¼ KAPA þ KBPB þ KCPC þ KDPDð Þ 1� θTð Þ
1

1
θT
� 1

¼ KAPA þ KBPB þ KCPC þ KDPD

1� θT ¼ 1
1þ KAPA þ KBPB þ KCPC þ KDPD

We can now substitute this result into the earlier rate law expression to arrive
at the given expression.

�rA ¼ krθAθB

¼ kr KAPA 1� θTð Þ½ � KBPB 1� θTð Þ½ �

¼ krKAPAKBPB

1þ KAPA þ KBPB þ KCPC þ KDPDð Þ2

(c) From part a, we have shown that in general for a species i, we have the following
relationship,

Ki ¼ Ci exp �Δhads, i=RTð Þ

Therefore, we can write down the equilibrium constants for the species in this
problem as follows:

KA ¼ CA exp �Δhads, A=RTð Þ
KB ¼ CB exp �Δhads, B=RTð Þ
KC ¼ CC exp �Δhads, C=RTð Þ
KD ¼ CD exp �Δhads, D=RTð Þ
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The reaction rate constant kr for the reaction is also temperature dependent
according to the Arrhenius equation, where EA is the activation energy:

kr ¼ A exp �EA=RTð Þ

We are told that D is strongly adsorbed but A, B, and C are only weakly
adsorbed. Therefore KD and θD are large, since θi is related to Ki as follows.

θi ¼ KiPi

KiPi þ 1

It follows that the rate of reaction found in part b can be approximated to

�rA ¼ krKAPAKBPB

1þ KAPA þ KBPB þ KCPC þ KDPDð Þ2 ffi
krKAPAKBPB

KDPD
2

A exp �EA, app=RT
� � � ACACB exp �EA � Δhads, A � Δhads, Bð Þ=RT½ �

CD
2 exp �2Δhads, D=RTð Þ

�EA, app ¼ �EA � Δhads, A � Δhads, B þ 2Δhads, D

Problem 22

(a) Outline the main principles of the Langmuir-Hinshelwood mechanism
which is used to model adsorption of reactant species onto a catalytic
surface in a heterogeneous reaction.

(b) Explain how the Langmuir-Hinshelwood model differs from the Eley–
Rideal model.

Solution 22

Worked Solution

(a) The Langmuir-Hinshelwood mechanism is a progression from the Langmuir
model; hence, it follows from the assumptions and principles underlying the
Langmuir model.

The Langmuir model describes adsorption whereby the adsorbed species are
held to specific active sites on the surface of a catalytic solid. The surface sites
are equivalent, due to uniform surface energy across all sites and hence an equal
chance of adsorption between them. The maximum number of adsorbed species
occurs when a monolayer of molecules is formed, with one molecule taking up
one site (no sharing of sites, or single molecule occupying more than one site). It
is also assumed in the Langmuir model that adsorbed species do not interact with
each other, i.e., negligible attractive or repulsive forces.
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The Langmuir-Hinshelwood model further stipulates that for two or more
types of species, they will compete for adsorption at a fixed number of sites.
Also, chemical reaction rate is rate controlling, i.e., adsorption and desorption are
relatively much faster than reaction rate.

Some reactions that fit well with the Langmuir-Hinshelwood model are listed
below, note that the species involved are typically small and uncharged mole-
cules. Processes such as the catalytic cracking of long chain hydrocarbons, or
other reactions involving long chain alkanes and/or alkenes, are unlikely to be
well represented by the Langmuir-Hinshelwood model as the hydrocarbon chain
molecules involved are much bigger in size:

• N2 + 3H2 $ 2NH3

• CO + 2H2 $ CH3OH

Let us consider the following illustration for an example reaction, A +B! product
P, where the reaction rate is first order with respect to A and first order with
respect to B (overall order 2). The adsorption process is fast, and each species
occupies one site. Similarly, desorption is assumed fast. Note that the activated
complex formed in the intermediate stage is a transition state complex that cannot
be isolated.

Reac�on    
A+B�P

Solid Cataly�c Surface

A B

Ac�vated complex forms 
(intermediate product)

Solid Cataly�c Surface

A B

Ac�ve site

Adsorp�on

Solid Cataly�c Surface

Desorp�on

Product P

Let the fraction of total sites which is occupied by species A be defined as θA.
Then the overall rate of reaction, which is also the chemical reaction rate (rate-
limiting step) is expressed as follows where k is the reaction rate constant:

r ¼ kθAθB

(b) In the Eley–Rideal model, one of the reactants does not adsorb prior to reaction
(e.g., A). Instead it reacts directly in its gas phase with the adsorbed reactant
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(e.g., B). Alternatively, it can adsorb but it becomes inactive and does not
participate in the reaction. As such the reaction rate is as shown below:

r ¼ kθBPA

Species B is adsorbed, while species A reacts directly with B in its gas phase.

Problem 23

Consider the reaction A + B ! P whereby all the species A, B, and P are
adsorbed on a catalytic surface. Derive expressions for the rate of reaction for
the cases below, assuming the reaction is first order with respect to A and B:

(a) All three species compete for the same sites.
(b) A and B compete for different sites, while P adsorbs onto both types of sites.

Solution 23

Worked Solution

(a) For both cases, the rate law is the same as follows where k is the reaction rate
constant.

r ¼ kθAθB

What differs when the adsorbed sites are different is the expression for
fraction of occupied sites. The occupied fractions of each species and fraction
of empty sites always sum to one, for scenario in (a) whereby all A, B, and
P compete for the same sites, we have the following:

1 ¼ θA þ θB þ θP þ θempty

θempty ¼ 1�
X
i

θi

We assume that adsorption and desorption are fast, i.e., rate-limiting step is
the chemical reaction. Therefore adsorption equilibrium is reached for each
adsorbed species and is expressed as follows for species A (same equation
applies for other adsorbed species B and P), whereby kads and kdes are the
adsorption and desorption rate constants, respectively, PA is the partial pressure
of A, and KA is the adsorption equilibrium constant for A:

kadsθemptyPA ¼ kdesθA

KA ¼ kads
kdes

476 Reactor Kinetics



Substituting KA into the equation, we have

KAkdesθemptyPA ¼ kdesθA

θA ¼ KAPA 1�
X
i

θi

 !

Similarly equation applies for species B and P:

θB ¼ KBPB 1�
X
i

θi

 !

θP ¼ KPPP 1�
X
i

θi

 !

We can express fraction of occupied sites as:

X
i

θi ¼ θA þ θB þ θP ¼ 1�
X
i

θi

 !
KAPA þ KBPB þ KPPPð Þ

X
i

θi ¼ KAPA þ KBPB þ KPPPð Þ �
X
i

θi

 !
KAPA þ KBPB þ KPPPð Þ

X
i

θi

 !
1þ KAPA þ KBPB þ KPPPð Þ½ � ¼ KAPA þ KBPB þ KPPP

X
i

θi ¼ KAPA þ KBPB þ KPPP

1þ KAPA þ KBPB þ KPPP

1�
X
i

θi

 !
¼ 1

1þ KAPA þ KBPB þ KPPP

The rate equation can be re-expressed as follows:

r ¼ kθAθB ¼ kKAPA 1�
X
i

θi

 !
KBPB 1�

X
i

θi

 !

¼ kKAPAKBPB

1þ KAPA þ KBPB þ KPPPð Þ2
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(b) For this second scenario whereby A and B compete for different sites, while
P adsorbs onto both types of sites, we have two types of sites (defined here as
type 1 and 2) and the following two equations:

1 ¼ θA þ θP þ θempty,type 1

1 ¼ θB þ θP þ θempty,type 2

For type 1 site : 1�
X
i

θi

 !
¼ 1

1þ KAPA þ KPPP

For type 2 site : 1�
X
i

θi

 !
¼ 1

1þ KBPB þ KPPP

The rate equation can be expressed as follows:

r ¼ kθAθB ¼ kKAPA 1�
X
i

θi

 !
type 1

KBPB 1�
X
i

θi

 !
type 2

¼ kKAPAKBPB

1þ KAPA þ KPPPð Þ 1þ KBPB þ KPPPð Þ

Problem 24

Consider the reaction A + B ! P whereby all the species A, B, and P are
adsorbed on a catalytic surface and compete for the same sites. The general rate
equation for this scenario is provided as follows, where k is the reaction rate
constant, Ki is the adsorption equilibrium constant for species i, and Pi is the
partial pressure of species i:

r¼ kKAPAKBPB

1þKAPA þKBPB þKPPPð Þ2

Two different types of catalysts were tested using this reaction, and exper-
imental data showed that for catalyst 1, the reaction was first order with respect
to B, while for catalyst 2, the reaction was first order with respect to A and
negative order with respect to B. Explain how this is possible and the relative
adsorption strength of species B to the two types of catalysts.
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Solution 24

Worked Solution

For catalyst 1, the reaction rate equation can be expressed as follows based on
observed kinetics:

r ¼ k0PB

This can be called a pseudo-first-order reaction whereby the reaction rate can be
approximated to depend only on concentration (or partial pressure for gaseous
species) of B, if PA and PP remain relatively constant compared to PB, for example,
if A and P are present in large excess and PB is small. Therefore the rest of the terms
in the general rate equation provided in the question are absorbed into the pseudo-
first-order rate constant, k0 as shown here.

For KBPB � 1,

r ¼ kKAPAKBPB

1þ KAPA þ KBPB þ KPPPð Þ2 

kKAPAKBPB

1þ KAPA þ KPPPð Þ2

r ¼ k0PB, where k
0 ¼ kKAPAKB

1þ KAPA þ KPPPð Þ2

As for catalyst 2, the reaction rate can be expressed as follows based on the
observed kinetics:

r ¼ k0PA

PB

In this case, we adjust the terms in the general rate equation that should be
absorbed into the pseudo-first-order rate constant, k0, in order to fit with the
observed data.

For KAPA, KPPP � 1, and KBPB � 1,

r ¼ kKAPAKBPB

1þ KAPA þ KBPB þ KPPPð Þ2 

kKAPAKBPB

KBPBð Þ2 ¼ kKAPA

KBPB

r ¼ k0PA

PB
, where k0 ¼ kKA

KB

We can deduce that the reactant B is much more strongly adsorbed onto catalyst
2 than onto catalyst 1.
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Problem 25

(a) For non-porous solids with reactions occurring at the solid particle surface,
reaction rate may be affected by the rate of external mass transport of the
reactant from bulk fluid to the particle surface. Discuss the meaning of
effectiveness factor, η, a dimensionless quantity that measures the deviation
of observed reaction kinetics from ideal kinetics. Show that η can be
expressed as shown below, whereby CA

0 is the concentration of reactant A
in bulk fluid, kr,s is the reaction rate constant at the surface of the particle,
and k is the external mass transfer coefficient. You may assume first-order
reaction kinetics.

η¼ 1

1þ kr, sCA
0

kCA
0

(b) Explain the meaning of the Damk€ohler number Da in terms of the implica-
tions of its value, and how it is related to effectiveness factor, η.

Solution 25

Worked Solution

(a) For non-porous solids with surface reactions, the observed rate of reaction, �rA,
depends on rate of mass transport of A from bulk fluid to the particle surface, rmt,
and rate of reaction, rrxn, at the particle surface. Under steady-state conditions,
where CA,s is the concentration of A at the particle surface, we have the following

�rA ¼ rmt ¼ rrxn

�rA ¼ k CA
0 � CA, s

� � ¼ kr, sCA, s

CA, s ¼ 1

1þ kr, s
k

CA
0 ð1Þ

Consider the extreme (ideal case) where mass transfer rate was not at all
limiting, then CA,s ¼ CA

0, and the observed rate of reaction will be the maximum
possible in the ideal case,

�rA, ideal ¼ kr, sCA
0

However, when mass transfer effects are felt, then CA,s 6¼ CA
0, and the rate of

reaction will be kr,sCA,s, whereby CA,s < CA
0 with the exact correlation as found

earlier in (1)

480 Reactor Kinetics



The effectiveness factor η is a dimensionless quantity whereby value of
1 means reaction rate is ideal (highest possible) at the extreme when mass
transfer has no effect. η measures the ratio between the actual observed rate of
reaction to the ideal rate of reaction. As such, this ratio can be expressed as
follows:

η ¼ kr, sCA, s

kr, sCA
0 ¼ 1

1þ kr, s
k

¼ 1

1þ kr, sCA
0

kCA
0

(b) Following from part a, we note that since the mass transport of reactant from
bulk to surface, and the reaction that occurs at the particle surface are processes
that happen “in series”, the slower of the two processes will be the rate-
determining (or rate-limiting or rate-controlling) step.

We introduce another dimensionless quantity known as the Damköhler
number or Da which measures the ratio of the ideal rate of reaction where
mass transfer effects are absent to the maximum rate of mass transfer to the
particle surface. This ratio is therefore a direct comparison between the influence
of reaction and mass transfer.

Da is defined as follows in general for a reaction of order n with respect to
reactant A:

Da ¼ kr, sCA
0n

kCA
0

For first-order kinetics, where n ¼ 1,

Da ¼ kr, sCA
0

kCA
0 ¼ kr, s

k

η ¼ 1

1þ kr, s
k

¼ 1
1þ Da

For cases where Da is small, i.e.,�1, then k� kr,s, the rate of mass transfer is
much larger than the rate of reaction; therefore, mass transfer has little effect on
the overall observed rate of reaction, and the overall rate will be largely
influenced by the slower rate of reaction (i.e., controlled by intrinsic chemical
reaction rate). As Da ! 0, η ! 1.

Conversely, when Da is large, mass transfer is dominating, hence the overall
rate of reaction is controlled by the rate of transport of reactant from bulk fluid to
the particle surface. When Da � 1, then k � kr,s and η ! 1

Da. The rate of mass
transfer is much smaller than the rate of reaction; therefore, rate of reaction has
little effect on the overall observed rate of reaction, and the overall rate will be
largely influenced by the slower mass transfer rate. The observed rate of reaction
will approximate to �rA ¼ kCA

0.
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Problem 26

Consider a slab of porous material whereby a reaction occurs under isothermal
conditions within the entire porous structure of the slab. The reaction A! B is
first order with respect to A. You may assume that the active reaction sites are
distributed uniformly throughout the interior of the slab and the slab has a
thickness of 2H.

(a) Explain the effects of intra-particle mass transfer on the overall reaction
rate, and explain how the effectiveness factor η can be determined, where

η¼ Observed rate
Ideal rate

(b) Show the derivation of the following differential equation which can be used
to find the concentration profile of reactant A within the slab. D is the
effective diffusivity which is assumed constant, CA is the concentration of
reactant A, kv is the reaction rate constant per unit volume, and x is the
distance measured from the axial center line of the slab.

D
d2CA

dx2
¼ kvCA

(c) Using an appropriate substitution of variables, show that the differential
equation can be simplified to the following whereby Cs is the concentration

at the surface of the slab and Ø is the Thiele modulus where Ø¼H
ffiffiffi
kv
D

q
.

CA ¼ CA, s
cosh Ø x

H

� �
coshØ

(d) Find the effectiveness factor η for this solid slab.

Solution 26

Worked Solution

(a) When reaction occurs within the entire internal structure of a solid particle, there
must exist a concentration gradient within the particle material which serves as
the driving force for reactant to diffuse from the particle surface inwards, into the
interior of the particle. Fick’s law tells us that mass flux j 00(x) is correlated to
concentration gradient via diffusivity, D as follows

j 00 xð Þ ¼ D
dCA

dx
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Due to the concentration gradient within the particle, CA must therefore be
lower within the particle, than at the surface. Assuming first-order kinetics, this
leads to the fact that the rate of reaction will be lower in the interior than at the
surface. The effectiveness factor η is defined as follows

η ¼ Observed rate
Ideal rate

To find η, we need to first determine the total rate of reaction (i.e., the
observed rate) within the particle. Since reaction rate varies with position within
the particle, we will need to then first derive an expression for the concentration
profile and hence reaction rate profile relative to position in the particle. This
expression can be integrated over the entire particle to obtain the total rate of
reaction as required.

As for the ideal rate of reaction, it simply assumes that throughout the
particle, the concentration is constant and equivalent to the concentration at
the surface, which means the extreme case where internal mass transfer effects
are absent.

(b) Let us first illustrate the system,

�x

|� ’’|

x

H

�
,�

The inward diffusive flux of reactant A at positions x and x + δx is given
below, where A is the surface area of the slab,

Flux into slice �x directionð Þ ¼ � A �D
dCA

dx

� �
xþδx

� �

Flux out of slice �x directionð Þ ¼ � A �D
dCA

dx

� �
x

� �

Other than diffusive flux, there is also reaction occurring which serves to
reduce NA, assuming first-order kinetics, we have the following expression for
reaction rate

dNA

dt
¼ rAV ¼ �kvCAV ¼ �kvCAAδx

Reactor Kinetics 483



By mass balance over the differential element of width δx at steady state, we
have

� A �D
dCA

dx

� �
xþδx

� �
� � A �D

dCA

dx

� �
x

� �
 �
� kvCAAδx ¼ 0

dCA
dx

� �
xþδx

� dCA
dx

� �
x

δx
� kv

D
CA ¼ 0

For δx ! 0,

d2CA

dx2
� kv

D
CA ¼ 0

(c) Let us consider the boundary conditions for this second-order differential equa-
tion. When x¼ 0 at the centerline of the slab, dCA

dx ¼ 0, while at x¼ H, CA¼ CA,s.
A useful way to simplify the equation and its boundary conditions is to

introduce dimensionless variables. Let CA
� ¼ CA/CA,s and x� ¼ x/H. Hence we

can re-express the earlier differential equation in terms of the new variables.

d2CA

dx2
� kv

D
CA ¼ 0

dx2 ¼ H2dx�2; d2CA ¼ CA, sd
2CA

�

DCA, s

H2

d2CA
�

dx�2
� kvCA, s CA

� ¼ 0

d2CA
�

dx�2
� H2kv

D
CA

� ¼ 0

It is given that Ø ¼ H
ffiffiffi
kv
D

q
; therefore,

d2CA
�

dx�2
� Ø2 CA

� ¼ 0

We can try a trial solution of exponential form based on our knowledge that
derivatives of the exponential function can give the same exponential function,
multiplied by a constant. Therefore, we can try a solution of the form
CA

� ¼ c1 exp (Øx�) + c2 exp (�Øx�), where c1 and c2 are constants to be
determined by applying boundary conditions. We know that when x� ¼ 0,
dCA

�
dx� ¼ 0, and when x� ¼ 1, CA

� ¼ 1.
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[Note that another possible trial solution is CA
� ¼ c1 cosh Øx� + c2 sinh Øx�.]

dCA
�

dx�
¼ c1Øexp Øx�ð Þ � c2Øexp �Øx�ð Þ

dCA
�

dx�

����
x�¼0

¼ c1Ø� c2Ø ¼ 0 ! c1 ¼ c2

1 ¼ c1 expØþ c2 exp �Øð Þ ¼ c1 eØ þ e�Ø

 �

c1 ¼ 1
eØ þ e�Ø

Therefore, we obtain the expression,

CA
� ¼ 1

eØ þ e�Ø
eØx

� þ 1
eØ þ e�Ø

e�Øx�

CA
� ¼ 1

2coshØ
eØx

� þ e�Øx�
 � ¼ 1
2coshØ

2cosh Øx�ð Þ½ �

CA
� ¼ cosh Øx�ð Þ

coshØ

CA ¼ CA, s

cosh Ø
x

H

� 	
coshØ

(d) To find the effectiveness factor η, we start with its definition.

η ¼ Observed rate
Ideal rate

The observed rate of reaction at steady state will be equivalent to the rate at
which A diffuses into the slab at both of its faces (i.e., total area of 2A comprising
A at x ¼ H and A at x ¼ �H ). Therefore,

Observed rate ¼ 2A �D
dCA

dx

����
x¼H

� �
¼ �2AD

CA, sØ
HcoshØ

sinh Ø
x

H

� 	� �
x¼H

¼ � 2ADØCA, s

H
tanhØ

We know that the ideal (or maximum possible) rate is when mass transfer is
perfect, and therefore reaction rate operates only at the maximum concentration
of reactant throughout the slab, and this maximum concentration is the concen-
tration at the slab surface, CA,s
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Ideal rate ¼ �kvVCA, s ¼ �kv2AHCA, s

Therefore substituting the expressions, and knowing Ø ¼ H
ffiffiffi
kv
D

q
, we obtain

the effectiveness factor as follows:

η ¼ � 2ADØCA, s
H tanhØ

�kv2AHCA, s

η ¼ tanhØ
Ø

Problem 27

Consider a reaction that occurs within a porous rectangular slab of thickness
x ¼ 2L. The active reaction sites are uniformly distributed within the slab, and
the reaction A ! B is zero order. Assuming a Thiele modulus of the form as
shown below, where D is the effective diffusivity, CA,s is the concentration of A
at the surface of the slab, and kv is the reaction rate constant per unit volume,
find the internal effectiveness factor η and comment on the result.

Ø2 ¼ kvL2

DCA,s

Solution 27

Worked Solution

We have the following system:

�x

x

L

�
,�

|� ’’|

The boundary conditions are when x ¼ 0 at the centerline of the slab, dCA
dx ¼ 0,

while at x ¼ L, CA ¼ CA,s.
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By mass balance over the differential element of width δx at steady state, we have:

Flux into shell �x directionð Þ ¼ � A �D
dCA

dx

� �
xþδx

� �

Flux out of shell �x directionð Þ ¼ � A �D
dCA

dx

� �
x

� �

� A �D
dCA

dx

� �
xþδx

� �
 �
� � A �D

dCA

dx

� �
x

� �
 �
� kvAδx ¼ 0

D dCA
dx

� �
xþδx

� D dCA
dx

� �
x

δx
� kv ¼ 0

Where δx ! 0,

d

dx
D
dCA

dx

� �
� kv ¼ 0

d2CA

dx2
� kv

D
¼ 0

Let CA
� ¼ CA/CA,s and x

� ¼ x/L. And knowing that Ø2 ¼ kvL2

DCA, s
, we can re-express

the differential equation in terms of the new dimensionless variables and Ø.

CA, s

L2
d2CA

�

dx�2
¼ kv

D

d2CA
�

dx�2
¼ Ø2

The boundary conditions in terms of the new variables are when x� ¼ 0, dCA
�

dx� ¼ 0,
and when x� ¼ 1, CA

� ¼ 1. We can integrate the differential equation and determine
the constants of integration.

dCA
�

dx�
¼ Ø2x� þ c1 ! c1 ¼ 0

CA
� ¼ Ø2x�2

2
þ c2 ! c2 ¼ 1� Ø2

2

CA
� ¼ Ø2x�2

2
þ 1� Ø2

2
¼ 1þ Ø2

2
x�2 � 1

 �
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CA

CA, s
¼ 1þ Ø2

2
x2

L2
� 1

� �

Note that this solution is only valid where Ø2

2 � 1 since CA
� cannot be negative.

For a zero-order reaction, reaction rate is a constant.
Effectiveness factor η, is defined as

η ¼ Observed rate
Ideal rate

The observed rate of reaction at steady state will be equivalent to the rate at which
A diffuses into the slab at both of its faces (i.e., total area of 2A comprising A at x¼ L
and A at x ¼ �L). Therefore,

Observed rate ¼ 2A �D
dCA

dx

����
x¼L

� �
¼ �2AD

CA, sØ
2

L

We know that for a zero-order reaction, the reaction rate is a constant equivalent
to the reaction rate constant, and is therefore independent of concentration of A,
hence

Ideal rate ¼ �kvV ¼ �k2AL

Therefore substituting the expressions, and knowing Ø2 ¼ kL2

DCA, s
, we obtain the

effectiveness factor as follows:

η ¼ �2AD CA, sØ
2

L

�kv2AL
¼ 1

This means that everywhere in the slab material, there is a uniform rate of reaction
at the highest possible, which is the same as the rate of reaction at the surface of the
slab where CA ¼ CA,s.

Problem 28

The graph below is a plot of effectiveness factor η against the Thiele modulus Ø
using the log scale, for a first-order reaction within a porous catalytic slab with
internal mass transfer effects.

For a solid slab, the internal effectiveness factor is given by

η¼ tanhØ
Ø
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(a) Explain the behavior of the plot, at extreme values of Ø.
(b) Explain the first generalization of the Thiele modulus in terms of how it

relates to different particle geometries. Does the above η-Ø plot that is
drawn for a slab of half width L (measured from centerline to edge) also
apply for different particle geometries?

(c) For a general reaction of order n, where n � 0, it can be shown that by
including a factor (n+1)/2 to the Thiele modulusØ, we obtain the same trend
as shown in the plot above at large values of Ø. Show that for an nth order

reaction, Ø2 ¼L2 nþ 1ð ÞkvCA, sn2 1

2D

h i
. kv is the reaction rate constant per unit

volume, D is the effective diffusivity, and CA,s is the concentration of
reactant A at the surface of the slab.

(d) Using information provided in the plot, explain the general method to
obtain the reduction factor for the mean particle size if we want to increase
the effectiveness of the catalyst from a value of η ¼ 0.25 to 0.95? [Actual
calculations not required]

Solution 28

Worked Solution

(a) From the equation provided for effectiveness factor, we can observe that at large
values of Ø, tanh Ø ~1 and η � 1

Ø. Therefore, the plot becomes a straight line
with constant gradient of value�1, and this region is dominated by mass transfer
effects. While at small values of Ø, it is reaction limited, and η~1.
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(b) The first generalization of the Thiele modulus Ø1 is defined such that

Ø1 ¼ Lchar
ffiffiffi
kv
D

q
, where Lchar is the characteristic length for the particle geometry.

In general, Lchar ¼ V
A, where V is the volume of the particle and A is the external

surface area of the particle (i.e., the area exposed to mass transfer effects).

The definition of the first Thiele modulus applies for any geometry, and the
η-Ø plot does not vary significantly with particle geometry. Regardless of
geometry, the plot in part a follows the same general behavior that at small
values of Ø1, the effectiveness factor η tends to 1. And at large values of Ø1,
η tends to 1

Ø1
, and for different geometries, we have η ! 1

Øslab
or η ! 2

Øcyl
or

η ! 3
Øsph

depending on which shape we have.
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(c) For a reaction of order n, the mass balance equation will result in the following
differential equation.

D
d2CA

dx2
¼ kvCA

n

We can non-dimensionalize the variables by substituting CA and x using
CA

� ¼ CA/CA,s and x� ¼ x/L, where CA,s is the concentration at the slab surface
at x ¼ L.

CA, s

L2
d2CA

�

dx�2
¼ kv

D
CA

�nCA, s
n

d2CA
�

dx�2
¼ L2kvCA, s

n�1

D

� �
CA

�n

By analogy with the derivation for a first-order reaction, the dimensionless

group Ø2 will be proportional to the group of parameters, Ø2 � L2kvCA, sn�1

D .
We find that in order to achieve the same trend for Ø for any nth order of
reaction, whereby at large values of Ø, tanh Ø ~1 and η � 1

Ø and at small
values of Ø, η~1, we can add a factor of nþ1

2 to the Thiele modulus; therefore,
we arrive at the following second generalization of the Thiele modulus:

Ø2 ¼ nþ 1
2

� �
L2kvCA, s

n�1

D
, n � 0

Except for the case where reaction order n ¼ 0, the effectiveness factor η
behaves similarly at small and large values of phi for all reaction orders (n > 0),
and their plots on the same graph coincide.

(d) From the plot provided, we can first obtain values of Ø for η ¼ 0.25 and
η ¼ 0.95. Say for example, we obtain values of Ø ¼ 3.5 for η ¼ 0.25 and
Ø ¼ 0.55 for η ¼ 0.95.
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Then we can find the reduction in particle size required to achieve the
increase in η:

Øjη¼0:25 ¼ 3:5 ¼ Ljη¼0:25

ffiffiffiffi
kv
D

r

Øjη¼0:95 ¼ 0:55 ¼ Ljη¼0:95

ffiffiffiffi
kv
D

r

Hence reduction factor in mean particle size is given by:

Ljη¼0:95

Ljη¼0:25
¼ 0:55

3:5
¼ 0:16

Problem 29

Consider a spherical catalytic particle whereby a reaction occurs under iso-
thermal conditions within the entire porous structure of the particle. You may
assume that the active reaction sites are distributed uniformly throughout the
interior of the particle and the particle has a radius R.

(a) Show the following expression for a reaction of order n, where D is the
effective diffusivity assumed constant, CA is the concentration of reactant A,
kv is the reaction rate constant per unit volume, and r is the radial distance
measured from the center of the sphere.

d2CA

dr2
þ 2
r
dCA

dr
2

kv
D
CA

n ¼ 0

(b) Using an appropriate substitution of variables, show that the differential
equation can be simplified to the following dimensionless form, the Thiele

modulus for a reaction of order n is definedØn ¼R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kv
D CA, s

n2 1
q

. Explain the

physical significance of Øn.

d2CA
�

dr�2
þ 2
r�

dCA
�

dr�
2Øn

2CA
�n ¼ 0

(c) Assuming first-order kinetics, solve the differential equation in part b, using
the substitution, ε¼ CA

�r�, and show that the solution is as follows. Sketch a
plot of CA

CA, s
against r/R showing the effect of increasing Ø1.

CA

CA, s
¼ sinh Ø1 r=Rð Þ½ �

r=Rð ÞsinhØ1
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(d) Using the expression found in part c, show that the effectiveness factor for a
spherical particle is given by the following.

ηsph ¼
3
Ø1

1
tanhØ1

2
1
Ø1

� �

Solution 29

Worked Solution

(a) When reaction occurs within the entire internal structure of a particle, there must
exist a concentration gradient within the particle material which serves as the
driving force for reactant to diffuse from the particle surface inwards, into the
interior of the particle. Fick’s law tells us that mass flux j00(r) is correlated to
concentration gradient via diffusivity, D as follows

j00 rð Þ ¼ �D
dCA

dr

Let us illustrate the system, and perform a mass balance for a differential
element in the radial direction.

r

R

�r

�
,�

|� ’’|

The inward molar flux of reactant A at positions r and r + δr is given below,
where A ¼ 4πr2 is the surface area of the spherical shell at r,

Flux into shell �r directionð Þ ¼ � 4π r þ δrð Þ2 �D
dCA

dr

� �
rþδr

� �

Flux out of shell �r directionð Þ ¼ � 4πr2 �D
dCA

dr

� �
r

� �

Other than diffusive flux, there is also reaction of order n occurring which
serves to reduce NA. Since δr is small, we may assume that the differential
volume in the spherical shell is 4πr2δr, and the reaction rate expression is as
follows,
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dNA

dt
¼ rAV ¼ �kvCA

nV ¼ �kvCA
n4πr2δr

By mass balance over the differential element of width δr at steady state, we
have

� 4π r þ δrð Þ2 �D
dCA

dr

� �
rþδr


 �
� � 4πr2 �D

dCA

dr

� �
r

� �
 �
� kvCA

n4πr2δr ¼ 0

4π r þ δrð Þ2 D
dCA

dr

� �
rþδr

� 4πr2 D
dCA

dr

� �
r

� kvCA
n4πr2δr ¼ 0

r þ δrð Þ2 D dCA
dr

� �
rþδr

� r2 D dCA
dr

� �
r

δr
� kvCA

nr2 ¼ 0

Where δr ! 0,

d

dr
D
dCA

dr

� �
r2

� �
� kvCA

nr2 ¼ 0

2Dr
dCA

dr
þ Dr2

d2CA

dr2
� kvCA

nr2 ¼ 0

d2CA

dr2
þ 2

r

dCA

dr
� kv

D
CA

n ¼ 0

(b) Let us consider the boundary conditions for this second-order differential equa-
tion. When r ¼ 0 at the center of the sphere, dCA

dr ¼ 0, while at x ¼ R, CA ¼ CA,s.
A useful way to simplify the equation and its boundary conditions is to introduce
dimensionless variables. Let CA

� ¼ CA/CA,s and r� ¼ r/R. Hence we can
re-express the earlier differential equation in terms of the new variables.

d2CA

dr2
þ 2

r

dCA

dr
� kv

D
CA

n ¼ 0

dr ¼ Rdr�; dCA ¼ CA, sdCA
�; dr2 ¼ R2dr�2; d2CA ¼ CA, sd

2CA
�

CA, s

R2

d2CA
�

dr�2
þ 2

r

CA, s

R

dCA
�

dr�
� kv

D
CA, s

nCA
�n ¼ 0

d2CA
�

dr�2
þ 2
r�

dCA
�

dr�
� kvR2

D
CA, s

n�1

� �
CA

�n ¼ 0

It is given that Øn
2 ¼ kvR2

D CA, s
n�1; therefore,
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d2CA
�

dr�2
þ 2
r�

dCA
�

dr�
� Øn

2CA
�n ¼ 0

There is physical significance in the Thiele modulus, Øn
2 as a ratio, of the

surface reaction rate to the rate of internal mass transfer of reactant into the
center of the particle. Therefore when Øn is large, the rate-limiting (or slower)
process is mass transfer, and for small values of Øn, surface reaction rate is
limiting.

Øn
2 ¼ kvCA, s

nR

D CA, s�0
R

� 	

(c) Using the substitution ε ¼ CA
�r� or CA

� ¼ ε
r�

dCA
�

dr�
¼ 1

r�
dε

dr�
� ε

r�2

d2CA
�

dr�2
¼ 1

r�
d2ε

dr�2
� 1
r�2

dε

dr�
� 1
r�2

dε

dr�
þ 2ε

1
r�3

¼ 1
r�

d2ε

dr�2
� 2
r�2

dε

dr�
þ 2ε
r�3

Combining the above with the differential equation, we have

d2CA
�

dr�2
þ 2
r�

dCA
�

dr�
� Øn

2CA
�n ¼ 0

1
r�

d2ε

dr�2
� 2
r�2

dε

dr�
þ 2ε
r�3

þ 2
r�

1
r�

dε

dr�
� ε

r�2

� �
� Øn

2CA
�n ¼ 0

1
r�

d2ε

dr�2
� Øn

2CA
�n ¼ 0

For first-order kinetics, n ¼ 1; therefore

Ø1
2 ¼ kvR2

D

1
r�

d2ε

dr�2
� kvR2

D
CA

� ¼ 0

d2ε

dr�2
� Ø1

2ε ¼ 0

We can try a trial solution of the form below, where c1 and c2 are constants to
be determined using boundary conditions. When r� ¼ 0, ε is finite; therefore
c1 ¼ 0. When r� ¼ 1, ε ¼ 1.
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ε ¼ c1coshØ1r
� þ c2sinhØ1r

� ¼ c2sinhØ1r
�

c2 ¼ 1
sinhØ1

ε ¼ sinhØ1r�

sinhØ1

Therefore converting dimensionless variables back to the original variables,
the solution for a spherical particle is:

CA=CA, sð Þ r=Rð Þ ¼ sinh Ø1 r=Rð Þ½ �
sinhØ1

CA

CA, s
¼ sinh Ø1 r=Rð Þ½ �

r=Rð ÞsinhØ1

A sketch of CA
CA, s

against r
R is such that at r

R ¼ 1, CA
CA, s

¼ 1. The effect of

increasing Ø1 is to go from surface reaction limited to becoming more diffusion-
limited. Therefore the plot will be as follows:

(d) To find the effectiveness factor η, we start with its definition.

η ¼ Observed rate
Ideal rate

The observed rate of reaction at steady state will be equivalent to the rate at
which A diffuses into the sphere at its surface. Therefore,

Observed rate ¼ 4πR2 �D
dCA

dr

����
r¼R

� �
¼ � 4πR2DCA, s

sinhØ1

d

dr

sinh Ø1 r=Rð Þ½ �
r=Rð Þ

� �
r¼R
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¼ � 4πR2DCA, s

sinhØ1

rØ1

R2

� 	
cosh Ø1

r
R

� �
 �� 1
Rsinh Ø1

r
R

� �
 �
r
R

� �2
2
4

3
5
r¼R

¼ �4πRDØ1CA, s
1

tanhØ1
� 1
Ø1

� �

We know that the ideal (or maximum possible) rate is when mass transfer is
perfect, and therefore reaction rate operates only at the maximum concentration
of reactant throughout the sphere, and this maximum concentration is the
concentration at the surface, CA,s

Ideal rate ¼ �kvVCA, s ¼ �4
3
πR3kvCA, s

Therefore substituting the expressions, and knowing Ø1 ¼ R
ffiffiffi
kv
D

q
, we obtain

the effectiveness factor for a spherical particle as follows:

η ¼
�4πRDØ1CA, s

1
tanhØ1

� 1
Ø1

� 	
�4

3πR
3kvCA, s

¼ 3
Ø1

1
tanhØ1

� 1
Ø1

� �

Problem 30

Consider a heterogeneous reaction occurring within a spherical catalyst parti-
cle of radius R¼ 5� 10�5 m. The reaction A! B is first order and irreversible.
Experimental data showed that the concentration of A at a distance of 0.6R
from the center of the particle is 0.1CA,s, where CA,s is the reactant concentra-
tion at the particle surface. The bulk concentration of A is 2 � 10�9 mol m�3,
and the diffusion coefficient D ¼ 1:5�102 4 m2 s�1. External mass transfer
effects may be ignored.

(a) Determine the concentration of A at r ¼ 1 � 10�5 m. You may use without
derivation, the following concentration profile for a spherical particle with

first-order reaction, where Ø1 ¼R
ffiffiffi
kv
D

q
.

CA

CA, s
¼ sinh Ø1 r=Rð Þ½ �

r=Rð ÞsinhØ1

(b) What should the catalyst particle size be reduced to, in order to achieve an
effectiveness factor η of 0.9? You are to use without derivation the following
expression for the effectiveness factor of a spherical particle.
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ηsph ¼
3

Ø1
2 Ø1cothØ1 2 1ð Þ

Solution 30

Worked Solution

(a) The concentration profile of a spherical catalytic particle with internal mass
transfer effects and reaction of order 1 is as follows whereby the Thiele modulus

is defined as Ø1 ¼ R
ffiffiffi
kv
D

q
.

CA

CA, s
¼ sinh Ø1 r=Rð Þ½ �

r=Rð ÞsinhØ1

The non-dimensional form of this concentration profile is as follows, where
r� ¼ r/R and CA

� ¼ CA
CA, s

CA
� ¼ 1

r�
sinhØ1r�

sinhØ1

Given that at r� ¼ 0.6, CA
� ¼ 0.1, we substitute into the equation to obtain Ø1.

0:1 ¼ 1
0:6

sinh 0:6Ø1ð Þ
sinhØ1

Ø1 ¼ 7

Given that R ¼ 5 � 10�5 m, D ¼ 1:5� 10�4 m2 s�1, and CA,s ¼
2 � 10�9 mol m�3, we are required to determine CA at r ¼ 1 � 10�5 m.

r� ¼ 10�5

5� 10�5 ¼ 0:2

CA
� ¼ 1

0:2
sinh 7� 0:2ð Þ

sinh7
¼ 0:017

CA ¼ 2� 10�9 � 0:017 ¼ 3:5� 10�11 mol m�3

(b) For a spherical particle, effectiveness factor is given as follows.

ηsph ¼
3

Ø1
2 Ø1cothØ1 � 1ð Þ
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ηsph ¼
3

72
7coth7� 1ð Þ ¼ 0:37

The original effectiveness factor is 0.37. We can increase this to 0.9 by
reducing particle size.

0:9 ¼ 3

Ø1
2 Ø1cothØ1 � 1ð Þ ! Ø1 ¼ 1:32

Ø1jη¼0:37

Ø1jη¼0:9

¼ Rjη¼0:37

Rjη¼0:9

7
1:32

¼ 5� 10�5

Rjη¼0:9
! Rjη¼0:9 ¼ 9:4� 10�6 m

The reduced particle radius should be 9.4 � 10�6 m to achieve an effective-
ness factor of 0.9.

Problem 31

Consider a cylindrical pore of total length 2L¼ 3� 10�5 m which is coated with
platinum at its surface walls along the length of the pore. The coating provides
active sites for chemical reaction A! B to take place. The reaction is first order
with respect to A. Due to diffusive flux of A into the pore, a concentration
gradient develops along the axial length of the pore. The concentration of A at
the exposed surfaces of the pore CA,s is 2 � 10�6 mol m�3.

(a) Determine the concentration profile for reactant A with respect to axial
length, z. Then show that the effectiveness factor η for this cylindrical
catalytic pore is given by:

η¼ tanhØ
Ø

(b) At a distance z ¼ L, the concentration of reactant A drops to 20% of CA,s.
Find the concentration of A at a distance of z¼ L

3.
(c) A reduction in pore length is required to improve the effectiveness of this

cylindrical catalyst. Determine the new pore length that would achieve an
effectiveness factor of 0.9.
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Solution 31

Worked Solution

(a) Let us illustrate the system.

The inward molar flux of reactant A at positions z and z + δz is given below,
where A ¼ πR2 is the cross-sectional area of a differential slice,

Flux into slice ¼ πR2 �D
dCA

dz

� �
z

Flux out of slice ¼ πR2 �D
dCA

dz

� �
zþδz

Other than diffusive flux, there is also reaction of order 1 occurring at the
coating on the cylindrical surface area; this reaction acts to reduce NA. Note that
rA

00 has units of mol per area catalyst per time, and A is the surface area of the
cylindrical pore at which the reactions occur.

�1
A

dNA

dt
¼ �rA

00 ¼ k00CA

By mass balance over the differential slice of width δz at steady state, we have

πR2 �D
dCA

dz

� �
z

� πR2 �D
dCA

dz

� �
zþδz

� k00CA 2πRδzð Þ ¼ 0

dCA
dz

� 	
zþδz

� dCA
dz

� 	
z

δz
� 2k00CA

DR
¼ 0

Where δz ! 0,

d2CA

dz2
� 2k00CA

DR
¼ 0

We can convert k00 into a reaction rate constant per unit volume,

500 Reactor Kinetics



Note that kvV ¼ k00A

k00 ¼ kv πR2L� 2
� �
2πRL� 2ð Þ ¼ kvR

2

Substituting the result, we have

d2CA

dz2
� kv

D
CA ¼ 0

We can non-dimensionalize this equation using the substitutions, z� ¼ z/L,
CA

� ¼ CA/CA,s, and Ø1
2 ¼ L2kvD .

CA, s

L2
d2CA

�

dz�2
� kvCA, s

D
CA

� ¼ 0

d2CA
�

dz�2
� kvL2

D
CA

� ¼ 0

d2CA
�

dz�2
� Ø1

2CA
� ¼ 0

We can use the trial solution of the form below, where c1 and c2 are constants
to be determined by applying boundary conditions.

CA
� ¼ c1coshØ1z

� þ c2sinhØ1z
�

When z� ¼ 0, CA
� ¼ 1; therefore

1 ¼ c1

When z� ¼ 1, dCA
�

dz� ¼ 0 due to symmetry; therefore

CA
� ¼ coshØ1z

� þ c2sinhØ1z
�

dCA
�

dz�
¼ Ø1sinhØ1z

� þ c2Ø1coshØ1z
�

0 ¼ Ø1sinhØ1 þ c2Ø1coshØ1

c2 ¼ � sinhØ1

coshØ1

We can now determine the concentration profile in the cylindrical pore,
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CA
� ¼ coshØ1z

� � sinhØ1

coshØ1

� �
sinhØ1z

�

¼ coshØ1coshØ1z� � sinhØ1sinhØ1z�

coshØ1

¼ cosh Ø1 � Ø1z�ð Þ
coshØ1

CA

CA, s
¼

cosh Ø1 1� z

L

� 	h i
coshØ1

To find the effectiveness factor η, we start with its definition as shown.

η ¼ Observed rate
Ideal rate

The observed rate of reaction at steady state will be equivalent to the rate at
which A diffuses into the pore through its cylindrical surface,

Observed rate ¼ πR2 �D
dCA

dz

����
z¼0

� �
¼ πR2 �DCA, sØ1

LcoshØ1
sinh Ø1 1� z

L

� 	h i� �
z¼0

¼ �πR2DCA, sØ1

L
tanhØ1

We know that the ideal (or maximum possible) rate is when mass transfer is
perfect, and therefore it is the reaction rate at the maximum concentration of
reactant at the surface, CA,s. Note that the volume to be used here is over half
length, i.e., πR2L to match the basis of the preceding analysis.

Ideal rate ¼ �kvVCA, s ¼ �kv πR2L
� �

CA, s

Therefore substituting the two reaction rates and knowing that Ø1 ¼ L
ffiffiffi
kv
D

q
,

we obtain the effectiveness factor as follows:

η ¼
�πR2DCA, sØ1

L tanhØ1

�kv πR2L
� �

CA, s

¼ tanhØ
Ø

(b) When z ¼ L, CA ¼ 0.2CA,s; therefore, we can find Ø1
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0:2 ¼ 1
coshØ1

Ø1 ¼ 2:3

At z ¼ L/3, the concentration CA can be found as follows, given that CA,s ¼
2 � 10�6 mol m�3

CA

2� 10�6 ¼
cosh 2:3 1� 1

3

� �
 �
cosh 2:3

CA ¼ 9:6� 10�7mol m�3

(c) Note that effectiveness factor was found earlier to be given by:

η ¼ tanhØ
Ø

ηold ¼
tanhØold

Øold
¼ tanh 2:3

2:3
¼ 0:43

ηnew ¼ 0:9 ¼ tanhØnew

Ønew
! Ønew ¼ 0:58

Since Ø1 ¼ L
ffiffiffi
kv
D

q
, therefore,

Øold

Ønew
¼ 2Lold

2Lnew

2:3
0:58

¼ 3� 10�5

2Lnew
! 2Lnew ¼ 7:6� 10�6 m

Therefore the pore length should be reduced from 3 � 10�5 m to 7.6 � 10�6

m for the effectiveness factor to be 0.9.

Problem 32

Consider a first-order reaction A! B that occurs within the porous material of
a catalytic slab. The reaction sites are distributed uniformly within the slab. The
slab is of thickness 2 H in the z direction and of length L in the axial x direction
such that L � H. There is a bulk fluid flowing along the axial direction of the
slab on its exterior and the concentration of reactant A in the bulk fluid is CA,0.
The reactant concentration at the surface of the slab is CA,s where CA,0 6¼ CA,s
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due to the presence of external mass transfer effects. The reaction rate constant
per unit volume for the first-order reaction is k1 and D is effective diffusivity.

(a) Derive an expression for the internal effectiveness factor η of the catalytic
slab.

(b) Show that the expression for the external effectiveness factor Ω for the
catalytic slab is given by:

Ω¼
tanhØ
Ø

1þ DØ
kcH

tanhØ
,where Ø1 ¼H

ffiffiffiffiffi
k1
D

r

Solution 32

Worked Solution

(a) We may assume that since L�H, variations in the x direction are negligible, and
only variations in the z direction need to be considered.

The inward diffusive flux of reactant A at positions z and z + δz is given
below, where A is the surface area of the slab,

Flux into slice �z directionð Þ ¼ � A �D
dCA

dz

� �
zþδz

� �

Flux out of slice �z directionð Þ ¼ � A �D
dCA

dz

� �
z

� �
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Other than diffusive flux, there is also reaction occurring which serves to
reduce NA, assuming first-order kinetics, we have the following expression for
reaction rate

dNA

dt
¼ rAV ¼ �k1CAV ¼ �k1CAAδz

By mass balance over the differential element of width δz at steady state, we
have

� A �D
dCA

dz

� �
zþδz

� �
� � A �D

dCA

dz

� �
z

� �
 �
� k1CAAδz ¼ 0

dCA
dz

� 	
zþδz

� dCA
dz

� 	
z

δz
� k1

D
CA ¼ 0

For δz ! 0,

d2CA

dz2
� k1

D
CA ¼ 0

Let us consider the boundary conditions for this second-order differential
equation. When z ¼ 0 at the centerline of the slab, dCA

dz ¼ 0, while at z ¼ H,
CA ¼ CA,s.

A useful way to simplify the equation and its boundary conditions is to
introduce dimensionless variables. Let CA

� ¼ CA/CA,s and z� ¼ z/H. Hence we
can re-express the earlier differential equation in terms of the new variables.

d2CA

dz2
� k1

D
CA ¼ 0

dz2 ¼ H2dz�2; d2CA ¼ CA, sd
2CA

�

DCA, s

H2

d2CA
�

dz�2
� k1CA, s CA

� ¼ 0

d2CA
�

dz�2
� H2k1

D
CA

� ¼ 0

It is given that Ø1 ¼ H
ffiffiffiffi
k1
D

q
; therefore,

d2CA
�

dx�2
� Ø1

2 CA
� ¼ 0
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We can try a trial solution of exponential form based on our knowledge that
derivatives of the exponential function can give the same exponential function,
multiplied by a constant. Therefore, we can try a solution of the form
CA

� ¼ c1 exp (Ø1z
�) + c2 exp (�Ø1z

�), where c1 and c2 are constants to be
determined by applying boundary conditions. We know that when z� ¼ 0,
dCA

�
dx� ¼ 0, and when z� ¼ 1, CA

� ¼ 1.
[Note that another possible trial solution is CA

� ¼ c1 cosh Ø1z
� +

c2 sinh Ø1z
�.]

dCA
�

dz�
¼ c1Øexp Ø1z

�ð Þ � c2Øexp �Ø1z
�ð Þ

dCA
�

dz�

����
z�¼0

¼ c1Ø1 � c2Ø1 ¼ 0 ! c1 ¼ c2

1 ¼ c1 expØ1 þ c2 exp �Ø1ð Þ ¼ c1 eØ1 þ e�Ø1

 �

c1 ¼ 1
eØ1 þ e�Ø1

Therefore, we obtain the expression,

CA
� ¼ 1

eØ1 þ e�Ø1
eØ1z� þ 1

eØ1 þ e�Ø1
e�Ø1z�

CA
� ¼ 1

2coshØ1
eØ1z� þ e�Ø1z�

 � ¼ 1

2coshØ1
2cosh Ø1z

�ð Þ½ �

CA
� ¼ cosh Ø1z�ð Þ

coshØ1

CA ¼ CA, s

cosh Ø1
z

H

� 	
coshØ1

To find the internal effectiveness factor η, we start with its definition.

η ¼ Observed rate
Ideal rate

The observed rate of reaction at steady state will be equivalent to the rate at
which A diffuses into the slab at both of its faces (i.e., total area of 2A comprising
A at z ¼ H and A at z ¼ �H ). Therefore,

Observed rate ¼ 2A �D
dCA

dz

����
z¼H

� �
¼ �2AD

CA, sØ1

HcoshØ1
sinh Ø1

z

H

� 	� �
z¼H
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¼ � 2ADØ1CA, s

H
tanhØ1

We know that the ideal (or maximum possible) rate is when mass transfer is
perfect, and therefore reaction rate operates only at the maximum concentration
of reactant throughout the slab, and this maximum concentration is the concen-
tration at the slab surface, CA,s

Ideal rate ¼ �k1VCA, s ¼ �k12AHCA, s

Therefore substituting the expressions, and knowing Ø1 ¼ H
ffiffiffiffi
k1
D

q
, we obtain

the effectiveness factor as follows:

η ¼ � 2ADØ1CA, s
H tanhØ1

�k12AHCA, s
¼ tanhØ1

Ø1

(b)

η ¼
2A �DdCA

dz

��
z¼H

� 	
�k1CA, s2AH

The ideal rate for Ω is the rate of reaction when no external mass transfer
effects and hence the reaction operates at CA,s ¼ CA,0

Ω ¼
2A �DdCA

dz

��
z¼H

� 	
�k1CA,02AH

Observed rate remains the same whether expressed in Ω or η

Observed rate ¼ 2A �D
dCA

dz

����
z¼H

� �

Ω �k1CA,02AHð Þ ¼ η �k1CA, s2AHð Þ
Ω

η
¼ CA, s

CA,0

We can also equate the mass flux due to mass conservation, using kc as the
external mass transfer coefficient,

�D
dCA

dz

����
z¼H

¼ �kc CA,0 � CA, sð Þ
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We have earlier obtained the expression for left-hand side by differentiating
the concentration profile, using the result, we have

DØ1CA, s

H
tanhØ1 ¼ kc CA,0 � CA, sð Þ

CA, s 1þ DØ1

kcH
tanhØ1

� �
¼ CA,0

CA, s

CA,0
¼ Ω

η
¼ 1

1þ DØ1
kcH

tanhØ1

Ω ¼
tanhØ1

Ø1

1þ DØ1
kcH

tanhØ1

, where Ø1 ¼ H

ffiffiffiffiffi
k1
D

r

Problem 33

Consider a zero-order irreversible reaction A ! B that occurs within a porous
rectangular catalytic slab. The slab is of thickness 2L in the y direction and of
length L in the axial x direction. There is a bulk fluid around the slab with a
concentration of reactant A denoted by CA,0. The reactant concentration at the
surface of the slab is CA,s. The reaction rate constant for the reaction is k0 with
units of s�1 and D is effective diffusivity.

(a) Determine the concentration profile of A where Ø0
2 ¼ k0L2

DCA, s
.

(b) Determine the positions in the slab when CA ¼ 0 for Ø0
2 ¼ 2 and Ø0

2 ¼ 9.
(c) Given that the effectiveness factor is defined as follows where A is the area of

the face of the slab normal to mass transport of A into the slab along the y-
axis. Determine expressions for the effectiveness factor for different values
of Ø0

2. Plot a graph of η against Ø0.
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η¼
2
Ð L
0 2 rAAdy

� 	
2 2 rA, sAL
� �

(d) Sketch the concentration profiles for values of Ø0
2 < 2, Ø0

2 ¼ 2 and Ø0
2 ¼ 9.

Solution 33

Worked Solution

(a) If the reaction was zero order, then the reaction term in the mass balance of
A becomes,

dNA

dt
¼ rAV ¼ �k0V ¼ �k0Aδy

Following through the same process of derivation via mass balance of A, we
will arrive at

� A �D
dCA

dy

� �
yþδy

" #
� � A �D

dCA

dy

� �
y

" #( )
� k0Aδy ¼ 0

dCA
dy

� 	
yþδy

� dCA
dy

� 	
y

δy
� k0

D
¼ 0

For δy ! 0,

d2CA

dy2
� k0

D
¼ 0

We can apply boundary conditions to solve this equation. When y ¼ 0 at the
centerline of the slab, dCA

dy ¼ 0, while at z ¼ L, CA ¼ CA,s. This differential

equation is simple to integrate, hence dimensionless variables are not necessary.

dCA

dy
¼ k0

D
yþ c1 ! c1 ¼ 0

CA ¼ k0
2D

y2 þ c2 ! c2 ¼ CA, s � k0
2D

L2
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CA ¼ CA, s þ k0
2D

y2 � k0
2D

L2 ¼ CA, s 1þ Ø0
2

2
y

L

� 	2
� Ø0

2

2

" #
, where Ø0

2 ¼ k0L2

DCA, s

CA

CA, s
¼ 1þ Ø0

2

2
y

L

� 	2
� 1

� �

(b) Substitute Ø0
2¼ 2 and CA¼ 0 into the concentration profile obtained in part a to

find the position y.

0
CA, s

¼ 1þ 2
2

y

L

� 	2
� 1

� �

y ¼ 0 centerline of slabð Þ

Next we can find the same for a different value of Ø0
2 ¼ 9 where CA ¼ 0,

0
CA, s

¼ 1þ 9
2

y

L

� 	2
� 1

� �

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
9

9
2
� 1

� �s
L ¼ 0:88L

(c) We are given the expression for internal effectiveness factor as follows.

η ¼
2
Ð L
0 �rAAdy

� 	
2 �rA, sALð Þ

For a zero-order reaction, �rA ¼ k0 for CA > 0, and �rA ¼ 0 for CA ¼ 0.
For Ø0

2 < 2, η ¼ 1 since CA > 0 throughout the slab and therefore �rA ¼
� rA,s ¼ k0.

For Ø0
2 > 2, η < 1 since CA ¼ 0 (i.e., is completely depleted) in the inner

region of the slab and �rA ¼ 0.

η ¼
2
Ð L
0 �rAAdy

� 	
2 �rA, sALð Þ ¼

Ð y�
0 �rAdyþ

Ð L
y� �rAdy

�rA, sL

¼
Ð y�
0 0dyþ Ð Ly� k0dy

k0L
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¼ k0 L� y�ð Þ
k0L

¼ 1� y�

L

In general, the expression for y� can be found by setting CA ¼ 0 in the
concentration profile, assuming the region Ø0

2 > 2.

CA

CA, s
¼ 1þ Ø0

2

2
y

L

� 	2
� 1

� �

0 ¼ 1þ Ø0
2

2
y�

L

� �2

� 1

" #

y� ¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2

Ø0
2

s

Therefore the profile of η is:

η ¼ 1 where Ø0
2 < 2

¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2

Ø0
2

s
where Ø0

2 > 2

A plot of η against the Thiele modulus for a zero-order reaction is as shown
below.

(d) The concentration profiles for values of Ø0
2 < 2, Ø0

2¼ 2, and Ø0
2¼ 9 are shown

below.
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Problem 34

Consider a CSTR that has a volume of V ¼ 3 m3. The inlet stream
contains species A of concentration C0 while the outlet stream contains species
A at concentration C1. The inlet and outlet flow rates are maintained at _Q ¼
0:06 m3=s.
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(a) Derive a first-order differential equation that relates the outlet concentra-
tion of A to the inlet concentration.

(b) Assuming that at t ¼ 0, C0 ¼ C1 ¼ 0, determine an expression for C1(t) in
terms of Laplace transform variables.

(c) Prior to t ¼ 0, the concentration of A in the inlet pipe is 80 units (measured
in normalized dimensionless units). In the initial duration of 0.5 s, i.e., from
t ¼ 0 to 0.5 s, the inlet concentration is a constant value of 80 units after
which it is maintained at 15 units during the operation of the CSTR. The
concentration profile of A is as shown below.

i. Derive the Laplace expression for the outlet concentration of A, �C1 sð Þ.
ii. Find the outlet concentration profile of A, C1(t) and show it in a plot.

Solution 34

Worked Solution

(a) The CSTR is assumed well mixed, whereby the outlet concentration C1 is
equivalent to the concentration in the tank at time t. We are told that the inlet
flow rate is equivalent to outlet flow rate, i.e., _Q is constant. Therefore we can
perform a mass balance for species A as follows, where τ is the mean residence
time in the CSTR:

Inflow� Outflow ¼ Rate of accumulation

_QC0 � _QC1 ¼ d C1Vð Þ
dt

C0 � C1 ¼ V
_Q

dC1

dt
¼ τ

dC1

dt

(b) Laplace transform converts the terms as functions of time t to functions of
Laplace variable s. The Laplace transform of the first-order differential equation
in part a is:
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C0 tð Þ � C1 tð Þ ¼ τ
dC1

dt
tð Þ

�C0 sð Þ � �C1 sð Þ ¼ τ s �C1 sð Þ � C1 0ð Þ½ �

We know that C1(0) ¼ 0; therefore,

1
τsþ 1

�C0 sð Þ ¼ �C1 sð Þ, where by τ ¼ V
_Q
¼ 3

0:06
¼ 50 s

(c) (i) Based on the description of the problem, we can come up with an expression
for a step-like function that depicts the changes in inlet concentration of A from
t ¼ 0 s, where H(t) denotes a Heaviside function.

C0 tð Þ ¼ 80H tð Þ � 65H t � 0:5ð Þ

Since C0(0) ¼ 0, the Laplace transform of the inlet concentration expression
is as follows:

�C0 sð Þ ¼ 80
s
� 65

s
e�0:5 s

The outlet concentration is related to the inlet concentration via our result in
part b, hence we can find out the Laplace expression for outlet concentration,
�C1 sð Þ.

�C1 sð Þ ¼ 1
τsþ 1

�C0 sð Þ

¼ 1
τsþ 1

80
s
� 65

s
e�0:5 s

� �

¼ 80
s τsþ 1ð Þ �

65
s τsþ 1ð Þ e

�0:5 s

(ii) We can mathematically convert our result from (i) into partial fractions, to
help us with our inverse Laplace transform back to variable t.

�C1 sð Þ ¼ 80
1
s
� τ

τsþ 1

� �
� 65

1
s
� τ

τsþ 1

� �
e�0:5 s

¼ 80
1
s
� 1

sþ 1
τ

 !
� 65

1
s
e�0:5 s � 1

sþ 1
τ

e�0:5 s

 !

We can break down the inverse Laplace transform into parts for clarity.
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L�1 1
s

� �
¼ 1, L�1 1

sþ 1
τ

 !
¼ e�t=τ

L�1 1
s
e�0:5 s

� �
¼ H t � 0:5ð Þ

L�1 1

sþ 1
τ

e�0:5 s

 !
¼ H t � 0:5ð Þ e� t�0:5ð Þ=τ

Combining our results, we have the following outlet concentration profile.

C1 tð Þ ¼ 80 1� e�t=τ
� 	

� 65H t � 0:5ð Þ 1� e� t�0:5ð Þ=τ
� 	

We can now plot this profile, noting that there are two key time-periods,
t � 0.5 and t � 0.5. When t � 0.5 s,

C1 tð Þ ¼ 80 1� e�t=τ
� 	

At t ¼ 0.5 s, C1(t) ¼ 0.8. When t � 0.5 s,

C1 tð Þ ¼ 80 1� e�t=τ
� 	

� 65H t � 0:5ð Þ 1� e� t�0:5ð Þ=τ
� 	

¼ 80�80e�
t
τ �65�65e

0:5
τ e�

t
τ ¼ 15� e�

t
τ 80�65e

0:5
τ

� 	
,where τ¼ V

_Q
¼ 3
0:06

¼ 50 s

¼ 15� e�
t
50 80� 65e

0:5
50

� 	
¼ 15� 14:3e�

t
50

As t ! 1, C1(t) ! 15.
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Problem 35

Consider the reaction A! B + 2Cwhereby the overall rate of reaction is limited
by external diffusion of bulk reactant A to the particle surface. The reaction
occurs in a packed bed reactor that contains spherical catalytic particles of
diameter Dp ¼ 0.007 m. Gaseous reactant A flows through the reactor in the
axial direction at a superficial molar average velocity Vs ¼ 5 m/s. The bed
porosityØ¼ 0.5 and it may be assumed that the surface area of catalyst per unit

volume reactor, a¼ 6 12Øð Þ
Dp

.

(a) By performing a mass balance, derive a differential equation for concen-
tration of A.

(b) Determine the profile of reaction rate in the axial direction. You may
assume that convective flux dominates axial diffusive flux.

(c) Determine the length of PBR required to achieve a conversion of 85%. The
mass transfer coefficient, kc ¼ 1.2 m/s and ¼ 40 m2 cat m�3 reactor.

Solution 35

Worked Solution

(a) Let us start with a mole balance by referring to the PBR as shown below, where
bulk flow is in the axial direction (z direction).

A mole balance for species A in a differential element follows, note that
rA < 0:

FA zð Þ � FA zþ Δzð Þ þ rAV ¼ dNA

dt

FA zð Þ � FA zþ Δzð Þ þ rAV ¼ 0 steady stateð Þ

Let A refer to the cross-sectional area of the packed bed reactor. rA
00 refers to

the reaction rate per unit surface area of catalyst particle with units of
mol s�1 m�2 cat, and a refers to the surface area of catalyst particle per unit
volume of reactor with units of m2 cat m�3 reactor.

For packed beds, a is related to bed porosity Ø and diameter of particle Dp by
the equation:

a ¼ 6 1� Øð Þ
Dp

¼ 6 1� 0:5ð Þ
0:007

¼ 430
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FA zð Þ � FA zþ Δzð Þ þ rA
00 að Þ AΔzð Þ ¼ 0

Dividing throughout by AΔz and taking the limit where Δz ! 0,

� 1
A

� �
dFA

dz
þ rA

00 a ¼ 0

In the general form, we know that the molar flow rate of A in the axial
direction z is contributed by diffusion (or dispersion) in the axial direction
denoted here by jAz

00 and convection (or bulk flow) in the axial direction denoted
here by bAz

00.

FA

A
¼ jAz

00 þ bAz
00

We often assume that bAz
00 � jAz

00 for packed bed reactors, as they are often
operated in turbulent regimes where bulk flow transport dominates.

FA

A
¼ bAz

00 ¼ VsCA

Substituting this back into the differential equation, we have the following,
assuming Vs is held constant.

�Vs
dCA

dz
þ rA

00 a ¼ 0

We can equate rA
00 [mol s�1 m�2 cat] which is the rate of disappearance of A at

the particle surface to the flux of A from the bulk fluid to particle surface, under
steady state. For the purpose of this, we define kc as the mass transfer coefficient
whereby kc m s�1½ � ¼ D

δ 0 and D represents diffusivity and δ represents the
diffusion boundary layer around the particle surface.

�rA
00 ¼ kc CA,bulk � CA, sð Þ

Therefore we substitute this back into the differential equation, note that CA is
the same as CA,bulk above.

�Vs
dCA

dz
� kc CA � CA, sð Þ a ¼ 0

(b) In most cases where mass transfer is limiting, reaction rate is assumed much
faster so CA,s ¼ 0. Or in other words, CA,bulk � CA,s.
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�Vs
dCA

dz
� akcCA ¼ 0

We can now integrate with the boundary condition that at z ¼ 0, CA ¼ CA0.

dCA

dz
¼ � akc

Vs
CA

CA ¼ CA0 exp � akc
Vs

z

� �

Therefore the rate of reaction varies along the z direction as follows

�rA
00 ¼ kcCA0 exp � akc

Vs
z

� �

(c) To find out the length of bed L required to achieve a specific conversion
X ¼ 0.85, we can express conversion in terms of concentration

X ¼ 1� CAL

CA0
¼ 0:85

CAL ¼ CA0 exp � akc
Vs

L

� �

ln
CAL

CA0

� �
¼ ln 1� Xð Þ ¼ � akc

Vs
L

ln 1� 0:85ð Þ ¼ � 40 1:2ð Þ
5

L

L ¼ 0:198 m

Problem 36

Consider a reactor of volume 6 m3 whereby gas is fed and bubbled through it
from the bottom inlet and exits from the top. At the same time, liquid flows
through at a flow rate of 0.003 m3/s. A delta pulse tracer of total mass 120 g was
injected at the liquid inlet to study the residence time distribution and flow
pattern in the tank. The following plot was drawn from the measured outlet
concentration of the tracer.
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4.51.5 3

Ct [g/L]

t/min

Area = A1= 0.0333

A2= 0.5A1

A3 = 0.25A1

0.08

(a) Verify the soundness of the experimental results obtained by applying mass
balance on the mass of tracer injected.

(b) Determine the vapor fraction in the reactor.

Solution 36

Worked Solution

(a) We are told that the total mass of tracer injected is 120 g at 3 L/s. Based on this,
we should expect the total area under the curve of all the tracer peaks to add up to

Area g min L�1

 � ¼ 120

3 60ð Þ ¼ 0:0666

From the peaks, we observe the pattern as follows, where An refers to area
under the nth peak:

A1 ¼ 0:0333

A2 ¼ 1
2

� �
A1 ; A3 ¼ 1

2

� �2

A1

An ¼ 1
2

� �n�1

A1

We note that the areas of the peaks converge to a specific value:

1
2
þ 1

2

� �2

þ 1
2

� �3

. . . ¼ 2 g min L�1

Total area ¼ A1 þ A2 þ A3 . . . ¼ A1 1þ 1
2
þ 1

2

� �2

þ 1
2

� �3

þ . . .

 !
¼ 0:0333 2ð Þ

Total area ¼ 0:0666 verifiedð Þ
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We verify that the experimental results are sound since total area adds up to
0.0666.

(b)

�tt ¼
Ð
tCtdtÐ
Ctdt

¼ 1
0:0666

1:5 0:0333ð Þ þ 3
1
2

� �
0:0333ð Þ þ 4:5

1
2

� �2

0:0333ð Þ . . .
" #

¼ 0:2
0:0666

¼ 3 min

The liquid flow rate is 3 L/s or 1800 L/min. Therefore, the total liquid volume
in one minute of flow is

Vl ¼ 3 1800ð Þ ¼ 5400 L

The volume of gas and gas fraction are therefore

Vg ¼ 6000� 5400 ¼ 600 L

Vapor fraction ¼ 600
6000

¼ 0:1 or 10%

Problem 37

(a) Explain what it means by homogeneous and heterogeneous reactions and
list some of the advantages and disadvantages of each.

(b) Describe the structure of a zeolite, and explain their applications for com-
mercial use.

Solution 37

Worked Solution

(a) • Homogeneous reactions are reactions whereby the catalyst and reactants are
in the same phase, for example, both gases or both liquids. An example of a
homogeneous reaction is the industrial liquid phase process for producing
isobutyl aldehyde using a cobalt complex.

• Conversely, heterogeneous reactions are reactions whereby catalyst and
reactant are in different phases, it is commonly the case that the catalyst is
a solid, while the reactant and products are in gas or liquid state. An example
of a heterogeneous reaction is the hydrogenation of vegetable oils into
saturated fats over nickel metal mounted on an inert solid support. The
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metal is dispersed on the support to maximize its exposed surface area to
optimize contact with the reactants. Other heterogeneous reactions that occur
in catalytic industrial processes include dehydrogenation of alkanes into
alkenes, steam reforming, oxidation of carbon monoxide and hydrocarbons
and zeolitic hydrocracking.

• The advantages of homogeneous reactions include high selectivity which is
favorable for achieving optimal conversion in batch reactions. However
homogeneous reactions are expensive and its process conditions may be
difficult to maintain. Separation and purification processes after the reaction
is complete may be tedious due to the need to separate substances in the same
phase.

• The advantages of heterogeneous reactions include being inexpensive and
process conditions are relatively robust and hence easier to manage. Post-
reaction purification techniques required are more straightforward. However,
these reactions tend to have lower selectivity as compared to homogeneous
reactions since the latter allows better mixing and contact between reactants
and catalyst.

(b) • Zeolites are a specific type of crystalline aluminosilicate catalyst, with
stacked alumina and silica tetrahedra. Structurally, they are open, three-
dimensional honeycomb shaped with a negative charge within their pores.
This negative charge is neutralized by positive cations (e.g., Na+ or H+ ions
which are interchangeable via ion exchange).

• The specific shape of its pores allows selectivity at the molecular level, and
its charge provides it with acid activity.

• The shape selectivity allows differentiation even between isomers. Hence,
the choice of zeolites can reduce feed purification steps as its specific shape
filters out “unsuitably sized” substances in the feed. Furthermore, product
separation steps can also be minimized as they can help inhibit the production
of certain undesirable intermediates in the reaction that they catalyze.

Problem 38

Pulse tracer experiments are useful in studying the flow patterns within reac-
tors and may help us diagnose and resolve undesirable flow characteristics.
Describe some examples of undesirable flow patterns for the PFR and CSTR,
via simple plots of their tracer concentration profiles.

Solution 38

Worked Solution

Pulse tracer experiments can provide us with insights on the residence time distri-
bution of reactors, and are sometimes termed “RTD fingerprints”.

Here are some examples of the pulse tracer response curves of an ideal PFR and
“misbehaving” PFRs. Let τ ¼ V

_Q
.
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�
�

Several peaks at regular intervals 
with peak height decaying with 
�me. Implies internal recircula�on.

Twin peaks imply channeling, 
whereby there is a channel of faster 
fluid stream (earlier peak) and 
another slower stream (later peak).

��

��

��

�
�

Rela�vely sharp defined peak at 
� = �, implies good flow in PFR.

��

�
�

Early peak with a lingering ‘tail’,
implies stagnant zones in PFR.

Here are some examples of the pulse tracer response curves of an ideal CSTR and
“misbehaving” CSTRs. Let τ ¼ V

_Q
.
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�
�

Time lag before tracer response 
implies that plug flow in series 
prior to mixed flow region. Could 
imply presence of a long pipe 
upstream.

Exponen�al decay with � = �

occurring at where the decay is 
about 1/e. Implies good flow in 
CSTR.

�
�

�
�

Exponen�al decay but decay 
occurs prematurely, implies 
stagnant zone present. If peak is 
very sharp and very early, implies 
short-circui�ng from inlet to 
outlet.

General exponen�al decay but 
comprise of several peaks. Implies 
zones of poor, non-uniform 
mixing. 

��

��

��

��

Problem 39

Consider a packed bed tubular vessel with a voidage of 0.4, with a circular cross
section of radius R¼ 0.7 m, and length of bed L¼ 15 m. Gas is bubbled through
the reactor from the bottom inlet, at a volumetric flow rate of 0.35 m3/s. Liquid
enters from the top and flows through at a flow rate of 0.05 m3/s. A pulse of inert
tracer was injected, and the tracer response curves are shown below for the
liquid and gas, respectively. Determine the vapor and liquid fractions in the
tubular vessel, and comment on whether there are “dead” volumes.
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Solution 39

Worked Solution

The mean residence time for the gas is calculated as follows

�tg ¼
P

tCP
C

¼ 0:5 h 7� 4ð Þ 6ð Þ þ 0:5 h 14� 7ð Þ 9:3ð Þ
14� 4ð Þ0:5 h ¼ 8:3 s

The mean residence time for the liquid is obtained directly from the plot

�tl ¼ 35 s

Therefore, we can find the volumes of gas phase and liquid phase

Vg ¼ �tg _Q g ¼ 8:3 0:35ð Þ ¼ 2:9 m3

Vl ¼ �tl _Q l ¼ 35 0:05ð Þ ¼ 1:75 m3

We can calculate the total volume and void volume of the packed bed vessel.

Volume ¼ πR2L ¼ π 0:72
� �

15ð Þ ¼ 23 m3

Void volume ¼ 0:4 23ð Þ ¼ 9:2 m3

Gas fraction ¼ 2:9
9:2

¼ 0:32 or 32%

Liquid fraction ¼ 1:75
9:2

¼ 0:19 or 19%

Dead volume stagnantð Þ fraction ¼ 0:49 or 49%

There is significant dead volume, hence this setup is poorly designed as there are
large stagnant zones which represents poor mixing and contact between gas and
liquid. One of the ways to reduce the fraction of stagnant volume is to increase the
gas and liquid flow rates.
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Problem 40

Consider a homogeneous reaction in the gas phase A! 3B that occurs at 490 K
and 3 bar in a PFR. The feed consists of 50% A and 50% of inert.

(a) Show that for this reaction of varying volume, the concentration of A can be
expressed as follows, where CA0 is the inlet feed concentration, X is the
conversion, and ε is the fractional change in volume of the system between
X ¼ 0 and X ¼ 1.

CA ¼CA0
12X
1þ εX

� �

(b) Find the space time τ needed for X ¼ 0.90 if CA0 ¼ 5.4 � 10�5 mol m�3. The
rate equation is given as follows in units of mol m�3 s�1.

2 rA ¼ 0:015CA
0:5

Solution 40

Worked Solution

(a) For varying volume batch reactor systems, the volume as reaction progresses
changes with conversion. We can express this as follows, where V0 is the initial
volume.

V ¼ V0 1þ εXð Þ

Therefore, we can express concentration of A as follows,

CA ¼ NA

V
¼ NA0 1� Xð Þ

V0 1þ εXð Þ ¼ CA0
1� X

1þ εX

� �

(b) ε represents the fractional change in volume of the system between X ¼ 0 and
X ¼ 1. For our reaction, the volume at X ¼ 0 consists of one part inert and one
part A, hence a total of 2 parts of gas in the total volume. Separately, the volume
at X¼ 1 consists of 1 part inert and 3 parts B, hence a total of 4 parts of gas in the
total volume. Putting together these results into the equation, we have ε ¼ 1.

ε ¼ 4� 2
2

¼ 1

Space time τ is defined as the time required to process one reactor volume of
feed, and is also called mean residence time. τ ¼ V

_Q
, and it is usually measured

using the inlet conditions. For a PFR, we can derive an expression for space time
τ starting from a mass balance on A.
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FA, in � FA, out þ rAdV ¼ 0

�dFA þ rAdV ¼ 0

�d FA0 1� Xð Þ½ � þ rAdV ¼ 0

FA0dX þ rAdV ¼ 0

�rA

ð V
0
dV ¼ CA0 _Q

ð X
0
dX

V
_Q
¼ τ ¼ CA0

ð X
0

dX

�rA

We know the rate law for this reaction which we can substitute into the
equation above.

τ ¼ CA0

ð X
0

dX

0:015CA
0:5

τ ¼ CA0

ð X
0

dX

0:015 CA0
1�X
1þεX

� 	h i0:5 ¼ CA0

ð X
0

dX

0:015CA0
0:5 1�X

1þX

� 	0:5
We are told that CA0 ¼ 5.4 � 10�5 mol m�3 and we require X ¼ 0.90;

therefore,

τ ¼ 5:4� 10�5
� �0:5

0:015

ð0:9
0

1þ X

1� X

� �0:5

dX

To solve this integral, we can apply Simpson’s rule, for an even number, n of
equally spaced intervals. We can create 4 equally spaced intervals of 0.225 each,
i.e., n ¼ 4

X
1þX
1�X

� �0:5
0 1

0.225 1.257

0.45 1.624

0.675 2.270

0.90 4.359

Then, using Simpson’s rule, we can evaluate the integral as follows.

ð0:9
0

1þX

1�X

� �0:5

dX
 0:9�0
3 4ð Þ 1 1ð Þþ4 1:257ð Þþ2 1:624ð Þþ4 2:270ð Þþ1 4:359ð Þ½ � ¼ 1:7
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τ ¼ 5:4� 10�5
� �0:5

0:015
1:7ð Þ

τ ¼ 0:83 s

Hence, the space time for the required conversion is 0.83 s.

Problem 41

In a batch culture of bacterial cells, fresh nutrient medium is inoculated with an
initial population of cells and incubated over a period of time. A characteristic
growth pattern can then be observed by taking periodic measurements of cell
count and plotting this data to obtain the bacterial growth curve.

(a) Plot a typical bacteria growth curve assuming a constant growth rate and
describe key aspects of each phase. Explain what is meant by the term
“doubling time”.

(b) Briefly explain the term “growth yield coefficient” and how it can be derived
theoretically and experimentally.

(c) Describe the Monod growth model, highlighting key characteristics.
(d) A strain of bacteria was batch-cultured in a growth medium at a concen-

tration of 30 g growth nutrient/L. The initial inoculum had a cell density of
0.2 g/L and the final required cell density was 12 g/L. Given that the
doubling time for this strain of bacteria is 30 min and the growth yield
coefficient is 0.4 g/g, determine the time taken to reach the final cell density
if the bacterial growth was modeled as:

i. Exponential growth
ii. Monod growth with a Monod constant equivalent to 2 g/L

(e) Plot the bacterial growth profiles for the two models indicated in part d, and
comment on their shapes.

Solution 41

Worked Solution

(a) Bacterial growth typically follows exponential growth in a closed system (e.g.,
batch culture in test tube). Cellular growth can be described using the 4-stage
growth curve as shown below where the change in the number of viable cells is
recorded over time. [Note that a logarithmic scale is used for the vertical axis,
hence the straight lines.]
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Lag Phase
In the initial lag phase, cells are just adjusting to new growth conditions such as
the nutrient medium and so have not begun multiplying.

Although there may not be cell division occurring as observed from no
increase in cell count, the existing cells in the inoculum are using this time to
ramp up their metabolic activities and grow in size as they synthesize new cell
matter such as proteins, enzymes, and ribonucleic acids. The length of the lag
phase depends on factors including the size of inoculum, the time needed for the
cells to recover from any shock in being transferred to a new culture medium,
and the time required to metabolize nutrients in the media substrate, and the time
required to synthesize essential enzymes necessary for cell division in the
subsequent log phase.

As there is no increase in cell numbers in the lag phase, it is typically desired
to optimize cell culture productivity by minimizing the duration of this period.
Some methods to achieve this include using relatively active cells undergoing the
exponential phase as the inoculum, pre-acclimatizing the inoculum to growth
media, and ensuring a sufficiently high cell density in the inoculum (e.g.,
approximately 5–10% by volume).

Exponential/Log Phase
After the lag phase, we enter into rapid and balanced growth in the exponential or
log phase whereby cells divide at a constant rate by binary fission and cell
number (or mass) increases exponentially. As cells multiply by binary fission,
the increase in cell count follows a geometric progression. This means that a
single cell splits into two in the first generation, and two cells split into four cells
in the second generation, etc. Therefore, we can describe cellular multiplication
as follows whereby N0 and N refer to the initial and final numbers of cells, and
n refers to the number of times the cell population doubles (i.e., the number of
generations).

N ¼ N0 2nð Þ
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Taking natural log (you can choose any logarithmic base) on both sides, we
have

lnN ¼ ln N0 2nð Þ½ � ¼ lnN0 þ ln 2n

lnN � lnN0 ¼ ln
N

N0
¼ n ln 2

The “doubling (or generation) time” is the time needed for cells to double
(or divide) and we can denote it as td. The generation time for the common
Escherichia Coli bacteria under optimal conditions using glucose as substrate is
approximately 17 mins. Mathematically, the total time t taken to reach a final
number of N cells can be written as such

ntd ¼ t

Substituting this result into our earlier equation, we obtain the growth rate
(units of time�1) which we denote here as μ.

ln
N

N0
¼ t

td
ln 2

μ ¼ ln N
N0

t
¼ ln 2

td

We can observe that this can be written in another form as shown below
which shows more clearly the exponential pattern of growth.

N ¼ N0e
μt

ln
N

N0
¼ μt

In the exponential phase, nutrient (or substrate) concentrations are in excess
and growth rate is independent of nutrient (or substrate) concentrations and is at a
maximum value where μ ¼ μmax. [Note that μ 6¼ μmax if other (i.e., not
exponential) growth patterns are relevant, e.g., Monod growth model]

dN

dt
¼ μN ¼ μmaxN

Stationary Phase

Between the exponential and stationary phases there is usually a short transition
period when cell growth decelerates (deceleration phase not shown in diagram
above). This occurs because in a closed system, growth conditions change with
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time. Cells get “overcrowded,” nutrients become depleted, and toxic by-products
of growth may accumulate. Cell growth decelerates as metabolism shifts into
survival mode and growth becomes unbalanced and limited.

The slowing down of growth eventually leads to the stationary phase whereby
cells stop dividing and there is no net increase in cell numbers. Cell growth rate is
equivalent to cell death rate. The number of cells in existence are maintained
through endogenous metabolism of energy stores.

Death Phase
Eventually cells start to die as their energy stores become depleted and the closed
system does not provide additional resources to sustain cellular activities
required for continued survival. Cells may undergo lysis and this phase may
be modeled as a first-order reaction similar to that of the exponential phase
except that a “death rate” denoted below as kd is used instead of growth rate μ
and the negative sign accounts for a reduction in cell count (or mass).

dN

dt
¼ �kdt

ln
N

N0
¼ �kdt

(b) Cell mass of microorganisms such as bacteria can be expressed quantitatively by
“yield coefficients” in terms of mass of cells per unit mass of substrate con-
sumed. Yx/s is a typical notation to represent the growth coefficient whereby
subscripts x and s refer to cells and substrate (or growth-limiting nutrient),
respectively. Yx/s is useful as it can help in the analysis of material balances
involving cells, substrate, and product.

Consider the following general example of a growth equation below whereby
S refers to substrate, N refers to a nitrogen source, X refers to cell mass, and P
refers to product. The alphabets a, b, c, d, and e are stoichiometric coefficients.

The theoretical yield coefficient can be determined from the stoichiometry of
the growth equation below, if the chemical formula for S, N, X, and P are
specified. A common substrate for cellular growth is glucose, C6H12O6 and an
example of product is ethanol, C2H5OH. The stoichiometric coefficients should
be such that the growth equation is balanced for all elements on both sides of the
arrow.

aSþ bNþ cO2 ! Xþ dPþ eH2Oþ fCO2

Yx=s ¼ MWx

aMW s

The value of Yx/s can also be determined experimentally (more common), by
making measurements of cell mass and substrate consumed. If bacterial growth
occurs in a batch reactor of fixed volume, then the growth rate of cells can be
expressed as follows whereby μ represents specific growth rate.
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dx

dt
¼ μx

The rate of substrate (growth-limiting) consumption can then be expressed as
follows. We indicate “growth-limiting” in this case for the simplified assumption
that all substrate consumed contributes to cell growth. In reality, substrate
consumed by bacterial cells can also be used for to make extracellular products
and produce energy to sustain cellular activities, in addition to being assimilated
as cellular biomass.

�ds

dt
¼ 1

Yx=s

dx

dt
ð1Þ

Yx=s ¼ Δx
Δs

ð2Þ

From (1), we observe that the substrate consumption rate is dependent on cell
growth rate and this interdependence can also be understood from the earlier
growth equation. From (2), we also notice that Yx/s may not be a constant value,
as it depends on the consumption rate of substrate which changes with growth
condition.

(c) The Monod growth model was developed when it was observed that in certain
continuous cultures of bacteria, growth rate μ was not constant (i.e., μ 6¼ μmax)
and it varied in a non-linear manner with respect to the growth-limiting substrate
as shown in the diagram below.

Reactor Kinetics 531



The above diagram illustrates the change in μwith substrate (growth-limiting)
concentration, Cs. It is worth noting that the Monod model expressed in the
equation below assumes a single culture and a single limiting substrate. Ks is the
Monod constant or half-velocity constant and is equivalent to substrate concen-
tration when μ ¼ μmax

2 .

μ ¼ μmax
Cs

Cs þ Ks

Under the Monod growth model, we can have zero-order or first-order
kinetics depending on the concentration of substrate. At very high and low
substrate concentrations, we tend towards limits for the analysis of enzymes
and substrates in an enzyme-catalyzed reaction.

At low substrate concentration, we have the analytical region for the analysis
of substrates where we observe first-order kinetics. Since Cs � Ks, the specific
growth rate can be approximated as follows and growth rate becomes linearly
proportional to the rate-limiting substrate concentration:

μ ffi μmax
Cs

Ks

At high substrate concentration, we have the analytical region for the analysis
of enzymes, where we observe zero-order kinetics. Growth rate is a constant at
its maximum value, and this is the same conditions as in part a of this problem,
where an exponential growth pattern was assumed. Since Cs � Ks, the specific
growth rate is approximated as a constant value.

μ ffi μmax

(d) (i) If simple exponential growth was assumed, then the specific growth rate μ is
constant as follows.

μ ¼ μmax

We know from earlier in part a that μ can also be expressed in terms of
doubling time td as shown

μ ¼ ln 2
td

Combining both expressions and substituting known values, we have

μmax ¼
ln 2
td

¼ ln 2
30
60

� � ¼ 1:4 h�1
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To find the total time t taken to reach a final cell concentration, Cx,2 ¼ 12 g/L,
we construct a differential equation that describes the change in cell concentra-
tion (denoted as Cx here) over time.

dCx

dt
¼ μmaxCx

ðCx,2

Cx,1

dCx

Cx
¼ μmax

ð t
0
dt

ð12
0:2

lnCx ¼ ln
12
0:2

¼ μmaxt ¼ 1:4t

t ¼ 4:1
1:4

¼ 2:9 h

(ii) The cell concentration created is given as

12� 0:2 ¼ 11:8 g=L

The amount of nutrient used up to create these new cells can be found using
the growth yield coefficient Yx/s ¼ 0.4 g/g.

ΔCs ¼ �11:8
0:4

¼ �29:5 g=L

Given that the initial nutrient concentration was Cs,1 ¼ 30 g/L, the nutrient
remaining is therefore

Cs,2 ¼ Cs,1 � Cx,2 � Cx,1

Yx=s
¼ 30� 29:5 ¼ 0:5 g=L

Assuming a Monod growth model, specific growth rate is not a constant and
follows the expression below.

μ ¼ μmax
Cs

Cs þ Ks

We know the initial and final nutrient (or growth-limiting substrate) concen-
trations to be 30 g/L and 0.5 g/L. This gives us a hint that working with a
differential equation in terms of nutrient concentration, Cs with respect to time
would be ideal in determining time taken since we have known limits for nutrient
concentrations for the said time interval. We also know the initial cell concen-
tration given as 0.2 g/L. With these in mind, we go about writing out all
equations that describe our system as follows:
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dCx

dt
¼ μCx ¼ μmax

CsCx

Cs þ Ks

We can use the growth yield coefficient Yx/s to convert the above differential
equation which is a derivative of Cx with respect to time, into one that is a
derivative of Cs with respect to time. By definition, Yx/s relates the two deriva-
tives as follows:

dCx

dt
¼ �Yx=s

dCs

dt
ð1Þ

Therefore, we have

μmax
CsCx

Cs þ Ks
¼ �Yx=s

dCs

dt

We notice that the variable Cs appears twice (once in numerator and once in
denominator) in the fraction on the left-hand side of the above equation. A
common “trick” in working with differential equations with many variables is to
create a new variable that helps simplify and reduce the appearance of variables.
Let us define a new variable Z as follows.

Z ¼ Cs

Ks

KsdZ ¼ dCs

Substituting this into our earlier equation, we simplify the fraction such that
the variable Z appears only once. In doing so, we just need to ensure the equation
still balances.

μmax
CsCx

Cs þ Ks
¼ �Yx=s

dCs

dt

Yx=s
dCs

dt
¼ �μmax

Cx

1þ Ks
Cs

 !
¼ �μmax

Cx

1þ 1
Z

 !

Now we need to try to convert the other variable Cx into an expression in
terms of Cs so that the differential equation is consistent in having only one
variable Cs. We can do so using the growth yield coefficient. Following from
equation (1), we can integrate from initial values Cx,1 and Cs,1 at t ¼ 0 to an
arbitrary time t

dCx

dt
¼ �Yx=s

dCs

dt
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Cx � Cx,1 ¼ �Yx=s Cs � Cs,1ð Þ
Cx ¼ Cx,1 þ Yx=sCs,1 � Yx=sCs

We can now substitute this expression into our earlier differential equation

Yx=s
dCs

dt
¼ �μmax

Cx,1 þ Yx=sCs,1 � Yx=sCs

1þ 1
Z

� Yx=s

μmaxKs

� �
dCs

dt
¼

Cx,1þYx=sCs,1
Ks

� 	
� Yx=sZ

1þ 1
Z

We can also substitute KsdZ¼ dCs to obtain a differential equation in terms of
our new variable Z

� Yx=s

μmax

� �
dZ

dt
¼

Cx,1þYx=sCs,1
Ks

� 	
� Yx=sZ

1þ 1
Z

When equations look too complicated to solve, we can group together
constant values into a single new constant so that the equation appears more
manageable to work through. So let us define a constant H whereby

H ¼ Cx,1 þ Yx=sCs,1

Therefore, we obtain the following,

� Yx=s

μmax

� �
dZ

dt
¼

H
Ks

� 	
� Yx=sZ

1þ 1
Z

� Yx=s

μmax

� �
dZ

dt
¼

H
Ks

� 	
� Yx=sZ

h i
Z

Z þ 1

Z þ 1
H
Ks

� 	
� Yx=sZ

h i
Z
dZ ¼ �μmax

Yx=s

� �
dt

Z þ 1

Z Z � H
Yx=sKs

� 	h i dZ ¼ μmaxdt

In order to integrate the above, we can use partial fractions to simplify the
fraction on the left-hand side of the equation into two separate fractions. Note
that this technique only works if the degree of the numerator is no more than the
degree of the denominator. In this example, the numerator is linear in Z (degree
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of 1) and the denominator is quadratic in Z (degree 2), hence we can use this
method.

Z þ 1

Z Z � H
Yx=sKs

� 	h i ¼ A

Z
þ B

Z � H
Yx=sKs

� 	

The fraction above can be reduced to two fractions, each with a constant as
the numerator and denoted here as A and B. To find the constants, we can use the
“cover up rule”.

To find A, we let Z ¼ 0 and covering up Z in the fraction, we have

A ¼ Z þ 1

Z � H
Yx=sKs

� 	 ¼ 0þ 1

0� H
Yx=sKs

� 	 ¼ 1

� H
Yx=sKs

¼ � Yx=sKs

H

Similarly to find B, we make the second factor in the denominator equal to
zero.

Z � H

Yx=sKs

� �
¼ 0 ! Z ¼ H

Yx=sKs

Covering up Z � H
Yx=sKs

� 	h i
, we can find B

B ¼ Z þ 1
Z

¼
H

Yx=sKs
þ 1

H
Yx=sKs

¼ 1þ Yx=sKs

H

Therefore our fraction can be expressed as follows:

Z þ 1

Z Z � H
Yx=sKs

� 	h i ¼ � Yx=sKs

H

� �
1
Z
þ 1þ Yx=sKs

H

� �
1

Z � H
Yx=sKs

� 	
0
@

1
A

Returning to our earlier differential equation, we integrate from t ¼ 0 to final
time t in order to subsequently find the final cell concentration, Cs,2

ðZ2

Z1

� Yx=sKs

H

� �
1
Z
þ 1þ Yx=sKs

H

� �
1

Z � H
Yx=sKs

� 	
0
@

1
AdZ ¼ μmaxt

� Yx=sKs

H
ln Z

� �Z2

Z1

þ 1þ Yx=sKs

H

� �
ln Z � H

Yx=sKs

� �� �� �Z2

Z1

¼ μmaxt
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� Yx=sKs

H
ln

Z2

Z1

� �
þ 1þ Yx=sKs

H

� �
ln

Z2 � H
Yx=sKs

� 	
Z1 � H

Yx=sKs

� 	
0
@

1
A ¼ μmaxt

We can now substitute back the original notations

Z1 ¼ Cs,1

Ks

Z2 ¼ Cs,2

Ks

� Yx=sKs

H
ln

Cs,2

Cs,1

� �
þ 1þ Yx=sKs

H

� �
ln

Cs,2
Ks

� H
Yx=sKs

� 	
Cs,1
Ks

� H
Yx=sKs

� 	
0
@

1
A ¼ μmaxt

Ks ln
Cs,1

Cs,2

� �
þ H

Yx=s
þ Ks

� �
ln

Cs,2
Ks

� H
Yx=sKs

� 	
Cs,1
Ks

� H
Yx=sKs

� 	
0
@

1
A ¼ Hμmax

Yx=s

� �
t

H ¼ Cx,1 þ Yx=sCs,1

t¼ Yx=s

μmax Cx,1þYx=sCs,1
� � Ks ln

Cs,1

Cs,2

� �
þ Cx,1þYx=sCs,1

Yx=s
þKs

� �
ln

Cs,2
Ks

� Cx,1þYx=sCs,1
Yx=sKs

� 	
Cs,1
Ks

� Cx,1þYx=sCs,1
Yx=sKs

� 	
0
@

1
A

2
4

3
5

t¼ Yx=s

μmax Cx,1þYx=sCs,1
� � Ks ln

Cs,1

Cs,2

� �
þ Cx,1þYx=s Cs,1þKsð Þ

Yx=s

� �
ln

Cx,1þYx=s Cs,1�Cs,2ð Þ
Cx,1

� �� �

Substituting in known values, we can find the value of t

t ¼ 0:4
1:4 0:2þ 0:4 30ð Þð Þ 2 ln

30
0:5

� �
þ 0:2þ 0:4 30þ 2ð Þ

0:4

� �
ln

0:2þ 0:4 30� 0:5ð Þ
0:2

� �� �

t ¼ 0:023 8:2þ 32:5 ln 60ð Þ ¼ 3:2 h

The time taken using the Monod growth model is longer than that calculated
using the exponential growth model. This makes sense since the Monod model
does not assume growth rate to be maximum at all times.

(e) We can plot graphs to better illustrate the difference in growth patterns between
the two models, by using the general equations for both models. Taking a range
of values for time t, we can calculate the corresponding values of Cs and hence
Cx for the plots.
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Monod Model (Orange Line):

t¼ Yx=s

μmax Cx,1þYx=sCs,1
� � Ks ln

Cs,1

Cs

� �
þ Cx,1þYx=s Cs,1þKsð Þ

Yx=s

� �
ln

Cx,1þYx=s Cs,1�Csð Þ
Cx,1

� �� �

Cx ¼ Cx,1 þ Yx=sCs,1 � Yx=sCs

Exponential Model (Blue Line):

ln
Cx,2

Cx,1
¼ μmaxt

We observe from the plots that it takes a longer time to achieve final cell
density under the Monod growth model. This is due to the differentiating
assumption between the exponential and Monod growth models, whereby the
former assumes that growth rate μ is always at its maximum value, while the
latter follows a growth rate that varies with substrate concentration, according to
the equation below. Under the Monod model, growth rate μ tends to maximum
only at higher substrate concentrations, and is less than its maximum value at
other (lower) substrate concentrations.

μ ¼ μmax
Cs

Cs þ Ks
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Problem 42

One of the most widely used models to describe enzymatic reactions is the
Michaelis–Menten equation as shown below whereby v0 denotes initial rate of
enzymatic reaction, vmax denotes maximum reaction rate, KM denotes the
Michaelis constant, and Cs represents substrate concentration.

v0 ¼ vmaxCs

Cs þKM

(a) Show how the above equation is derived and comment on any assumptions
and key characteristics.

(b) Soluble enzymes are sometimes used in industrial applications such as the
making of cheese. These enzymes are typically added to substrate in a batch
reactor that operates similarly to a CSTR (Continuous Stirred Tank Reac-
tor). The mixture is assumed well-mixed and of a homogeneous phase. Over
time, substrate will be converted to product and the process is stopped when
the desired level of conversion is reached. Using the expression in part a,
derive an expression of the form below for time taken to achieve conversion
of substrate, X. Explain what R means.

t¼CS0X2KMln 12Xð Þ
R

(c) In reality, conversion may be close to, but rarely reaches 100%. Discuss
possible reasons for this.

(d) Briefly discuss any disadvantages of homogeneous phase enzymatic reac-
tions and suggest alternative methods to overcome these problems.

Solution 42

Worked Solution

(a) Biochemical reactions involving a single substrate are often assumed to follow
Michaelis–Menten (MM) kinetics. Under the MMmodel, we have a free enzyme
E that binds reversibly to a substrate S to form an Enzyme–Substrate complex
denoted as ES. The reaction rate constants for the forward and backward
directions of this reversible reaction are denoted by k1 and k�1, respectively.
This ES complex then breaks down to yield the desired product P as well as the
free enzyme E which is recovered and returned to the reaction mixture for further
reactions. The reaction rate constant for this second step is denoted by k2.

E þ S$k1, k�1
ES!k2 Pþ E ð1Þ
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Since we are deriving initial rate of reaction, we assume that there is relatively
little product (CP � CS) and hence ignore any backward reaction for the second
step. Another key assumption is that enzyme concentration is much less than
substrate concentration (CE, CES � CS). Therefore we can approximate that the
substrate concentration remains relatively constant and equivalent to the initial
substrate concentration CS0 throughout the reaction since it is in large excess.

CS0 ¼ CS þ CES þ CP ffi CS

The reaction rate for the second step can thus be written as follows, where CES

refers to concentration of the ES complex:

v0 ¼ dCP

dt
¼ k2CES ð2Þ

It is experimentally difficult to determine CES since it forms briefly during the
two-step reaction. Therefore, we need to think of a way to replace this term with
another expression of known/measurable values.

To do so, we first assume steady-state conditions such that CES is a low value
that remains almost constant since its rate of formation (left-hand side of
equation below) is equivalent to its rate of consumption (right-hand side of
equation below).

k1CECS ¼ k�1CES þ k2CES

Since it is also challenging to measure CE, the concentration of free enzymes
alone (since some enzymes are bound and some are free), we perform a simple
mass balance on the enzyme which will help us express the above equation in
terms of total enzyme concentration CTE (also equivalent to the initial enzyme
concentration CE0) instead of CE.

CE þ CES ¼ CTE

CE ¼ CTE � CES

Substituting the above, we have the following which gives us an expression
for CES. We can group rate constants together to simplify the expression, which
gives rise to the familiar Michaelis constant KMwhich is in fact a grouping of rate
constants. The Michaelis constant KM is also equivalent to the substrate concen-
tration at which the reaction rate is half of the maximum, vmax. The reciprocal of
this constant (i.e., 1/KM) is useful in analyzing the degree of affinity of an
enzyme to its substrate, whereby the greater the affinity, the higher the value
of 1/KM. The value of KM does not depend on enzyme concentration or purity,
but does vary with operating conditions such as temperature and pH, as well as
the specific enzyme–substrate pair used.
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k1 CTE � CESð ÞCS ¼ k�1CES þ k2CES

k1CTECS ¼ CES k1CS þ k�1 þ k2ð Þ

CES ¼ k1CTECS

k1CS þ k�1 þ k2
¼ CTECS

CS þ k�1þk2
k1

¼ CTECS

CS þ KM

KM ¼ k�1 þ k2
k1

Substituting the above expression for CES into equation (2), we have the
following.

v0 ¼ k2
CTECS

CS þ KM

� �

Wemay refer to k2 as the catalytic constant kcat as it serves as the rate constant
in this rate equation. kcat may also be referred to as the turnover number defined
as the maximum number of substrate molecules converted to product per enzyme
molecule per second. Hence, the turnover number is also representative of the
maximum number of conversions of substrate molecules per second that a single
catalytic site can execute for a given enzyme concentration CTE (or CE0).

v0 ¼ kcat
CTECS

CS þ KM

� �

The above equation is now more useful since it is expressed in terms of values
CS and CTE which can be measured experimentally. The maximum rate of
reaction vmax occurs when all the enzyme molecules are used for reactions, i.e.,
bound to substrate, which means

CTE ¼ CES

vmax ¼ kcatCTE

Therefore, we can express initial rate of reaction in terms of vmax and derive
the given expression for the MM equation as shown below.

v0 ¼ vmaxCS

CS þ KM

(b) To find time taken, we need to have an equation that is related to time, and one
such equation is the differential equation as follows for consumption rate of
substrate. Note that sign convention is such that �rs is a positive value.
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�rs ¼ � dCs

dt

Assuming MM kinetics, we can also express rate of reaction as follows where
vmax ¼ k2CTE where k2 is as defined in equation (1) of part a. Note that total
enzyme concentration CTE is also equivalent to the initial concentration of
enzyme, CE0.

�rs ¼ vmaxCS

CS þ KM

Equating both expressions for �rs, we have

� dCs

dt
¼ vmaxCS

CS þ KM

1þ KM

CS

� �
dCs ¼ �vmaxdt

Integrating from initial conditions to an arbitrary time t, we have

ðCS

CS0

1þ KM

CS

� �
dCs ¼

ð t
0
�vmaxdt

CS½ �CS
CS0

þ KM lnCs½ �CS
CS0

¼ �vmaxt

CS � CS0ð Þ þ KM ln
CS

CS0

� �
¼ �vmaxt

t ¼
CS0 � CSð Þ þ KM ln CS0

CS

� 	
vmax

The fractional conversion of substrate to product is defined as

X ¼ CS0 � CS

CS0
¼ 1� CS

CS0

We therefore obtain the given expression, which shows how the fractional
conversion of substrate to product varies with time, where vmax ¼ R. It follows
that R refers to the maximum reaction rate when enzyme is saturated with
substrate.

t ¼ CS0X þ KM ln 1
1�X

� �
vmax

t ¼ CS0X � KM ln 1� Xð Þ
R
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(c) Incomplete reactions may occur when the enzymes are denatured during the
reaction, as such conversion of substrate to product may be slowed down or
stopped. Certain products may also inhibit the enzyme’s catalytic activities;
therefore, as more product is formed over time, enzymatic reactions slow
down. The reaction mixture may also have reached equilibrium for the reversible
enzymatic reaction, in which case it is not thermodynamically possible to
achieve complete conversion.

(d) The key disadvantage of homogeneous reactions lies in the fact that the desired
product is mixed with enzymes and unused reactants. The product is therefore
not separated out once formed and this could lead to contamination of product.
This is especially undesirable if the product is a biopharmaceutical or food
product that has to comply with stringent purity and hygiene standards.

In a batch process, if the enzyme is not separated out after use, it is also
wasteful that it has to be discarded after just one batch cycle and cannot be
reused. The cost of producing new enzyme has to be balanced with the cost of
separating out the enzyme from the products before subsequent reuse. It is often
difficult and expensive to isolate enzymes from the reaction mixture.

In order to overcome these constraints, the use of immobilized enzymes has
become popular and this approach uses a heterogenous phase system. The main
method to immobilize enzymes involves binding enzyme molecules to an inert
and insoluble support material such that the enzyme is exposed to the reaction
mixture and is therefore still able to catalyze reactions at the surface of the
support. These enzymes may be chemically bonded or physically adsorbed onto
the surface of the support. Support materials can vary from polymer matrices to
bead particles and they should be mechanically stable and easy to recover
between batches.

In some cases, highly porous solids may be used as supports since they offer a
large surface area for enzyme immobilization which allows a high amount of
enzyme to be loaded onto the support. However, caution has to be taken to
ensure pore sizes are not too small such that they block substrates from accessing
the enzymes or limit the diffusion of substrates and products to and from the
enzymes.

Some examples of support materials used industrially for enzyme immobilization
include organic materials such as cellulose, agarose, and dextrans, as well as
inorganic materials such as porous glass and silicas.

Problem 43

The Monod model can be used to study growth of microbial cells in a contin-
uous stirred tank fermenter. Given the expression below which describes
Monod kinetics, whereby μ refers to the specific growth rate, μmax refers to
the maximum value for μ, Cs refers to substrate concentration, and Ks refers to
the Monod constant.
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μ¼ μmaxCs

Cs þKs

Assuming that the following lab equipment and reagents are provided, and
that the growth yield coefficient YX/S for the strain of cells to be cultured in the
fermenter is 0.5 g/g,

• 400 mL continuous stirred tank fermenter
• Growth-limiting substrate of concentration 1.2 g/L

Explain how experiments can be designed to determine Ks and μmax.

Solution 43

Worked Solution

We can design lab experiments to determine the key parameters of the Monod
model, i.e., Ks and μmax. First, we set up a continuous process for our cell growth
in the continuous stirred tank fermenter as shown below.

We know that volume of the fermenter V ¼ 4 � 10�4 m3 and CS0 ¼ 1.2 g/L.
There are no cells in the inlet, i.e., CX0 ¼ 0 which means all cells in the outlet stream
come from growth in the fermenter. The inlet and outlet volumetric flow rates are
equivalent for a CSTR (continuous stirred tank reactor) type vessel at steady state,
and this is denoted as q. Also, assuming perfect mixing in a CSTR, the concentra-
tions of cells and substrate (CX, CS) in the tank will be equal to that in the outlet
stream.

To see how we can make use of experimental measurements to determine the
Monod parameters, we can start with a mass balance for cells in the CSTR under
steady state as shown below.

Inlet� Outletþ Grown ¼ 0

We know that the number of cells grown per unit time can be expressed in terms
of specific growth rate μ.
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dCX

dt
¼ μCX

Therefore, we use the above expression in our mass balance for the “grown” term.
There are no cells entering the tank from the inlet stream. Hence our mass balance as
follows:

0� qCX þ μCXV ¼ 0

μ ¼ q

V
¼ q

4� 10�4 ð1Þ

We now apply Monod kinetics expressed as shown below.

μ ¼ μmaxCs

Cs þ Ks

Taking reciprocal for both sides of the equation, we obtain a useful form of the
equation which can be fit to a straight line equation y ¼ mx + c whereby x and y are
the horizontal and vertical axes variables, respectively, m is the gradient, and c is the
vertical axis intercept.

1
μ
¼ Cs þ Ks

μmaxCs

1
μ
¼ 1

μmax
þ Ks

μmaxCs
ð2Þ

To determine Ks and μmax, we can plot 1/μ against 1/Cs. The vertical axis intercept
value will be 1/μmax, from which we can easily derive the value of μmax. Separately,
the gradient of the line will be Ks/μmax. Using the value of μmax found earlier from the
vertical axis intercept, we can then determine the value of Ks. To create such a plot,
we need to conduct experiments to gather data points for μ and Cs, which we then fit
to a straight line and determine its equation.

To obtain data points for μ, we can vary flow rate q over a range by using equation
(1). As for data points for Cs, some further treatment is useful as it is difficult to
determine Cs directly experimentally.

We can use the definition of growth yield coefficient YX/S to express substrate
concentration, CS in terms of cell concentration, CX. This is useful since it is
experimentally easier to measure cell concentration in the outlet stream than sub-
strate concentration. Substrate is typically in large excess, hence its concentration
will be high and remain relatively constant, thereby making any small changes in its
concentration more difficult to measure.
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YX=S CS0 � CSð Þ ¼ CX � CX0 ¼ CX

CS ¼ CS0 � CX

YX=S
¼ 1:2� CX

0:5

Substituting equation (1) and the above expression for CS into equation (2), we
obtain

1
μ
¼ 1

μmax
þ Ks

μmaxCS

4� 10�4

q
¼ 1

μmax
þ Ks

μmax 1:2� CX
0:5

� �
Below are some arbitrary experimental data for q and CX which we use to

demonstrate how the Monod parameters can be determined with actual numbers.
Assuming that a range of feed flow rates are experimentally set, we can measure the
corresponding cell concentrations in the outlet stream as follows.

Feed flow rate q [m3/s] Cell concentration at outlet CX [g/L]

4.0E-08 0.51

4.8E-08 0.48

5.6E-08 0.45

6.6E-08 0.38

7.1E-08 0.34

From the values above, we can derive the necessary quantities for the straight line
plot.

Feed flow rate
q [m3/s]

Vertical axis values,
1/μ [s]

Cell concentration at
outlet CX [g/L]

Horizontal axis values,
1/Cs [L/g]

4.0E-08 4�10�4

q ¼ 1:0� 104 0.51 1
1:2�CX

0:5

¼ 5:6

4.8E-08 8.3E+03 0.48 4.2

5.6E-08 7.1E+03 0.45 3.3

6.6E-08 6.1E+03 0.38 2.3

7.1E-08 5.6E+03 0.34 1.9
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The plot is shown below, and we can determine the Monod parameters from the
equation of the line of best fit.

1
μmax

¼ 3280:6 ! μmax ¼ 3:0� 10�4 s�1

Ks

μmax
¼ 1203:8 ! Ks ¼ 1203:8 3:0� 10�4

� � ¼ 0:4 g=L

Problem 44

The Michaelis–Menten model is used widely in studying enzyme-catalyzed
biochemical reactions. It is expressed as follows where r denotes initial reaction
rate, and R denotes maximum reaction. CS and KM represent substrate concen-
tration and the Michaelis constant, respectively.

r¼ RCS

CS þKM

(a) List down some examples of biochemical reactions that may be modeled
using the Michaelis–Menten model.

(b) The production of nicotinamide-adenine dinucleotide (P) is catalyzed by an
enzyme known as nicotinamide mononucleotide adenylyltransferase.
Experimental measurements were made for this reaction over the initial
3-minute reaction duration. The following table shows recorded data for
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substrate (nicotinamide mononucleotide) concentrations and amount of
product P formed during the reaction duration.

Amount of P formed [μmol] Substrate concentration [mM]

0.231 0.129

0.308 0.210

0.361 0.281

0.515 0.549

0.633 0.752

0.800 1.448

i. Explain what a Lineweaver–Burke plot is and apply it to the data above
to show that the above reaction obeys Michaelis–Menten kinetics.

ii. Determine the Michaelis constant KM [mM] and maximum reaction
velocity R [μmol min�1] for this enzyme.

(c) Discuss the pros and cons of the Lineweaver–Burke method and suggest any
alternative methods to study enzyme kinetics.

Solution 44

Worked Solution

(a) Biochemical processes that may apply the Michaelis–Menten (MM) model in
the analysis of enzyme kinetics include enzyme–substrate interactions, antigen–
antibody binding, DNA–DNA hybridization, and protein–protein interactions.
Common enzymes that have been studied and characterized include digestive
enzymes like amylase and chymotrypsin for the breakdown of starch and
protein, respectively. Another example is ribonuclease which is found in the
pancreas and aids the breakdown of ribonucleic acid (RNA) that cells no longer
require, as well as serves an immune function against RNA viruses through
degradation of their RNA. The parameters of the MMmodel such as the catalytic
constant (or enzyme turnover number) kcat and the Michaelis constant KM can be
experimentally determined and these values vary widely between different
enzymes.

(b) (i) The Lineweaver–Burke plot is also known as the double reciprocal plot and is
especially used for its ability to graphically represent enzyme kinetics using
straight line plots. The Y-intercept and gradient of this straight line can then be
used to determine Michaelis–Menten (MM) parameters such as the Michaelis
constant KM and the catalytic constant kcat. The MM equation can be expressed
in the form of a straight line equation as shown below, and the inverse of reaction
rate 1/r can be plotted against the inverse of substrate concentration 1/CS. The
gradient will be KM/R while the Y-intercept will be 1/R.

r ¼ RCS

CS þ KM
! 1

r
¼ 1

R
þ KM

R

1
CS

� �

548 Reactor Kinetics



R is the maximum reaction velocity (or reaction rate) and is defined as follows
where kcat is the catalytic constant (or enzyme turnover number) and CE0 is the
initial enzyme concentration.

R ¼ kcatCE0

Note here that the amount of P formed during the initial reaction duration of
3 minutes is directly proportional to reaction rate.

r μmol min�1

 � ¼ dP

dt
¼ ΔP

3
! 1

r
¼ 3

ΔP

Amount of P formed, ΔP
[μmol]

1/r [min
μmol�1]

Substrate concentration
[mM]

1/CS

[mM�1]

0.231 3
0:231 ¼ 13:0 0.129 1

0:129 ¼ 7:75

0.308 9.74 0.210 4.76

0.361 8.31 0.281 3.56

0.515 5.83 0.549 1.82

0.633 4.74 0.752 1.33

0.800 3.75 1.448 0.69

The plot is shown below with the equation of the line of best fit indicated.
Since the data points fit well to a straight line, this reaction obeys Michaelis–
Menten kinetics.
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(ii) The Michaelis constant KM is 0.4 mM and the maximum reaction velocity is
0.31 μmol min�1.

1
R
¼ 3:22 ! R ¼ 0:31 μmol min�1

KM

R
¼ 1:3 ! KM ¼ 1:3 0:31ð Þ ¼ 0:4 mM

(c) The Lineweaver–Burke plot was more useful during earlier days when there was
a lack of sophisticated computing software that were able to fit experimental data
easily using regression methods. For back-of-envelope estimations, it is useful as
the method is relatively simple, and key parameters for enzyme kinetics can be
determined graphically from a simple straight-line plot. However for more
rigorous analysis, one should note some of the limitations of the Lineweaver–
Burke method:

• As the axes values are reciprocal values, any small measurement errors will
be magnified after taking reciprocal of an experimentally measured data
value.

• Most of the data points will tend to congregate towards the right end, away
from the y-axis, due to the practical limitation of having large values of
substrate concentration CS as solubility reaches its limit for the particular
solute (substrate). Therefore, there is a need for back extrapolation in
drawing the line of best fit in order to reach the y-axis to determine the y-
intercept value.

To overcome some of these limitations, computational methods that make use of
non-linear regression software to make precise calculations can be used.

Graphically, some simple treatment of the MM equation can help address some of
the downsides mentioned above.

r ¼ RCS

CS þ KM

R

r
¼ R CS þ KMð Þ

RCS
¼ CS þ KM

CS
¼ 1þ KM

CS

R ¼ r þ rKM

CS

r ¼ �KM
r

CS
þ R

In the above equation, we can obtain a straight line as well by plotting r against r/
CS. The gradient will then be �KM and the y-intercept value will give maximum
reaction rate R. Unlike the Lineweaver–Burke equation, this plot does not use
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reciprocal values and hence more equally distributes weightage to the impact of
errors from data points in any range of substrate concentration or reaction rate.
However note that for this equation, there is a new downside in terms of having both
axes values dependent on reaction rate r (experimentally determined), thus any
measurement errors will propagate in both axes.

Other than determining model parameters (e.g., Michaelis constant), the
Lineweaver–Burke plot is also useful in identifying the type of enzyme inhibition:

Type of enzyme
inhibition

y-intercept value
(compared to
uninhibited)

Slope of line
(compared to
uninhibited)

x-intercept value
(compared to
uninhibited)

Competitive Same Different Different

Non-competitive Different Different Same

Uncompetitive Different Same Different

Problem 45

Enzymes play a critical role in numerous biological processes and strict control
of its activity is often necessary. In some cases, the catalytic function of enzymes
may be inhibited by molecules that bind reversibly and specifically to the
enzyme via non-covalent interactions. As a result, catalytic activity is slowed
or may even stop, as the substrate-binding sites become obstructed.

(a) These inhibitor molecules generally fall under three types of mechanisms,
competitive, uncompetitive, and substrate inhibition/non-competitive.
Briefly explain these mechanisms.

(b) An enzyme was found to be inhibited competitively and reversibly by an
isomeric form of its intended substrate. This inhibitor has an apparent
Michaelis constant K0

M that is expressed as follows whereby Ci denotes the
concentration of inhibitor and Ki denotes the inhibition constant. The
Michaelis constant KM for the enzyme is 0.18 � 10�3 kmol/m3, while Ki

has a value of 9.8 � 10�6 kmol/m3.

K0
M ¼KM 1þCi

Ki

� �

1.2 g of enzyme was added to 2 kg of substrate (contaminated with 1.8%
weight of inhibitor) in a reaction vessel that is 12 m3 in volume. Given that
this enzyme has a molecular weight of 68,000 daltons and a turnover
number of 250 s�1, and the substrate and inhibitor have molecular weights
of 350 and 360, respectively, determine the time taken to achieve 97%
conversion of substrate to product. You may assume that this enzyme
obeys Michaelis–Menten kinetics.
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Solution 45

Worked Solution

(a) There are three common mechanisms under which enzyme inhibitors operate—
competitive, non-competitive, and uncompetitive. In all three cases, it is assumed
that an enzyme–substrate complex ES is temporarily formed after substrate
S binds to an enzyme’s catalytic (or active) site E. ES then converts to product
P and the unbound enzyme E is made available again for further reactions.

E þ S $ ES ! E þ P

Competitive Inhibition

Competitive inhibitors are molecularly similar to the actual substrate, often
resembling the substrate in terms of chemical structure, shape, and polarity
characteristics. Hence they compete with the substrate for the same substrate-
binding site of the enzyme. When the inhibitor binds to enzyme instead of the
substrate, an enzyme–inhibitor complex EI is formed and the enzyme becomes
inactive, causing a slowing of reaction rate. This inhibitory mechanism can be
described using a dissociation constant Ki whereby

EI$Ki
E þ I

Ki ¼ E½ � I½ �
EI½ �

Under competitive inhibition, two equilibria coexist, as both substrate and
inhibitor bind reversibly to the enzyme active sites.

E þ S $ ES ! E þ P ð1Þ
E þ I $ EI ð2Þ

The effect of competitive inhibition for enzymes that obey Michaelis–Menten
kinetics can be observed graphically from the straight line plot of reciprocal of
reaction rate 1/v against reciprocal of substrate concentration 1/CS.

1
v
¼ 1

vm
þ KM

vm

1
CS

� �

In the presence of a competitive inhibitor, the line is steeper than if uninhib-
ited because KM is increased and thus gradient (KM/vm) is increased. KM repre-
sents the substrate concentration needed to achieve half of the maximum reaction
rate. It makes sense that this value is higher since more substrate is required to
achieve the same reaction rate (i.e., having more substrate moves equilibrium
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position of equation (1) to the right) to make up for some active sites being
occupied by inhibitor molecules.

However, the y-intercept of the plot remains the same for both inhibited and
uninhibited cases since vm remains the same. This follows from the definition of
maximum reaction rate vm which occurs at infinitely high substrate concentra-
tions. Under this limiting scenario, it is thermodynamically favored for equation
(1) to proceed.

Uncompetitive Inhibition

Uncompetitive inhibitors bind only to the enzyme–substrate complex, and not to
the free enzyme.

E þ S $ ES ! E þ P ð1Þ
ESþ I $ ESI ð2Þ

The dissociation constant Ki for this mechanism is defined below.

ESI$Ki ESþ I

Ki ¼ ES½ � I½ �
ESI½ �

In the double reciprocal straight line plot for this case, the uncompetitive
inhibitor leads to a lower vm and thus a higher value of y-intercept (1/vm). This
makes sense since the amount of ES that goes on to form product is reduced due
to some of the ES being bound to inhibitor molecules. Although binding of ES to
I is reversible, increasing substrate concentration does not help reverse uncom-
petitive inhibition (unlike in competitive inhibition) because inhibitors bind to
ES and not to E. The maximum amount of product that can be formed even under
infinitely high substrate concentrations (for vm) will be lower in the
inhibited case.

The value of KM also decreases, and to the same extent as vm is decreased,
therefore the gradient of the straight line (KM/vm) remains constant and does not
vary between the inhibited and uninhibited cases.

Noncompetitive Inhibition
This type of inhibition is sometimes referred to as “mixed inhibition”. It is a
combination of competitive and uncompetitive mechanisms with the addition of
one more reaction equation (4) as shown below.

E þ S $ ES ! E þ P ð1Þ
E þ I $ EI ð2Þ
ESþ I $ ESI ð3Þ
EI þ S $ ESI ð4Þ

Reactor Kinetics 553



The inhibitor I can bind to the free enzyme E, as well as to the enzyme–
substrate ES complex. The substrate can also bind to free enzyme E and the
enzyme–inhibitor complex EI. The inhibitor and substrate do not affect each
other’s binding to the enzyme. However one should note that if inhibitor is
bound (either in EI or ESI), the enzyme cannot catalyze product formation, hence
the result of this type of inhibition is in reducing the amount of functional
enzyme molecules that can carry out reactions to form product. As a result, the
reaction can never reach its normal vm (uninhibited) regardless of how much
substrate is added. A portion of enzyme molecules will always be made
non-functional by the inhibitors present and the effective concentration of the
enzyme is reduced. Graphically, a lower vm means a higher y-intercept value
(1/vm).

As for KM, its value remains unchanged between the inhibited and uninhib-
ited cases, since the binding of inhibitor to enzyme does not affect the binding of
substrate to enzyme. Therefore, the substrate concentration to reach half of the
maximum reaction rate vm (i.e., KM) also remains unchanged. This type of
inhibition only acts to decrease the amount of usable enzyme. Graphically, the
gradient (KM/vm) will be higher under inhibition since KM is unchanged while vm
is reduced.

(b) Under competitive inhibition in a batch system, we have the following reaction
mechanism whereby kcat is the enzyme turnover number:

E þ S $ ES!kcat E þ P ð1Þ
E þ I $ EI ð2Þ

Also for a batch system, we can write down rate equations as follows:

r ¼ rp ¼ dCP

dt
¼ �rs ¼ � dCS

dt

Given that this enzyme obeys Michaelis–Menten kinetics, and knowing that
this reaction is inhibited, we can express rate of reaction r as follows whereby
r0max is the maximum rate under inhibition, CE0 is the initial enzyme concentra-
tion, and K 0

M is the apparent Michaelis constant under inhibition:

r ¼ r0maxCS

CS þ K 0
M

K 0
M ¼ KM 1þ Ci

Ki

� �

r0max ¼ kcatCE0

Combining both the rate equation and MM kinetics, we have the following
differential equation which we can integrate from initial conditions to an arbi-
trary time t.
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� dCS

dt
¼ r0maxCS

CS þ K 0
Mð t

0
dt ¼ � 1

r0max

ðCS

CS0

CS þ K 0
M

CS

� �
dCS ¼ � 1

r0max

ðCS

CS0

1þ K 0
M

CS

� �
dCS

t ¼ � 1
r0max

CS½ �CS
CS0

þ K 0
M lnCS


 �CS

CS0

� 	

¼ 1
r0max

CS0 � CSð Þ þ K 0
M ln

CS0

CS

� �� �

We can compute the values of maximum reaction rate r0max, inhibitor concen-
trations Ci, and initial substrate concentration CS0 using the given values.

r0max ¼ kcatCE0 ¼ 250
1:2� 10�3

68; 000 12ð Þ
� �

¼ 3:7� 10�7 kmol m�3 s�1

Ci ¼ 0:018 2ð Þ
360 12ð Þ ¼ 8:3� 10�6 kmol m�3

CS0 ¼ 1� 0:018ð Þ 2ð Þ
350 12ð Þ ¼ 4:7� 10�4 kmol m�3

K 0
M ¼ KM 1þ Ci

Ki

� �
¼ 0:18� 10�3 1þ 8:3� 10�6

9:8� 10�6

� �
¼ 3:3� 10�4 kmol m�3

The end point of the reaction is defined by a conversion X equivalent to 97%;
therefore, we can find substrate concentration when this is reached.

X ¼ CS0 � CS

CS0
¼ 1� CS

CS0

CS ¼ CS0 1� Xð Þ ¼ 4:7� 10�4 1� 0:97ð Þ ¼ 1:4� 10�5 kmol m�3

Substituting all values found above into our earlier expression for t, we find
that the time taken to reach desired conversion of 97% is approximately 4370 s
or 1.2 h.

t¼ 1

3:7�10�7 4:7�10�4
� �� 1:4�10�5

� �� �þ3:3�10�4 ln
4:7�10�4

1:4�10�5

� �� �
¼ 4370 s
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Problem 46

Due to the difficulty in recovering soluble enzymes from homogeneous mixtures
post-reaction, methods of enzyme immobilization have been widely considered
for industrial applications. When an enzyme is attached to a support material,
some of its properties may differ from those of the original soluble enzyme due
to mass transfer effects.

(a) Outline the key steps of heterogenous catalysis in a continuous flow reactor
operating at steady state and with an enzyme immobilized on a non-porous
support. Explain briefly how mass transfer affects reaction kinetics, assum-
ing Michaelis–Menten kinetics.

(b) Explain the terms effectiveness factor η and Damk€ohler number Da in the
context of mass transfer effects on immobilized enzyme systems.

(c) Consider a packed bed reactor of total volume 1.3 m3
filled with spherical

support particles (diameter Dp) immobilized with catalytic enzymes.

i. Show that the total number of moles of enzymes per unit total volume of
the packed bed can be expressed as follows, whereby ε denotes void
fraction of the packed bed, and N00 denotes the total number of moles
of enzyme immobilized per unit surface area of the support.

q0 ¼
6N00 12 εð Þ

Dp

ii. Given the following data for the immobilized enzyme, determine whether
the catalytic reaction is mass-transfer limited, or chemical reaction
limited in the packed bed for a required conversion to product of 0.7.

Substrate concentration at inlet [M] 0.03

Residence time of liquid feed in reactor [h] 0.43

Voidage of packed bed 0.5

Diameter of spherical solid supports with immobilized
enzyme [μm]

263

Mass transfer coefficient [m s�1] 1.3 � 10�5

Solution 46

Worked Solution

(a) One of the main differences in the functionality of soluble and immobilized
enzymes originates from the significance of mass transfer effects in the latter.
When an enzyme is immobilized on a support material, the following steps in an
overall reaction should be considered:

• Mass transport of substrate from bulk solution to the support surface.
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• (Note: If the support material was porous, an extra step of diffusion occurs
here as the substrate moves along the pores in order to reach the enzyme
surface.)

• Enzyme is in contact with substrate and reaction occurs to produce product.
• (Note: If the support material was porous, an extra step of diffusion occurs

here as product moves along the pores to the other surface of the support
material.)

• Mass transport of product back to the surrounding bulk solution.

It is observed from the above steps that mass transfer plays a significant role in
immobilized enzyme kinetics. It is worth noting that a consequence of this effect
is that the concentration of substrate at the enzyme surface CS can no longer be
assumed to be equivalent to bulk substrate concentration CB. In fact, CS < CB and
the difference in values depends on the rate of mass transfer relative to reaction
rate at the enzyme surface.

In the original Michaelis–Menten equation for soluble enzymes (CSffi CB), we
had the following equation whereby r is the reaction rate.

r ¼ rmaxCS

KM þ CS
¼ rmaxCB

KM þ CB

For immobilized enzymes, the above equation still holds true (i.e., CS ffi CB)
provided that the reaction rate at the enzyme surface is much slower than mass
transfer rate for bringing substrate to the enzyme, then in this case, the slower of
the two rates (i.e., reaction) will be the limiting factor, and the overall rate of
reaction is said to be dominated by chemical reaction.

However, if the assumption that CS ffi CB (in fact CS < CB) is not true, we may
consider the following equation under steady state when the rate of mass transfer
of substrate from bulk solution to enzyme surface is equal to the chemical
reaction rate at the enzyme surface. kc refers to the mass transfer coefficient
across the stagnant liquid film surrounding the enzyme particle which poses
resistance to mass transfer. r0max denotes maximum reaction rate per unit surface
area of the support material.

kc CB � CSð Þ ¼ r0maxCS

KM þ CS

We should note that the Michaelis–Menten (MM) model implicitly assumes
that substrate concentration is in excess of enzyme concentration (CS � CE0).
Since we are told that the immobilized enzyme still obeys MM kinetics, we may
assume here that even though mass transfer effects are present and significant
(effect of reducing value of CS as compared to soluble free enzyme), the reduced
value of CS is still not so severe that MM assumption breaks down and we can still
assume that the local concentration of substrate is still sufficiently higher than
enzyme concentration (CS � CE0 still valid). As such we can still express the
reaction rate at enzyme surface as the MM expression as shown on the right-hand
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side of the above equation. [However, note that there will no longer be a MM type
dependence on CB as CB 6¼ CS.]

(b) The effectiveness factor η is a useful quantity that provides a measure of how
much reaction rate is affected (reduced) by mass transfer effects. It is defined as
the ratio of the observed (i.e., when experimentally measured) reaction rate to the
rate if no mass transfer resistance was present (i.e., no mass transfer effects
considered).

η ¼
r0maxCS

KMþCS

r0maxCB

KMþCB

¼ CS

CB

KM þ CB

KM þ CS

� �

We may observe that the range of values that η can take is as follows.

0 � CS

CB
� 1 ! η � 1

When chemical reaction rate is very fast, then CS ffi 0 since substrate is
consumed/used up by reaction almost immediately upon reaching the enzyme’s
catalytic surface, and therefore η ffi 0.

The Damk€ohler number Da is a dimensionless quantity defined as the ratio of
the maximum chemical reaction rate to the maximum mass transfer rate. The
maximum mass transfer rate occurs when there is very fast chemical reaction at
the enzyme surface (CS ffi 0), because in order to still achieve steady state, the
mass transfer rate has to be equivalently fast (kc(CB � CS) ffi kcCB).

Da ¼ r0max

kcCB

There are two useful regimes to consider with the use of Da.
When Da � 1, we are in the reaction rate-limited regime whereby reaction

rate is much slower than mass transfer rate.

η ¼ 1

CS ffi CB

Rate of substrate consumption ¼ �rs ¼ r0maxCB

KM þ CB

When Da � 1, we are in the diffusion-limited regime whereby the reaction
rate is very fast and the rate of mass transfer is also equivalently fast under steady
state.

Da ! 1
CS ffi 0
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Rate of substrate consumption ¼ �rs ¼ kcCB

It is worth noting that under this regime, the observed reaction rate does not
depend on the properties of the enzyme related to KM and r0max.

(c) (i) Assuming we have the following reaction mechanism,

Enzymeþ Substrate $k1, k�1
ES Complex!kcat Productþ Enzyme

Then maximum reaction rate rmax can be expressed as follows in terms of the
catalytic constant (or enzyme turnover number) kcat and initial enzyme concen-
tration CE0.

rmax ¼ kcatCE0

In a continuous flow stirred tank reactor with soluble enzymes, we can
express CE0 in terms of total number of moles of enzymes, N, and volume of
liquid in the reactor, Vtank, as shown

CE0 ¼ N

V tank

The analogous form of the above expression can be obtained for a packed bed
reactor whereby q0 is the equivalent quantity for CE0 with units of total number
of moles of enzymes per unit total volume of packed bed. The total volume in
this case comprises both voidage (liquid can flow through), and packed portions
(solid support particles).

First, we can find the area-to-volume ratio for spherical support particles:

Volume of sphere
Surface area of sphere

¼
4
3π

Dp

2

� 	3
4π Dp

2

� 	2 ¼ Dp

6

We know that the volume of solid spherical particles can be converted to the
total volume of packed bed by using the void fraction, ε.

ε ¼ Void volume
Total packed bed volume

¼ Void volume
Solid volumeþ void volume

1� ε ¼ Solid volume
Solid volumeþ void volume

1
1� ε

¼ Solid volumeþ void volume
Solid volume
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We can use the factor of 1/(1 � ε) to re-express our earlier area-to-volume
ratio in terms of total packed bed volume.

Dp

6
1

1� ε

� �
¼ Volume of spheres

Surface area of spheres
Volume of spheresþ void volume

Volume of spheres

� �

Taking reciprocal, we have

6 1� εð Þ
Dp

¼ Surface area of solids
Total packed bed volume

We know further that N00 denotes the moles of enzyme immobilized per unit
surface area of the solid spherical support particles; therefore,

6 1� εð Þ
Dp

N 00ð Þ ¼ Surface area of solids
Total packed bed volume

Mole enzyme
Surface area of solids

� �

Therefore, we have shown that the total number of moles of enzyme per unit
total packed bed reactor volume, q0, is given as

q0 ¼
6N 00 1� εð Þ

Dp

(ii) We can first find out the surface area of the solid supports in the packed
bed (denoted as A) since we know the total packed bed volume is 1.3 m3 and
using our earlier result from part c(i)

6 1� εð Þ
Dp

¼ Surface area of solids
Total packed bed volume

Surface area of solids, A ¼ 6 1� εð Þ 1:3ð Þ
Dp

¼ 6 1� 0:5ð Þ 1:3ð Þ
263� 10�6 ¼ 14; 800 m2

We are given the liquid feed residence time, τ¼ 0.43 h. Knowing also that the
void volume is where liquid flows through, therefore the volumetric flow rate for
the liquid, q can be found as follows

Void volume ¼ ε total packed bed volumeð Þ ¼ 0:5 1:3ð Þ ¼ 0:65 m3

q ¼ 1
0:43

0:65ð Þ ¼ 1:5m3=h ¼ 4:199� 10�4m3=s

Note that the substrate concentration has units of moles of substrate per unit
volume of liquid. Knowing that we need to achieve a conversion of X ¼ 0.7, we

560 Reactor Kinetics



can use the value of q to compute the number of moles of substrate converted to
product as follows

Cs, out ¼ 1� Xð ÞCs, in

Moles of substrate converted ¼ q Cs, in � Cs, outð Þ ¼ qCs, inX

¼ 4:199� 10�4
� �

0:03ð Þ 0:7ð Þ ¼ 8:82� 10�6 kmol=s

We can determine the maximum mass transfer rate by setting the condition
that there is a maximum (very fast) chemical reaction rate such that substrate
concentration at enzyme surface is almost zero. Under steady-state condition
both rates are equal and of a high value in this case.

Maximum mass transfer rate ¼ kcA CB � CSð Þ 
 kcACB

We can use an estimate for CB that is the average between the inlet and outlet
substrate concentrations to give some consideration to the varying concentration
profile along the packed bed reactor. Therefore,

CB 
 Cs, in þ Cs, out

2
¼ 0:03þ 1� 0:7ð Þ0:03

2
¼ 0:0195

Maximum mass transfer rate ¼ kcACB ¼ 1:3� 10�5 14; 800ð Þ 0:0195ð Þ
¼ 3:75� 10�3 kmol=s

In order to find out if the process is mass transfer or reaction rate limited, we
can calculate the Damk€ohler number, Da

Da ¼ 8:82� 10�6

3:75� 10�3 � 1

We conclude that since Da� 1, this process is chemical reaction rate limited,
and not mass transfer limited. In other words, the mass transfer rate is much
faster than the reaction rate at the enzyme surface.

Problem 47

The steady-state approximation is useful in analyzing sequential reactions
involving an intermediate product as it simplifies the solution of differential
equations by removing time dependence.

(a) Consider the reaction scheme shown below:

X!k1 Y ð1Þ
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Y!k2 Z ð2Þ

i. Show how the steady-state hypothesis can achieve the abovementioned
simplification, assuming that k2 � k1. Comment on possible scenarios
whereby the steady-state hypothesis may be invalid.

ii. Using the reaction scheme given above, sketch the concentration profiles
for X, Y, and Z for the cases whereby k1 � k2 and k2 � k1. Comment on
the shapes of the graphs.

(b) An ester P is hydrolyzed under acidic conditions to form product X as
shown below. It is said that three different rate laws are possible for this
reaction scheme, depending on the relative rates of the reactions involved.

PþH3O
þ !k1 PHþ þH2O ð1Þ

PHþ þH2O!k2 PþH3O
þ ð2Þ

PHþ þH2O!k3 Product X ð3Þ

i. Briefly discuss the purpose of rate law equations.
ii. Given that reaction (1) is much slower than reactions (2) and (3), show

how the three different rate laws may be derived, highlighting any
assumptions.

Solution 47

Worked Solution

(a) (i) We are given the reaction sequence as follows and know that the rate of
reaction (2) is much greater than that of reaction (1) (k2� k1). The implication of
this is that the intermediate product Y will be reacted once it is formed and
therefore the concentration of Y will always be low.

X!k1 Y ð1Þ

Y !k2 Z ð2Þ

The steady-state approximation can be made in this case and it states that Y is
in steady state. Therefore the concentration of Y denoted as [Y] is assumed to
remain constant with time.

d Y½ �
dt

����
ss

¼ 0
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This is a useful expression because it removes time dependence in the
solution of differential equations, as explained further below.

We can write the rate of change of [Y] in terms of rate constants as follows:

d Y½ �
dt

¼ k1 X½ � � k2 Y½ �

Substituting the steady-state expression for [Y], we find an expression for
[Y]ss

d Y½ �
dt

����
ss

¼ 0 ¼ k1 X½ � � k2 Y½ �ss

Y½ �ss ¼
k1 X½ �
k2

The rate of formation of product can also be expressed in terms of rate
constant as follows,

d Z½ �
dt

����
ss

¼ k2 Y½ �ss

Substituting our earlier expression for [Y]ss, we obtain

d Z½ �
dt

����
ss

¼ k2
k1 X½ �
k2

� �
¼ k1 X½ �

This result is consistent with the assumption that k2 � k1 which means that
reaction 1 is the rate-determining step in the reaction scheme. In steady-state
analysis, we first identify the intermediate product, and for an expression for its
concentration under steady-state conditions. We can then re-express the rate of
product formation in terms of the rate constant that dominates in the reaction
scheme.

It should be noted that the steady-state hypothesis may not be suitable to be
applied to all species in the reaction mixture, for example, reactants or products
that accumulate during the reaction. It is most appropriate for intermediate
products, these are species that are relatively slow to form but once formed
they are highly reactive and are immediately reacted away by subsequent
reactions. It is also worth noting that rate laws obtained from the steady-state
approximation are only valid once the reaction is at steady state. The expressions
are not appropriate to describe the initial phase of the reaction or when the
reaction is close to completion.

(ii) We note that reaction (1) shows the formation of Y while reaction (2)
describes the consumption of Y.
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For the first case whereby k1 � k2, we note that X is converted quickly to Y,
but Y is subsequently slow to be consumed by reaction (2). This would lead to an
accumulation of Y. It can also be expected that the formation of Z will mirror the
drop in Y by nature of reaction (2). Since the overall rate of reaction is dependent
on reaction (2), we call it the rate-determining step. The concentration profiles
are shown as follows.

For the second case whereby k2� k1, we note that X is converted slowly to Y,
but Y is subsequently quickly consumed by reaction (2) once formed. Hence in
this case, there is no accumulation of Y, in fact there is a small amount of Y at any
time. It is expected here that the formation of Z will mirror the drop in X. And in
this case, the rate-determining step is reaction (1). The concentration profiles are
shown as follows.

In general, for sequential reactions, the reaction step that has the smallest rate
constant (slowest reaction) is typically the rate-determining step, such that the
overall rate of reaction for the entire reaction scheme is most dependent on
this step.

(b) (i) The study of chemical kinetics and rate laws helps us understand the factors
that influence the rate of reactions so that we may better predict reaction
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outcomes and design appropriate reaction schemes and process conditions to
achieve desired products. It is important to consider kinetics in conjunction with
thermodynamics because a reaction may be thermodynamically favorable to
occur but may still be slow to form product if the process is not kinetically
favored.

We can experimentally determine rates of reactions by measuring the con-
centrations of substances involved in the reaction scheme. A rate law equation is
essentially a mathematical expression used to relate the rate of reaction to the
measured concentrations. It is also possible to theoretically deduce rate law
equations.

In the following example of a rate law, reaction rate is denoted by r,
concentrations of reactants A and B are denoted by [A] and [B], respectively,
and k is the rate constant. The reaction is said to be first order with respect to
A and second order with respect to B. The overall order of the reaction is the sum
of both orders (i.e., 3). Note that the units for r is concentration per unit time.
Therefore, the units for the rate constant k differ for reactions of different orders,
in order for the equation to be consistent in units.

r ¼ k A½ � B½ �2

From the form of the rate law equation, we can see that it is useful in helping
us predict the reaction rate for a set of experimental conditions (e.g.,
concentrations).

(ii) We are given the reaction scheme below, and told that reaction (1) is
slower than reactions (2) and (3). This means that PH+ is removed quickly by
reactions (2) and (3) the moment it is formed by reaction (1). We therefore
identify our intermediate to be PH+ and apply our steady-state approximation.

Pþ H3O
þ !k1 PHþ þ H2O ð1Þ

PHþ þ H2O!k2 Pþ H3O
þ ð2Þ

PHþ þ H2O!k3 Product X ð3Þ

We can express the concentration of the intermediate under steady-state
conditions,

d PHþ½ �
dt

¼ k1 P½ � H3O
þ½ � � k3 PH

þ½ � H2O½ � � k2 PH
þ½ � H2O½ � ¼ 0

PHþ½ �ss ¼
k1 P½ � H3Oþ½ �
k2 þ k3ð Þ H2O½ �

The rate of formation of product X under steady state can be expressed as
follows:
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rp ¼ k3 PH
þ½ �ss H2O½ � ¼ k3k1 P½ � H3Oþ½ �

k2 þ k3ð Þ

From here we may consider different scenarios for the relative values of the
rate constants k2 and k3.

Scenario 1:

If reaction (3) is much faster than reaction (2), then,

k3 PH
þ½ � H2O½ � � k2 PH

þ½ � H2O½ �
k3 � k2

rp ffi k3k1 P½ � H3Oþ½ �
k3

¼ k1 P½ � H3O
þ½ �

The above expression means that the overall reaction rate only depends on k1
and in this case then reaction (1) is the rate-determining step.

Scenario 2:

It is also possible that reaction (2) is much faster than reaction (3), then,

k2 PH
þ½ � H2O½ � � k3 PH

þ½ � H2O½ �
k2 � k3

rp ffi k3k1 P½ � H3Oþ½ �
k2

¼ k3k1
k2

� �
P½ � H3O

þ½ �

We can further express the ratio k1/k2 as an equilibrium constant Keq since we
observe that reactions (1) and (2) are simply the reverse of each other and hence
describe the forward and backward reactions of a reversible reaction.

The overall rate equation is therefore expressed as follows where we see that
it is second order and reaction (3) is now the rate-determining step.

rp ¼ Keqk3 P½ � H3O
þ½ �

Scenario 3:

Finally, it is possible that reactions (2) and (3) have comparable rates, in this
case, no simplifications can be made and the rate law would remain as follows.

rp ¼ k3k1 P½ � H3Oþ½ �
k2 þ k3ð Þ
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Problem 48

An enzyme E catalyzes the reversible reaction shown below, where compounds
P andQ are isomers of each other and ES is the enzyme–substrate complex. The
rate constants for the forward and backward reactions are denoted by k1 (and
k2) and k�1 (and k�2), respectively.

EþP$k1, k2 1
ES$k2, k2 2

EþQ

Given that the enzyme has a size of 55,000 Daltons, and the rate of reaction in
a batch system is as shown below, whereby KP ¼ k2 1 þ k2

k1
, KQ ¼ k2 1 þ k2

k2 2
,

Rp ¼ k2CE0, RQ ¼ k�1CE0 and CE0 refers to the total enzyme concentration.

r ¼ 2
dCP

dt
¼

RpCP

KP
2

RQCQ

KQ

1þ CP
KP

þ CQ

KQ

(a) Derive the following expression for the equilibrium constant for the
reaction.

Keq ¼ RPKQ

RQKP

(b) It is required to isomerize 12 moles of pure compound P in a batch reactor
of volume 0.6 m3 using 12 g of enzyme. Given that KP ¼ 14 mol/m3,
KQ ¼ 29 mol/m3, k2 ¼ 1400 min�1, and k�1 ¼ 950 min�1, show that the
time taken (in minutes) for the reaction to reach 97% of the equilibrium
position can be expressed as follows:

tj97% 

ð20
5:2

1:7þ 0:037CP

0:048CP 2 0:23

� �
dCP

Briefly outline the method for computing the above integral using graphical
methods. [Actual solution not necessary.]

Solution 48

Worked Solution

(a) We are given the expression for rate of reaction which we can equate to zero by
imposing the equilibrium condition, in order to derive the expression for the
equilibrium constant, Keq
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r ¼ � dCP

dt
¼

RpCP

KP
� RQCQ

KQ

1þ CP
KP

þ CQ

KQ

¼ 0

RpCP

KP
� RQCQ

KQ
¼ 0

Keq ¼ CQ

CP
¼ RPKQ

RQKP

(b) In order to find time taken to achieve a certain defined end state, we need to work
with a differential equation with respect to time, so that we may integrate this
equation to compute time taken based on defined limits. With this in mind, we
calculate the following quantities to try to specify our initial and final states.

The initial enzyme concentration (also the total enzyme concentration) can be
found as follows where molar (M) is equivalent to moles per liter.

CE0 ¼ 12
55; 000 0:6� 1000ð Þ ¼ 3:6� 10�7 M

RP ¼ k2CE0 ¼ 1400� 3:6� 10�7 ¼ 5:1� 10�4 M=min

RQ ¼ k�1CE0 ¼ 950� 3:6� 10�7 ¼ 3:4� 10�4 M=min

Substituting into our result in part a, we can compute Keq.

Keq ¼ RPKQ

RQKP
¼ 5:1 29ð Þ

3:4 14ð Þ ¼ 3:1

When compound P isomerizes to compound Q until equilibrium position is
reached, we can denote the mole fraction of Q as xQjeq ¼ a. It follows that the
mole fraction of P is xPjeq ¼ 1 � a since mole fractions of all species present
should sum to 1.

By definition at equilibrium,

Keq ¼ CQ

CP
¼ a

1� a
¼ 3:1

a ¼ 0:76

Therefore to reach 97% of the equilibrium position, the mole fractions of
Q and P are

xQ
��
97%

¼ 0:97 0:76ð Þ ¼ 0:74
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xPj97% ¼ 1� 0:74 ¼ 0:26

The initial concentration of reactant P can be found from the initial mass of
P and volume of batch reactor,

CP0 ¼ 12
0:6� 1000

¼ 0:02 M

At 97% of the equilibrium position, the concentration of P can be expressed
as follows, knowing that one molecule of P isomerizes to one molecule of Q.

CPj97% ¼ CP0 xPj97%
� � ¼ 0:02 0:26ð Þ ¼ 5:2� 10�3M

We have now computed the values that define limits of integration with
respect to time as shown below. Starting with the differential equation, we have

� dCP

dt
¼

RpCP

KP
� RQCQ

KQ

1þ CP
KP

þ CQ

KQ

�
1þ CP

KP
þ CQ

KQ

RpCP

KP
� RQCQ

KQ

0
@

1
AdCP ¼ dt

�
ðCPj97%

CP0

1þ CP
KP

þ CQ

KQ

RpCP

KP
� RQCQ

KQ

0
@

1
AdCP ¼

ðtj97%
0

dt

We know the following correlation should hold between species P and Q,

CQ ¼ CP0 � CP

Substituting the above expression into the integral equation, we re-express it
in terms of only one variable CP in order to integrate with respect to CP.

�
ðCPj97%

CP0

1þ CP
KP

þ CP0�CP
KQ

RpCP

KP
� RQ CP0�CPð Þ

KQ

0
@

1
AdCP ¼ tj97%

Substituting the values computed earlier, we can compute the integral to find
time taken. Take note of units, as 1 mole per m3 is equal to 10�3 mol/L (or M).

Reactor Kinetics 569



tj97% ¼ �
ð0:0052
0:02

1þ CP

14� 10�3 þ
0:02� CP

29� 10�3

5:1� 10�4
� �

CP

14� 10�3 � 3:4� 10�4
� �

0:02� CPð Þ
29� 10�3

0
BB@

1
CCAdCP

Converting the units for concentration from molar (M) to millimolar (mM) for
ease of handling of the numbers involved, we derive the following expression for
time taken in minutes.

tj97% ¼
ð20
5:2

1þ CP

14
þ 20� CP

29
0:51CP

14
� 0:34ð Þ 20� CPð Þ

29

0
BB@

1
CCAdCP 


ð20
5:2

1:7þ 0:037CP

0:048CP � 0:23

� �
dCP

We can solve the above integral by graphical or numerical methods. For the
graphical method, we can tabulate a series of data points by defining a function f
(CP) as shown below and compute a range of values for f(CP) from the lower to
upper limits of integration, i.e., from CP ¼ 5.2 to CP ¼ 20.

f CPð Þ ¼ 1:7þ 0:037CP

0:048CP � 0:23

tj97% 

ð20
5:2

f CPð ÞdCP

CP f(CP)

5.2 96.6

5.4 65.1

5.7 43.8

6.4 25.1

7.5 15.2

10 8.28

12.5 5.84

15 4.60

17.5 3.85

20 3.34

The time taken is equivalent to the value of the integral. By definition, the
value of the integral for a plot of f(CP) against CP is equivalent to the area under
the graph between specified limits (i.e., area under the blue line, between the
blue line and the horizontal axis, for the range defined by the black dotted lines).
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Problem 49

The continuous culture of yeast cells can be done in a chemostat, a type of
bioreactor that functions like a Continuous Stirred Tank Reactor (CSTR). In a
chemostat, fresh medium is continuously introduced at a constant rate while
culture liquid (containing medium, cells and any metabolic products) is contin-
uously removed at the same rate, hence keeping a constant culture volume. You
may assume perfect mixing in the chemostat and that glucose is the single
nutrient (limiting substrate) controlling cell growth rate.

(a) Explain briefly how a chemostat works, making reference to dilution rate,
D, and its implications on cell growth.

(b) In a particular yeast cell culture under aerobic conditions, glucose was used
as the growth-limiting substrate, while ammonia (NH3) provided the nitro-
gen source. The chemical formula of the yeast strain was given as
CH1.7O0.4N0.1. When dilution rate exceeds a critical value, ethanol is formed
as a metabolic by-product. Given that the cell growth process can be
represented by the equation below

aCH2Oþ bNH3 þ cO2!CH1:7O0:4N0:1 þ dCH3O0:5 þ eH2Oþ fCO2

Reactor Kinetics 571



i. Derive expressions for the following:

• Growth yield coefficient, YX/S

• Ethanol yield coefficient, YP/S

• Oxygen uptake rate (molar units), rO2

• Respiratory quotient (molar units), K

ii. When ethanol is produced, derive an expression that relates YX/S to the
oxygen uptake rate rO2 and respiratory quotient K.

iii. Assuming that measured data for flow rates and compositions of the
species involved in the cell culture are available, briefly describe an
experimental approach to determine the critical dilution rate.

iv. Find an expression for YX/S when dilution rate is less than its critical
value.

v. Given that YX/S ¼ 0.22 and YP/S ¼ 0.42 at a particular dilution rate,
calculate the oxygen uptake rate.

Solution 49

Worked Solution

(a) Dilution rate,D, has units of time�1 and is defined as the flowrate of medium into
the chemostat, v, divided by the volume of culture in the chemostat, V, as shown
below. Dilution rate therefore measures the rate of nutrient exchange in the
bioreactor and is useful as it is an experimentally variable parameter.

D ¼ v

V

Under steady-state conditions in a chemostat, the biomass concentration and
limiting substrate concentration in the culture remain constant as shown in the
plot below. This can be expressed as follows whereby YX/S is the growth yield
coefficient, CX and CS are the cell and substrate concentrations in the vessel, and
CS,in is the substrate concentration at the inlet.

CX ¼ YX=S CS, in � CSð Þ

In a chemostat, we typically assume a single limiting substrate (e.g., glucose),
which means that almost all the glucose is used by the cells to maintain cell
concentration at a constant value under steady state. It follows that this value of
cell concentration will also be proportional to the glucose concentration in the
inlet stream containing fresh medium. We can therefore control the specific
growth rate of cells in the vessel by controlling the concentration of this single
limiting nutrient at the inlet.

At steady state, the specific growth rate of the cells, μ, is equal to dilution rate.
By changing the rate at which fresh medium is added (i.e., dilution rate), we can
control the specific growth rate of cells to the desired level (can be varied from
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just above zero to just below μmax). It is important to have control of dilution rate
as cell growth rate also affects products of cell metabolism. For example, yeast
cells start to form ethanol as a metabolic by-product when dilution rate exceeds a
certain value.

Note that prior to steady-state continuous culture, there is a short transition
period when batch culture occurs (as shown in plot below). During this period,
cell count increases rapidly to reach a desirably sizeable concentration (i.e., the
starting culture (or inoculum) for the subsequent continuous culture phase), and
this concentration is maintained under steady-state conditions during the contin-
uous culture phase. Also during this transition period, operating conditions in the
chemostat take time to ramp up to steady-state conditions.

It is common to encounter a term known as the critical dilution rate, Dcrit.
When dilution rate exceeds this value, steady state can no longer be maintained
as some cells are washed out of the vessel and this loss cannot be replaced by
further cell growth. Consequently, unused substrate starts to accumulate in the
vessel causing substrate concentration to rise. The value of Dcrit is equivalent to
the maximum specific growth rate of the cells, μmax. It is therefore crucial to
ensure that the dilution rate in a chemostat does not go close to or exceed Dcrit

(or μmax) in order to maintain steady-state culture. Dilution rate is also related to
the mean residence time τ of cells in the vessel as follows.

τ ¼ 1
D

(b) (i) Given the following equation, we can make use of stoichiometry to derive the
required expressions.
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aCH2Oþ bNH3 þ cO2 ! CH1:7O0:4N0:1 þ dCH3O0:5 þ eH2Oþ fCO2

We know that the single limiting substrate is glucose (CH2O) and we know
that the cell biomass is represented by CH1.7O0.4N0.1. Therefore, growth yield
coefficient is expressed as follows:

YX=S ¼
1
a

We know that the metabolic product in this case is ethanol, given by CH3O0.5,
therefore, product yield coefficient can be expressed as follows:

YP=S ¼ d

a

Oxygen uptake rate is defined as the number of moles of oxygen gas taken in
by the cells per mole of substrate (growth-limiting). Therefore this rate may be
expressed as follows.

rO2 ¼
c

a

Finally respiratory quotient is defined as the number of moles of carbon
dioxide per mole of oxygen taken in. This follows from the fact that in aerobic
respiration, cells take in oxygen and glucose to produce carbon dioxide, water,
and energy.

K ¼ f

c

(ii) Note that YX/S is a function of a, rO2 is a function of a and c, and K is a
function of c and f. We know the relevant oxidation numbers for the elements
involved in the chemical formulae for glucose substrate (CH2O) and cells
(CH1.7O0.4N0.1).

C ¼ þ4

H ¼ þ1

O ¼ �2

N ¼ �3

The sum of the oxidation numbers for the species involved can be computed
as shown:
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CH2O ¼ þ4þ 2 1ð Þ þ �2ð Þ ¼ þ4

CH1:7O0:4N0:1 ¼ þ4þ 1:7 1ð Þ þ 0:4 �2ð Þ þ 0:1 �3ð Þ ¼ þ4:6

O2 ¼ 2 �2ð Þ ¼ �4

CH3O0:5 ¼ þ4þ 3 1ð Þ þ 0:5 �2ð Þ ¼ þ6

The oxidation numbers for ammonia, water, and carbon dioxide are zero (this
is the case for pure elements or neutral compounds).

We can now formulate an equation for the degree of reduction for the cell
growth equation as follows.

a þ4ð Þ þ b 0ð Þ þ c �4ð Þ ¼ þ4:6þ d þ6ð Þ þ e 0ð Þ þ f 0ð Þ
4a� 4c ¼ 4:6þ 6d ð1Þ

We need to come up with more equations so that we can solve all unknown
variables (number of equations equal to number of unknowns). Another useful
equation that correlates the stoichiometric coefficients for the cell growth equa-
tion is a mass balance on carbon atoms as shown below. We can further
substitute our earlier derived expression for K.

a ¼ 1þ d þ f ¼ 1þ d þ Kc

d ¼ a� 1� Kc

Substituting the above expression for d back into equation (1), we have

4a� 4c ¼ 4:6þ 6 a� 1� Kcð Þ
a ¼ 0:7� c 2� 3Kð Þ

We can also make use of our earlier expression for oxygen uptake rate to
substitute c as follows

a ¼ 0:7� a rO2ð Þ 2� 3Kð Þ
a 1þ rO2 2� 3Kð Þ½ � ¼ 0:7

Going back to the expression for growth yield coefficient, we derive the
required expression as follows

YX=S ¼
1
a
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YX=S ¼ 1
0:7

1þ rO2 2� 3Kð Þ½ �

(iii) At low dilution rates (and correspondingly low specific growth rates),
glucose metabolism is full aerobic and respiratory. However, when dilution rate
increases to reach a certain critical value, respiro-fermentative metabolism sets
in whereby ethanol starts being produced. This ethanol production increases as
dilution rate increases. This is in fact the typical behavior of the commercial
baker’s yeast strain known as Saccharomyces cerevisiae. Under high substrate
concentrations and high specific growth rates, alcoholic fermentation is triggered
even under fully aerobic conditions. This process is usually undesired in cell
cultures as it reduces the amount of cell biomass obtained from the substrate
feedstock. Therefore, yeast cell production is usually done under aerobic and
substrate-limited conditions.

It follows that when d ! 0, most of the substrate is used for cell growth, and
the growth yield coefficient will also tend to a maximum value. This point can be
reached experimentally by reducing the dilution rate by reducing feed flow rate
gradually until ethanol production just reaches zero. At this point, we have
reached the critical dilution rate.

(iv) We need to find an expression for growth yield coefficient when
D < Dcrit, in other words, when ethanol is not produced.

When D ¼ Dcrit, d ¼ 0 and equation (1) becomes

4a� 4c ¼ 4:6

1 ¼ 1:15
a

þ c

a

Substituting rO2 and YX/S into the equation, we obtain

1 ¼ 1:15YX=S þ rO2

rO2 ¼ 1� 1:15YX=S ð2Þ

We can do the same for the other carbon balance equation, i.e., impose the
condition when D ¼ Dcrit and d ¼ 0.

a ¼ 1þ Kc

1 ¼ 1
a
þ Kc

a
¼ YX=S þ KrO2

Substituting our earlier expression (2) into the above, we have

1 ¼ YX=S þ K 1� 1:15YX=S

� � ¼ YX=S 1� 1:15Kð Þ þ K
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YX=S ¼ 1� K

1� 1:15K

(v) Given that YX/S¼ 0.22 and YP/S¼ 0.42, we can substitute into equation (1)
since we know that YX/S ¼ 1/a and YP/S ¼ d/a.

4a� 4c ¼ 4:6þ 6d

1� c

a
¼ 1:15

a
þ 1:5d

a

rO2 ¼
c

a
¼ 1� 1:15YX=S � 1:5YP=S

rO2 ¼ 1� 1:15 0:22ð Þ � 1:5 0:42ð Þ 
 0:12
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Fluid Mechanics

Problem 1

We have a hydropower system shown below whereby water flows from reser-
voir A to reservoir B through a circular pipe to the turbine located near
reservoir B. The flow rate is 10 m3/s and the electrical power generated from
the turbine supplies the power grid. The difference in height between the
reservoirs is 15 m. The reservoirs are large enough to assume that this differ-
ence in height remains relatively constant. A distance of 20 km separates the
reservoirs and the circular pipe may be assumed to be of similar length. Assume
that the density of water is 1000 kg/m3, and the kinematic viscosity is 10�6 m2/s.

Turbine15m
A

B
20km

(a) Find out the maximum rate at which electrical power can be produced.
(b) The circular pipe needs to be sized such that frictional losses in the pipe are

0.005% of the maximum rate on power. Find the diameter of pipe needed.
You may assume that the roughness factor of the pipe is 0.0002.

(c) What is the maximum pressure in the pipe and at which point in the pipe is
that located?
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Solution 1

Worked Solution

(a) When we tackle such a problem, where we have information such as power
generated, height difference, density of the fluid involved, and frictional losses,
we may begin to think about using the Bernoulli equation.

Va
2

2
þ Pa

ρ
þ gha � lv þ δWs ¼ Vb

2

2
þ Pb

ρ
þ ghb

We know that in this case, Pa ¼ Pb ¼ Patm, Va ¼ Vb ¼ 0 since the reservoirs
contain static bodies of water, and for the maximum amount of power generated
we assume that frictional losses lv ¼ 0. Note that δWs is defined as work input;
hence, a negative value denotes work produced.

δWs,max ¼ g hb � hað Þ ¼ 9:81� �15ð Þ ¼ �150 Jkg�1

The maximum rate of power generation can be found by using the data of
flowrate Q ¼ 10 m3s�1 and density ρ ¼ 1000 kgm�3. Note that Js�1 ¼ W.

Max power generated ¼ δWs,maxj j � ρ� Q ¼ 150� 1000� 10 ¼ 1:5 MW

(b) The viscous losses take up 0.005% of the max power limit; therefore

lv ¼ 0:00005� 1500000 ¼ 75 W

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Before we figure out the sizing of pipe required, we may first recall how to express
pipeline frictional (or viscous) losses in terms of known variables. For a horizontal
pipe and assuming the fluid is incompressible, we consider two points along the pipe,
points 1 and 2, and the Bernoulli equation simplifies to

V1 ¼ V2

h1 ¼ h2

P1 � P2

ρ
¼ lv

The pressure difference may be further expressed in terms of a friction factor f,
whereby
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f ¼ P1 � P2

2ρV2

D

L

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

So we can express viscous losses in the pipe in terms of friction factor,

lv ¼ 2Lf V2

D

V ¼ Q

πD2=4

lv ¼ 2Lf
D

Q

πD2=4

� �2

Roughness factor k/D is related to Reynolds number and friction factor, and hence
can be looked up from data booklets. We are told further that k

D ¼ 0:0002. We may
assume large flowrates (Re > 107) whereby the friction factor tends to a constant
value. From the data booklet, we will be able to find that f ¼ 0.0035. Note that if
Re is low, there are other correlations that are appropriate for finding f whereby f ¼ f
(Re).

lv ¼ 2Lf
D

Q

πD2=4

� �2
¼ 2 20000ð Þ 0:0035ð Þ

D

10

πD2=4

� �2
¼ 2:3� 104 � D�5

75 ¼ 2:3� 104

D5

D ¼ 3 m

Now we can check if our earlier assumption on Reynolds number was valid. The
result below reaffirms the assumption.

Re ¼ VD

v
¼ 10

πDv=4
¼ 40

π 3ð Þ10�6 ¼ 0:4� 107 > 107

(c) Maximum pressure occurs at the point just before the turbine. As such we may
pick this point (indicated as point C in the diagram below) as well as a second
point at reservoir A, to be used in our Bernoulli equation.

Turbine15m
A

B

C

20km
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Va
2

2
þ Pa

ρ
þ gha � lv ¼ Vc

2

2
þ Pc

ρ
þ ghc

Va ¼ 0,Pa ¼ Patm, lv ¼ 75

Vc ¼ Q

πD2=4
¼ 10 4ð Þ

π 32
� � ¼ 1:4 m=s

Pc � Patmð Þ
ρ

¼ g ha � hcð Þ � 1:42

2
� 75

Pc � 105
� �

1000
¼ 9:81 15ð Þ � 1:42

2
� 75

Pc ¼ 1:7 bar

Problem 2

The diagram below shows a viscous polymer that is injected into an injection
mould (disc-shaped).

Rfeed
Rfeed

Top View
Side View

Polymer feed

h

Rdisc

Rdisc

R1 at t1

r at t>t1

The polymer melt is injected axially through the central filling point which is
of radius Rfeed. From the top view of the mold, we observe that the outer radius
of the mould is Rdisc. The polymer melt flows radially out from the central point
slowly, filling the mould. The polymer melt has density ρ and viscosity η. The
thickness of the disc is h as observed from the side view. After time t1, which is
shortly after the filling process is started, the polymer has filled the mould up to
a radius R1. The mould is vented at the outer edge so that pressure downstream
of the polymer–air interface remains constant at Patm At this time and all later
times, the pressure in the polymer at the central point is equal to feed pressure
Pfeed.

(a) Sketch the position of the polymer front as a function of time (r vs. t),
starting from R1 at t1.

(b) Determine the velocity profile of the polymer melt. State any assumptions.
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(c) Show how we can find out the time needed to completely fill the mould, i.e.,
(t � t1). You may leave your answer in integral form.

(d) Show by order of magnitude analysis, to explain the conditions that must
exist to justify our assumptions in simplifying the Navier–Stokes equation.

Solution 2

Worked Solution

(a)

r

Rdisc

R1

t1

t

r

dr

dt
decreases with time; hence, there is a decreasing gradient as t increases.

The amount of polymer melt required to move a small radial distance dr can be
represented by differential volume dV ¼ (2πr)(dr)(h) which increases as
r increases. As such, the rate at which r increases will reduce with t, given a
constant pressure differential ΔP ¼ Pfeed � Patm. The ΔP acts to overcome the
shear force (¼shear stress � area) opposing the movement of the polymer melt.
The area over which the shear force acts is Ac ¼ π(r2 � R1

2). As this area
increases as r increases, shear force increases. Since pressure difference ΔP is
constant, volumetric flow rate _Q will decrease (and hence dr

dt will decrease) as
r increases (or as t increases).

(b) First, we identify the dominant velocity direction in this problem which is radial
vr. Cylindrical coordinates are suitable to analyze this problem. We can refer to
the data booklet for mass continuity equations, which we can assume the
following for this problem:

• vθ ¼ vz ¼ 0
• Incompressible fluid (ρ is constant)
• Steady state ( ∂∂t ¼ 0)

So we have the following mass continuity equation:

1
r

∂
∂r

rvrð Þ ¼ 0
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rvr 6¼ f rð Þ

We can now refer to the Navier–Stokes (NS) equations, which are differential
forms of the energy balance. The macroscopic version of this would be the
Bernoulli equation. We have the following assumptions:

• vθ ¼ vz ¼ 0
• Constant viscosity for a Newtonian fluid

Recap that Newtonian fluids are fluids that exhibit a straight line (passing
through origin) correlation between shear stress and shear rate. Viscosity is the
ratio of shear stress to shear rate. Newtonian properties may be assumed for
gases and liquids with low molecular weight.

• Assume inertial terms are insignificant as compared to the viscous and pres-
sure terms. This is valid due to the small gap h� R. Inertial terms are the terms
on the left-hand side of the Navier–Stokes equations, for example, the inertial

terms for the r component: ρ vr
∂vr
∂r þ vz

∂vr
∂z

� �
• Axisymmetry which means ∂

∂θ ¼ 0
• Assume that the main pressure gradient exists in the radial direction; hence

only ∂P
∂r 6¼ 0: ∂P∂z ¼ 0 and ∂P

∂θ ¼ 0 due to the small gap and axisymmetry,
respectively.

So we have the following simplified NS equation:
r component:

0 ¼ � ∂P
∂r

þ η
∂2vr
∂z2

∂P
∂r

¼ η
∂2vr
∂z2

¼ g rð Þ

∂2vr
∂z2

¼ g rð Þ
η

∂vr
∂z

¼ g rð Þ
η

zþ C1

vr ¼ g rð Þ
2η

z2 þ C1zþ C2

To solve for the integration constants, we need to establish boundary condi-
tions. When z ¼ 0 and z ¼ h, vr ¼ 0. This is called the no-slip condition which
means that the fluid sticks to the solid surface and follows the velocity of the
surface. If the surface is stationary, then the fluid velocity at this interface is also
zero.
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C2 ¼ 0

0 ¼ g rð Þ
2η

h2 þ C1h

C1 ¼ � g rð Þ
2η

h

vr ¼ g rð Þ
2η

z2 � g rð Þ
2η

hz ¼ g rð Þ
2η

z z� hð Þ

We recall the result from mass continuity and can define another function
g0 ¼ rg(r)

rvr 6¼ f rð Þ

rvr ¼ g rð Þ
2η

z z� hð Þr ¼ g0

2η
z z� hð Þ

We observe that g0 6¼ f(r)¼ K, so K
r ¼ g:Also we may assume that the pressure

P ¼ Pfeed at both Rfeed and R1 as the distance apart is minimal.

∂P
∂r

¼ K

rðPatm

Pfeed

dP ¼ K ln
r

R1

� 	

Patm � Pfeed ¼ K ln
r

R1

� 	

K ¼ Patm � Pfeedð Þ
ln r

R1

� �

Note that K is a negative value. So we can express the velocity profile as
follows

vr ¼ K

2ηr
z z� hð Þ ¼ Patm � Pfeedð Þ

2ηr ln r
R1

� � z z� hð Þ

(c) We can deduce the expression vrdt¼ dr. So we let α ¼ Patm�Pfeedð Þ
2η to simplify this

expression to
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dr ¼ α

r ln r
R1

� � z z� hð Þdt

We will need boundary conditions to integrate. We know that when t ¼ t1,
r ¼ R1

r ln
r

R1

� 	
dr ¼ αz z� hð Þdt

We assume that when we completely fill the mould, the midpoint of the
polymer front (z ¼ h/2) just reaches r ¼ Rdisc

ðRfeed

R1

r ln
r

R1

� 	
dr ¼

ð t
t1

�α h2=4
� �

dt

Solve the integration for t and the time needed to fill the mould can be found
to be (t � t1).

(d) In simplifying the NS equations, we assumed that inertial terms are insignificant
when compared to the viscous terms. The main inertial term is ρvr

∂vr
∂r while the

main viscous term is η ∂2vr
∂z2 . Let vr~U, r~R, z~h

ρvr
∂vr
∂r

� ρU
U

R

η
∂2vr
∂z2

� η
U

h2

Inertial
Viscous

¼ ρUU
R

ηU
h2

¼ ρUh

η

h

R

� 	

Since we know that h
R � 1, hence the assumption is valid.

Problem 3

Coating of a solid sheet takes place by sliding it in a coating liquid at a steady
velocity U, through a slot in a die. The die is fabricated such that the liquid gap
(between solid sheet and die surface) is of thickness H on both sides of the sheet.
Further downstream from the die, the coating becomes a thickness of H1. The
pressure in the upstream liquid isPatm. The die length is L, and the system width
isW. The liquid is Newtonian and Re is such that the flow of the coating liquid is
laminar.

(a) Find vx(y) for the liquid in the upper gap. State any assumptions to facilitate
the analysis.
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(b) Determine the force required to pull the sheet through the die. You may
assume that the shear force on the sheet in the upstream liquid where x < 0 is
negligible.

(c) Express H1 in terms of H.

Solution 3

Worked Solution

(a) Let us first illustrate the problem to better visualize it.

These are some of the assumptions we can make in this problem:

• We may assume fully developed flow. Fully developed flow means that we
may ignore entrance or exit effects, this is valid as the flow development
regions at these terminal portions are negligible as compared to the total
distance of flow, this is usually reasonable if H � L. The implication of this

is that flow field at all x positions are the same, ∂vx∂x ¼ ∂vy
∂x ¼ ∂vz

∂x ¼ 0.
• The dominant velocity direction is the x direction; hence vy ¼ vz ¼ 0. On a
related note, we assume a 2D flow where z direction may be ignored.

• The flow is not turbulent as we are told that it is laminar.
• The flow is at steady state ( ∂∂t ¼ 0) since velocity is at a constant U.
• The liquid is incompressible ρ is constant.
• Constant viscosity for a Newtonian fluid.
• Gravitational and surface tension effects are ignored.

So we have the following simplified NS equation.
x component:

0 ¼ � ∂P
∂x

þ η
∂2vx
∂y2

We know the boundary conditions for pressure,P x ¼ 0&x ¼ Lð Þ ¼ Patm, we
may then also deduce that ∂P

∂x ¼ 0 since there is no pressure change with the
change in x from 0 to L.
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0 ¼ ∂2vx
∂y2

vx ¼ ayþ b

We can apply boundary conditions for velocity which would be the no-slip
condition at the surface of the die and solid sheet, y¼ 0, vx¼U and y¼H, vx¼ 0.

b ¼ U

0 ¼ aH þ U ! a ¼ �U

H

vx ¼ � U

H

� 	
yþ U ¼ U 1� y

H

h i

(b) The force required to pull the sheet can be denoted by Fx and it needs to
overcome the shear stress caused by friction against the solid surfaces that the
liquid polymer interfaces with on both sides. The force balance equation is as
follows.

Fx ¼ �τyx
� �

Asð Þ ¼ �τyx
� �

2LWð Þ

At this point, recall the convention for tensor notation which we have used for
the shear stress term. τyx refers to shear force direction in the x direction, in the y-
plane. The y-plane is the plane where the normal to the plane is the y-dir axis.
The shear stress acts in the negative x direction, hence τyx is a negative value, and
we accounted for this by adding a negative sign at the right-hand side of the
equation so that Fx is a positive value when it acts in the positive x direction
which it rightfully does. By definition, �τyx ¼ �η dvx

dy ¼ ηUH.

Fx ¼ η
U

H

� 	
2LWð Þ ¼ 2ηULW

H

(c) To find H1, we need to start with a differential equation that involves the
y direction, i.e., dy. We then think about whether we are able to identify points
along the flow that help us link to H1 and are able to correlate to each other with
commonalities. We note that we have yet to apply the mass continuity equation
which proves useful here, as mass is conserved both at a point within the die slot
(where y ¼ H ) and at a further downstream portion out of the slot (where
y ¼ H1).
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_Q slot ¼ _Q downstream

ð H
0
vxdy ¼

ðH1

0
vxdy

There is an easy way to figure out the right-hand side of the equation, because
we can assume that there is negligible shear stress between the liquid and gas
interface, hence the entire liquid film is moving at U across all values of y at the
downstream portion.

ðH1

0
vxdy ¼ UH1

There is a neat way to evaluate the integral on the left-hand side, by letting
Y¼ y/H. When Y¼ 0, y¼ 0 and when Y¼ 1, y¼ H and dy¼ HdY. This method
allows us to circumvent having second-order terms after integration, because we
have converted the integration limit to value 1 which is indifferent to being
raised to second order (i.e., 12¼1)

vx ¼ U 1� y

H

h i
¼ U 1� Y½ �

ð H
0
vxdy ¼

ð1
0
UH 1� Y½ �dY ¼ UH Y � Y2

2

� �1
0

¼ UH

2

Finally we can equate both sides of the equation and find an expression for
H1.

UH1 ¼ UH

2

H1 ¼ H

2

Problem 4

We have a vertical cylinder (with two open ends on each side) of radius R and
length L that is filled with a Bingham fluid. Initially the cylinder rests on a solid
and impermeable horizontal plane that blocks any flow, and the top end is
exposed to the atmosphere. When the bottom plane is removed, the bottom end
of the cylinder is exposed and contents of the cylinder may begin to empty.

(a) If no flow occurs when the bottom plane is removed, find τrz. State any
assumptions.
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(b) What is the minimum cylinder radius Rmin needed for flow to occur when
the bottom plane is removed?

(c) For fully developed downward flow, the following equation holds when τrz is
greater or equal to the yield stress, τ�. Determine vz for R ¼ 2Rmin. Sketch
and explain the velocity profile for a fluid of column height L. You may
assume that η� is a constant.

τrz ¼ τ� þ η�
dvz
dr

Solution 4

Worked Solution

(a) Recall that a Bingham fluid is a special type of fluid that is able to endure a
certain amount of shear stress without flowing. If the shear stress stays below a
threshold value which is commonly known as yield stress (τ�), this material
would behave like a solid. When τ� is exceeded, the material starts to deform
continuously like a liquid.

Let us illustrate the problem to better visualize it.

Bo�om plane

gL

2R

r

z

When no flow occurs when the bottom plane is removed, it means that forces
balance. The pressures at the exposed top and bottom ends of the cylinder are
ambient at Patm. We may analyze this case with the following assumptions:

• Surface tension is negligible, only viscous and gravitational forces are domi-
nant in the force balance.

• There is stress symmetry, which means τzr ¼ τrz. The subscript notation is
defined in such a way that the first subscript denotes the direction of the stress,
while the second subscript denotes the plane.

The force balance equation for a static fluid at a certain value of r for a fluid column
L is as shown:

Upward shear stress ¼ Downward weight

τzr rð Þ ∙ 2πrL ¼ ρ πr2L
� �

g

τzr rð Þ ¼ τrz rð Þ ¼ ρgr

2
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(b) The minimum radius for flow to occur is when τrz(r) first reaches the yield stress
τ�. This means that

τrz r ¼ Rminð Þ ¼ τwall ¼ τ�

τ� ¼ ρgRmin

2

Rmin ¼ 2τ�

ρg

(c) When r � Rmin ¼ R
2, the Bingham fluid begins to deform like a liquid. Force

balance still holds in this case, in terms of the balance of shear stress and
gravitational force.

τrz ¼ τ� þ η�
dvz
dr

¼ ρgr

2

dvz
dr

¼ ρgr

2η�
� τ�

η�

vz ¼ ρgr2

4η�
� τ�

η�
r þ c1

When r ¼ R, we hit the wall of the cylinder and assuming no-slip condition,
we have vz ¼ 0.

0 ¼ ρgR2

4η�
� τ�

η�
Rþ c1

c1 ¼ τ�

η�
R� ρgR2

4η�

Hence the velocity profile is as follows in the liquid region where R
2 	 r 	 R.

vz ¼ ρgr2

4η�
� τ�

η�
r þ τ�

η�
R� ρgR2

4η�
¼ � ρgR2

4η�
1� r

R

� �2� �
þ τ�R

η�
1� r

R

h i

For the velocity profile to be complete, we will need to figure out the profile
for the solid region. This occurs when 0 	 r 	 R

2. At the point r ¼ R
2, the

velocities between both regions must be continuous. Hence the velocity at this
point will also satisfy the equation for the liquid region.

vz r ¼ R

2

� 	
¼ � ρgR2

4η�
1� 1

2

� 	2
" #

þ τ�R
η�

1� 1
2

� �
¼ � 3ρgR2

16η�
þ τ�R

2η�
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Even though vz r ¼ R
2

� �
is mathematically the velocity at the point when the

liquid transitions from liquid to solid region, we know that it makes sense that
this value remains constant throughout the entire solid region as we move to the
center of the cylinder at r¼ 0. This is because throughout the solid region, forces
balance and the fluid will not experience any acceleration (i.e., change in
velocity) due to an absence of any net force. Hence, velocity has to stay constant.
Therefore we can deduce that for the solid region where 0 	 r 	 R

2.

vsolid ¼ � 3ρgR2

16η�
þ τ�R

2η�

A sketch of this velocity profile is as shown below. The direction convention
for vz is such that vz 	 0 for downward flow in the negative z direction.

r=0r=R r=Rr=R/2 r=R/2

|������|

��

Problem 5

Consider steady flow of a Newtonian liquid past a spherical vapor bubble of
radius R. It may be assumed that this flow occurs at low Re, and for a frame of
reference whereby the bubble is stationary, the liquid far away from the bubble
has a constant velocity U in the z direction. The flow is axisymmetric and there
is no flow about the axis of symmetry.

(a) Given that the θ component of the velocity in the liquid around the bubble is
as shown, determine the radial velocity.

vθ¼2U sin θ 12
R
2r

� 	

(b) Also given that the dynamic pressure in the surrounding liquid is as follows
where η is the liquid viscosity, find the form drag on the bubble.

P ¼ �ηUR
r2

cos θ

(c) Given that the velocity profile is as found in a, find the viscous component of
the drag force exerted by the liquid on the bubble. How does this drag force
compare with that on a solid sphere?
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(d) Derive the terminal velocity of a rising bubble. If we have an air bubble in
water at atmospheric conditions, how small must the bubble be such that
Re < 1?

Solution 5

Worked Solution

(a) First, we establish a suitable coordinate system to solve this problem. Due to the
spherical nature of the bubble, we will use spherical coordinates in terms of r, θ,
and Ø. Steady flow with constant velocityU in the surrounding fluid is illustrated
below:

First we may consider the mass continuity equation, where the following
assumptions are useful in simplifying the continuity and NS equations:

• The liquid is incompressible ρ is constant.
• The flow around the bubble is at steady state ( ∂∂t ¼ 0).

• We are told that the flow is axisymmetric, this means that ∂
∂Ø ¼ 0.

• We also note from the problem statement that vØ ¼ 0.
• For low Re, creeping flow may be assumed, which means inertial terms may be
ignored.

• Constant viscosity for a Newtonian fluid.

The continuity equation is simplified to the following:

0 ¼ 1
r2

∂
∂r

r2vr
� �þ 1

r sin θ
∂
∂θ

vθ sin θð Þ

∂
∂r

r2vr
� � ¼ � r2

r sin θ
∂
∂θ

vθ sin θð Þ

We are given the following expression, which allows us to simplify the right-
hand side of the above equation

vθ ¼ �U sin θ 1� R

2r

� 	

∂
∂θ

vθ sin θð Þ ¼ ∂
∂θ

�U sin 2θ 1� R

2r

� 	� �
¼ �2U sin θ cos θ 1� R

2r

� 	

Substitute back into the continuity equation,

Fluid Mechanics 593



∂
∂r

r2vr
� � ¼ r2

r sin θ
2U sin θ cos θ 1� R

2r

� 	� �
¼ 2U cos θ r � R

2

� 	

r2vr ¼ 2U cos θ
r2

2
� Rr

2

� 	
þ f θð Þ ¼ U cos θ r2 � Rr

� �þ f θð Þ

In order to solve for the integration constant f(θ), we need boundary condi-
tions. We know that when r ¼ R, vr ¼ 0 as there is no flow that is normal to the
bubble surface.

R2 0ð Þ ¼ U cos θ R2 � R2
� �þ f θð Þ

f θð Þ ¼ 0

Hence the radial velocity profile is as follows:

vr ¼ U cos θ 1� R

r

� 	

(b) We need to calculate form drag, so let us recall some relevant concepts at this
point.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

There are two common types of drag force, one is form drag, and the other is skin
drag (or friction drag). Form drag acts on the surface and arises from a pressure
difference caused by the flow. Form drag is the dynamic pressure force in the
direction of approach flow (U in this case) and acting normal to the surface. Skin
drag on the other hand, arises from shear stress acting at the surface and it acts in the
direction along the interface line at the surface.

In this problem, we are introduced to the term dynamic pressure P. This is different
from total pressure, whereby total pressure is a sum of dynamic pressure and static
pressure. A useful result is in terms of pressure gradients whereby∇P ¼ ∇Pþ ρg.
Typically, static pressure would be the gravitational term. In the Navier–Stokes
equations, we may observe two forms where the difference lies in whether we see a
gravitational term in the likes of ρg. If the gravitational term is apparent, then the
pressure term is referring only to dynamic pressure, and conversely if the gravita-
tional term was absent, then one should be mindful that it is already subsumed under
the differential pressure term ∇P which would refer to the total pressure.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
So back to the problem, we are required to find form drag. We apply the definition of
form drag in the dot product as shown. The approach flow is in the +z direction, so
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we use ez in the outer dot product as this is the direction that the form drag acts. ez is
the unit vector in the z direction, which has unit magnitude. ez is commonly also
denoted as δz.

The n vector refers to the normal pointing into surrounding fluid so a negative
sign is added to correct this to find the direction on the bubble which leads to the
force on the bubble which the question asks for. The inner dot product helps to
extract all components of the pressure term that act normal to the bubble surface,
after that this set of relevant pressure components go through the second dot product
which serves to further extract the components only in the +z direction which is the
direction of approach flow.

FD, form ¼ ez ∙ �
ð
nPdS

� �
¼ �

ð
ez ∙nð ÞPdS

For a sphere,

n¼ er ¼ sin θ cosØex þ sin θ sinØey þ cos θez

ez ∙n ¼ cos θ

dS ¼ R2 sin θdθdØ

We can now evaluate the integral at the bubble surface

FD, form ¼ �
ðØ¼2π

Ø¼0

ðθ¼π

θ¼0
P cos θR2 sin θdθdØ ¼ �2πR2

ðθ¼π

θ¼0
P cos θ sin θdθ

We can determine pressure as follows, and substitute back into the expression
for form drag.

P r ¼ Rð Þ ¼ �ηUR

R2 cos θ ¼ � ηU

R
cos θ

FD, form ¼ 2πR2
ðθ¼π

θ¼0

ηU

R
cos 2θ sin θdθ ¼ 2πηUR

ðθ¼π

θ¼0
cos 2θ sin θdθ

Evaluating the integral separately and substituting the result back into the
expression for form drag.

ðθ¼π

θ¼0
cos 2θ sin θdθ ¼ � cos 3θ

3

� �π
0

¼ 2
3
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FD, form ¼ 2πηUR
2
3

� 	
¼ 4

3
πηUR

(c) We wish to find out now the viscous contribution to drag force, in other words
skin drag or frictional drag.

By definition, skin drag can be obtained using the following dot product.
Similar to the derivation of form drag, as the approach flow is in the +z direction,
we apply ez in the dot product in the outer bracket as this is also the direction in
which we want to find out the skin drag. Inside the integral, the n vector refers to
the normal pointing into surrounding fluid so it is equivalent to er. The dot
product of the stress tensor T with n helps to extract all components of shear
stress that are in the r plane (r plane is defined as the plane with a normal that is in
the er direction, which refers to tangential planes to the surface of the bubble).
With the integration over the surface, we essentially sum all these shear stress
components over the entire surface, after which the second dot product with
ez will extract the components that are in the direction of approach flow.

FD, viscous ¼ ez ∙
ð
n ∙TdS

dS ¼ R2 sin θdθdØ

n¼ er

er ∙T ¼ σrrer þ τrθeθ þ τrØeØ ¼ τrr � pð Þer þ τrθeθ þ τrØeØ

er ∙T¼ τrrer þ τrθeθ

We know that τrØeØ ¼ 0 because it was established earlier that vØ ¼ 0, so
there cannot exist a shear stress component that is in the r plane that is acting in
the Ø direction. We have already considered dynamic pressure effects ( p) in
form drag derivation earlier, so we will ignore its effects here to avoid double
counting and consider τrr instead of σrr. From the data booklet, we can obtain the
expression for τrθ:

τrθ ¼ η r
∂
∂r

vθ
r

� �
þ 1

r

∂vr
∂θ

� �

We know from earlier that

vθ ¼ �U sin θ 1� R

2r

� 	
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vθ
r
¼ �U sin θ

1
r
� R

2r2

� 	

∂
∂r

vθ
r

� �
¼ �U sin θ � 1

r2
þ R

r3

� 	
¼ 0 at r ¼ R

We found from part a that

vr ¼ U cos θ 1� R

r

� 	

∂vr
∂θ

¼ �U sin θ 1� R

r

� 	
¼ 0 at r ¼ R

τrθ r ¼ Rð Þ ¼ 0

So we are left with this expression

er ∙T¼ τrrer

From the data booklet, we can obtain the expression for τrr, whereby
τrr ¼ σrr + p:

τrr ¼ η 2
∂vr
∂r

� 2
3
∇∙ vð Þ

� �

We know further from the continuity equation that ∇ ∙ v ¼ 0; therefore

τrr ¼ η 2
∂vr
∂r

� �

∂vr
∂r

¼ U cos θ
R

r2

� 	
¼ U cos θ

R
at r ¼ R

τrr r ¼ Rð Þ ¼ 2ηU cos θ
R

Finally we can combine our results of shear stress components at r ¼ R,

er ∙T¼ τrrer ¼ 2ηU cos θ
R

er

ez ∙ er ¼ cos θ
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FD, viscous ¼
ðØ¼2π

Ø¼0

ðθ¼π

θ¼0

2ηU cos 2θ
R

R2 sin θdθdØ ¼ 4πηUR
ðθ¼π

θ¼0
cos 2θ sin θdθ

¼ 4πηUR � cos 3θ
3

� �π
0

¼ 8πηUR
3

For a solid sphere at low Re, the total drag force is as follows

FD ¼ FD, viscous þ FD, form ¼ 4πηURþ 2πηUR

We can observe that the viscous drag for an air bubble is less than that for a
solid sphere

FD, viscous,bubble

FD, viscous, solid sphere
¼ 2

3

(d) To find terminal velocity of a rising bubble, it requires a force balance on the
bubble since terminal velocity is constant velocity at zero acceleration and hence
zero net force, which means forces balance.

The volume of a spherical bubble is 4
3 πR

3: The three forces acting on the
bubble are buoyancy, weight and drag force. We assume that the positive
direction is upwards in the +z direction. Note that drag force acts in the direction
opposite to motion (rising bubble); hence it acts downwards.

�4
3
πR3gρbubble þ

4
3
πR3gρL � FD ¼ 0

4
3
πR3g ρL � ρbubbleð Þ ¼ 8πηLUterminalR

3
þ 4
3
πηLUterminalR ¼ 4πηLUterminalR

Uterminal ¼ R2g ρL � ρbubbleð Þ
3ηL


 R2gρL
3ηL

¼ R2g

3νL

It is commonly the case that ρbubble � ρL, and we know that kinematic
viscosity νL ¼ ηL

ρL
. Finally we are asked to find out what is the maximum size

of bubble such that Re < 1. Let us start with the definition of Re,

Rebubble ¼ 2UR
νbubble

ReL ¼ 2UR
νL

We can find out kinematic viscosities from the data booklet as follows.

νbubble ¼ νair ¼ 2� 10�5 m2=s
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νL ¼ νwater ¼ 1� 10�6 m2=s

So Rebubble < ReL. For this case, we need both the internal and external Re to
be small. The limiting Re to ensure Re is small is ReL, i.e., the external flow is
limiting.

The maximum velocity that the bubble can reach is terminal velocity.

ReL ¼ 1 ¼ 2UterminalRmax

νL
¼ 2Rmax

3g

3νL2

Rmax ¼ 3νL2

2g

� 	1=3

¼ 3 10�6
� �2
2 9:81ð Þ

 !1=3

¼ 5:4� 10�5 m

Problem 6

A fluid is contained in the annular region between two concentric cylinders of
radii αR and R. The inner cylinder is rotating at an angular velocity of ω. Find
the velocity profile for the fluid in the annulus, and the force required to keep
the outer cylinder stationary. Fully developed flow may be assumed for the
length of the cylinder.

Solution 6

Worked Solution

Let us illustrate the problem to visualize it better.

Let us consider some assumptions:

• The assumption of a fully developed flow means that we may ignore entrance/end
effects. In this case, we may ignore the end effects even though in reality, there
will be such effects due to the finite length of the cylinders. vθ ¼ vθ(r) only.

• We may assume axisymmetry such that ∂
∂θ ¼ 0.

• The liquid is incompressible ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• Constant viscosity for a Newtonian fluid.
• The dominant velocity of the fluid is driven by the rotating inner cylinder; hence,

we may ignore vr ¼ vz ¼ 0, and focus on vθ.
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• This is a wall-driven flow without significant pressure differences. Hence inertial
terms dominate and pressure terms may be neglected, e.g., ∂P∂θ.

Looking at the θ component of the Navier–Stokes equation in cylindrical coor-
dinates, we have the following simplified expression.

0 ¼ η
∂
∂r

1
r

∂
∂r

rvθð Þ
� 	� �

1
r

∂
∂r

rvθð Þ ¼ c1

rvθ ¼ c1r2

2
þ c2

vθ ¼ c1r

2
þ c2

r

To solve for the integration constants, we need to apply boundary conditions.
When r ¼ αR, v ¼ αRω. When r ¼ R, v ¼ 0.

αRω ¼ c1αR

2
þ c2
αR

0 ¼ c1R

2
þ c2

R
! c2 ¼ � c1R2

2

αRω ¼ c1αR

2
� c1R

2α

c1 ¼ αRω
αR
2 � R

2α

� � ¼ � 2ωα2

1� α2

c2 ¼ � c1R2

2
¼ ωα2R2

1� α2

Combining the above results, we obtain the velocity profile below.

vθ ¼ � ωα2

1� α2
rð Þ þ ωα2R2

1� α2
1
r

� 	
¼ ωα2R

1� α2
R

r
� r

R

� �

Now we know that the force required to keep the outer cylinder stationary can be
expressed in terms of a torque, denoted as G here.

G ¼ F � Perpendicular distance

G ¼ τrθ r ¼ Rð Þj j ∙ 2πRLð Þ � R ¼ 2πR2L τrθ r ¼ Rð Þj j

From the data booklet, we can obtain the expression for τrθ:
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τrθ ¼ η r
∂
∂r

vθ
r

� �� �

vθ
r
¼ ωα2R

1� α2
R

r2
� 1
R

� �

∂
∂r

vθ
r

� �
¼ � 2ωα2R2

1� α2ð Þr3

τrθ ¼ � 2ηωα2R2

1� α2ð Þr2

τrθ r ¼ Rð Þ ¼ � 2ηωα2

1� α2

Finally we can derive an expression for torque, G.

G ¼ 2ηωα2

1� α2

� 	
2πR2L
� � ¼ 4πR2Lηωα2

1� α2

Problem 7

A polymer melt is extruded through a gap in a die onto a sheet that is moving at
speed U. The pressure when the melt leaves the die is P1. The gap size between
the sheet and the die surface is h. There is flow in the positive x direction in the
region of length L1 of the sheet. As for the region of length L2, there is a
tendency of backflow of the polymer melt, and this is balanced by the movement
of the sheet in the opposite direction. We need to find out the backflow length L2,
the final coating thickness h1, and the shearing force that the liquid exerts on
the sheet, F. You may assume that the flow is fully developed and the effects of
surface tension and gravity may be neglected.

Die DieAir Air

Moving sheet U
PolymerP1

P0 P0

h h∞

L2

x

y L1

(a) Using rectangular coordinates, determine vx in the forward flow region in
terms of the parameters P1 and U.

(b) Find vx in the backflow region and find L2.
(c) Determine h1.
(d) Find the force F for a sheet of width W. Is the net force in the +x or –x

direction? Outside the die, where the liquid is exposed to ambient condi-
tions, is this force negligible and why?
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Solution 7

Worked Solution

(a) We can refer to the data booklet for the Navier–Stokes equation in rectangular
Cartesian coordinates. Let us examine possible simplifying assumptions:

• Constant viscosity for a Newtonian fluid.
• Fully developed flow where entrance/end effects are ignored. vx ¼ vx(y) only.
• The liquid is incompressible ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant velocity of the fluid is driven by the moving sheet; hence we
may assume vy ¼ vz ¼ 0, and focus on vx.

x-component NS equation can be simplified as follows

0 ¼ � ∂P
∂x

þ η
∂2vx
∂y2

� 	

∂2vx
∂y2

¼ 1
η

∂P
∂x

vx ¼ 1
2η

∂P
∂x

y2 þ c1yþ c2

To solve for integration constants, we need to establish boundary conditions.
We know that at y ¼ 0, vx ¼ U and at y ¼ h, vx ¼ 0.

c2 ¼ U

0 ¼ 1
2η

∂P
∂x

h2 þ c1hþ U

c1 ¼
� 1

2η
∂P
∂x h

2 � U

h

vx ¼ 1
2η

∂P
∂x

y2 þ
� 1

2η
∂P
∂x h

2 � U

h

" #
yþ U

∂P
∂x

¼ P0 � P1

L1

We now substitute ∂P
∂x using the expression in terms of L1

vx ¼ 1
2η

P0 � P1

L1

� 	
y2 þ

� 1
2η

P0�P1
L1

� �
h2 � U

h

2
4

3
5yþ U
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vx ¼ h2
P0 � P1

2ηL1

� 	
y

h

� �2
� y

h

� �� �
� Uy

h
þ U

vx ¼ U 1� y

h

� �h i
þ h2

P1 � P0

2ηL1

� 	
y

h

� �
� y

h

� �2� �

Note that in this case P ¼ P, i.e., total pressure is the same as dynamic
pressure because static pressure (i.e., gravitational effects) is negligible in a
horizontal flow.

(b) To find vx in the backflow region, let us revisit the general expression for vx in
terms of ∂P

∂x and the variable y.

vx ¼ U 1� y

h

� �h i
� h2

2η
∂P
∂x

� 	
y

h

� �
� y

h

� �2� �

Let ε ¼ y/h to simplify the expression, then ε ¼ 0 when y ¼ 0, ε ¼ 1 when
y ¼ h, and hdε ¼ dy

vx ¼ U 1� ε½ � � h2

2η
∂P
∂x

� 	
ε� ε2

 �

We can express the mean velocity hvxi in the backflow region and this is zero,
since we are told that forces balance in this region.

vxh i ¼ 1
h

ð h
0
vxdy ¼ 1

h

ð1
0

U 1� ε½ � � h2

2η
∂P
∂x

� 	
ε� ε2

 �� 	

hdε ¼ 0

0 ¼
ð1
0

U 1� ε½ � � h2

2η
∂P
∂x

� 	
ε� ε2

 �� 	

dε ¼ U ε� ε2

2

� �1
0

� h2

2η
∂P
∂x

� 	
ε2

2
� ε3

3

� �1
0

0 ¼ U

2
� h2

12η
∂P
∂x

� 	

∂P
∂x

¼ 6ηU

h2

Recall that we have earlier expressed pressure gradient as shown below,
inherently we have set x ¼ 0 at the die slot where the polymer first enters and
hits the sheet below. This is how we obtain L1 when integrated over distance of
the pressure difference, P0 � P1
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∂P
∂x

¼ P0 � P1

L1

We can re-express the pressure gradient in terms of L2, we need to correct for
the direction in the reverse x direction by adding a negative sign.

∂P
∂x

¼ P0 � P1

�L2
¼ P1 � P0

L2

Now we combine both expressions for pressure gradient,

∂P
∂x

¼ 6ηU

h2
¼ P1 � P0

L2

L2 ¼ h2 P1 � P0ð Þ
6ηU

vx ¼ U 1� y

h

� �h i
� h2

2η
P1 � P0

h2 P1�P0ð Þ
6ηU

0
@

1
A y

h

� �
� y

h

� �2� �

vx ¼ U 1� y

h

� �h i
� 3U

y

h

� �
� y

h

� �2� �
¼ U 1� 4

y

h

� �
þ 3

y

h

� �2� �

(c) To find h1, we can apply mass continuity

_Q in die ¼ _Q outside dieð h
0
vxdy ¼

ðh1
0

vxdy

There is an easy way to figure out the right-hand side of the equation, because
we can assume that there is negligible shear stress between the liquid and gas
interface, hence the entire liquid film is moving at U across all values of y at the
downstream portion.

ðh1
0

vxdy ¼ Uh1

The left-hand side of the equation,
Ð h
0 vxdy was evaluated earlier,

ð h
0
vxdy ¼ h

U

2
� h2

12η
∂P
∂x

� 	� �

So substituting both results in the continuity equation,
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h
U

2
� h2

12η
∂P
∂x

� 	� �
¼ Uh1

h1
h

¼ 1
2
� h2

12ηU
P0 � P1

L1

� 	
¼ 1

2
þ h2 P1 � P0ð Þ

12ηUL1

(d) To find the force required to be exerted on the sheet, we need to know the shear
force that this applied force has to overcome. We have set x ¼ 0 at the die slot
where the polymer vertically enters the sheet, where P ¼ P1. The total shear
force is the sum of the relevant shear component over the surface area that is in
contact between polymer and sheet.

F ¼ W

ðL1
�L2

τyxdx

F ¼ WL2τyx
��
backflow

y ¼ 0ð Þ þWL1τyx
��
forward

y ¼ 0ð Þ

By definition, we know that τyx ¼ η dvx
dy and so for the backflow region,

τyx
��
backflow

y ¼ 0ð Þ ¼ η
d

dy
U 1� 4

y

h

� �
þ 3

y

h

� �2� �� 	� �
y¼0

¼ � 4ηU
h

In the forward flow region,

τyx
��
forward

y ¼ 0ð Þ ¼ vx ¼ η
d

dy
U 1� y

h

� �h i
þ h2

P1 � P0

2ηL1

� 	
y

h

� �
� y

h

� �2� �� 	� �
y¼0

τyx
��
forward

y ¼ 0ð Þ ¼ �ηU

h
þ h

P1 � P0

2L1

� 	

Total shear force in the x direction,

F

W
¼ � 4ηUL2

h
� ηUL1

h
þ h

P1 � P0

2

� 	
¼ h

P1 � P0

2

� 	
� ηU

h
L1 þ 4L2ð Þ

We know from our earlier result in part b that

L2 ¼ h2 P1 � P0ð Þ
6ηU

Hence the total shear force is as shown below, and it is a negative value hence
it acts in the negative x direction. The force needed to be applied to the sheet has
to be in the positive x direction to counteract this shear force.
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Total shear force per unit width ¼ F

W
¼ � ηUL1

h
þ h

P1 � P0

6

� 	� �

We may assume that τyx 
 0 outside the die as it is exposed to air, and hence
the shear force is negligible.

Problem 8

We have a distribution system that can help to deliver a viscous fluid with a
uniform exit velocity as the fluid leaves a thin gap between two large parallel
planes. The fluid enters and flows in the pipe in the +z direction, the flow leaves
the pipe through the gap and this is in the +x direction. Both the pipe and
parallel planes lie on the y-plane (i.e., no gravitational effects). The other end of
the circular pipe is closed.

(a) Show that if Qin is the volumetric flow rate of the fluid entering the circular
tube, then the volumetric flow rate across any z plane is as follows

Q zð Þ¼Qin 12
z
α

� �

(b) You may assume Poiseuille’s law for flow through the circular tube. Derive
the following differential equation.

Qin 12
z
α

� �
¼ πR4

8η
2

dP
dz

� 	

(c) Show further the following expression where ε¼ z
α

P2Patm ¼ 4ηα

πR4 Qin 12 εð Þ2

(d) Derive the expression for the exit velocity V if you are given that the average
velocity for pressure driven flow in the x direction through a slit of width H
is given by the following where L is the length of the slit.

vxh i¼ H2

12η
2ΔP=Lð Þ

(e) Find an equation for the function x(ε)which will be required to maintain the
uniform exit velocity V.
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Solution 8

Worked Solution

(a) We can illustrate this system to visualize the problem in appropriate coordinates.

	�

x

z

�

2�


(�)
Thin gap of

width W

Pressure
outside=Patm

Exit velocity V

Let’s state our assumptions to be clear about the problem.

• Constant viscosity for a Newtonian fluid.
• Fully developed Poiseuille flow in the circular tube, where entrance/end effects
are ignored. vz ¼ vz(x) only. We may recall properties of Poiseuille flow. It
describes a laminar flow (Re < 2000), and pressure terms and viscous terms are
significant.

• The dominant flow direction is vz. vr ¼ vθ ¼ 0 if we consider cylindrical
coordinates for the pipe.

• The liquid is incompressible ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).

• The flow is axisymmetric ( ∂∂θ ¼ 0), where θ is the angle around the circumfer-
ential direction of the circular cross section of the pipe.

Before we try to find out the volumetric flow rate at any z plane, let us consider a
differential control volume of the circular pipe, by taking a small section at an
arbitrary z value. This differential volume will have a differential length dz. We
will define positive as volume into the element.

dQ ¼ �VWdzðQ
Qin

dQ ¼
ð z
0
�VWdz
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Q zð Þ � Qin ¼ �VWz

Let us establish some boundary conditions. At z ¼ α, Q ¼ 0 since all the fluid
has left the tube through the gap.

Qin ¼ VWα ! α ¼ Qin

VW

Q zð Þ ¼ Qin � VWz ¼ Qin 1� z

α

� �

(b) Now we need to derive the following differential equation:

Qin 1� z
α

� � ¼ πR4

8η � dP
dz

� �
. Let’s start with analyzing Poiseuille flow. We will

consider the relevant Navier–Stokes equation in cylindrical coordinates to ana-
lyze flow through a circular pipe.

r component:

0 ¼ �dP

dr

θ component:

0 ¼ �1
r

dP

dθ

z component:

0 ¼ � dP

dz
þ η

1
r

d

dr
r
dvz
dr

� 	

From the r and θ components, we can deduce that P ¼ P(z). We can express
dP/dz for a finite length of pipe of length α, dPdz ¼ ΔP

α ¼ P z ¼ αð Þ � P z ¼ 0ð Þ½ �=α.
Note that dPdz is a negative value, pressure reduces along the direction of flow as it
is used to overcome viscous forces along the way.

dP

dz
¼ η

1
r

d

dr
r
dvz
dr

� 	
¼ ΔP

α

d

dr
r
dvz
dr

� 	
¼ rΔP

ηα

r
dvz
dr

¼ r2ΔP

2ηα
þ c1
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dvz
dr

¼ rΔP

2ηα
þ c1

r

vz ¼ r2ΔP

4ηα
þ c1 ln r þ c2

As r goes to zero at the center of the pipe, lnr becomes undefined which is not
possible. Hence we may deduce that c1 ¼ 0.

vz ¼ r2ΔP

4ηα
þ c2

At r ¼ R, vz ¼ 0 due to the no-slip condition at the pipe wall

c2 ¼ �R2ΔP

4ηα

vz ¼ r2ΔP

4ηα
� R2ΔP

4ηα
¼ R2

4η
�ΔP

α

� 	
1� r

R

� �2� �

Volumetric flow rate in a circular pipe can be derived as follows

Q ¼
ð
R2

4η
�ΔP

α

� 	
1� r

R

� �2� �
dA ¼

ð R
0

R2

4η
�ΔP

α

� 	
1� r

R

� �2� �
2πrdr

Q ¼ πR2

2η
�ΔP

α

� 	
r2

2
� r4

4R2

� �R
0

Q ¼ πR4

8η
�ΔP

α

� 	

Hence we have shown the equation where dP
dz ¼ ΔP

α

Q ¼ Qin 1� z

α

� �
¼ πR4

8η
� dP

dz

� 	

(c) We notice that the left-hand side of the equation that we need to prove has a
pressure difference. This is a hint to integrate our differential equation in
pressure. When P ¼ Patm, z ¼ α. And we are told that ε ¼ z/α.
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dP ¼ � 8η

πR4 Qin 1� z

α

� �
dz

Patm � P ¼ � 8η

πR4 Qin z� z2

2α

� �α
z

¼ � 8η

πR4 Qin
α

2
� zþ z2

2α

� �

P� Patm ¼ 4ηα

πR4 Qin 1� 2z
α
þ z2

α2

� �

P� Patm ¼ 4ηα

πR4 Qin 1� εð Þ2

(d) Now we wish to derive the exit velocity V. We are given the expression below

vxh i ¼ H2

12η
�ΔP=Lð Þ

In our system, the following are analogous:

• H can be replaced by W.

• � ΔP
L can be replaced by � Patm�Pð Þ

x zð Þ or P�Patm
x zð Þ :

• hvxi can be replaced by V.

V ¼ W2

12η
P� Patm

x zð Þ
� 	

(e) Note that since ε is a function of z, x(z) and x(ε) are interchangeable. We know
from part c that pressure difference can be expressed in terms of ε. We can
substitute this result into the expression for V as found in part d.

P� Patm ¼ 4ηα

πR4 Qin 1� εð Þ2

V ¼ W2

12η
P� Patm

x zð Þ
� 	

¼ W2

12η

4ηα
πR4 Qin 1� εð Þ2

x zð Þ

 !
¼ αW2

3πR4 Qin
1� εð Þ2
x εð Þ

We can make x(ε) the subject of the equation by rearranging, and then
re-expressing V in terms of known parameters.

x εð Þ ¼ αW2 1� εð Þ2
3πR4V

Qin

We know that since the terminal end of the circular pipe is closed, the length
of pipe is such that it just empties all of the inlet volume into the pipe at z ¼ 0.
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Therefore mass balance tells us that the exit velocity through the gap,
VαW ¼ Qin.

x εð Þ ¼ αW2 1� εð Þ2
3πR4V

Qin ¼
αW2 1� εð Þ2
3πR4 Qin=αWð ÞQin ¼

α2W3 1� εð Þ2
3πR4

x zð Þ ¼ α2W3

3πR4 1� z

α

� �2

Problem 9

We have a circular tube of radius R and length L which contains liquid in a
steady pressure-driven flow. The tube material is porous, allowing fluid to
permeate through at the wall at a velocity Vw that remains constant throughout
the length of the tube. The driving force for this flow to occur is a pressure
difference maintained between the inside and outside of the tube. As more fluid
exits the tube as it flows along the tube, its axial velocity drops as we travel
downstream along the tube. Assume that Vw and mean inlet velocity Uin are
known values.

(a) Find out the mean (averaged over the circular cross-sectional area) axial
velocity hvzi as a function of z. What is the maximum tube length for our
assumptions in this analysis to remain valid.

(b) If Vw/Uin � 1 and assuming Rew ¼ VwR/ν � 1, comment on assumptions
that can be made. Then find the axial velocity profile vz.

(c) Determine the radial velocity profile vr.

Solution 9

Worked Solution

(a) Let us illustrate this problem to visualize it better.

r

z L

In order to find out the mean axial velocity profile hvzi as a function of z, we
can first examine a differential element of differential width dz,
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Now we construct a mass balance equation for this system at steady state

0 ¼ ρπR2
� �

vz zð Þ � vz zþ dzð Þ½ � � 2ρπRdzð ÞVw

�2Vw

R
¼ vz zþ dzð Þ � vz zð Þ

dz
¼ dvz

dz

To integrate this differential equation, we need to establish boundary condi-
tions. When z ¼ 0, hvzi ¼ Uin. When z ¼ L, hvzi ¼ 0.

vzh i ¼ �2Vw

R
zþ c1

c1 ¼ Uin

Therefore we have found the mean axial velocity as a function of z

vzh i ¼ �2Vw

R
zþ Uin

For the maximum tube length Lmax, it is when the fluid just empties fully at
this end of the tube of this length

0 ¼ �2Vw

R
Lmax þ Uin

Lmax ¼ RUin

2Vw

(b) Now we are asked to find axial velocity profile again, i.e., an expression for vz
similar as in part a; however, this time, we are given conditions to be satisfied.

• Vw/Uin � 1
• Rew ¼ VwR/ν � 1

These conditions make it possible for the Lubrication Approximation.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Let us recall some key concepts regarding the Lubrication Approximation. It is an
approximation made for converging or diverging flows whereby the angle of
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converge/diverge is small. Small angle approximations may also be used when
solving such problems. This approximation assumes that the planes within which
the flow exists are “nearly parallel”.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

So in this problem, we will look at the Navier–Stokes equations in cylindrical
coordinates and apply the Lubrication Approximation. The assumptions that we
can make are as follows:

• Constant viscosity for a Newtonian fluid.
• Fully developed pressure-driven flow in the circular tube, where entrance/end

effects are ignored. vz 6¼ vz(z).
• This is a laminar flow (Re < 2000). Pressure and viscous effects are significant.
• The dominant flow direction is vz. vr ¼ vθ ¼ 0 if we consider cylindrical

coordinates for the pipe.
• The liquid is incompressible ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).

• The flow is axisymmetric ( ∂∂θ ¼ 0), where θ is the angle around the circumfer-
ential direction of the circular cross section of the pipe.

The z component of the NS equation simplifies to

0 ¼ � dP

dz
þ η

1
r

d

dr
r
dvz
dr

� 	

We can now apply boundary conditions to integrate this equation. When r ¼ R,
vz ¼ 0. Note that this is the case because even though there is exit velocity, we are
only looking at z component velocity here. Also, when r ¼ 0, dvzdr ¼ 0: Note that the
flow pattern is symmetrical about the centerline; hence the maxima/minima velocity
will occur at the centerline where the gradient dvzdr ¼ 0.

r

2η
dP

dz
þ c1 ¼ dvz

dr
! c1 ¼ 0

r2

4η
dP

dz
þ c2 ¼ vz ! c2 ¼ �R2

4η
dP

dz

By substituting the boundary conditions, we can evaluate the integration con-
stants. After which we can find that the velocity profile is

vz ¼ r2

4η
dP

dz
� R2

4η
dP

dz
¼ 1

4η
dP

dz
r2 � R2
� �

This expression requires further work so that we can express the dP
dz in terms of

known values/measurable parameters. To do this, we recall that in part a, we have
found the mean axial velocity which can be used to relate to volumetric flow rate.
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vzh iπR2 ¼
ð R
0
vz 2πrdrð Þ

vzh i ¼ 2

R2

dP

dz

ð R
0

1
4η

r3 � R2r
� �

dr

vzh i ¼ 1

R2

dP

dz

1
2η

�R4

4

� �
¼ �dP

dz

R2

8η

dP

dz
¼ �8η vzh i

R2

Substitute this result back into the velocity profile earlier

vz ¼ 1
4η

dP

dz
r2 � R2

 � ¼ 1

4η
�8η vzh i

R2

� 	
r2 � R2

 �

vz ¼ 2 vzh i 1� r

R

� �2� �
¼ 2

�2Vw

R
zþ Uin

� �
1� r

R

� �2� �

(c) We need to find now the radial velocity profile. We have earlier derived the axial
velocity profile. A useful “trick” to relate velocity profiles of different coordinate
directions is to use the mass continuity equation.

In cylindrical coordinates,

0 ¼ 1
r

∂
∂r

rvrð Þ þ ∂vz
∂z

1
r

∂
∂r

rvrð Þ ¼ 4Vw

R

� 	
1� r

R

� �2� �

∂
∂r

rvrð Þ ¼ 4Vw

R

� 	
r � r3

R2

� �

rvr ¼ 4Vw

R

� 	
r2

2
� r4

4R2

� �
þ c1

We know that at r ¼ 0, vr ¼ 0 due to the symmetry about the centerpoint

vr ¼ 4Vw

R

� 	
r

2
� r3

4R2

� �
þ c1

r
! c1 ¼ 0
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vr ¼ 2Vw
r

R
� 1
2

r

R

� �3� �

Problem 10

Rollers are often used to spread liquid polymer melts uniformly onto a solid
sheet. A motor drives the rotation of the rollers at a linear velocity of V, which
then leads the adhering liquid melt to flow out in the +z direction at velocity V.
We have an illustration below of the roller-film setup whereby the gap size
between the rollers is fixed atH0 as measured from the centerline. The local gap
size between the rollers is h(z) as measured from the centerline. The rollers have
radii R each. The final thickness of the film exiting the rollers isHf. The location
at which the film leaves the rolls is zexit.

x
z

h(z)

Linear
velocity V

V

V
zexit

Centerline

R

(a) Show that near to the region where z ¼ 0, the gap between the rollers is

h zð Þ¼H0 1þ 1
2

z2

RH0

� �

(b) In the region near to z ¼ 0, we can assume the lubrication approximation to
determine the velocity profile. Derive an expression for vz(x) at any z, in
terms of the local gap size h(x) and local pressure gradient β¼ ∂P

∂z .
(c) At zexit where the film separates from the rollers, what is the condition that β

must have? Assuming no net pressure drop during the passage of the film
through the rollers, develop an equation that can be used to solve for zexit
but you need not solve it.

(d) Sketch the velocity profile at a location slightly upstream of z ¼ 0, at z ¼ 0
and far downstream.

(e) Sketch the pressure profile from far upstream to the region where z ¼ zexit.
(f) Find out the force by the fluid on the top roller in the +x direction.
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Solution 10

Worked Solution

(a) We can first zoom into the region near z ¼ 0 to study the relevant geometries

R

h(z)

z1

z
q

H0Centerline

0.5Hfx

p=(R2-z1
2)0.5

We can define new variables z1, p, and q to help the analysis. Using Pythag-
oras theorem, we can express p in terms of R and z1.

q ¼ R� p

q ¼ R� R2 � z1
2

� �0:5
h zð Þ ¼ H0 þ q

h zð Þ ¼ H0 þ R� R2 � z1
2

� �0:5
When we have a term raised to a power index that may be difficult to evaluate,

we can think about using Taylor’s series expansion to simplify. Over here we
assume z1

R is small to neglect higher order terms in the series expansion.

h zð Þ ¼ H0 þ R� R 1� z1
R

� �2� 	0:5

h zð Þ ¼ H0 þ R� R 1� 0:5
z1
R

� �2
þ . . .

� 	

h zð Þ ¼ H0 1þ 1
2

z2

RH0

� 	� 	

We have replaced z1 with z as our expression was derived assuming a specific
z ¼ z1 but remains valid for a more generic z local to the region.

(b) Near to the region where z ¼ 0, the curvature of the rollers become less apparent
relative to the horizontal; hence we can adopt the lubrication approximation for
the flow in this region. We will look at the Navier–Stokes equation, with the
following assumptions in mind:

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
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• The flow in the z direction is fully developed and hence vz 6¼ vz(z).
• The dominant flow is vz; hence vx ¼ vy ¼ 0.

Looking at the z component,

0 ¼ �dP

dz
þ η

d2vz
dx

� 	
¼ �β þ η

d2vz
dx

� 	

We may consider boundary conditions in integrating this equation. When
x ¼ 0, dvzdx ¼ 0 due to symmetry about the centerline. When x ¼ h(z) or h, vz ¼ V.

d2vz
dx

¼ β

η

dvz
dx

¼ β

η
xþ c1 ! c1 ¼ 0

vz ¼ β

2η
x2 þ c2

V ¼ β

2η
h2 þ c2 ! c2 ¼ V � β

2η
h2

vz ¼ β

2η
x2 þ V � β

2η
h2

vz ¼ β

2η
x2 � h2

 �þ V

(c) Where the film separates from the rollers, i.e., where z¼ zexit, the fluid is exposed
to ambient conditions and the shear stress at the air–liquid interface is assumed
negligible, while the interface between the fluid and solid moving sheet adopts
the no-slip boundary condition (i.e., fluid moves at same velocity V ). There is no
shear stress (or viscous forces); hence the counterbalancing shear force in the
Navier–Stokes equation must also be zero. Ignoring gravitational effects (since
pressure is a sum of dynamic pressure and static gravitational pressure), the
pressure gradient β in the z direction has to be zero for a steady-state flow.

Now we have to find zexit which is a specified point z. We recall the mass
continuity equation which is can be used to relate the constant mass (or volume)
flow rates for a steady-state flow at various cross-section locations of the flow.
We attempt to express volumetric flow rate in this case. Let W denote the width
of the sheet in the y direction:

_Q ¼ 2W
ðh zð Þ

0
vzdx
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_Q ¼ 2W
ðh zð Þ

0

β

2η
x2 � h2
� �þ V

� �
dx

_Q ¼ 2W
β

2η
x3

3
� h2x

� 	
þ Vx

� �h zð Þ

0

¼ 2W
β

2η
h3

3
� h3

� 	
þ Vh

� �

_Q ¼ 2WVh 1� β

ηV

h2

3

� 	� �

β ¼ dP

dz
¼ 3ηV

h2
1�

_Q

2WVh

� 	
¼ 3ηV

h2
� 3η _Q

2Wh3

To solve the differential equation in pressure, we establish boundary condi-
tions for z ¼ zexit, P ¼ Patm

P� Patm ¼
ð z
zexit

3ηV

h2
� 3η _Q

2Wh3

� 	
dz

We note that h is a function of z; hence we need to either express h in terms of
z or express dz in terms of dh in order to do the integration. The latter is easier;
hence from the earlier expression obtained, we find dh.

h zð Þ ¼ H0 1þ 1
2

z2

RH0

� 	� 	

dh

dz
¼ z

R

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2R h� H0ð Þ

p
dz ¼ R

z
dh ¼ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2R h� H0ð Þp dh

P� Patm ¼
ð h
H f =2

3ηV

h2
� 3η _Q

2Wh3

� 	
Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2R h� H0ð Þp dh

Let us introduce a new term zin that defines the z value at which the fluid
enters the system. At this point, Pin¼ Patm and the value of h(z¼ zin) is also fixed
based on the structure of the system setup, and we denote it Hin. We assume that
the small gap approximation is valid for the region upstream of z¼ 0 all the way
to zin.

zin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2R Hin � H0ð Þ

p
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Pin � Patm ¼ 0 ¼
ðzin
zexit

3ηV

h2
� 3η _Q

2Wh3

� 	
dz

0 ¼
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2R Hin�H0ð Þ
p

zexit

3ηV

h2
� 3η _Q

2Wh3

� 	
Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2R h� H0ð Þp dh

This differential equation may be solved to obtain zexit.
(d) The velocity profiles at the three locations, (1) locally upstream of z ¼ 0, (2) at

z ¼ 0, and (3) downstream of z ¼ 0, can be illustrated as shown. Here are some
guiding points for the sketch.

• At the centerline, the gradient of the velocity profile should be zero, i.e.,
symmetry about the centerline.

• The magnitude of the velocities should be such that at various values of z,
mass is conserved; hence the area under the curves (in red) for the velocity
sketches should be the same. As we move away from the roller surface, the
velocity will increase as viscous forces reduce away from the roller surface,
until a velocity maxima is reached at the centerline.

• From the result obtained in part a as shown below, we note that the velocity
profile is parabolic in shape with respect to x (second-order x term).

• The z component of fluid velocity vz at the location z upstream of z¼ 0 where
h ¼ h(z) will be smaller than V. This is because V is the linear velocity
tangential to the curved roller surface; hence, the horizontal z component will
be a fraction of V.

h(z)
H0

0.5Hf

Centerline

H0
h(z) z

x 0.5Hf

<V
V

V
x

vz

z=0Upstream Downstream

Centerline

(e) In order to sketch the pressure profile P(z) from upstream to zexit, we can start by
making logical deductions from our knowledge of the flow pattern, to gather key
information about the pressures and/or pressure gradients to help us with this
sketch.

• Pressure far upstream of z where the fluid first enters our roller system is
P ¼ Patm. zin was earlier defined as the z value for this entry point, and at this
point, Pin ¼ Patm. For the small angle assumption to remain valid for the
region upstream of z ¼ 0 all the way to zin, the distance between z ¼ 0 and zin
should be small.
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• Upon exit of the film where z � zexit, P ¼ Patm. Since shear stress at the
air/liquid interface is assumed negligible, pressure gradient dPdz is zero in order
to satisfy the Navier–Stokes equation where pressure terms counterbalance
viscous terms in this problem.

• Since we know that shear stresses balance pressure gradient in our system, we
can deduce that pressure gradient is highest at the point where shear stress is
the highest, i.e., at z ¼ 0 where the gap is the narrowest gap.

• As our system is symmetrical about z ¼ 0, so will the pressure gradient.
Hence we deduce that the pressure gradient profile mirrors itself from z¼ 0 to
z ¼ �zexit, in the same way when we go from z ¼ 0 to z ¼ zexit.

P

z

H0z

x
0.5Hf

Patm

Centerline

0-zexit zexit

Hin

zin

h(z)

(f) Let us illustrate a close-up of our system at an arbitrary point on the curved
surface of the top roller. Note that ez refers to the unit vector (i.e., of unit
magnitude) in the z direction. ez is commonly also denoted as δz. We perform a
change in coordinate system from x-z-y to r-θ-y to help with our analysis.

R

ez

ex

er

eθθ θ

θ

From the above geometry, we can re-express ex and ez in terms of er and eθ.

er ¼ � cos θex þ sin θez

eθ ¼ sin θex þ cos θez

To derive an expression for the force exerted by the fluid on the top roller in
the x direction, we first make the assumption of small angles so that the
lubrication approximation holds.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Background Concepts

The force exerted by the fluid on the roller is used to overcome the shear (or viscous)
force due to friction between the roller surface and the fluid. The directions of stress
tensor components that are relevant are all the stress components acting tangential to
the roller surface (i.e., in er direction). The dot product of the stress tensor T with er
helps us extract all these components of shear stress. These shear stress components
have a first subscript of r as they act in the r plane (normal to plane in the er
direction). The r plane is the plane tangential to the surface. After this dot product,
we perform a second dot product with ex on our earlier result, to extract only the
component of force in the x direction as indicated in our problem statement. Note
that F is the force on the roller by the fluid.

F ¼ ex ∙
ð
er ∙TdS

dS ¼ WRdθ

er ∙T ¼ σrrer þ τrθeθ þ τryey

We know that τry¼ 0 because we have no movement in the y direction. Therefore
the following

er ∙T ¼ σrrer þ τrθeθ

At this point let us recall some relevant concepts. Recall that by definition,
τrr ¼ σrr + p where p refers to the total pressure gradient term (i.e., �dP

dx assuming
x component) in a typical Navier–Stokes equation. The sum of this total pressure
gradient (negative sign), together with the gravitational term (e.g., ρgx) gives the
dynamic pressure gradient. In tensor notation, σ denotes stress components normal
to the face and physically means a tension or compression, while τ is used to denote
stress components parallel to the face and represent shear.

er ∙T ¼ σrrer þ τrθeθ ¼ τrr � pð Þer þ τrθeθ

The above dot product is valid; however it is tricky to solve. So we are going to
convert the cylindrical coordinates into Cartesian coordinates for simplification of
this dot product. Note that by definition ei ∙ ej ¼ eij

ex ∙ er ∙T½ � ¼ ex ∙ � cos θex þ sin θezð Þ½ � ∙T
¼ � cos θTxxþ sin θTxz¼� cos θ σxxð Þþ sin θ τxzð Þ

¼ � cos θ τxx � pð Þþ sin θ τxzð Þ

Note that by definition, and also available in data booklets as one of the stress
constitutive equations, the following expressions for the stress terms are valid for an
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incompressible fluid of constant ρ that obeys the mass continuity equation. The
below expressions also assume vz is the dominant flow direction (vx ¼ 0).

τxx ¼ 2η
∂vx
∂x

¼ 0

τxz ¼ η
∂vx
∂z

þ ∂vz
∂x

� �
¼ η

∂vz
∂x

¼ η
β

η
x

� 	
¼ ∂P

∂z
x

ex ∙ er ∙T½ � ¼ � cos θ 0� pð Þþ sin θ
∂P
∂z

x

� 	
¼ p cos θ þ sin θ

∂P
∂z

x

� 	

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Now let us return to our problem and determine the integral below to find force F

F ¼ ex ∙
ðθexit
θin

er ∙T WRdθð Þ

F ¼ WR

ðθexit
θin

p cos θ þ sin θ
∂P
∂z

x

� 	� �
dθ

We will try to convert the integration limits to parameters that we know, i.e., from
θ to z using some geometric analysis. Also we know that x is a function of z, i.e.,
x ¼ h(z)

F ¼ W

ðzexit
zin

pþ tan θ
∂P
∂z

h zð Þ
� 	� �

dz

We can express tanθ in terms of variable z using tan θ ¼ zffiffiffiffiffiffiffiffiffi
R2�z2

p . The geometry is

shown below, where Pythagora’s theorem is used. Now we have an equation that is
only in terms of variable z that can be solved using the integration limits.
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The integration may be further simplified if we assume small angle θ and that the
lubrication approximation holds. Then tanθ 
 θ which is negligible, and we obtain
the following expression for F.

F ¼ W

ðzexit
zin

pdz

Problem 11

A factory manufactures a chemical at an upstream location x ¼ 0 and this
chemical is distributed to customers at values of x > 0 downstream in the +x
direction. The price of this chemical, β, depends on the time elapsed after
production completion (i.e., t), as well as the location that the chemical is sold
(i.e., x). Because the chemical has a short shelf life, its price decreases with time t.
We are given the following correlation, where α is a positive value in $/hour.

∂p
∂t

¼ 2α

We are also informed that the price increases with distance of the point of
sale from the factory according to the following correlation, where β is a
positive value in $/meter.

∂p
∂x

¼ β

If the chemical producer wants to sell the product at the same price at any
location along the distribution route, find out the speed of distribution that is
necessary. Comment on how the above problem relates to the concept of
convective derivative used in Fluid Mechanics analysis.

Solution 11

Worked Solution

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Recall what convective derivative means. It refers to a derivative taken with respect
to a moving coordinate system, whereby in fluid mechanics applications, we “fol-
low” the fluid particle as it moves. The convective derivative is also termed sub-
stantive derivative or total derivative and denoted as follows, where — is a gradient
operator and v is the velocity of the fluid. This convective derivative is often applied
to velocity (i.e., Dv

Dt ) in fluid mechanics, and is usually at the left-hand side of the
Navier–Stokes equation representing the convective/inertial terms.
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D

Dt
¼ ∂

∂t
þ v ∙—

For example, we may take the convective derivative of vx under Cartesian
coordinates for the x component of the velocity vector.

Dvx
Dt

¼ ∂vx
∂t

þ v ∙—vx

—vx ¼ ∂vx
∂x

iþ ∂vx
∂y

jþ ∂vx
∂z

k

v ∙—vx ¼ vx
∂vx
∂x

þ vy
∂vx
∂y

þ vz
∂vx
∂z

Dvx
Dt

¼ ∂vx
∂t

þ vx
∂vx
∂x

þ vy
∂vx
∂y

þ vz
∂vx
∂z

This convective derivative is useful as it allows us to determine the rate of change
of parameters associated with the fluid particle even as it moves about. We can find
out the positional information at specified times. We can also find out velocity at a
given position and time.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - – - - - - - - - - - -

In this problem, we may apply the concept of convective derivative by “following
the chemical” as it moves along the distribution route.

Dp

Dt
¼ ∂p

∂t
þ vx

∂p
∂x

þ vy
∂p
∂y

þ vz
∂p
∂z

To sell the product at the same price at any location along the distribution route,
the condition is that the price is steady, i.e., the convective derivative of the price
is zero or Dp

Dt ¼ 0. We may assume that vy ¼ vz ¼ 0 for a distribution route that is
only in the x direction.

0 ¼ ∂p
∂t

þ vx
∂p
∂x

þ vy
∂p
∂y

þ vz
∂p
∂z

∂p
∂t

¼ �α

∂p
∂x

¼ β

0 ¼ �αþ βvx ! vx ¼ α

β
m=h

Therefore the speed at which the chemical producer needs to travel is α
βm=h.
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Problem 12

We have laminar flow in a circular pipe that is held horizontal.

(a) Comment on the streamlines within the pipe.
(b) Assuming Cartesian coordinates, is it possible to use the below equation to

model the z component of velocity in terms of whether (1) the boundary
conditions are satisfied and (2) the continuity equation is satisfied? It is
given that R refers to the radius of the pipe cross section, and x2 + y2 ¼ R2.

vz ¼K R2 2 x2 2 y2
� �

(c) Given the velocity distribution in part b, find out the correlation between
the pressure gradient along the pipe and the volumetric flow rate through
the tube.

Solution 12

Worked Solution

(a) We have a circular pipe as shown below. This is an example of a pressure driven
flow in the laminar region. The streamlines in the pipe are all straight and
parallel. Note that in turbulent flow, the velocity changes rapidly at each point
in the flow field about a mean value and it is the mean velocity vector that may be
referred to under turbulent regimes. However for a steady-state turbulent flow,
the mean velocity vector does not change with time.

Recall that streamlines are a family of lines to which the velocity vectors are
tangent to (i.e., same gradient). Velocity vectors may be drawn at any point
within the flow field. At steady state, a fluid particle will move along a
streamline.

R
z

Flow Streamline

(b) We can apply the z component of the Navier–Stokes equation. Note that we have
used a form of the NS equation below which consists of the gravitational term
ρgz; hence the P in ∂P

∂z refers to total pressure (as opposed to dynamic pressure).
We have also assumed:

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant flow direction is in the z direction; hence we assume vx¼ vy¼ 0.
• The flow is fully developed in the z direction; hence vz 6¼ vz(z).
• Horizontal pipe hence gravitational effects are negligible.
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ρ
∂vz
∂t

þ vx
∂vz
∂x

þ vy
∂vz
∂y

þ vz
∂vz
∂z

� 	
¼ � ∂P

∂z
þ η

∂2vz
∂x2

þ ∂2vz
∂y2

þ ∂2vz
∂z2

� 	
þ ρgz

0 ¼ � ∂P
∂z

þ η
∂2vz
∂x2

þ ∂2vz
∂y2

� 	

We are given a suggested form of the velocity profile which we can test here

vz ¼ K R2 � x2 � y2
� � ¼ K R2 � r2

� �
∂vz
∂r

¼ �2Kr

At the pipe wall, x2 + y2 ¼ r2 ¼ R2, vz ¼ 0. This is satisfied by the velocity
profile provided. Also at the centerline of the pipe x ¼ y ¼ 0 (r ¼ 0), the velocity
gradient dvz

dr is zero due to axisymmetry, and since a maxima in velocity occurs
along the centerline. This is also satisfied by the velocity profile provided.

We will now test the validity of the continuity equation

∇∙ v ¼ 0

∂vx
∂x

þ ∂vy
∂y

þ ∂vz
∂z

¼ 0

∂vz
∂z

¼ 0

This condition is satisfied with the velocity profile vz ¼ K(R2 � x2 � y2)
provided.

(c) To find an expression for the pressure gradient, let us return to the Navier–Stokes
equation

0 ¼ � ∂P
∂z

þ η
∂2vz
∂x2

þ ∂2vz
∂y2

� 	

∂2vz
∂x2

¼ �2K

∂2vz
∂y2

¼ �2K

0 ¼ � ∂P
∂z

þ η �4Kð Þ ! ∂P
∂z

¼ �4Kη
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To find the volumetric flow rate, we need to express a differential area
element for the integral. This can be more easily done in cylindrical coordinates;
hence we may analyze this problem in cylindrical coordinates.

After applying the same assumptions as shown earlier in part b, the
z component of the NS equation in cylindrical coordinates is

0 ¼ � ∂P
∂z

þ η
1
r

d

dr
r
dvz
dr

� 	

r
dvz
dr

¼ r2

2η
∂P
∂z

þ c1

dvz
dr

¼ r

2η
∂P
∂z

þ c1
r
! c1 ¼ 0 r ¼ 0;

dvz
dr

¼ 0

� 	

vz ¼ r2

4η
∂P
∂z

þ c2 ! c2 ¼ �R2

4η
∂P
∂z

r ¼ R; vz ¼ 0ð Þ

vz ¼ r2

4η
∂P
∂z

� R2

4η
∂P
∂z

¼ 1
4η

∂P
∂z

r2 � R2

 �

vz ¼ 1
4η

�4Kηð Þ r2 � R2
� � ¼ �K r2 � R2

� �

Now we can relate volumetric flow rate to velocity as shown below.

_Q ¼
ð R
0
vz2πrdr

_Q ¼
ð R
0
K R2 � r2
� �

2πrdr ¼ 2Kπ
R2r2

2
� r4

4

� �R
0

_Q ¼ KπR4

2
! K ¼ 2 _Q

πR4

The pressure gradient can be expressed in terms of volumetric flow rate.

∂P
∂z

¼ �4Kη ¼ �4
2 _Q

πR4 η ¼ � 8 _ηQ
πR4
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Problem 13

We have a fluid that flows between two large flat plates. There is steady flow in
the +x direction and the separation distance between the plates is H. The top
plate is moving at a velocity of U. The bottom plate is stationary.

(a) Find the velocity profile.
(b) Comment on the effect of the pressure gradient and the implications if this

was absent.
(c) Comment on the flow behavior if the top plate was still.

Solution 13

Worked Solution

(a) Let us visualize the flow in a simple diagram as shown below.

H
Fluid flow

X

Z
U

To find the velocity profile, let’s examine the boundary conditions and the
relevant Navier–Stokes equation.

The assumptions are as follows:

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant flow direction is in the x direction; hence vy ¼ vz ¼ 0.
• The flow is fully developed in the x direction; hence vx 6¼ vx(x).
• Horizontal plates, hence gravitational effects are zero.

0 ¼ � ∂P
∂x

þ η
∂2vx
∂z2

� 	

∂2vx
∂z2

¼ 1
η

∂P
∂x

� 	

∂vx
∂z

¼ 1
η

∂P
∂x

� 	
zþ c1

vx ¼
∂P
∂x

� �
z2

2η
þ c1zþ c2

We know that when z ¼ �H/2, vx ¼ 0 and when z ¼ H/2, vx ¼ U
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0 ¼ ∂P
∂x

� 	
H2

8η
þ c1H

2
þ c2

V ¼ ∂P
∂x

� 	
H2

8η
� c1H

2
þ c2

�U ¼ c1H ! c1 ¼ �U

H

c2 ¼ � ∂P
∂x

� 	
H2

8η
� H

2
�U

H

� 	
¼ � ∂P

∂x

� 	
H2

8η
þ HU

2H

vx ¼
∂P
∂x

� �
z2

2η
� U

H

� 	
z� ∂P

∂x

� 	
H2

8η
þ HU

2H

vx ¼ 1
2η

∂P
∂x

� 	
z2 � H2

4

� 	
þ U

1
2
� z

H

� 	

(b) We can observe from the simplified Navier–Stokes equation that the pressure
gradient balances the viscous/shear stresses. This force balance explains the
steady state of flow. If pressure gradient was absent, the velocity profile will
change to the following. From observation we notice that the initial profile was
the sum of a parabolic part and a linear part. If pressure gradient was zero, the
profile changes to a linear profile.

vx ¼ U
1
2
� z

H

� 	

(c) If the upper plate was stationary, then U ¼ 0. Then the velocity field will change
to the following parabolic profile.

vx ¼ 1
2η

∂P
∂x

� 	
z2 � H2

4

� 	

Problem 14

We have a long cylindrical tube within which an incompressible fluid flows
steadily in laminar flow. The velocity field is provided as follows:

vz ¼V 12 ε2

 �

Given that V is the velocity along the centerline, ε¼ r/R where R is the radius
of the cross section, and the dominant flow direction is in the z direction only.
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The tube gets heated with passing fluid due to viscous dissipation. The rate of
this heat generation per unit volume fluid, H is as follows

Hvisc ¼ η
∂vz
∂r

� 	2

Determine the temperature profile T(r) if

(a) Heating due to viscous dissipation is negligible.
(b) Heating due to viscous dissipation was significant.

Solution 14

Worked Solution

(a) Before we begin, let us think about the approach to solving this problem. We
need to determine temperature profile in this problem. Therefore instead of the
typical approach of working with differential equations in velocity (i.e., the
typical Navier–Stokes momentum equations), we need equivalent differential
equations in temperature. The typical NS equations come about by applying
conservation of momentum on a differential volume element of fluid. In the same
way we can apply conservation of energy (or heat flux) on a differential volume
element of fluid.

The general form of the energy equation is as follows.

ρcp
∂T
dt

þ ρcp v ∙—Tð Þ ¼ k—2T þ Hvisc

∂T
dt

þ v ∙—T ¼ k

ρcp
—2T þ Hvisc

ρcp

Some points to note about the above equation are as follows:

• The rate of heat energy accumulation is given by ρcp
∂T
dt .

• The convective derivative is represented by ρcp(v ∙ — T ) which denotes heat
energy changes due to positional changes of the fluid particle caused by
fluid flow.

• The diffusion/conduction effect is denoted by k—2T, whereby k is the thermal
conductivity. This term takes care of the heat flux that enters or leaves the
differential element of fluid. Another useful property is thermal diffusivity
which is k

ρcp
.

• Hvisc represents any heat source or sinks, and in this case, we have been given
an expression for a heat source/generation due to viscous dissipation and this
is used for this source/sink term.
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In the cylindrical coordinates, this is our energy equation.

∂T
dt

þ v ∙—T ¼ k

ρcp
—2T þ Hvisc

ρcp

For part a, we assume Hvisc ¼ 0

∂T
dt

þ v ∙—T ¼ k

ρcp
—2T

∂T
dt

þ vr; vθ; vzð Þ ∙ ∂T
dr

;
1
r

∂T
dθ

;
∂T
dz

� 	
¼ k

ρcp

1
r

∂
dr

r
∂T
dr

� 	
þ 1
r2
∂2T

dθ2
þ ∂2T

dz2

� 	

We can simplify the above expression using the assumptions below:

• We have a steady-state flow, so the temperatures are also constant. ∂Tdt ¼ 0
• The dominant flow direction is in the z direction, vr ¼ vθ ¼ 0
• We are told that the temperature profile is a function of r only, T(r); hence

∂T
dθ ¼ ∂T

dz ¼ 0

The energy equation is therefore simplified to the following

0 ¼ k

ρcp

1
r

∂
dr

r
∂T
dr

� 	� 	

∂
dr

r
∂T
dr

� 	
¼ 0

∂T
dr

¼ c1
r

T ¼ c1 ln r þ c2

We can apply boundary conditions to evaluate the integration constants. At
r ¼ R, T ¼ Tw. At r ¼ 0, ∂Tdr ¼ 0 due to axisymmetry.

c1 ¼ 0

T ¼ c2 ¼ Tw

In this case, the other boundary condition at r ¼ R is not necessary as
temperature is constant at Tw regardless of r.
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(b) Assuming viscous dissipation is present,

0 ¼ k

ρcp

1
r

∂
dr

r
∂T
dr

� 	� 	
þ Hvisc

ρcp

0 ¼ k

ρcp

1
r

∂
dr

r
∂T
dr

� 	� 	
þ η

∂vz
∂r

� �2
ρcp

We can find an expression for velocity gradient, ∂vz∂r in terms of V and R.

vz ¼ V 1� r

R

� �2� �

∂vz
∂r

¼ � 2Vr

R2

Substituting this expression back into the earlier energy equation, we have

0 ¼ k

ρcp

1
r

∂
dr

r
∂T
dr

� 	� 	
þ η

4V2r2

R4

ρcp

0 ¼ k
1
r

∂
dr

r
∂T
dr

� 	� 	
þ 4ηV2r2

R4

∂
dr

r
∂T
dr

� 	
¼ � 4ηV2r3

kR4

Integrating with boundary conditions, we obtain the temperature profile.

∂T
dr

¼ � ηV2r3

kR4 þ c1
r
! c1 ¼ 0 r ¼ 0;

∂T
dr

¼ 0

� 	

T ¼ � ηV2r4

4kR4 þ c2 ! c2 ¼ Tw þ ηV2

4k

T ¼ Tw þ ηV2

4k
1� ε4

 �

Problem 15

Consider the vertical flow of a thin film of viscous fluid up a conveyor belt. The
belt has a large width W and is moving at a constant upward velocity of V. The
fluid’s viscosity allows it to adhere to the belt surface with a thickness of h.
Gravity causes the fluid to flow back down into a container below. You may
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assume that the fluid is Newtonian, and the flow is laminar, fully developed and
at steady state.

(a) Show that the pressure in the liquid film is constant at a specified height.
(b) Derive an expression for the velocity field in the liquid film and sketch this

profile for a fluid with high viscosity and a fluid with low viscosity. Com-
ment on the effect of viscosity.

(c) Find the volumetric flow rate of the liquid film. And explain how belt speed
relates to viscosity of fluid for this system to work.

Solution 15

Worked Solution

(a) We have a simple illustration of the problem below.

x

Wall

Liquid Film

V

g
z

Patm

h

We are required to show that pressure is constant at a specified height.
Implicitly it means that pressure is not a function of x, and only a function of
z (assuming no flow in y direction).

Let us examine our assumptions before looking at the Navier–Stokes equation

• The dominant flow direction is in the z direction; hence vx ¼ vy ¼ 0.
• We know that gz ¼ � 9.81, and gx ¼ gy ¼ 0.
• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The belt was described as wide, implying that entrance/end effects would be

negligible and hence the flow may be assumed fully developed vz 6¼ vz(z).
• The fluid is described as viscous; hence viscous terms dominate, and inertial

terms may be assumed negligible.

With the above assumptions, the x component of the Navier–Stokes equation can
be simplified to

dP

dx
¼ 0

We have thus shown that P is not a function of x, and hence pressure in the
fluid is constant at a given height (z).
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(b) Knowing that the direction of flow is in the z direction, we can similarly simplify
the z component of the Navier–Stokes equation. We also know from part a that
dP
dx ¼ 0:

0 ¼ ρgz þ η
d2vz
dx2

� 	

ρ �gz
� �
η

xþ c1 ¼ dvz
dx

We can now apply the boundary condition whereby when x¼ h, dvzdx ¼ 0 as we
assume negligible shear stress at the liquid–air interface.

ρ �gz
� �
η

hþ c1 ¼ 0 ! c1 ¼ ρgz
η

h

ρ �gz
� �
η

xþ ρgz
η

h ¼ dvz
dx

vz ¼
ρ �gz
� �
η

x2

2
þ ρgz

η
hxþ c2

We can apply the other boundary condition of no-slip at the belt surface;
hence vz ¼ V when x ¼ 0.

V ¼ c2

Let us denote gz ¼ �9.81 ¼ �g. Therefore the velocity profile in the liquid
film is

vz ¼ ρg

η

x2

2
� hx

� 	
þ V

vz ¼ ρgh2

η

1
2

x

h

� �2
� x

h

� �� 	
þ V

Let us now sketch this profile for a fluid with high viscosity and a fluid with
low viscosity. We can observe from the velocity profile equation some key
features below

• At x ¼ h, vz ¼ V � ρgh2

2η . So the greater the viscosity η of the fluid, the greater

the value of vz at x¼ h. This makes sense since the more viscous the fluid, the
closer it will follow the speed of the moving belt, and less easily “affected” by
the downward gravity pull, hence it will maintain a higher upward velocity.

• Regardless of viscosity, the fluid velocity is fixed at V when x ¼ 0.
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• The shape of the velocity is second order (parabolic) with respect to x.
• At the air–fluid interface the gradient dvzdx is zero as we assume shear stress is

zero at that interface.

Therefore we can develop the sketch below.

x

vz

V

h

Increasing
viscosity

(c) To find the volumetric flow rate of the liquid film _Q , we can integrate across the
entire belt from a differential element.

_Q ¼ W

ð h
0
vzdx

_Q

W
¼
ð h
0

ρgh2

η

1
2

x

h

� �2
� x

h

� �� 	
þ V

� �
dx

_Q

W
¼ ρgh2

η

1
6

x3

h2

� 	
� x2

2h

� 	� 	
þ Vx

� �h
0

¼ Vh� ρgh3

3η

We can observe from the above expression that in order to lift the liquid film
upwards, the term Vh > ρgh3

3η . The lower the viscosity of the fluid, the greater is

the required belt speed to still satisfy upward fluid film movement ( _Q > 0, where
_Q is positive in the +z direction upwards).

Problem 16

Starting from first principles, show how the continuity equation in cylindrical
coordinates as shown below is derived.

1
r
∂ rvrð Þ
∂r

þ1
r
∂vθ
∂θ

þ∂vz
∂z

¼ 0

Fluid Mechanics 635



Solution 16

Worked Solution

The first step of this derivation is to accurately visualize the system. It helps to
understand how the Cartesian coordinates (x, y, z) and cylindrical coordinates (r, θ, z)
relate to each other. This is shown on the bottom right diagram. Then we take an
infinitesimal volume element of fluid, and develop the mass (or volume) balance
equation for this control volume. The bottom left diagram is a zoom-in on this small
volume element. The angle of curvature for the volume element may be ignored if
the element is small enough, i.e., dθ is sufficiently small such that the length of rdθ
may be assumed straight. Then this volume element can be treated as a rectangular
block as a simplified geometry.

dr

ρvr

rdθ

ρvz
ρvθ

dr

dz

z

x

y

P (r,θ,z)

r

�

�

�

θ

Differen�al volume 
element �

�

�

Volume of small element follows that of a rectangular block
(length � breadth � height). Note that arc length S for a curvature over an angle
measured by θ, with a radius of curve at R, is defined mathematically as S ¼ Rθ.
Therefore in our problem, for an arbitrary r, dS ¼ rdθ

dV ¼ rdθð Þdrdz

Mass flowrate into the volume element can be found by looking at each face. The
product of the area of the face and the velocity into the element, will give the
volumetric flowrate, which is then converted to mass flowrate using density.

ρvrrdθdzþ ρvzrdθdr þ ρvθdrdz

Mass flowrate out of the volume element is expressed as follows

ρvr þ ∂ ρvrð Þ
∂r

dr

� 	
r þ drð Þdθdzþ ρvz þ ∂ ρvzð Þ

∂z
dz

� 	
rdθdr

þ ρvθ þ ∂ ρvθð Þ
∂θ

dθ

� 	
drdz
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Conceptually, mass balance is governed by this rationale

Rate of mass accumulation ¼ Mass inflow rate�Mass outflow rate

Rate of mass accumulation is expressed as follows where V is the volume

d ρVð Þ
dt

¼ d ρ rdθð Þdrdzð Þ
dt

Therefore the mass balance equation becomes

d ρVð Þ
dt

¼ ρvrrdθdz� ρvr þ ∂ ρvrð Þ
∂r

dr

� 	
r þ drð Þdθdzþ ρvzrdθdr

� ρvz þ ∂ ρvzð Þ
∂z

dz

� 	
rdθdr þ ρvθdrdz� ρvθ þ ∂ ρvθð Þ

∂θ
dθ

� 	
drdz

d ρ rdθð Þdrdzð Þ
dt

¼ �ρvrdrdθdz� ∂ ρvrð Þ
∂r

dr

� 	
r þ drð Þdθdz� ∂ ρvzð Þ

∂z
dz

� 	
rdθdr

� ∂ ρvθð Þ
∂θ

dθ

� 	
drdz

dρ

dt
¼ � ρvr

r
� ∂ ρvrð Þ

∂r

� 	
r þ drð Þ

r
� ∂ ρvzð Þ

∂z

� 	
� ∂ ρvθð Þ

∂θ

� 	
1
r

� 	

For an incompressible fluid, ρ is constant; therefore, we simplify the equation to

0 ¼ vr
r
þ ∂vr

∂r

� 	
1þ dr

r

� 	
þ ∂vz

∂z

� 	
þ ∂vθ

∂θ

� 	
1
r

� 	

We may assume that dr
r � 1 and 1þ dr

r

� � 
 1. We also know that
vr
r þ ∂vr

∂r

� � ¼ 1
r r ∂vr

∂r þ vr
� �

; therefore, we have the following expression

0 ¼ 1
r

r
∂vr
∂r

þ vr

� 	
þ ∂vz

∂z

� 	
þ ∂vθ

∂θ

� 	
1
r

� 	

1
r

∂ rvrð Þ
∂r

� 	
þ 1

r

∂vθ
∂θ

� 	
þ ∂vz

∂z

� 	
¼ 0
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Problem 17

An incompressible Newtonian fluid flows through a tube with permeable walls.
The tube is of radius R and fluid enters the pipe and flows through it. In
addition, more fluid enters the tube through the porous walls at a constant
velocity of U. The axial velocity vz can be expressed as follows where L is the
length of the tube and β is a constant.

vz
vz z¼ 0ð Þ ¼ 12

r
R

� �2� 	
1þ β2 1ð Þ z

L

� �

Determine the radial velocity profile and express it in terms of β and U.

Solution 17

Worked Solution

Let us illustrate this system

Let us apply the mass continuity equation in cylindrical coordinates

1
r

∂ rvrð Þ
∂r

� 	
þ 1

r

∂vθ
∂θ

� 	
þ ∂vz

∂z

� 	
¼ 0

We have the following assumptions

• The flow is axisymmetric; therefore ∂
∂θ ¼ 0

• The dominant flow directions are in the r and z directions; hence we assume that
vθ ¼ 0

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.

1
r

∂ rvrð Þ
∂r

� 	
þ ∂vz

∂z
¼ 0
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We are given the axial velocity profile below, let’s denote vz(z ¼ 0) ¼ vz,0

vz
vz,0

¼ 1� r

R

� �2� 	
1þ β � 1ð Þ z

L

� �
∂vz
∂z

¼ vz,0 1� r

R

� �2� 	
β � 1ð Þ
L

Substituting back into the continuity equation

1
r

∂ rvrð Þ
∂r

� 	
þ vz,0 1� r

R

� �2� 	
β � 1ð Þ
L

¼ 0

∂ rvrð Þ
∂r

¼ vz,0
r3

R2 � r

� 	
β � 1ð Þ
L

Note that velocity is a function of two variables, r and z; hence the “integration
constant” is a function.

vr ¼ vz,0
r3

4R2 �
r

2

� 	
β � 1ð Þ
L

þ f zð Þ
r

Now we apply boundary conditions to figure out an expression for f(z). When
r ¼ 0, vr is finite. Hence f(z) has to be zero.

vr ¼ vz,0
r3

4R2 �
r

2

� 	
β � 1ð Þ
L

We have now obtained the radial velocity as shown

vr ¼ �rvz,0 2� r

R

� �2� 	
β � 1ð Þ
4L

When r¼ R, vr ¼�U (inward direction is negative of the r coordinate direction).

�U ¼ vz,0 �R

4

� 	
β � 1ð Þ
L

β ¼ 4LU
Rvz,0

þ 1
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Problem 18

We have a system that comprises of two concentric cylinders which are both
rotating. The inner cylinder has a radius of Ra and rotates at an angular
frequency of ωa. The outer cylinder has a radius of Rb and rotates at an angular
frequency of ωb. There is a very viscous fluid contained in the annular region
between the two cylinders, which is Newtonian.

(a) Show that the linear velocity of this fluid is as shown below:

vθ ¼ Rb
2ωb 2Ra

2ωa

Rb
2 2Ra

2

� 	
r2

Rb
2

r

� 	
þRb

2ωb

r

(b) Information about velocity profile is useful in many practical applications
as it helps us relate to useful properties such as shear stress and force, which
can then be used to find out fluid viscosities through measured quantities.
We will use the velocity profile for vθ obtained in a, to show how a viscom-
eter can be used to determine fluid viscosity. You are told that the measured
torque of the inner cylinder is 0.003 Nm, whereby the inner cylinder rotates
at four revolutions per second and has a diameter of 0.05 m and the outer
cylinder is stationary with a diameter of 0.07 m. The fluid in the annular
region is up to a depth of 0.04 m.

Solution 18

Worked Solution

(a)

ωb

ωb

ωa

ωa

To find the velocity profile, let us examine the continuity equation and Navier–
Stokes equation. To simplify the equations we may assume the following:

• The flow is axisymmetric; therefore ∂
∂θ ¼ 0.

• The dominant flow direction is in the θ direction; hence we assume that
vr ¼ vz ¼ 0.

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The fluid is described as very viscous; hence viscous terms dominate, and

inertial terms may be assumed negligible.
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So we end up with the following simplified continuity equation

1
r

∂ rvrð Þ
∂r

þ 1
r

∂vθ
∂θ

þ ∂vz
∂z

¼ 0

∂vθ
∂θ

¼ 0

This result makes sense as it means the fluid flow is axisymmetric. It also
means that that flow is fully developed in the θ direction. We can therefore deduce
that

vθ ¼ vθ r; zð Þ

Let us now examine the θ-component Navier–Stokes equation

0 ¼ ∂
∂r

1
r

∂
∂r

rvθð Þ
� 	

The r-component equation is as follows

� ρvθ2

r
¼ � ∂P

∂r

The z-component equation is as follows

0 ¼ � ∂P
∂z

� ρg

We will now integrate the θ-component differential equation as we want to
find out velocity field for vθ.

0 ¼ ∂
∂r

1
r

∂
∂r

rvθð Þ
� 	

1
r

∂
∂r

rvθð Þ ¼ c1

vθ ¼ c1r

2
þ c2

r

We can now apply boundary conditions to solve for the velocity in. When
r ¼ Ra, vθ ¼ Raωa and when r ¼ Rb, vθ ¼ Rbωb.
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Raωa ¼ c1Ra

2
þ c2
Ra

! Ra
2ωa ¼ c1Ra

2

2
þ c2

Rbωb ¼ c1Rb

2
þ c2
Rb

! Rb
2ωb ¼ c1Rb

2

2
þ c2

Rb
2ωb � Ra

2ωa ¼ c1Rb
2

2
� c1Ra

2

2

c1 ¼
2 Rb

2ωb � Ra
2ωa

� �
Rb

2 � Ra
2

c2 ¼ Rb
2ωb �

Rb
2 Rb

2ωb � Ra
2ωa

� �
Rb

2 � Ra
2

Substituting the constants back into the expression, we obtain the velocity
profile.

vθ ¼ Rb
2ωb � Ra

2ωa

Rb
2 � Ra

2 r þ Rb
2ωb

r
� Rb

2 Rb
2ωb � Ra

2ωa

� �
Rb

2 � Ra
2

� �
r

vθ ¼ Rb
2ωb � Ra

2ωa

Rb
2 � Ra

2

� 	
r � Rb

2

r

� 	
þ Rb

2ωb

r

(b) From the data booklet, we can find expressions for different shear stress com-
ponents. Torque in this case is used to overcome the shear stress contributed by
the τrθ component at r ¼ Ra.

τrθ ¼ η r
∂
∂r

vθ
r

� �
þ 1

r

∂vr
∂θ

� �

Due to axisymmetry which was earlier established and still holds, ∂vr∂θ ¼ 0.

τrθ ¼ η r
∂
∂r

Rb
2ωb � Ra

2ωa

Rb
2 � Ra

2

� 	
1� Rb

2

r2

� 	
þ Rb

2ωb

r2

� 	� �

τrθ ¼ ηr 2
Rb

2ωb � Ra
2ωa

Rb
2 � Ra

2

� 	
Rb

2

r3

� 	
� 2Rb

2ωb

r3

� �

τrθ ¼ η
2Rb

2Ra
2 ωb � ωað Þ

Rb
2 � Ra

2
� �

r2

" #

At r¼ Rawe can find the relevant shear stress component. Note that ωb in this
case is zero since the outer cylinder is stationary.
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τrθjr¼Ra
¼ η

�2Rb
2ωa

Rb
2 � Ra

2
� �
" #

Shear force F is related to shear stress and torque T is related to the shear force
which it has to overcome. Note that the force expressed below is the force
exerted by the inner cylinder on the fluid as is apparent from the direction of τrθ.

dFcylinder on fluid ¼ τrθjr¼Ra

� �
dA ¼ τrθjr¼Ra

� �
H Radθð Þð Þ

dTcylinder on fluid ¼ RadF ¼ τrθjr¼Ra

� �
H Ra

2dθ
� �� �

dFfluid on cylinder ¼ �dFcylinder on fluid

dT fluid on cylinder ¼ η
2Rb

2ωa

Rb
2 � Ra

2
� �
" #

H Ra
2dθ

� �

To find the total torque exerted by the fluid on the cylinder, we need to
integrate over the entire cylinder surface

T fluid on cylinder ¼
ð2π
0
η

2Rb
2ωa

Rb
2 � Ra

2
� �
" #

HRa
2dθ ¼ 4πηHRa

2Rb
2ωa

Rb
2 � Ra

2

Now it is straightforward to solve for Tfluid on cylinder by substituting the values
of the variables that have been given in the problem.

T fluid on cylinder

�� �� ¼ 0:003 Nm

ωa ¼ 4 rev=s ¼ 8π rad=s

ωb ¼ 0

Ra ¼ 0:05
2

¼ 0:025 m

Rb ¼ 0:07
2

¼ 0:035 m

H ¼ 0:04 m

Problem 19

Consider diverging flow of a very viscous fluid through a channel as shown in
the diagram below. This channel is the narrow gap between two large parallel
plates of width W. The top plate leads on to a downstream portion that has a
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wedge shape that diverges the flow at a small angle of θ. You may assume that
the fluid is Newtonian and at steady state.

Fluid Flow

xy

h*θ

ha=4.5mm

La= 0.3m Lb= 0.2m

hb=6.5mm

(a) Show that the pressure difference across the diverging region Lb is as shown
below.

ΔPb ¼ 6η _Q
Wθ

1

ha
2 2

1

hb
2

� 	

(b) Calculate the total pressure difference across both La and Lb if the flow rate
per unit width of plate is 0.0003 m2/s and the liquid has a viscosity of 25 Pa.s.

Solution 19

Worked Solution

(a) We can apply the mass continuity and Navier–Stokes momentum equations here.
Let us first list down our assumptions for this flow.

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The angle of divergence at region Lb is small. Hence in this region, vy also

assumed negligible. Also small angle approximation for trigonometric func-
tions may be used.

• The dominant flow direction is in the x direction; hence we assume that
vy ¼ vz ¼ 0

• Given that the plates are large, we may assume the flow is fully developed in
the x direction and any entrance/end effects may be ignored. Hence vx 6¼ vx(x).

• Gravitational effects are ignored.
• The fluid is described as very viscous; hence viscous terms dominate, and

inertial terms may be assumed negligible.

Now we may obtain the following simplified continuity equation
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∂vx
∂x

¼ 0

This result is consistent with the fully developed flow assumption, and we
deduce that vx ¼ vx( y). The x-component Navier–Stokes equation is simplified to
the following:

0 ¼ � ∂P
∂x

þ η
∂2vx
∂y

� 	

vx ¼ 1
2η

∂P
∂x

y2 þ c1yþ c2

Let us consider boundary conditions to evaluate the integration constants.
When y ¼ 0, vx ¼ 0. When y ¼ h�, vx ¼ 0.

h� ¼ ha þ x tan θ 
 ha þ xθ

c2 ¼ 0

0 ¼ 1
2η

∂P
∂x

ha þ xθð Þ2 þ c1 ha þ xθð Þ ! c1 ¼ � 1
2η

∂P
∂x

ha þ xθð Þ

vx ¼ 1
2η

∂P
∂x

y2 � 1
2η

∂P
∂x

ha þ xθð Þy ¼ 1
2η

∂P
∂x

y2 � ha þ xθð Þy
 �

Now that we have found the velocity profile in the x direction, we can find the
volumetric flow rate _Q

_Q

W
¼
ð haþxθð Þ

0
vxdy ¼ 1

2η
∂P
∂x

ð haþxθð Þ

0
y2 � ha þ xθð Þy
 �

dy

_Q

W
¼ 1

2η
∂P
∂x

y3

3
� ha þ xθð Þy

2

2

� � haþxθð Þ

0

¼ � 1
12η

∂P
∂x

ha þ xθð Þ3

∂P
∂x

¼ � 12η _Q

W ha þ xθð Þ3

Let us now consider the boundary conditions for pressure to evaluate this
differential equation. The limits of integration for region Lb are x ¼ 0 and x ¼ Lb.
However we note that the expression we need to prove is in terms of ha and hb;
hence we may rewrite Lb in terms of ha and hb. Note also that ∂P

∂x is a negative
value; hence we need to account for the sign change to express the magnitude
(positive value) of pressure drop ΔPb.
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Lb ¼ hb � ha
tan θ


 hb � ha
θ

ΔPb ¼ � ∂P
∂x

¼ 12η _Q

W

ðhb�ha
θ

0
ha þ xθð Þ�3dx

ΔPb ¼ 6η _Q

W

�1

θ ha þ xθð Þ2
" #hb�ha

θ

0

¼ 6η _Q

W
� 1

θhb
2 þ

1

θha
2

� �

ΔPb ¼ 6η _Q

Wθ

1

ha
2 �

1

hb
2

� 	

(b) We are given that
_Q
W ¼ 0:0003 m2=s. η ¼ 25 Pas. La ¼ 0.3 m,

Lb ¼ hb�ha
θ ¼ 0:2 m. ha ¼ 4.5 mm and hb ¼ 6.5 mm. Note that due to mass

continuity, the mass flow rate is the same for sections La and Lb. This translates
into the same volumetric flow rate due to the same constant density ρ for the
same fluid flowing through both sections.

For the region La, θ ¼ 0; therefore, we can find an expression for
_Q
W by

integrating the velocity profile vx for this region

vxjLa ¼
1
2η

∂P
∂x

y2 � ha þ xθð Þy
 � ¼ 1
2η

∂P
∂x

y2 � hay

 �

_Q

W

����
La

¼ 1
2η

∂P
∂x

ðha
0

y2 � hay
� �

dy ¼ 1
2η

∂P
∂x

y3

3
� hay2

2

� �ha
0

_Q

W

����
La

¼ � 1
12η

∂P
∂x

ha
3

� ∂P
∂x

����
La

¼ ΔPa

La
¼ 12η

ha
3

_Q

W

����
La

 !

ΔPa ¼ 0:3� 12� 25� 0:0003

0:00453
¼ 3� 105 Pa

For the region Lb, we found from earlier

ΔPb ¼ 6η _Q

Wθ

1

ha
2 �

1

hb
2

� 	
¼ 6� 25� 0:0003

0:0065�0:0045
0:2

� � 1

0:00452
� 1

0:00652

� 	

ΔPb ¼ 1:2� 105 Pa
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Therefore, combining both results, we have the total pressure drop

ΔPtotal ¼ ΔPa þ ΔPb ¼ 4:2� 105 Pa

Problem 20

Consider a pipe bend as shown below. The pipe may be assumed smooth and
axially horizontal. A fluid flows through the pipe at ambient conditions. The
pipe diameter is 8 cm, its total length is 2 m and the mean fluid velocity is 2 m/s.
The internal (fluid) pressures at the entry and exit points of the pipe bend are
Pin,internal fluid ¼ Patm + 450 Pa and Pout, internal fluid ¼ Patm. The fluid density is
1050 kg/m3, its kinematic viscosity is 0.8 � 10�6 m2/s and Patm ¼ 105 Pa.

x

y

Fluid Flow

Pout, internal fluid

Pin,internal fluid

L = 2 m

D = 8 cm

⟨ �
⟩ = 1.1 m/s

(a) Find the x component of the force exerted by the fluid on the pipe. Then find
the total pressure on the pipe contributed by both the force by the fluid and
by the surrounding air.

(b) Determine the viscous loss in the pipe, and determine the Kf value for the
bend.

Solution 20

Worked Solution

(a) Before we tackle this problem, let us recall key concepts about pipeline losses.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

The energy losses in a pipeline network can be contributed by straight sections and
other sections (typically called fittings) such as bends, expansions/contractions, etc.
Mathematically, this may be expressed as shown below, whereby subscript i refers to
the lengths of straight pipe sections and fittings which are summed over. In this case,
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we are assuming no gravitational effects, i.e., pipe is on a horizontal plane. Also, we
assume that no shaft work is done and the fluid is incompressible.

Viscous loss lv ¼
X

straight lengths

2 vh ii2Lif i
Di

þ
X
fittings

1
2

vh ii2K fi

The derivation of the above expression is done via a macroscopic force balance
using the Bernoulli equation.

p1 � p2
ρ

¼ lv

Separately we know that friction factor f is a ratio between shear stress at the pipe
wall and the bulk kinetic energy, f ¼ τw

1
2ρ vh i2 or τw ¼ 1

2 ρ vh i2f .

p1 � p2ð Þ πD2=4
� � ¼ τw πDLð Þ ¼ 1

2
ρ vh i2 f

� 	
πDLð Þ

p1 � p2
ρ

¼ 2fL vh i2
D

Pressure drop is used to overcome shear forces caused by friction between the
fluid and the pipe wall. We can therefore express pressure drop in terms of friction
factor, in order to relate frictional/viscous losses with friction factor f and other
pipeline-related parameters (e.g., length and diameter) that are either known or
measurable.

lv ¼ 2fL vh i2
D

This is how we arrived at the earlier expression, for the viscous loss component

due to straight lengths of pipe,
P

straight lengths
2 vh ii2Lif i

Di
.

As for the viscous loss term for pipe fittings, we have simply further “grouped”
the pipeline-related parameters (e.g., f, L, D) into a new parameter denoted by
Kf ¼ 4Lf/D which can be evaluated from pipe specifications. Kf is defined as the
number of “velocity heads” lost by flow through a fitting, and we can usually look up
known values of Kf from data booklets, for specified fitting types.

lv, fitting ¼ 2fL vh i2
D

¼ 1
2

vh i2 4Lf
D

� �
¼ 1

2
vh i2K f

To find the force by the fluid on the pipe, we can start with understanding the
conservation of linear momentum for a control volume. In defining the control
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volume for a 2D flow, it is useful to define two reference points represented by taking
the surface normal to the flow direction. For entry and exit points, we then get two
surfaces of reference which we may denote 1 and 2 here. Note that linear momentum
is a vector and linear momentum per unit mass is the velocity vector. Hence the
conservation equation is such that:

Rate of change
of linear

momentum in
control volume

¼ Linear momentum
inflow rate

� Linear momentum
outflow rate

þ
All forces acting on

system ðe:g: pressure;
gravitational etc:Þ

In mathematical form, the general form of the equation is as follows

d

dt

ð2
1
ρ vh iAdS ¼ ρ1 vVh i1A1 � ρ2 vVh i2A2 þ p1A1 � p2A2 � Fþ

ð2
1
ρAdz

� 	
g

It is useful to note the following key points about this equation:

• All terms on right-hand side of equation has a positive sign for direction into
the control volume.

• The inflow term has two different notations for velocity, where V is the
magnitude of velocity vector v

• F is the net force by the fluid on the solid surface (e.g., pipe wall). Hence a
negative sign is added to the term to change it in terms of direction into control
volume; hence under this frame of reference it will be a negative value
represented by “�F”.

• p1A1 is the force by the ambient fluid (e.g., air) outside, acting on fluid inside
the control volume at position 1. Therefore it is a positive sign acting into the
control volume. Conversely, p2A2 acts out of the control volume; hence a
negative sign is added to give a negative value for the term “�p2A2”.

 Control Volume 

• A is defined as a vector with magnitude equal to total surface area over which
the force acts and has a direction normal to the planar surface in the direction
of mean flow.

•
Ð 2
1 ρAdz

� �
represents the total mass of the fluid in the control volume and g

refers to the gravitational acceleration

Let us now make three common simplifications, so that we arrive at the form of the
equation that is more useful.
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1. When the velocity vector v is normal to the cross section over the entire section
from entrance to exit of fluid. We can then substitute v with V.

d

dt

ð2
1
ρ vh iAdS ¼ ρ1 V2

� �
1A1 � ρ2 V2

� �
2A2 þ p1A1 � p2A2 � Fþ

ð2
1
ρAdz

� 	
g

2. We define a ratio β¼ hV2i/hVi2 which is useful in differentiating flow regimes,
where β 
 1 when flow is turbulent and β ¼ 4/3 when flow is laminar
(pipeline). We can therefore express the equation in terms of β.

d

dt

ð2
1
ρ vh iAdS ¼ βρ1 Vh i21A1 � βρ2 Vh i22A2 þ p1A1 � p2A2 � Fþ

ð2
1
ρAdz

� 	
g

3. For most simplified problems, we seldom deal with β (i.e., assume turbulent
regime after checking Re) and assume the same fluid flows from entrance to
exit. If we assume further that there is steady state and gravitational effects
may be ignored, then we have

0 ¼ ρ Vh i21A1 � ρ Vh i22A2 þ p1A1 � p2A2 � F

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

For our problem, we can first check if our assumption of turbulent flow is correct
by calculating Re

Re ¼ vxh iD
ν

¼ 1:1 0:08ð Þ
0:8� 10�6 ¼ 1� 105 ! β ¼ 1

Now we return to the equation which has applied β ¼ 1

ρ Vh i21A1 � ρ Vh i22A2 þ p1A1 � p2A2 ¼ F

Since our pipe is of uniform size and contains the same fluid throughout,
hVi1 ¼ hVi2 ¼ hVi and A1 ¼ A2 ¼ A. Also, we only require the x-component
force; therefore, we need to correct A at the exit point for the terms ρhVi22A2 and
p2A as A has an opposite direction in the –x direction at the exit of the pipe bend.

ρ Vh i2A� ρ Vh i2 �Að Þ þ p1A� p2 �Að Þ ¼ Fx

Fx ¼ A 2ρ Vh i2 þ p1 þ p2
h i

Note that in our problem, we need to also calculate the pressure by the ambient
air (another fluid) on the pipe. For this, we need to note that control volume has
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changed to the body of air. Hence the contribution at the entrance is�patmA since
it acts in a direction going out of the control volume of air (on the pipe), and at the
exit it is the same, �patmA. For this case, A is already in the +x direction (i.e.,
normal to the cross-sectional area) in the direction of flow (air “flow direction”
acts to push against the pipe towards the right in the +x direction).

Therefore, we have the total x component of the force on pipe as follows:

Fon pipe ¼ A 2ρ Vh i2 þ p1 þ p2
h i

� 2patmA

where A ¼ πD2

4

Fon pipe ¼ π 0:08ð Þ2
4

2 1050ð Þ 1:12
� �þ 450


 � ¼ 15 N

(b) To find viscous loss, we can first look at the general Bernoulli equation

Δ
α

2
Vh i2 þ ghþ p

ρ

� 	
¼ δWs � lv

where α¼ hV3i/hVi3 which is useful in differentiating flow regimes, where α
 1
when there is turbulent pipe flow and α¼ 2 when flow is laminar in a round pipe.

For our problem, we can simplify the equation to the following as the pipe
size (hence fluid velocity via mass continuity) is the same from entrance to exit,
and the pipe is horizontal throughout the fluid flow.

�Δ
p

ρ

� 	
¼ lv ¼

pin, internal fluid � pout, internal fluid
ρ

lv ¼ 450
1050

¼ 0:4 m2s�2

This value of viscous loss consists of losses in the straight sections and losses
in the bend.

0:4 ¼ lv, straight þ lv, bend ¼ 2 vh i2Lf
D

þ 1
2

vh i2K f

For our flow problem, the friction factor for the straight sections of pipe can
be found by using the appropriate correlation between f and Re. For our flow
parameters, Re¼ 1� 105; hence we can use the Blasius equation that is valid for
4000 	 Re 	 1 � 105.
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f ¼ 0:079Re�1=4 ¼ 4:4� 10�3

lv, straight ¼ 2� 1:12 � 2� 4:4� 10�3

0:08
¼ 0:27

lv, bend ¼ 0:4� 0:27 ¼ 0:13 ¼ 1
2

vh i2K f

K f ¼ 2� 0:13

1:12
¼ 0:2

Problem 21

Consider two large circular discs of radius R each and axially aligned. Both are
held horizontally with a small gap of height H separating their surfaces. A
viscous Newtonian fluid fills this gap between the discs. The top disc is rotated at
an angular velocity ω while the lower disc is stationary.

Liquid

R
Sta�onary

Rota�ng

z=H

z=0

�

R

(a) Assuming creeping flow, show that vθ(r, z) ¼ ωrF(z) satisfies the Stoke’s
equation if the function F(z) is appropriately defined. Find the differential
equation and boundary conditions that constrain F(z) and solve F(z).

(b) Find the torque that is required to be applied to the upper disk to ensure
steady rotation.

Solution 21

Worked Solution

(a) Before we begin solving this problem, let us recall basic concepts about a
particular flow regime called Creeping Flow.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - – - - - - - - - - - - - - - - - -

Background Concepts

In fluid mechanics, we may refer to a particular flow regime called Stokes flow
whereby Re is small, typically <1. In this region inertia effects are assumed negli-
gible compared to viscous forces. [In fact, Reynolds number, Re, represents a
dimensionless group that may be interpreted as the ratio of inertial to viscous forces]
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This phenomenon is also referred to as creeping flow, and appropriate approxima-
tions can be made to simplify computation.

As for Newtonian fluids, we have the following Navier–Stokes equation when
inertial effects are assumed negligible and it is also called Stoke’s equation (dom-
inated by viscosity) used for creeping flow situations.

0 ¼ �∇Pþ η∇2v

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Now we can return to this problem. To find F(z), let us examine the θ component
Navier–Stokes equation in cylindrical coordinates.

Our assumptions are as follows:

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The system is axisymmetric; hence ∂

∂θ ¼ 0.

• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant flow direction is in the θ direction; hence we assume that

vr ¼ vz ¼ 0.
• Given that the discs are large, we may assume the flow is fully developed in

the θ direction and any entrance/end effects may be ignored. Hence vθ 6¼ vθ(θ).
• Gravitational effects are ignored.
• The fluid is described as viscous; hence viscous terms dominate, and inertial

terms may be assumed negligible, i.e., creeping flow.

After assuming the above, the Navier–Stokes equation becomes

0 ¼ ∂
∂r

1
r

∂
∂r

rvθð Þ þ ∂2vθ
∂z2

� 	

Given that vθ(r, z) ¼ ωrF(z),

0 ¼ ∂
∂r

1
r

∂
∂r

ωr2F zð Þ� �þ ωr
∂2F
∂z2

� 	

0 ¼ ∂
∂r

2ωF zð Þ þ ωr
∂2F
∂z2

� 	
¼ ∂

∂r
2F zð Þ þ r

∂2F
∂z2

� 	

∂2F
∂z2

¼ 0

F ¼ c1zþ c2

To solve this differential equation, we require boundary conditions. We know
that when z¼ 0 at any r, vθ ¼ 0,F ¼ c2 ¼ vθ

ωr ¼ 0. When z¼ H at any r, vθ ¼ rω,
F ¼ c1H ¼ 1 ! c1 ¼ 1

H

Fluid Mechanics 653



F zð Þ ¼ z

H

vθ r; zð Þ ¼ rω
z

H

� �

(b) The torque T required to maintain steady rotation is to overcome shear stress τ

dT ¼ r τzθjz¼H

� �
2πrdrð Þ

T ¼ 2π
ð R
0
r2 τzθjz¼H

� �
dr

We can find the expression for τzθjz ¼H from data booklets

T ¼ 2π
ð R
0
r2 η

∂vθ
∂z

� 	� 	
dr ¼ 2πηω

H

R4

4

� 	

T ¼ πηωR4

2H

Problem 22

Consider two large flat parallel planes containing a liquid within the separation
space between the planes of distance h apart. The upper plate is rotating about
the z-axis with a uniform angular velocity ω. You may assume that the velocity
vθis the dominant flow direction and flow is axisymmetric. Gravitational effects
are assumed negligible.

(a) Show that the pressure gradient in z direction is zero.
(b) Referring to the r-component Navier–Stokes equation, comment on the

velocity profile vθ.
(c) Using the θ-component Navier–Stokes equation, and assuming creeping

flow, determine the velocity profile in the θ direction assuming the form
vθ ¼ rF(z), where F(z) is a function of z.

(d) If both planes are in fact circular discs of radius R each, find the torque
required on each disc.

Solution 22

Worked Solution

(a) We have a system that can be visualized in the diagrams below:
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Liquid

Sta�onary

Rota�ng

z=h

z=0

z axis

.
z axis

We have the following assumptions for this flow:

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The system is axisymmetric; hence ∂

∂θ ¼ 0.

• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant flow direction is in the θ direction; hence we assume that

vr ¼ vz ¼ 0
• Given that the planes are large, we may assume the flow is fully developed in

the θ direction and any entrance/end effects may be ignored. Hence
vθ 6¼ vθ(θ).

• Gravitational effects are ignored.

Consider the z-component Navier–Stokes equation simplified according to the
assumptions above. Hence we note that pressure is independent of z.

0 ¼ � ∂P
∂z

(b) Now we refer to the r-component Navier–Stokes equation, which can be sim-
plified to the following.

ρ
vθ2

r
¼ ∂P

∂r

Note that if the conclusion from part a holds, i.e., pressure is independent of z,
then it follows that ∂P

∂r is also not a function of z, and by the above equation, vθ
should also be independent of z. However, this is incorrect as vθ varies with z as
we go from z ¼ 0 where vθ ¼ 0 to z ¼ h, where vθ 6¼ 0.

(c) Creeping flow approximation means inertial effects are negligible as compared
to viscous effects. From the θ-component Navier–Stokes equation, this translates
to

0 ¼ ∂
∂r

1
r

∂
∂r

rvθð Þ þ ∂2vθ
∂z2

� 	

Using the trial solution of the form vθ ¼ rF(z), we can find the differentials,
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∂
∂r

∂2vθ
∂z2

� 	
¼ F00

∂
∂r

1
r

∂
∂r

rvθð Þ
� 	

¼ ∂
∂r

rvθð Þ ∂
∂r

1
r

� 	
þ 1

r

∂2 rvθð Þ
∂r2

� 	

¼ ∂
∂r

r2Fð Þ
� �

� 1
r2

� �
þ 1

r

∂2 r2Fð Þ
∂r2

� 	
¼ � 2rF

r2
þ 2F

r

¼ � 2F
r

þ 2F
r

0 ¼ � 2F
r

þ 2F
r

þ F00 ¼ F00

F zð Þ ¼ c1zþ c2

Applying boundary conditions, at any r when z ¼ 0, vθ ¼ rF ¼ 0, F ¼ 0, and
at any r when z ¼ h, vθ ¼ rF ¼ rω, so F ¼ ω. Therefore, c1 ¼ ω

h and c2 ¼ 0.

F zð Þ ¼ ω

h
z ! vθ ¼ rω

h
z

(d) To find torque, we may first determine the shear stress it has to overcome. Note
that in this case ∂vz

∂θ ¼ 0.

τzθ ¼ ηezθ ¼ η
∂vθ
∂z

þ 1
r

∂vz
∂θ

� 	
¼ η

∂vθ
∂z

� 	
¼ η

rω

h

� �

Torque ¼
ð R
0
η

rω

h

� �
r 2πrdrð Þ ¼ 2πηω

h

r4

4

� �R
0

¼ πηωR4

2h

Problem 23

A team of engineers sought to find out the turbulent boundary layer for a fluid
on a flat plate using particle-image velocimetry (PIV), whereby tiny particles
seeded in the flow were used to study the speed and direction of the flow. The
instantaneous velocity profile was made and the formation of a boundary layer
was observed. The boundary layer was initiated at the point x ¼ 0, with
transition occurring at the lowest possible value of Rex. The PIV measurement
was done at a position xPIV ¼ 1.2 m downstream.

The flow of this fluid was at a steady rate of constant velocity V1 ¼ 0.5 m/s
and at constant pressure in a large channel that was 4 m by 0.4 m by 0.1 m. The
fluid properties are T ¼ 290 K, ρ ¼ 1000 kg/m3, viscosity η ¼ 1 � 10�3 Pas and
P1 ¼ 1 � 105 Pa.

(a) Show that the boundary layer at xPIV is turbulent.
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(b) At xPIV, find the estimated boundary layer thickness δ m, average friction
factor �f and average wall shear stress τw Pa.

(c) The actual measurement of τw was 0.45 Pa. Comment on how this value
compares with that obtained in (b). The friction velocity for the measured
τw found from literature is uτ ¼ 0.021 m/s. Is this value of uτ consistent with
the measured τw?

Solution 23

Worked Solution

(a) This problem helps us to understand some key concepts about the turbulent
boundary layer.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

A boundary layer (typically denoted as δ) develops when a flow gradually adjusts
from its no-slip condition at a solid surface to the flow in the free stream.

Constant free stream 
velocity �∞(inviscid flow)

�

x

z Boundary layer, wall 
shear stress is significant

Solid surface

It has been noted that the use of constant-property relations (in laminar boundary
layers) is in good agreement for turbulent boundary layers as well. To simplify
calculations, the relationship between average friction factor �f (or average friction
coefficient Cf) can be established in the form of Blasius equations for turbulent
boundary layer over a flat plate.

The solutions to the Navier–Stokes equations are mainly developed for laminar
flow regimes. However, turbulent flows are erratic and characterized by random
variations. When we measure a macroscopic property such as friction factor, we are
in fact measuring a mean value, as the variations occur too rapidly for physical limits
of our measurement methods. We can still apply NS equations to turbulent flows but
we must be conscious that our solutions are only approximate solutions that are
averaged over a sufficiently long time scale (larger that the characteristic time of
fluctuations about the mean).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

We are required to prove that the boundary layer at xPIV is turbulent. So we
begin by calculating RePIV.
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RePIV ¼ xPIVV1
ν

¼ 1:2� 0:5
η=ρð Þ ¼ 6� 105

For flat plates, the transition from laminar to turbulent occurs between
3 � 105 < Retr < 3 � 106. In our case, transition was triggered at the lowest
possible Re; therefore since RePIV > Retr, the boundary layer will be turbulent at
the PIV location.

Transition first occurs when Re reaches 3 � 105, this gives a downstream
distance of xtr

xtr ¼
3� 105
� �

ν

V1
¼ 0:6m

We know that xPIV ¼ 1.2 m. Therefore a laminar boundary layer will occur
between x ¼ 0 and x ¼ 0.6 m, and a turbulent boundary layer will occur from
0.6 m till the end of the surface plate. The PIV location occurs within the latter
region.

(b) Turbulent boundary layer thickness is given by:

δ

L
¼ 0:37Re�0:2

Therefore we can find the thickness of our boundary layer

δ ¼ 0:37RePIV
�0:2xPIV ¼ 0:03 m

We know further that average friction factor follows the correlation below,
where A ¼ 1050 for Retr ¼ 3 � 105:

�f ¼ 0:455

logReð Þ2:58 �
A

Re

We can now calculate average friction factor, �f and relate it to average wall
shear stress

�f ¼ 0:455

logRePIVð Þ2:58 �
1050
RePIV

¼ 0:0032

�f ¼ τw
1
2ρV

2
1

τw ¼ 0:0032
1000� 0:52

2

� �
¼ 0:4 Pa
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(c) The actual measurement was 0.45 Pa while we obtained 0.4 Pa in part b. Note
that 0.4 Pa refers to a mean value over the entire boundary layer length from
x¼ 0 to x¼ xPIV. However, the value of 0.45 Pa refers to a local value at the PIV
location. As the boundary layer grows with downstream distance, the difference
in τw values is expected.

Moreover, upstream of the PIV location, the turbulent boundary layer is still
small. Hence when τw is averaged over the entire boundary layer length, its value
is reduced by the inclusion of laminar boundary layer (more significant at the
upstream portion) in our mean value. This is the reason for our calculated mean
value in part b to be slightly lower than the actual local value.

By definition, friction velocity uτ is given by

uτ ¼
ffiffiffiffiffi
τw
ρ

r
¼

ffiffiffiffiffiffiffiffiffiffi
0:45
1000

r
¼ 0:021 m=s

Therefore we verify that the value of uτ obtained from literature for this fluid
is consistent with the measured τw.

Problem 24

We have the following experimental data obtained from the pipe flow charac-
teristics of two fluids, A and B.We are also given a chart that plots on a graph of
1=

ffiffiffi
f

p
against log Re

ffiffiffi
f

p� �
based on the friction factor (f) data obtained.

Fluid A Fluid B

Pipe diameter 0.038 m 0.038 m

Bulk velocity 0.25 m/s 0.55 m/s

Density 1000 kg/m3 1000 kg/m3

Kinematic viscosity 1 � 10�6 m2/s 2 � 10�6 m2/s
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(a) Two measuring stations are located at a distance of x ¼ 10 m and x ¼ 20 m
downstream of the flow from the pipe entrance respectively. Determine if
the flow is fully developed when the first station is reached.

(b) Find out the pressure drop ΔP/Pa across the two measuring stations and
determine the wall shear stress τw and friction velocity uτ.

(c) Using the data provided, verify if the data point marked by the black cross
in the chart corresponds to that of fluid A.

(d) Identify which data point for fluid B corresponds to the data provided. Also
find the percentage of drag reduction (%DR) for the identified point, where
fA and fB refer to the friction factors for the two fluids.

%DR¼ 12
f B
f A

� 	����
Re

Solution 24

Worked Solution

(a) Let us revisit some key concepts related to this problem before we begin solving.

- - - - - - - - - - - - - - - - - – - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Note that the graph that is provided is a plot of Prandtl–Karman coordinates of 1 ffiffi
f

p
against log Re

ffiffiffi
f

pð Þ. This plot is useful as it gives us straight line correlations between
friction factor f and Re especially in the turbulent region where this plot would give
straight lines. [Recall that for turbulent flow when Re > 4000:
1 ffiffi
f

p ¼ 4:0log Re
ffiffiffi
f

pð Þ � 0:4 as represented by the Karman–Nikuradse equation.]

Turbulent flow is often preferred for industrial processes due to its intense
mixing. The key is to grasp the transition point from laminar to turbulent flow and
experiments may be used to determine this as it also varies from apparatus to
apparatus. The plot of f–Re is not as well defined experimentally; hence the Prandtl–
Karman coordinates are often used for experimental plots instead. When Re < 2100,
we have laminar flow. Between Re ¼ 2100 and 4000, the transition point occurs.
And when Re > 4000, we usually have fully developed turbulent flow.

In order to determine if the flow is developed upon reaching the first measuring
station, we should identify the flow regime (i.e., laminar or turbulent) so that the
appropriate correlation for fully developed verification can be used.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

For fluid A, we have
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Re ¼ VD

ν
¼ 0:038� 0:25

10�6 ¼ 9500 > 4000

Entry length is a term used to describe a portion upstream near the entrance of the
pipe (assuming for pipe flow) where the flow is still adjusting. Beyond the entry
length, the flow is fully developed and the velocity profile steadies itself. Similarly
this phenomenon can happen near the end of pipe, in which case it is called end
effects. Entry and end effects are less significant when the Re number is high.
Pressure drops caused by entry and end effects should be considered when very
viscous liquids are used or during slow flow situation, and corrections should be
made accordingly.

In our problem, as Re > 4000, the flow is turbulent. Therefore we may use the
following correlation for finding entry length for our turbulent regime.

Lentry ¼ 40D ¼ 30� 0:038 ¼ 1:52

Since the entry length of 1.52 m � 10 m, the flow is fully developed at the
location of the first measuring station.

(b) To find the pressure drop, we may recall that pressure drop is related to wall
shear stress. This can be easily established from a force balance between
pressure force and shear force which have to balance for steady flow.

Pressure Force ¼ Shear Force

ΔP
πD2

4

� 	
¼ τw πDLð Þ

ΔP ¼ 4τw
L

D

� 	

Separately, we know that shear stress is related to friction factor f since f is a
ratio between shear stress at the pipe wall and the bulk kinetic energy; therefore

f ¼ τw
1
2ρ vh i2

τw ¼ 1
2
ρ vh i2f

Therefore to find pressure drop, we need a relationship between Re (which we
know) and f. After we determine f, we can find ΔP via τw.

In our case, for fluid A, Re ¼ 9500. The relevant correlation to find f is the
Blasius equation as follows, that is valid for 4000 � Re 	 105.
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f ¼ 0:079Re�
1
4 ¼ 0:079 9500ð Þ� 1

4 ¼ 0:008

τw ¼ 1
2

1000ð Þ 0:252
� �

0:008ð Þ ¼ 0:25 Pa

ΔP ¼ 4τw
L

D

� 	
¼ 4 0:25ð Þ 20� 10ð Þ

0:038
¼ 260 Pa

uτ ¼
ffiffiffiffiffiffiffiffiffiffi
τw=ρ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:25=1000

p
¼ 0:016 m=s

(c) Based on the calculations for fluid A, we should have the following coordinate
values:

1ffiffiffi
f

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
0:008

p ¼ 11

log Re
ffiffiffi
f

p� �
¼ log 9500�

ffiffiffiffiffiffiffiffiffiffiffi
0:008

p� �
¼ 2:9

The point at the black cross has coordinate values similar to the above as
observed from the chart; hence the data point corresponds to fluid A.

(d) Let us calculate Re for fluid B.

ReB ¼ 0:55� 0:038

2� 10�6 ¼ 10450 > 9500

To find out which of the data points on the chart corresponds to our case
for fluid B, we may first deduce that since ReB > ReA, then

f B < f A or 1ffiffiffiffi
f B

p > 1ffiffiffiffi
f A

p
� 	

. We can observe from the chart that points a, b and

c are not possible.
We can find from the chart provided, the coordinates of points d, e and f.
For point d,

1ffiffiffiffiffi
f B

p ¼ 15

From this coordinate value, f B ¼ 1
15

� �2 ¼ 0:0044. This gives
log ReB

ffiffiffiffiffi
f B

pð Þ ¼ log 10450
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0044

p� � ¼ 2:84.

log ReB
ffiffiffiffiffi
f B

p� �
¼ 2:55

The value of 2.84 does not correspond to the coordinate value of 2.55 found.
Hence this point is incorrect.
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For point e,

1ffiffiffiffiffi
f B

p ¼ 19

From this coordinate value, f B ¼ 1
19

� �2 ¼ 0:0028. This gives
log ReB

ffiffiffiffiffi
f B

pð Þ ¼ log 10450
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0028

p� � ¼ 2:74.

log ReB
ffiffiffiffiffi
f B

p� �
¼ 2:75

The value of 2.74 is close to the coordinate value of 2.75 found. Hence this
point is correct.

For point f,

1ffiffiffiffiffi
f B

p ¼ 20

From this coordinate value, f B ¼ 1
20

� �2 ¼ 0:0025. This gives
log ReB

ffiffiffiffiffi
f B

pð Þ ¼ log 10450
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0025

p� � ¼ 2:72.

log ReB
ffiffiffiffiffi
f B

p� �
¼ 2:85

The value of 2.72 does not correspond to the coordinate value of 2.85 found.
Hence this point is incorrect.

Therefore we can conclude that the data point that matches fluid B best is
point e.

Finally to find the percentage of drag reduction (%DR) for point e (i.e.,
fluid B) relative to fluid A, we can calculate fB ¼ 0.0028 while fA ¼ 0.008
from earlier.

%DR ¼ 1� 0:0028
0:008

� 	����
Re

¼ 65%

We have assumed that Re does not differ significantly between the two fluid
flows, for the above approximate calculation.

Problem 25

(a) Express the energy equation that is appropriate to describe instantaneous
turbulent flow. You may assume there are no energy sources/sinks, and no
viscous losses.

(b) Derive the corresponding energy equation that is averaged over time and
express heat transfer fluxes for the turbulent flow.
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Solution 25

Worked Solution

(a) The general form of an energy equation is as follows assuming no source/sink
terms and no viscous contributions, where k

ρcp
is also known as the thermal

diffusivity.

∂T
∂t

þ v ∙∇T ¼ k

ρcp
∇2T

Turbulent flow is typically characterized by its rapid fluctuations. As such
instantaneous flow properties (e.g., velocity, shear stress, pressure etc.) may be
expressed as a sum between a time-averaged component (e.g., �T ) and a
fluctuating component (e.g., T0). The properties T and v are further defined as
follows to describe instantaneous turbulent flow.

T ¼ �T þ T 0 ! ∂T
∂t

¼ ∂
�
�T þ T 0�
∂t

v tð Þ ¼ �vþv0

∂
�
�T þ T 0�
∂t

þ ��vþv0
�
∙∇
�
�T þ T 0� ¼ k

ρcp
∇2� �T þ T 0�

(b) We can obtain a time-averaged energy equation starting with the time-average
for the temperature differential

∂
�
�T þ T 0�
∂t

¼ ∂
�
�T
�

∂t
¼ ∂�T

∂t
ð1Þ

Next we find out the time-average for the dot product v ∙ ∇ T

v ∙∇T ¼ vx; vy; vz
� �

∙
∂T
∂x

;
∂T
∂y

;
∂T
∂z

� 	
¼ vx

∂T
∂x

þ vy
∂T
∂y

þ vz
∂T
∂z

vx
∂T
∂x

¼ �vxþvx0
� ∂� �T þ T 0�

∂x

¼ vx
∂ �T
∂x

þ vx0
∂�T
∂x

þ vx
∂T 0

∂x
þ vx0

∂T 0

∂x

¼ vx
∂ �T
∂x

þ 0þ 0þ vx0
∂T 0

∂x
¼ vx

∂�T
∂x

þ vx0
∂T 0

∂x
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The same can be done for the y and z components of velocity; hence we obtain
the following expressions

vx
∂T
∂x

¼ vx
∂�T
∂x

þ vx0
∂T 0

∂x

vy
∂T
∂y

¼ vy
∂�T
∂y

þ vy0
∂T 0

∂y

vz
∂T
∂z

¼ vz
∂ �T
∂z

þ vz0
∂T 0

∂z

We can now put together the three expressions to obtain the time-average of
the dot product

v ∙∇T¼vx
∂ �T
∂x

þ vx0
∂T 0

∂x
þ vy

∂ �T
∂y

þ vy0
∂T 0

∂y
þ vz

∂ �T
∂z

þ vz0
∂T 0

∂z

v ∙∇T¼�v ∙∇ �T þ v0 ∙∇T 0 ð2Þ

Next we look at the term at the right-hand side of the energy equation

∇2T ¼ ∇2� �T þ T 0� ¼ ∂2
�
�T þ T 0�
∂x2

þ ∂2
�
�T þ T 0�
∂y2

þ ∂2
�
�T þ T 0�
∂z2

∇2T ¼ ∇2 �T ð3Þ

Finally, we combine the expressions (1–3) to obtain the time averaged energy
equation as shown

∂ �T
∂t

þ �v ∙∇�T þ v0 ∙∇T 0 ¼ k

ρcp
∇2 �T

The turbulent heat transfer flux q is contributed by the fluctuating variable,
and we know that temperature is related to heat flux via heat capacity and
velocity; therefore q is expressed as shown

q ¼ qx; qy; qz
� � ¼ ρcp

�
v0 ∙∇T 0�¼ρcp

�
vx0 ∙ T 0þvy0 ∙T 0þvz0 ∙ T 0�

Problem 26

We are provided with the velocity profile of the turbulent boundary layer for a
pipe flow as follows:
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uþ ¼ yþ for yþ < 5

uþ ¼ 5ln yþ � 3:05 for 5 < yþ < 30

uþ ¼ 2:5ln yþ þ 5:5 for yþ > 30

(a) Show that the mean velocity in the pipe is

uh iþ ¼ 2:5lnRþ þ 1:75

where R is the pipe radius. You may assume that mass flow rates in the
viscous and buffer layers are negligible relative to that in the turbulent core.

(b) A certain fluid with η ¼ 9 � 10�4 Ns/m2 and ρ ¼ 1050 kg/m3 has a mean
velocity of 2.8 m/s in a pipe of radius 0.025 m. Determine the friction
velocity.

(c) Find the friction factor.
(d) Find the thickness of the viscous sublayer and buffer layer.
(e) Find the velocity at a distance of 0.75 mm from the wall.
(f) Assuming there is a heat flux of 6.5 kW/m2 transmitted through the wall,

determine the temperature gradient at the wall, and at a distance 0.75 mm
from the wall. You are given the thermal conductivity k ¼ 0.61 W/mK and
heat capacity Cp ¼ 4.2 kJ/kgK.

Solution 26

Worked Solution

(a)
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Before going into details about the characteristics of turbulent flow velocity profile,
it helps to first understand how laminar flow and turbulent flow profiles differ. Fully
developed laminar and turbulent flows are shown below, with a zoom-in on the
turbulent boundary layer near the wall.

x

y

In the above, note that the laminar profile has a parabolic shape. The turbulent
profile, however, has a much steeper velocity gradient near the walls, and a flatter
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portion near the core. The entire turbulent boundary layer has thickness, δ. Also note
that the turbulent velocity profile plots time-averaged velocities or mean velocities, �v.
Useful parameters for turbulent flow to note:

• Friction velocity, u� ¼
ffiffiffiffi
τw
ρ

q
, is a quantity which has units of velocity (m/s) but

is not an actual flow velocity. u� is used to non-dimensionalize turbulent mean
velocity (time-averaged) to obtain a dimensionless velocity uþ ¼ u

u�, assuming
smooth walls. τw refers to wall shear stress and ρ is fluid density.

• Another useful dimensionless parameter is the dimensionless distance from
wall, yþ ¼ y

y�, also called viscous length. Similar to friction velocity, y� is used
to non-dimensionalize distance and y� ¼ ν

u� ¼ ηffiffiffiffiffi
τwρ

p , where ν is kinematic

viscosity and η is the fluid viscosity (or shear viscosity).
• The thickness of the viscous sublayer is approximately y+ ¼ 5.

The velocity profiles of the three sublayers of the turbulent boundary layer are as
follows.

Viscous sublayer

Viscous effects almost completely dominate in this sublayer near the walls. The

steep velocity gradient means a high shear stress τ, since τ ¼ η dv xð Þ
dy . This wall shear

stress is much greater in turbulent flow than laminar flow. The viscous sublayer may
be thin, but its viscous effects are significant within this region. This layer can be
modeled using a linear profile:

uþ ¼ yþ

where y+ < 5. Note that the no-slip condition applies at the walls, i.e., y+ ¼ 0, u+ ¼ 0.

Buffer layer

In this layer, there is a mix of viscous stress and turbulent stresses. It connects the
two adjacent layers (i.e., inner viscous sublayer and outer turbulent core) to give a
continuous velocity profile. Turbulent energy is dissipated here, where the fluid near
the wall and in the turbulent core are rapidly exchanged. The buffer layer can be
modeled as follows:

uþ ¼ 5 ln yþ � 3:05

where 5 < y+ < 30.

Turbulent core

Turbulent shear stress dominates. Velocity almost reaches a constant value that does
not vary much with distance from the wall. Beyond this layer, flow is dominated by
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inertia and velocity reaches a constant value, U. This turbulent core can be modeled
as follows:

uþ ¼ 2:5 ln yþ þ 5:5

where y+ > 30.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Now let’s return to the solving the problem.
To obtain the mean velocity, we need to consider the individual velocity profiles

for each sublayer of the turbulent boundary layer and average over the entire cross
section of the pipe.

The differential area element for cross section of a cylindrical pipe in the general
form is 2πrdr. In terms of the variables provided in this problem, we have

r ¼ R� y ! dr ¼ �dy

dA ¼ 2π R� yð Þ �dyð Þ

Note that the limits of integration are converted from r coordinates to
y coordinates. When r ¼ 0, y ¼ R and when r ¼ R, y ¼ 0.
The mean velocity can be found as follows

πR2 uh i ¼
ðr¼R

r¼0
u2πrdr ¼

ðy¼0

y¼R
u2π R� yð Þ �dyð Þ

Dividing throughout by u�y�2,

πRþ2
uh iþ ¼

ð0
Rþ

uþ2π Rþ � yþð Þ �dyþð Þ ¼ 2π
ðRþ

0
uþ Rþ � yþð Þ dyþð Þ

Rþ2
uh iþ ¼ 2

ð5
0
yþ Rþ � yþð Þ dyþð Þ þ 2

ð30
5

5 ln yþ � 3:05ð Þ Rþ � yþð Þ dyþð Þ

þ 2
ðRþ

30
2:5 ln yþ þ 5:5ð Þ Rþ � yþð Þ dyþð Þ

Rþ2
uh iþ ¼ 2

Rþyþ2

2
� yþ3

3

" #5
0

þ 2
ð30
5

5 ln yþ � 3:05ð Þ Rþ � yþð Þdyþ

þ 2
ðRþ

30
2:5 ln yþ þ 5:5ð Þ Rþ � yþð Þdyþ

In order to integrate the logarithmic expressions for the buffer layer and the
turbulent core, we can use integration by parts

R
udv ¼ uv � R

vdu

668 Fluid Mechanics



For the second term’s integral,

ð30
5

5 ln yþ � 3:05ð Þ Rþ � yþð Þdyþ

¼ 5 ln yþ � 3:05ð Þ Rþyþ � yþ2

2

 !" #30
5

�
ð30
5

Rþyþ � yþ2

2

 !
5
yþ

� 	
dyþ

¼ 13:96 30Rþ � 450ð Þ � 5 5Rþ � 12:5ð Þ½ � � 5Rþyþ � 5yþ2

4

" #30
5

¼ 394Rþ � 6220� 150Rþ � 1125ð Þ � 25Rþ � 31:25ð Þ½ �
¼ 394Rþ � 6220� 125Rþ � 1094½ �

¼ 269Rþ � 5126

For the third term’s integral,

ðRþ

30
2:5 ln yþ þ 5:5ð Þ Rþ � yþð Þdyþ ¼ 2:5 ln yþ þ 5:5ð Þ Rþyþ � yþ2

2

 !" #Rþ

30

�
ðRþ

30
Rþyþ � yþ2

2

 !
2:5
yþ

� 	
dyþ

¼ 2:5 lnRþ þ 5:5ð Þ Rþ2

2

 !
� 14 30Rþ � 450ð Þ

" #
� 2:5Rþyþ � 2:5yþ2

4

" #Rþ

30

¼ 1:25Rþ2 lnRþ þ 2:75Rþ2 � 420Rþ þ 6300� 1:875Rþ2 þ 75Rþ � 562:5

¼ 1:25Rþ2
lnRþ þ 0:875Rþ2 � 345Rþ þ 5737:5

Combining our results, we have

Rþ2
uh iþ ¼ 25Rþ � 83þ 538Rþ � 10252þ 2:5Rþ2

lnRþ þ 1:75Rþ2 � 690Rþ

þ 11475

uh iþ ¼ �127
Rþ þ 1140

Rþ2 þ 2:5 lnRþ þ 1:75

The first two terms which are reciprocals of R+ (i.e., �127
Rþ þ 1140

Rþ2 ) are negligible

compared to the last two terms, hence

uh iþ ffi 2:5 lnRþ þ 1:75
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(b) We are given the radius is R ¼ 0.0025 m and hui ¼ 2.8 m/s; therefore, friction
velocity u� can be found

u� ¼ uh i
uh iþ ¼ 2:8

2:5 lnRþ þ 1:75

Rþ ¼ R

y�

y� ¼ ν

u�
¼ η

ρu�
! Rþ ¼ Rρu�

η
¼ 0:025� 1050� u�

9� 10�4

u� ¼ 2:8
2:5 ln 29167u�ð Þ þ 1:75

¼ 2:8
27:45þ 2:5 ln u�

u� ¼ 0:126m=s

(c) To find friction factor, we need to understand the relationship between friction
velocity and wall shear stress, which then relates to friction factor.

u� ¼
ffiffiffiffiffi
τw
ρ

r
! τw ¼ ρu�2

uh iþ ¼ uh i
u�

¼ 2:8
0:126

¼ 22

f ¼ τw
1
2ρ uh i2 ¼

2τw

ρu�2 uh iþ2 ¼
2

uh iþ2 ¼ 0:00413

(d) The thickness of the viscous sublayer is found by finding the distance from the
wall at the upper limit of the viscous sublayer region, i.e., when y+ ¼ 5.

5 ¼ y

y�
¼ yρu�

η
! y ¼ 5� 9� 10�4

1050� 0:126
¼ 0:034mm

As for the thickness of the buffer layer,

yþ ¼ 30� 5 ¼ 25

y ¼ 25� 9� 10�4

1050� 0:126
¼ 0:17mm

(e) To find the velocity hui at a distance y ¼ 0.00075 m, we can first find out which
sublayer the flow belongs to so as to apply the right equation.
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yþ ¼ 0:00075� ρu�

η
¼ 110 > 30 turbulent coreð Þ

uh iþ ¼ 2:5 ln 110þ 5:5 ¼ 17:25

uh i ¼ u� uh iþ ¼ 0:126� 17:25 ¼ 2:2m=s

(f) To relate to turbulence heat flux near the wall, let us revisit some relevant
concepts. The energy equation for turbulent flow is shown below, where k

ρcp
is

also known as the thermal diffusivity. A key characteristic about turbulent flow is
that its flow properties such as velocity may be expressed as a sum of a mean
value and a fluctuating component. Noted that in the energy equation, the
turbulent heat transfer flux qturb is from the fluctuating component ρcp

�
v0 ∙∇T0�.

ρcp
∂ �T
∂t

þ �v ∙∇�T þ v0 ∙∇T 0
� �

¼ k∇2 �T

Let us express total heat flux (starting with a breakdown of the shear stress
contributions) as a sum of two components to try to solve this problem. The
“turbulent version” of kinematic viscosity is called eddy viscosity E.

Total wall shear stress ¼ Viscous stressþ Turbulent stress

τw ¼ ρν
dvx
dy

þ ρE
dvx
dy

τw
ρ

¼ νþ Eð Þ dvx
dy

We know that the friction velocity u� is the turbulent flow velocity scale and it
is related to τw via τw

ρ ¼ u�2. Also let εþ ¼ E
ν0

vx
u� ¼ uh i

u� ¼ uh iþ and yþ ¼ y
y�.

νþ Eð Þ dvx
dy

¼ u�2

1þ E
ν

� � dvx
dy

¼ u�2

ν

dvx
u�

¼ 1
1þ εþð Þ dy

u�

ν
¼ 1

1þ εþð Þ
dy

y�

d uh iþ ¼ 1
1þ εþð Þ dy

þ ! εþ ¼ 1
d uh iþ
dyþ

� 1

Total heat flux ¼ Heat flux from viscous stressþ Heat flux from turbulent stress
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Note that the turbulent heat flux in the energy equation is the term
ρcp
�
v0 ∙∇T 0�, which is the equivalent of the term �ρcpE d

�T
dy below.

qj j ¼ �k
d �T

dy
� ρcpE

d �T

dy
¼ �ρcp

k

ρcp
þ εþν

� �
d �T

dy

When distance from wall is 0.75 mm, the governing equation is

hui+ ¼ 2.5 ln y+ + 5.5. Therefore, d uh iþ
dyþ ¼ 2:5

yþ . We also know that at this distance

from wall, y+ ¼ 110, hui+ ¼ 17.25 from part e.

εþ ¼ 1
d uh iþ
dyþ

� 1 ¼ 110
2:5

� 1 ¼ 43

ν ¼ η

ρ
¼ 9� 10�4

1050
¼ 9:6� 10�7

qj j ¼ 6500 ¼ ρcp
k

ρcp
þ εþν

� �
d �T

dy

¼ 1050� 4200
0:61

1050� 4200
þ 43 9:6� 10�7

� �� �
d �T

dy

d �T

dy

����
y¼0:75mm

¼ 35:6 K=m

The temperature gradient at the wall occurs in the viscous sublayer region

where hui+ ¼ y+ and d uh iþ
dyþ ¼ 1: Hence ε+ ¼ 0. This makes sense as there is no

turbulent stress component (or turbulent heat flux contribution) right at the wall
surface.

qj j ¼ 6500 ¼ k
d �T

dy
¼ 0:61

d �T

dy

d �T

dy

����
y¼0

¼ 1:1� 104 K=m

Problem 27

A viscous liquid flows steadily down a long and gentle slope of angle θ to the
horizontal. It forms a film of uniform thickness h. Find the velocity profile of the
flowing liquid in terms of angle θ and distance y which is the perpendicular
distance from the slope surface. State any assumptions made.
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Solution 27

Worked Solution
We can first sketch a diagram to better visualize this problem. The key in solving this
is to be familiar with converting between our usual x, y Cartesian coordinate system
to one that is at an angle to the horizontal.

x

θ

y
Falling film

h

g

Let us start by stating our assumptions for this flow

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant flow direction is in the x direction (as defined in the diagram

above); hence we assume that vy ¼ vz ¼ 0
• Given that the slope is long, we may assume the flow is fully developed in the

x direction and any entrance/end effects may be ignored. Hence vx 6¼ vx(x).
• Note that gravity is driving the flow; hence its effects are significant. The g vector

consists of both non-zero x and y components. In the +x direction, we have
ρg sin θ and in the +y direction, we have �ρg cos θ.

We can now look at the x and y components of the Navier–Stokes equation

0 ¼ � ∂P
∂x

þ ρg sin θ þ η
∂2vx
∂y2

� 	

0 ¼ � ∂P
∂y

þ �ρg cos θð Þ

Now we may establish known boundary conditions. For pressure, at y ¼ h,
P ¼ Patm and for velocity, at y ¼ 0, vx ¼ 0 and at y ¼ h, ∂vx

∂y ¼ 0 since the air–liquid

interface can be assumed to have zero shear stress if the viscosity of liquid is much
greater than that of air, which is a valid assumption.

∂P
∂y

¼ �ρg cos θ

P ¼ �ρg cos θð Þyþ c1 ! c1 ¼ Patm þ ρg cos θð Þh
P ¼ �ρg cos θð Þyþ Patm þ ρg cos θð Þh ¼ Patm þ ρg cos θð Þ h� yð Þ

We can observe that ∂P∂x ¼ 0 since P is not a function of x. Therefore going back to
the x-component Navier–Stokes equation, we have
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0 ¼ ρg sin θ þ η
∂2vx
∂y2

� 	

�ρg sin θ
η

¼ ∂2vx
∂y2

�ρg sin θ
η

yþ c1 ¼ ∂vx
∂y

! c1 ¼ ρg sin θ
η

h

vx ¼ �ρg sin θ
2η

y2 þ ρg sin θ
η

hyþ c2 ! c2 ¼ 0

Substituting the integration constants back into the velocity profile, we obtain the
following.

vx ¼ �ρg sin θ
2η

y2 þ ρg sin θ
η

hy

vx ¼ h2ρg sin θ
2η

2
y

h

� �
� y

h

� �2� �

Problem 28

Consider a fluid above a flat plate that is moving at a velocity of V cosωt in the x
direction. You may assume the no-slip boundary condition at the interface
between the fluid and plate surface where z ¼ 0. The velocity of the fluid can
be described as dominated by the x-component velocity which is a function of
the perpendicular distance from the plate, z and time, t.

(a) Comment on the pressure gradient for this flow, assuming there is no
externally applied pressure gradient.

(b) Derive a solution of the form vx¼ Re [G(z)eiωt]whereby Re refers to the real
part of the complex function [G(z)eiωt] and i2 ¼ 1. Show the following
expression and find m.

vx z; tð Þ¼Ve2mz cos ωt2mzð Þ

(c) Using your results in b, find the magnitude of temperature fluctuation at a
distance 3.5 m below ground level if the ground temperature is assumed to
vary sinusoidally with an amplitude of 18 K and a period of 6 months. The
density of the ground material is 2700 kg/m3, the specific heat capacity is
0.9 kJ/kgK and thermal conductivity is 0.7 W/mK.
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Solution 28

Worked Solution

(a) We have below an illustration of the problem.

x
z

�cos ��
Fluid flow 
over plate Oscilla�ng 

flat plate

We note from the problem statement that there is no applied pressure gradient.
Let us look at the x component Navier–Stokes equation. Note that in this case,
there is no steady state (i.e., no change in velocity with time t) as the flat plate’s
movement varies with time; hence the fluid velocity is also a function of time.
Our assumptions are as follows:

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The dominant flow direction is in the x direction; hence vz ¼ vy ¼ 0.
• The flow is fully developed where entry/end effects are assumed negligible;

hence vx 6¼ vx(x)
• Gravity effects are absent.

The x-component Navier–Stokes equation is simplified to the following

ρ
∂vx
∂t

¼ � ∂P
∂x

þ η
∂2vx
∂z2

� 	

Since we know that vx 6¼ vx(x), it follows that

∂
∂x

ρ
∂vx
∂t

� �
¼ 0

We can substitute this result into the Navier–Stokes equation

∂
∂x

� ∂P
∂x

þ η
∂2vx
∂z2

� 	� �
¼ 0 ! ∂2P

∂x2
¼ 0

∂P
∂x

¼ c1

Pressure gradient for this flow is uniform. Since there is no applied pressure
gradient, we know that c1 ¼ 0.
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P ¼ c1xþ c2 ¼ c2

∂vx
∂t

¼ η

ρ

∂2vx
∂z2

� 	
¼ ν

∂2vx
∂z2

� 	

(b) To derive the complex solution, we can adopt a trial and error approach since we
know the form of the solution from the problem statement. Let us try a solution
of the form vx ¼ G(z)eiωt

∂vx
∂t

¼ iωG zð Þeiωt

∂2vx
∂z2

¼ G00eiωt

iωG zð Þeiωt ¼ νG00eiωt ! G00 ¼ iω

ν
G

G ¼ c1e
ffiffiffi
iω
ν

p
z þ c2e

�
ffiffiffi
iω
ν

p
z

G ¼ c2e
�
ffiffiffi
iω
ν

p
z ¼ c2e

� ffi
i

p ffiffi
ω
ν

p
z

We can deduce that c1 ¼ 0 as G should be diminishing with increasing
distance z from the oscillating plate. Also we know that i2 ¼ �1.

We recall a useful property mathematical “trick” whereby

1þ ið Þ2 ¼ 1þ 2iþ i2 ¼ 1þ 2i� 1 ¼ 2i

1þ i ¼
ffiffiffi
2

p ffiffi
i

p
!

ffiffi
i

p
¼ 1þ iffiffiffi

2
p

Therefore we can substitute for
ffiffi
i

p

G ¼ c2e
� 1þiffiffi

2
p
� � ffiffi

ω
ν

p
z ¼ c2e

� 1þið Þ
ffiffiffi
ω
2ν

p
z

Letm ¼ ffiffiffiffi
ω
2ν

p
, and taking the real part of the complex function for the solution

vx ¼ Re G zð Þeiωt
 � ¼ Re c2e
� 1þið Þmzeiωt

h i
¼ Re c2e

�mzei ωt�mzð Þ
h i

We know that when z ¼ 0, vx ¼ V sin ωt

V cosωt ¼ Re c2e
iωt


 � ¼ Re c2 cosωt þ c2 sinωtð Þi½ � ¼ c2 cosωt
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c2 ¼ V

Therefore the velocity profile is as follows where m ¼ ffiffiffiffi
ω
2ν

p
.

vx ¼ Re Ve�mzei ωt�mzð Þ
h i

vx ¼ Ve�mz cos ωt � mzð Þ

(c) We know that the amplitude of this sinusoidal function is 18 K, with a period of
6 months or 0.5 years.

Plate surface

z3.5m

We may now adapt the concept of the oscillating plate which contributes to a
sinusoidal velocity in surrounding fluid, to a plate that is a heat source contrib-
uting temperature changes in the surrounding. In part b, velocity decreases with
increasing z. In this case, we defined a similar system whereby temperature
decreases with increasing z.

The analogous form of the earlier Navier–Stokes equation in terms of velocity
for temperature is as shown below, where we assume that for temperature
changes, the key term is the diffusion (thermal energy) contribution and kine-
matic viscosity ν ¼ η

ρ is replaced by thermal diffusivity k
ρcp

where k is the thermal

conductivity.

∂vx
∂t

¼ ν
∂2vx
∂z2

� 	
$ ∂T

∂t
¼ k

ρcp

∂2T
∂z2

� 	
¼ α

∂2T
∂z2

� 	

The equivalent of kinematic viscosity for velocity profile is thermal diffusiv-
ity α in this case. Substituting values of material properties, we have the
following

∂T
∂t

¼ 0:7
2700 900ð Þ

∂2T
∂z2

� 	
¼ 2:9� 10�7 ∂2T

∂z2

� 	

α ¼ 2:9� 10�7

We also know that the period of the sinusoidal variation of temperature is 0.5
years. Therefore we can find ω.

ω ¼ 2π
0:5� 365� 24� 60� 60

¼ 4� 10�7 rad=s
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m ¼
ffiffiffiffiffi
ω

2ν

r
$

ffiffiffiffiffiffi
ω

2α

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 10�7

2 2:9� 10�7
� �

s
¼ 0:7

The amplitude of temperature was given as 18 K at z ¼ 0. Adapting the
solution in part b, vx ¼ Ve�mz cos (ωt � mz) where m ¼ ffiffiffiffi

ω
2ν

p
, magnitude of

temperature fluctuation (i.e., amplitude) is given by Ve�mz. Therefore,

Ve�mzjz¼0 ¼ 18 ! V ¼ 18

At a distance of z ¼ 3.5 m, the magnitude of temperature fluctuation is

Ve�mzjz¼3:5 ¼ 18e�0:7 3:5ð Þ ¼ 1:55K

Problem 29

We typically encounter problems with circular pipes for fluid flow within. Let
us now consider a case where the cross section of the pipe is an isosceles triangle.

(a) Find the velocity profile of a laminar flow in this horizontal pipe with a
triangular cross section as illustrated below, using the solution for vy in the
form shown below. You may assume α is a constant, the angle θ ¼ 30

�
and

the base of the triangle has length m, while the two other lengths are of the
same length p.

vy ¼α x2
m

ffiffiffi
3

p

2

 !
9z2 2 3x2
� �

θ

m

p p

(b) Find an expression for the volumetric flow rate per unit length (in y
direction) that relates to pressure gradient in y.

Solution 29

Worked Solution
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(a) We can project the triangle onto a suitable coordinate system, i.e., Cartesian.
Based on this coordinate system, the dominant velocity of the fluid in this
triangular pipe will be in the y direction.

Fluid flow




�
�

θ



0

�

x

x

p

p
–

Let us state some assumptions before we apply the Navier–Stokes equation to
describe the flow.

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant flow direction is in the y direction; hence vx ¼ vz ¼ 0.
• The flow is fully developed where entry/end effects are assumed negligible;

hence vy 6¼ vy(y)
• Gravity effects are absent as the pipe is held horizontal.

Looking at the y-component equation

0 ¼ � ∂P
∂y

þ η
∂2vy
∂x2

þ ∂2vy
∂z2

� �

We are given the solution; hence we can evaluate the differentials

vy ¼ α x� m
ffiffiffi
3

p

2

� 	
9z2 � 3x2
� �

∂vy
∂x

¼ α x� m
ffiffiffi
3

p

2

� 	
�6xð Þ þ α 9z2 � 3x2

� � ¼ α �6x2 þ 3
ffiffiffi
3

p
mx

� �
þ α 9z2 � 3x2
� �

∂2vy
∂x2

¼ α �12xþ 3
ffiffiffi
3

p
m

� �
� 6αx ¼ α �18xþ 3

ffiffiffi
3

p
m

� �
∂vy
∂z

¼ 18α x� m
ffiffiffi
3

p

2

� 	
z
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∂2vy
∂z2

¼ 18α x� m
ffiffiffi
3

p

2

� 	

Substituting back into the flow equation

0 ¼ � ∂P
∂y

þ η α �18xþ 3
ffiffiffi
3

p
m

� �
þ 18α x� m

ffiffiffi
3

p

2

� 	� �

α ¼ � ∂P
∂y

� 	
1

6
ffiffiffi
3

p
ηm

� 	

Therefore the velocity profile is shown in the required form as follows.

vy ¼ � ∂P
∂y

� 	
1

6
ffiffiffi
3

p
ηm

� 	
x� m

ffiffiffi
3

p

2

� 	
9z2 � 3x2
� �

(b) The volumetric flow rate per unit length in y, L can be found by integrating the
velocity profile over the entire cross-sectional area in the y plane.

_Q

L
¼ 2

ðx¼ m
2
ffiffi
3

p

x¼0

ðz¼ ffiffi
3

p
x

z¼0
� ∂P

∂y

� 	
1

6
ffiffiffi
3

p
ηm

� 	
x� m

ffiffiffi
3

p

2

� 	
9z2 � 3x2
� �

dzdx

¼ � ∂P
∂y

� 	
1

6
ffiffiffi
3

p
ηm

� 	ðx¼ m
2
ffiffi
3

p

x¼0

ðz¼ ffiffi
3

p
x

z¼0
9xz2 � 3x3 � 9

ffiffiffi
3

p

2
mz2 þ 3

ffiffiffi
3

p
mx2

2

� 	
dzdx

¼ � ∂P
∂y

� 	
1

6
ffiffiffi
3

p
ηm

� 	ðx¼ m
2
ffiffi
3

p

x¼0
3xz3 � 3x3z� 3

ffiffiffi
3

p
mz3

2
þ 3

ffiffiffi
3

p
mx2z

2

� �z¼ ffiffi
3

p
x

z¼0

dx

¼ � ∂P
∂y

� 	
1

6
ffiffiffi
3

p
ηm

� 	ðx¼ m
2
ffiffi
3

p

x¼0
9
ffiffiffi
3

p
x4 � 3

ffiffiffi
3

p
x4 � 27mx3

2
þ 9mx3

2

� �
dx

¼ � ∂P
∂y

� 	
1

6
ffiffiffi
3

p
ηm

� 	
9
ffiffiffi
3

p
x5

5
� 3

ffiffiffi
3

p
x5

5
� 27mx4

8
þ 9mx4

8

� �x¼ m
2
ffiffi
3

p

x¼0

¼ � ∂P
∂y

� 	
1

6
ffiffiffi
3

p
ηm

� 	
m5

32
� 3m5

1440
� 27m5

1152
þ 9m5

1152

� 	

¼ � ∂P
∂y

� 	
m5

6
ffiffiffi
3

p
ηm

� 	
13
960

� 	
¼ 13m4

5760
ffiffiffi
3

p
η

� ∂P
∂y

� 	
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Problem 30

Consider a viscous fluid in a cylindrical pipe of radius R that is in steady,
laminar and fully developed flow. Streamlines are parallel to the x-axis. Assume
gravity effects are negligible.

(a) Starting from derivation of energy dissipation per unit volume, show that
the rate of mechanical energy dissipation per unit length of pipe (in the z
direction) is as follows:

πR4

8η
∂P
∂z

� 	2

(b) Determine the net rate of PV work done by upstream fluid on downstream
fluid per unit length of pipe, and comment on your result.

Solution 30

Worked Solution

(a) Before we begin solving the problem, let us recall some relevant concepts on
mechanical energy dissipation.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

When a fluid with non-zero viscosity flows, its viscosity contributes to energy
dissipation. Therefore it requires more energy to make a highly viscous fluid flow,
so as to overcome the energy that will be dissipated.

To better understand energy dissipation, let us consider the shear deformation of a
small element of fluid of unit depth δz ¼ 1 over an infinitesimal amount of time δt.
Assume vx ¼ vx( y) and vy ¼ vz ¼ 0. τ denotes shear stress and P refers to pressure.

PQ face
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To express the distance moved by PQ over time δt, we take the average distance
moved at the midpoint of PQ (i.e., dx). dx is the average of the distance moved by
lengths PS and QR. Since vx is assumed a linear function in y for this small element,
it has different values at PS and QR.

dxjmid�PQ ¼ dxjP þ dxjQ
2

¼
vxδtð Þ þ vx þ dvx

dy δy
� �

δt

2
¼ vx þ 1

2
dvx
dy

δy

� 	
δt

The force (per unit depth z) acting on PQ is pressure force. This force acts to
deform the fluid element in the clockwise direction.

dFjPQ ¼ Pδy

Work done (per unit z) on the fluid element along PQ over time δt is the product of
force and distance moved by this force. We previously found the average distance at
the midpoint of PQ, which when multiplied by δy (which is the area (per unit z) over
which the force (i.e., pressure) acts) gives the total work done on the PQ face.

dW jPQ ¼ Pδy vx þ 1
2
dvx
dy

δy

� 	
δt

RS face

In a similar manner, the work done along RS by pressure force at RS can be
determined. The average distance moved by the RS face is as follows.

dxjmid�RS ¼ dxjPmid�PQ ¼ vx þ 1
2
dvx
dy

δy

� 	
δt

The force (per unit z) acting on RS is also pressure force. This force acts to deform
the fluid element in the anticlockwise direction (hence a negative sign).

dFjRS ¼ � Pþ dP

dx
δx

� 	
δy

Work done (per unit z) on the fluid element on the RS face over time δt is as follows.

dW jRS ¼ � Pþ dP

dx
δx

� 	
vx þ 1

2
dvx
dy

δy

� 	
δtδy

PS face

The force (per unit z) acting on the PS face is shear stress. This force acts to
deform the fluid element in the anticlockwise direction (hence a negative sign).
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dFjPS ¼ �τδx

The distance moved by the PS face is as follows.

dxjPS ¼ vxδt

Work done (per unit z) on the fluid element on the RS face over time δt is as follows.

dW jPS ¼ �τδxvxδt

QR face

The force (per unit z) acting on the QR face is shear stress. This force acts to
deform the fluid element in the clockwise direction.

dFjQR ¼ τ þ dτ

dy
δy

� 	
δx

The distance moved by the QR face is as follows.

dxjQR ¼ vx þ dvx
dy

δy

� 	
δt

Work done (per unit z) on the fluid element on the QR face over time δt is as
follows.

dW jQR ¼ τ þ dτ

dy
δy

� 	
δx vx þ dvx

dy
δy

� 	
δt

The total work done (per unit z) on the fluid element is the sum of all the
components

Total work done per unit z ¼ Pδy vx þ 1
2
dvx
dy

δy

� 	
δt � Pþ dP

dx
δx

� 	

vx þ 1
2
dvx
dy

δy

� 	
δtδy� τδxvxδt þ τ þ dτ

dy
δy

� 	
δx vx þ dvx

dy
δy

� 	
δt
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¼ δxδyδt P
vx þ 1

2
dvx
dy

δy

� 	
δx

�
Pþ dP

dx
δx

� 	
vx þ 1

2
dvx
dy

δy

� 	
δx

� τvx
δy

2
664

þ
τ þ dτ

dy
δy

� 	
vx þ dvx

dy
δy

� 	
δy

3
775

¼ δxδyδt � dP

dx
vx � 1

2
dvx
dy

δy
dP

dx
þ τ

dvx
dy

þ dτ

dy
vx þ dτ

dy

dvx
dy

δy

� �

We substitute the relationship between shear stress and velocity gradient τ ¼ η dvx
dy ,

and dτ
dy ¼ η d2vx

dy2 ,

Total work done per unit z

¼ δxδyδt � dP

dx
vx � 1

2
dvx
dy

δy
dP

dx
þ η

dvx
dy

dvx
dy

þ η
d2vx
dy2

vx þ η
d2vx
dy2

dvx
dy

δy

� �

¼ δxδyδt vx � dP

dx
þ η

d2vx
dy2

� 	
� 1
2
dvx
dy

dP

dx
δyþ η

dvx
dy

� 	2

þ η
d2vx
dy2

dvx
dy

δy

" #

Ignoring the second-order derivatives and above, we obtain

Total work done per unit z ¼ δxδyδt vx � dP

dx
þ η

d2vx
dy2

� 	
þ η

dvx
dy

� 	2
" #

It follows from the Navier–Stokes equation that for a flow that is at steady state,
i.e., no net force (or forces balance) on fluid element, then the following should be
true. Note that we still have a non-zero work done when net force is zero, since the
constant velocity still contributes to a constant kinetic energy of the element over
time. This kinetic energy is how the element dissipates its energy (mechanical) and
this “lost energy” is supplied back by the applied energy which also relates to the rate
of doing work on the element.

Net force ¼ 0 ¼ � dP

dx
þ η

d2vx
dy2

The above expression can also be arrived at by simplifying the Navier–Stokes
equation using our assumptions of steady state, laminar, and fully developed flow in
the dominant direction (x).

After substituting the Navier–Stokes result, the expression for work done
becomes
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Total work done per unit z ¼ δxδyδt η
dvx
dy

� 	2
" #

Rate of work done per unit z ¼ δxδy η
dvx
dy

� 	2
" #

Rate of work done per unit volume ¼ Φ ¼ η
dvx
dy

� 	2

Let us expand this result to the general form of the expression for Φ. The overall
rate of strain/deformation, eij is related to shearing stress τyx by τyx¼ ηeyx. In general,
eij is defined as a sum of two components of strain rates. For example, in x–y
coordinates,

eyx ¼ exy ¼ dvy
dx

þ dvx
dy

τyx ¼ τxy ¼ η
dvy
dx

þ dvx
dy

� 	

And in general, the rate of energy dissipation per volume is given by the
following, where the sum is over nine terms where i ¼ 1 to 3 and j ¼ 1 to 3.

Φ ¼ 1
2
η
X
ij

eij
2

In our problem, eyx ¼ exy ¼ dvx
dy because dvy

dx ¼ 0, and we have only the x–y

coordinates which are relevant. Therefore,

Φ ¼ 1
2
η exy

2 þ eyx
2

� � ¼ 1
2
η

dvx
dy

� 	2

þ dvx
dy

� 	2
" #

¼ η
dvx
dy

� 	2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
Let us now return to our problem, we have the following system

��

�

Let us state some assumptions before we apply the Navier–Stokes equation to
describe the flow.
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• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant flow direction is in the z direction; hence vr ¼ vθ ¼ 0.
• The flow is fully developed where entry/end effects are assumed negligible;

hence vz 6¼ vz(z)
• The system is axisymmetric; therefore ∂

∂θ ¼ 0.
• Gravity effects are absent as the pipe is held horizontal.

The simplified z component of the Navier–Stokes equation is

0 ¼ � ∂P
∂z

þ η
1
r

∂
∂r

r
∂vz
∂r

� 	� �

r2

2η
∂P
∂z

þ c1 ¼ r
∂vz
∂r

vz ¼ r2

4η
∂P
∂z

þ c1 ln r þ c2

Let us establish boundary conditions, when r ¼ 0, vz has to be defined. Therefore
c1 ¼ 0. When r¼ R, vz¼ 0; therefore c2 ¼ �R2

4η
∂P
∂z . Therefore the velocity profile can

be written as follows.

vz ¼ r2

4η
∂P
∂z

� R2

4η
∂P
∂z

¼ � ∂P
∂z

� 	
1
4η

� 	
R2 � r2

 �

Now let us evaluate the relevant rate of strain erz for the system.

erz ¼ ezr ¼ dvr
dz

þ dvz
dr

¼ 0þ dvz
dr

¼ dvz
dr

¼ ∂P
∂z

� 	
r

2η

� 	

The rate of energy dissipation per unit volume is

Φ ¼ η
dvz
dr

� 	2

¼ ∂P
∂z

� 	2 r2

4η

� 	

The rate of mechanical energy dissipation per unit z of pipe can be found by
integrating over the cross-sectional area, considering the area element in cylindrical
coordinates
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ð R
0

ð2π
0
Φrdθdr ¼

ð R
0

ð2π
0

∂P
∂z

� 	2 r3

4η

� 	
dθdr ¼

ð R
0

∂P
∂z

� 	2 r3

4η

� 	
2πdr

ð R
0

ð2π
0

Φrdθdr ¼ ∂P
∂z

� 	2 r4

8η

� 	
π

" #R

0

¼ πR4

8η
∂P
∂z

� 	2

This energy that deforms the fluid element comes from pressure gradient. Pres-
sure gradient contributes to a net rate of flow work or PV work done. The deforma-
tion work increases the internal energy of the fluid (or macroscopic rate of energy
production). This energy is also equivalent to the local rate of energy dissipation.

(b) Note that the net rate of PV work done (or flow work) by upstream fluid on
downstream fluid is caused by pressure gradient and is equivalent to the local
rate of mechanical energy dissipation found in part a.

Rate of PV work is done by finding the product of pressure and distance

moved per unit time; hence we integrate � ∂P
∂z

� �
vz

h i
over the cross-sectional area

element. ∂P∂z is negative; hence we add a negative sign to find the magnitude of the
difference in rate of work done.

Net rate of PV work done ¼ Difference in rate of work done by upstream and
downstream fluid

ð R
0

ð2π
0

� ∂P
∂z

� 	
vzrdθdr ¼

ð R
0

ð2π
0

� ∂P
∂z

� 	
� ∂P

∂z

� 	
1
4η

� 	
R2 � r2

 �

rdθdr

¼
ð R
0

� ∂P
∂z

� 	2 π

2η

� 	
R2 � r2

 �

rdr

¼ � ∂P
∂z

� 	2 π

2η

� 	
R2r2

2
� r4

4

� �R
0

¼ πR4

8η
∂P
∂z

� 	2

You may observe that it follows that this result is the same as in part a.

Problem 31

We have a viscous fluid contained within the annular region of two concentric
cylinders, whereby the inner cylinder is held stationary while the other cylinder
rotates at an angular velocity ω2. The radius of the inner and outer cylinders
are R1 and R2 respectively. Assuming steady flow of the fluid,

(a) Determine the velocity profile in the θ direction.
(b) Find the rate of mechanical energy dissipation per unit axial length in z.
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(c) Find the rate of work done required to rotate the outer cylinder. Comment
on the result.

Solution 31

Worked Solution

(a) Let us sketch a diagram for our problem.

Fluid

zr

This system is best described by cylindrical coordinates. Let us examine the r-
component and θ-component Navier–Stokes equations. We have the following
simplifying assumptions

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant flow direction is in the θ direction (as defined in the diagram

above); hence we assume that vr ¼ vz ¼ 0.
• The flow is axisymmetric, therefore ∂

∂θ ¼ 0, and we assume the flow is fully

developed in the θ direction, so ∂vθ
∂θ ¼ 0 and ∂P

∂θ ¼ 0.
• Gravity effects are absent.

The r-component Navier–Stokes equation tells us some information about the
pressure gradient. In this system, the pressure gradient balances centripetal force.

�ρ
vθ2

r
¼ � ∂P

∂r

The θ-component Navier–Stokes equation tells us more about the velocity
profile for vθ.

∂
∂r

1
r

∂rvθ
∂r

� 	
¼ 0

vθ ¼ c1r

2
þ c2

r
¼ c1

0r þ c2
r

To solve for the integration constants, we can look at boundary conditions.
When r ¼ R1, vθ ¼ 0 and when r ¼ R2, vθ ¼ R2ω2
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0 ¼ c1
0R1 þ c2

R1
! c1

0 ¼ � c2
R1

2

R2ω2 ¼ c1
0R2 þ c2

R2
¼ � c2R2

R1
2 þ c2

R2
! c2 ¼ R2ω2

1
R2
� R2

R1
2

c1
0 ¼ � c2

R1
2 ¼ � R2ω2

R1
2

R2
� R2

Substituting the integration constants, we obtain the velocity profile.

vθ ¼ � R2ω2r
R1

2

R2
� R2

þ R2ω2

r 1
R2
� R2

R1
2

� � ¼
R2ω2

r
R1

� �
R2
R1
� R1

R2

� R2ω2
R1
r

� �
R2
R1
� R1

R2

� �

vθ ¼ R2ω2

r
R1

� �
� R1

r

� �
R2
R1
� R1

R2

2
4

3
5

(b) To find the rate of energy dissipation per unit z, we can integrate the expression
for energy dissipation per unit volume, Φ over the cross-sectional area of the
cylindrical pipe.

Φ ¼ 1
2
η
X
ij

eij
2

In our problem, erθ ¼ eθr ¼ dvθ
dr because dvr

dθ ¼ 0, and we have only the r–θ
coordinates which are relevant. Therefore,

Φ ¼ 1
2
η erθ

2 þ eθr
2

� �
Now let us evaluate the relevant rate of strain erθ for the system. Note that the

definition for cylindrical coordinates is different from that for Cartesian
coordinates.

erθ ¼ eθr 6¼ dvθ
dr

þ dvr
dθ

erθ ¼ eθr ¼ r
∂
∂r

vθ
r

� �
þ 1

r

∂vr
∂θ

¼ r
∂
∂r

vθ
r

� �
¼ 2R1R2ω2

R2
R1
� R1

R2

� �
r2

The rate of energy dissipation per unit volume is
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Φ ¼ η

r4
2R1R2ω2

R2
R1
� R1

R2

� �
2
4

3
5
2

The rate of mechanical energy dissipation per unit z of pipe can be found by
integrating over the cross-sectional area, considering the area element in cylin-
drical coordinates

ðR2

R1

ð2π
0
Φrdθdr ¼

ðR2

R1

ð2π
0

η

r3
2R1R2ω2

R2
R1
� R1

R2

� �
2
4

3
5
2

dθdr ¼
ðR2

R1

η

r3
2R1R2ω2

R2
R1
� R1

R2

� �
2
4

3
5
2

2πdr

¼ 2πη
2R1R2ω2

R2
R1
� R1

R2

� �
2
4

3
5
2

� 1
2r2

� �R2

R1

¼ 2πη
2R1R2ω2

R2
R1
� R1

R2

� �
2
4

3
5
2

1

2R1
2 �

1

2R2
2

� �

¼ 4πηω2
2R1

2R2
2

R2
2 � R1

2

(c) Work is required to be done to rotate the outer cylinder so as to maintain the
steady-state velocity profile of the system, in order to offset the continuous
energy dissipation due to viscosity of fluid.

To determine the rate of work done, let us first find out the force required to be
applied, which depends on the shear stress to be overcome. The component of
shear stress relevant to our problem is given by

τrθ ¼ ηerθ ¼ η
2R1R2ω2

R2
R1
� R1

R2

� �
r2

2
4

3
5

The force is applied at the outer cylinder, which is at radial distance r ¼ R2.
Force is equivalent to shear stress summed over the area which it acts (2πR2L or
2πR2 per unit length).

τrθjr¼R2
¼ η

2R1R2ω2

R2
R1
� R1

R2

� �
R2

2

2
4

3
5 ¼ 2ηR1

2ω2

R2
2 � R1

2

Rate of work done per unit length of cylinder is the rate of torque T per length,
and the rate of torque T per unit length ¼ Shear Force � Tangential distance per
time (or tangential velocity v ¼ rω).
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Rate of T per unit length ¼ τrθjr¼R2

� �
2πR2ð Þ R2ω2ð Þ

¼ 2ηR1
2ω2

R2
2 � R1

2

� 	
2πR2ð Þ R2ω2ð Þ

¼ 4ηπR2
2R1

2ω2
2

R2
2 � R1

2

Hence we can observe that the rate of work done required to maintain the
rotation of the outer cylinder (answer in part c) is equivalent to the rate of energy
dissipation due to the viscosity of the fluid (answer in part b).

Problem 32

Consider a large square plate of length L that is moving away from a solid
plane, where the separation distance between the two is h(t) such that h(t)� L.
There is a fluid contained within the separation space.

Moving square 
plate of length L

Solid plane

Fluidh(t)
z

x

L

(a) Assuming creeping flow, show that 0¼ 2 ∂P
∂xþη ∂

2vx
∂z2

� �
, where P is a function

of time t and distance x only.
(b) Show that the velocity profile in the x direction is given by

vx ¼ 1
2η

∂P
∂x

� 	
z z2 h tð Þ½ �

(c) Derive the differential equation in P given below, and find the force (per
unit area of plate) required to move the square plate. Assume that the
pressure P at the edge of the square plate is equivalent to atmospheric
pressure and at x ¼ 0, P ¼ Pctr

∂
2P

∂x2
¼ 12η

h3
dh
dt
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Solution 32

Worked Solution

(a) Let us list down the assumptions for this flow

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• Gravity effects are absent and inertial effects are ignored under the creeping

flow approximation for the thin film of fluid, i.e., convective derivative
portion of the Navier–Stokes equation is zero.

Convective derivative ¼ ρ
∂vx
∂t

þ vx
∂vx
∂x

þ vy
∂vx
∂y

þ vz
∂vx
∂z

� 	
¼ 0

Looking at the x-component Navier–Stokes equation, we have

0 ¼ � ∂P
∂x

þ η
∂2vx
∂x2

þ ∂2vx
∂z2

� 	

For thin film, ∂2vx
∂x2

��� ���� ∂2vx
∂z2

��� ���, therefore
0 ¼ � ∂P

∂x
þ η

∂2vx
∂z2

� 	

(b) To find the velocity profile of vx, we integrate and impose boundary conditions
where when z ¼ 0, vx ¼ 0 and when z ¼ h(t), vx ¼ 0.

vx ¼ 1
η

∂P
∂x

� 	
z2

2
þ c1zþ c2

c2 ¼ 0 and c1 ¼ � 1
η

∂P
∂x

� 	
h tð Þ
2

vx ¼ 1
η

∂P
∂x

� 	
z2

2
� 1

η

∂P
∂x

� 	
h tð Þ
2

z ¼ 1
2η

∂P
∂x

� 	
z z� h tð Þ½ �

(c) Since we know vx, we can find the velocity profile in the z direction, using the
continuity relationship.

∂vx
∂x

þ ∂vz
∂z

¼ 0
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∂vz
∂z

¼ � ∂vx
∂x

¼ � ∂
∂x

1
2η

∂P
∂x

� 	
z z� h tð Þð Þ

� �
¼ � 1

2η
∂
∂x

∂P
∂x

� 	
z2 � zh
� �� �

When z ¼ 0, vz ¼ 0; therefore we can integrate to find vz

vz ¼ � 1
2η

∂
∂x

∂P
∂x

� 	
z3

3
� z2h

2

� 	� �
þ H xð Þ

Applying the boundary condition at z ¼ 0 gives us H(x) ¼ 0.

vz ¼ dh

dt
¼ � 1

2η
∂
∂x

∂P
∂x

� 	
z3

3
� z2h

2

� 	� �

At z ¼ h, we have

dh

dt
¼ � 1

2η
∂
∂x

∂P
∂x

� 	
z3

3
� z2h

2

� 	� �
¼ 1

2η
∂
∂x

∂P
∂x

� 	
h3

6

� 	� �
¼ h3

12η
∂2P
∂x2

∂2P
∂x2

¼ 12η

h3
dh

dt

We note that the boundary condition for pressure is such that at x¼ 0, P¼ Pctr

and at x ¼ L
2, P ¼ Patm. We can integrate the differential equation with respect to

x as follows.

P ¼ 6η

h3
dh

dt
x2 þ c1xþ c2

c2 ¼ Pctr

c1 ¼
Patm � Pctrð Þ � 6η

h3
dh
dt

L
2

� �2
L
2

¼ 2
Patm � Pctrð Þ

L

� 	
� 3η

h3
dh

dt
L

P ¼ 6η

h3
dh

dt
x2 þ 2

Patm � Pctrð Þ
L

� 	
� 3η

h3
dh

dt
L

� �
xþ Pctr

The force required to move the plate is used to balance the pressure differen-
tial in the fluid relative to the external atmospheric pressure (note: choice of
control volume for force balance automatically excludes viscous force acting
along the fluid/solid surface interfaces as they do not act at the boundary of the
control volume. Only pressure force and applied force F on the upper plate are
relevant here).
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Force to move the plate,F ¼
ðL

2

�L
2

ð L
0

P� Patmð Þdydx

F

L
¼
ðL=2
�L=2

6η

h3
dh

dt
x2 þ 2

Patm � Pctr

L

� 	
� 3η

h3
dh

dt
L

� �
xþ Pctr � Patm

� 	
dx

F

L
¼ 2η

h3
dh

dt
x3 þ Patm � Pctr

L

� 	
� 3η

2h3
dh

dt
L

� �
x2 þ Pctrx� Patmx

� �L=2
�L=2

F

L
¼ η

4h3
dh

dt
L3 þ Patm � Pctr

L

� 	
� 3η

2h3
dh

dt
L

� �
L2

4

� 	
þ PctrL

2
� PatmL

2

� �

� � η

4h3
dh

dt
L3 þ Patm � Pctr

L

� 	
� 3η

2h3
dh

dt
L

� �
L2

4

� 	
� PctrL

2
þ PatmL

2

� �

Force per unit area of plate ¼ F

L2
¼ η

2h3
dh

dt
L2 þ Pctr � Patmð Þ

Problem 33

A circular disc of radius R is at a distance h(t) from a solid surface. The disc is
moving towards the solid surface at a constant velocity of V through a body of
incompressible Newtonian fluid at bulk fluid pressure P0 and of density ρ and
viscosity η. The flow pattern of the fluid contained between the disc and the
bottom surface may be assumed fully developed, where end effects are negligi-
ble. Gravity effects may also be ignored.

Fluid in 
gap

R

h(t)
r

z

Solid surface

Circular 
disc

�

(a) Comment on the assumptions necessary to model this fluid flow using the
creeping flow approximation. Using the Navier–Stokes equation, find the
radial velocity profile vr assuming creeping flow.

(b) Determine the mean value of the radial velocity component, hvri.
(c) Derive another expression for hvri using the continuity equation.
(d) Express pressure in the separation space as a function of the r-coordinate.
(e) Find the force exerted by the fluid on the bottom surface.
(f) Evaluate the following two expressions and compare them to the pressure

gradient in r. Comment on the results.
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ρ vrh i∂ vrh i
∂r

and η
1
r

∂

∂r
r
∂ vrh i
∂r

� 	� 	

Solution 33

(a) In order to assume creeping flow, we require the following conditions so that we
may ascertain slow flow whereby inertial contributions may be neglected, and
viscous effects dominate:

• The gap is narrow compared to the length scale of the disc, i.e., h � R.
Consequently, the derivatives in the z direction dominate while derivatives in
the r direction are small. Also, the pressure gradient in the z direction is
negligible as the flow consists of almost straight and parallel (to the r axis)
streamlines.

• Re for the flow is low, i.e., Re � Vhρ
η � 1.

To find vr, let us list the assumptions that help us simplify the Navier–Stokes
equations

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is axisymmetric; hence ∂

∂θ ¼ 0.

• The fluid flow is at steady state; hence ∂
∂t ¼ 0.

• The fluid is not in rotational flow; hence vθ ¼ 0. Also, vr is the dominant flow
direction; hence we assume vz ¼ 0.

• Gravity effects are absent and inertial effects are ignored under the creeping
flow (i.e., convective derivative portion of the Navier–Stokes equation
is zero).

Applying the assumptions to the r-component equation, we have the following
expression.

0 ¼ � ∂P
∂r

þ η
∂2vr
∂z2

For the sake of discussion, let us do a simple order of magnitude analysis that will
reaffirm our result above. Starting with a more general form of the Navier–Stokes
equation, we may see how some of the terms are removed due to their relative small
values.
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ρ
∂vr
∂t

þ vr
∂vr
∂r

þ vθ
r

∂vr
∂θ

� vθ2

r
þ vz

∂vr
∂z

� 	
¼ ∂P

∂r

þ η
∂
∂r

1
r

∂ rvrð Þ
∂r

� 	� 	
þ 1
r2
∂2vr
∂θ2

� 2
r2
∂2vθ
∂θ2

þ ∂2vr
∂z2

� �

þ ρgr

Terms that were “cancelled off” Reasons

∂vr
∂t

Steady state, therefore equal to zero.

vθ
r

∂vr
∂θ

vθ2

r

vθ ¼ 0 since fluid is not in rotational flow.

1
r2

∂2vr
∂θ2

2
r2

∂2vθ
∂θ2

Flow is axisymmetric; hence derivatives in θ direction are zero.

ρgr No gravitational component in r direction.

After the above removal of terms, we are left with the following equation.

Inertial terms Viscous 
term in r

Viscous 
term in z

Pressure 
term

Let us examine each term closely using order of magnitude (OOM) analysis, and
see how more terms (viscous term in r, and inertial terms) can also be neglected.

Viscous term in r:

∂
∂r

1
r

∂ rvrð Þ
∂r

� 	� 	
¼ ∂

∂r
1
r

r
∂vr
∂r

� 	� 	
þ ∂
∂r

1
r

vr
∂r
∂r

� 	� 	

¼ ∂2vr
∂r2

þ ∂
∂r

vr
r

� �
¼ ∂2vr

∂r2
þ 1

r

∂vr
∂r

� vr
r2

� vr
r2

We know that h � r; therefore vr
h2

 vr

r2. Each of the terms in the above are small;

hence this term ∂
∂r

1
r

∂ rvrð Þ
∂r

� �� �
may be neglected.

Inertial terms:

We know from the continuity equation that πr2V ¼ 2πrhvr; therefore vr � rV
h and

∂vr
∂r � V

h
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ρvr
∂vr
∂r

� rV

h

� 	
V

h

� 	
¼ ρrV2

h2

ρvz
∂vr
∂z

� ρV
∂
∂z

rV

h

� 	
� ρrV2

h2

ρvr
∂vr
∂r

þ ρvz
∂vr
∂z

� 2ρrV2

h2
factor 2 can be dropped for OOM analysisð Þ

Let us compare the relative magnitude of these inertial terms compared to the
viscous term η ∂2vr

∂z2

η
∂2vr
∂z2

� η
vr
h2

� η
rV

h3

Inertial terms
Viscous terms

�
ρrV2

h2

ηrV
h3

¼ hVρ

η
¼ Re � 1

Therefore, when we assumed creeping flow, where Re is low, we have also
assumed that inertial terms may be neglected as verified here. Therefore we arrive
at the same simplified expression as shown in part a.

0 ¼ � ∂P
∂r

þ η
∂2vr
∂z2

(b) In order to obtain the mean value of vr, we need to first figure out the vr profile by
integrating the differential equation in a, using suitable boundary conditions.

1
η

∂P
∂r

¼ ∂2vr
∂z2

∂vr
∂z

¼ z

η

∂P
∂r

þ c1

vr ¼ z2

2η
∂P
∂r

þ c1zþ c2

At z ¼ 0 and z ¼ h, vr ¼ 0. Therefore, c2 ¼ 0 and c1 ¼ � h
2η

∂P
∂r

vr ¼ z2

2η
∂P
∂r

� h

2η
∂P
∂r

z ¼ 1
2η

� ∂P
∂r

� 	
z h� zð Þ
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vrh i ¼ 1
h

ð h
0
vrdz ¼ 1

h

ð h
0

1
2η

� ∂P
∂r

� 	
z h� zð Þdz

¼ 1
2ηh

� ∂P
∂r

� 	
z2h

2
� z3

3

� �h
0

¼ h2

12η
� ∂P

∂r

� 	

(c) Using the continuity equation, we have

πr2V ¼ 2πrh vrh i

vrh i ¼ rV

2h

(d)

vrh i ¼ h2

12η
� ∂P

∂r

� 	

∂P
∂r

¼ � 12η vrh i
h2

¼ � 6ηrV

h3

P ¼ � 3ηr2V

h3
þ c1

At r ¼ R, P ¼ P0; therefore c1 ¼ P0 þ 3ηR2V
h3

P ¼ � 3ηr2V

h3
þ P0 þ 3ηR2V

h3
¼ P0 þ 3ηV

h3
R2 � r2
� �

(e) The force exerted by the fluid on the bottom solid surface is the sum of pressure
force over the contact surface area

Force on plate ¼
ð R
0

P� P0ð Þ2πrdr ¼ 6ηπV

h3

ð R
0

R2 � r2
� �

rdr

¼ 6ηπV

h3
R2r2

2
� r4

4

� �R
0

¼ 3ηπVR4

2h3

(f) We found from earlier that a simple form of expression for mean radial velocity
is as follows.

vrh i ¼ rV

2h

Hence we can use this result to evaluate the two expressions given,
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ρ vrh i ∂ vrh i
∂r

¼ ρ
rV

2h

� 	
V

2h

� 	
¼ ρrV2

4h2
ð1Þ

η
1
r

∂
∂r

r
∂ vrh i
∂r

� 	� 	
¼ η

1
r

∂
∂r

rV

2h

� 	� 	
¼ ηV

2hr
ð2Þ

We can now compare the two terms with the pressure gradient in r, i.e., ∂P
∂r ,

whereby expression (1) is the inertial term in r, and expression (2) is the viscous
term in r.

∂P
∂r

¼ � 6ηrV

h3
from earlier resultð Þ

ρ vrh i ∂ vrh i
∂r

∂P
∂r

¼
ρrV2

4h2

� 6ηrV
h3

¼ �ρVh

24η
¼ � 1

24
Re

where Re � 1 under the creeping flow assumption. Hence the inertial term is
much smaller than the pressure gradient term.

η1r
∂
∂r r ∂ vrh i

∂r

� �� �
∂P
∂r

¼
ηV
2hr

� 6ηrV
h3

¼ � h2

12r2

where h
r � 1; hence the viscous term in r is also much smaller than the

pressure gradient term. This result is consistent with the analysis in part a,
whereby the inertial term in r and viscous term in r were neglected when
simplifying the Navier–Stokes equation. This was based on the creeping flow
and narrow gap assumptions.

Problem 34

We have a porous bed that has permeability k and pressure gradient —P. The
superficial velocity of a fluid in the porous bed is given as:

v¼ 2
k
η
—P
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R
z

r

�

Fluid flow

Porous bed
2L

P0 –P0

Spherical hole (P=0)

(a) Show that pressure obeys the Laplace equation —2P ¼ 0. Then express the
Laplace equation for pressure distribution as a function of r and θ using
spherical coordinates.

(b) A fluid flows through the porous bed with a hole in the midpoint of the
length 2L of the bed. Assume that the hole does not attenuate the fluid flow
and R � L. Use the trial solution for pressure profile P¼ mrþ n

r2
� �

cos θ and
verify if it is consistent with results in part a. Also determine the parameters
m and n in terms of θ, L and R.

(c) Determine the volumetric flow rate of fluid through the hole.

Solution 34

Worked Solution

(a) Before we begin solving the problem, let’s recall some relevant concepts.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Recall that superficial velocity refers to the velocity assuming the phase occupies the
entire cross section (i.e., in the absence of particles), and is equivalent to Q

A, where
Q is the volumetric flow rate of the fluid and A is the cross-sectional area of the
packed/porous bed.

For this problem, it is easier to work with spherical coordinates (and as advised in
the problem) which are defined by the coordinates r, θ and Ø as shown below.
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z

y

x

∅

�
�

x
�,�,∅

Some important expressions in spherical coordinates are as follows, which can be
found from data booklets.

• The gradient operator — in spherical coordinates is given below, where f is an
arbitrary scalar field.

—f ¼ ∂
∂r

f r þ
1
r

∂
∂θ

f θ þ
1

r sin θ
∂
∂Ø

f Ø

• The Laplacian operator —2 in spherical coordinates is given by

—2f ¼ 1
r2

∂
∂r

r2
∂ f
∂r

þ 1
r2 sin θ

∂
∂θ

sin θ
∂ f
∂θ

þ 1
r2 sin 2θ

∂2f

∂Ø2

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Let us now return to the problem, to show that pressure obeys Laplace’s equation.
Using the continuity equation, and assuming a Newtonian fluid with constant
viscosity η and constant density ρ (i.e., incompressible), we have the following.

0 ¼ ∇∙ v

Given that v¼ � k

η
—P

0 ¼ — ∙ � k

η
—P

� 	
¼ —2P, as

k

η
is a constant

Now let’s proceed to expressing the Laplace equation in spherical coordinates. We
know that the flow is axisymmetric in the Ø direction; hence ∂

∂Ø ¼ 0.
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—2P ¼ 1
r2

∂
∂r

r2
∂P
∂r

þ 1
r2 sin θ

∂
∂θ

sin θ
∂P
∂θ

¼ 0

sin θ
∂
∂r

r2
∂P
∂r

þ ∂
∂θ

sin θ
∂P
∂θ

¼ 0 as shownð Þ

(b) Starting from the trial solution, let us work out the terms in the equation shown in
part a.

sin θ
∂
∂r

r2
∂P
∂r

þ ∂
∂θ

sin θ
∂P
∂θ

¼ 0

Since P ¼ mr þ n
r2

� �
cos θ, therefore

∂P
∂r

¼ m� 2n
r3

� 	
cos θ

∂P
∂θ

¼ � mr þ n

r2

� �
sin θ

Putting the expressions together

sin θ
∂
∂r

r2 m� 2n
r3

� 	
cos θ

� 	
þ ∂
∂θ

sin θ � mr þ n

r2

� �
sin θ

� �
¼ 0

cos θ sin θ 2mr þ 2n
r2

� 	
� 2 cos θ sin θ mr þ n

r2

� �
¼ 0

The left-hand side of this equation cancels itself out; hence the equation is
valid which means the Laplace equation for pressure distribution holds for this
trial solution.

To determine the parameters in the trial solution, we need to integrate the
pressure distribution differential equation using appropriate boundary condi-
tions. We know that at z ¼ �L and z ¼ L, P ¼ P0 and P ¼ �P0 respectively.
Also at r ¼ R, P ¼ 0.

For the boundary conditions in z coordinates, we need to link the trial solution
(absent of z) to z, using z ¼ r cos θ.

P ¼ mr þ n

r2

� �
cos θ ¼ mþ n

r3

� �
z

P0 ¼ mþ n

r3

� �
�Lð Þ ð1Þ
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�P0 ¼ mþ n

r3

� �
Lð Þ ð2Þ

Equations (1) and (2) are essentially the same. And they tell us that when r is
large, i.e., at z ¼ � L, P0 ¼ �mL or m ¼ �P

L. This result can be used when we
apply the third boundary condition for r as below,

0 ¼ mRþ n

R2

� 	
cos θ ! mRþ n

R2 ¼ 0 or cos θ ¼ 0

n ¼ �mR3 ¼ R3P

L

Therefore we have obtained m ¼ �P
L and n ¼ R3P

L .
(c) We are given the velocity field as shown below, we can then find out the r and θ

components from the definition of the del operator in spherical coordinates.

v¼� k

η
—P

vr ¼ �k

η

∂P
∂r

and vθ ¼ �k

η

1
r

∂P
∂θ

We also know from earlier that P ¼ mr þ n
r2

� �
cos θ, which when we substi-

tute the expressions for m and n found earlier gives us

P ¼ R3

r2
� r

� 	
P

L

� 	
cos θ

vrjr¼R ¼ �k

η

∂P
∂r

¼ �k

η

P

L

� 	
cos θ � 2R3

r3
� 1

� 	

¼ 3
k

η

P

L

� 	
cos θ

vθjr¼R ¼ �k

η

1
r

∂P
∂θ

¼ k

η

1
R

R3

R2 � R

� 	
P

L

� 	
sin θ

¼ 0 no rotational flowð Þ

The volumetric flowrate through the hole, _Q can be found by integrating
velocity in the r component across the relevant surface area. The area element in
spherical coordinates at the surface of the hole is R2 sin θdθdØ. Note that this
definition of differential area assumes θ is the angle measured from z, the polar
coordinate.
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In general, the physical limits of the polar coordinate θ in spherical coordi-
nates is π. In this problem, we integrate from θ ¼ 0 to π

2 as we only need to take
one side of the direction of flow to determine flow rate through the hole.

Also note that the differential area from θ ¼ 0 to π is R2 sin θdθdØ (i.e.,
northern hemisphere) while that from θ ¼ π to 2π is �R2 sin θdθdØ, due to
symmetry about θ ¼ 0. For the Ø direction, we integrate from Ø ¼ 0 to 2π.

�

�

�

� sin �
∅

_Q ¼
ðØ¼2π

Ø¼0

ðθ¼π=2

θ¼0
vrjr¼R

� �
R2 sin θdθdØ

¼ 3R2Pk

Lη

ðπ=2
0

2π cos θ sin θdθ ¼ 3πR2Pk

Lη

ðπ=2
0

sin 2θdθ

¼ 3πR2Pk

Lη
�1
2
cos 2θ

� �π=2
0

¼ 3πR2Pk

Lη

Problem 35

Consider a fluid that flows in the space contained between two concentric
spheres of radii R1 and R2 as shown below. The fluid is Newtonian, and the
flow may be assumed fully developed and at a steady state, with a sufficiently
low Re to use the creeping flow approximation.

�1

�2

�
Fluid ��
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(a) Show that vθ ¼ G rð Þ
sin θ where G(r) is a function of r.

(b) Show that pressure is independent of the radial distance r.
(c) Find pressure gradient ∂P

∂θ and show that the following is true:

r
3
∂
3G
∂r3

þ∂
2G
∂r2

¼ 0

(d) Find solutions of the form G~rα. Derive the general form of the solution for
G, and using this general solution, determine ∂P

∂θ.
(e) Express vθ in terms of the pressure difference between the fluid entry and

exit points, given that:

ð
dθ
sin θ

¼ 1
2
ln

12 cos θ
1þcos θ

� 	
, R2¼1:2R1

Solution 35

Worked Solution

(a) Before we begin, let us state some key simplifying assumptions

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is symmetric in the Ø direction; hence ∂

∂Ø ¼ 0.

• The fluid flow is at steady state; hence ∂
∂t ¼ 0.

• vθ is the dominant flow direction; hence we assume vØ ¼ vr ¼ 0. The flow is
fully developed; hence vθ 6¼ vθ(θ)

• Gravity effects are absent and inertial effects are ignored under the creeping
flow (i.e., convective derivative portion of the Navier–Stokes equation
is zero).

From the continuity equation in spherical coordinates, we can obtain the
following

1
r sin θ

∂ vθ sin θð Þ
∂θ

¼ 0

vθ sin θ ¼ G rð Þ

vθ ¼ G rð Þ
sin θ

(b) To find out the pressure gradient in the r direction, let us look at the r-component
Navier–Stokes equation
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0 ¼ � ∂P
∂r

þ η � 2
r2
∂vθ
∂θ

� 2
r2
vθ cot θ

� �

From our result in part a, we know the following expression

∂vθ
∂θ

¼ �G rð Þ cos θ
sin 2θ

Substituting into the pressure gradient equation, we show here that P is not
dependent on r.

∂P
∂r

¼ η
2G rð Þ cos θ
r2 sin 2θ

� 2
r2

G rð Þ
sin θ

cos θ
sin θ

� �
¼ 0

(c) To find pressure gradient ∂P
∂θ, let us look at the θ component Navier–Stokes

equation which will be simplified to the following after applying the earlier-
stated assumptions

0 ¼ �1
r

∂P
∂θ

þ η
1
r2

∂
∂r

r2
∂vθ
∂r

� 	
þ 1
r2 sin θ

∂
∂θ

sin θ
∂vθ
∂θ

� 	
� vθ
r2 sin 2θ

� �

1
r

∂P
∂θ

¼ η
1
r2

∂
∂r

r2
G0 rð Þ
sin θ

� 	
þ 1
r2 sin θ

∂
∂θ

�G rð Þ cos θ
sin θ

� 	
� G rð Þ
r2 sin 3θ

� �

1
r

∂P
∂θ

¼ η
1
r2

r2
G00 rð Þ
sin θ

þ 2r
G0 rð Þ
sin θ

� 	
þ �G rð Þ
r2 sin θ

� sin 2θ � cos 2θ
sin 2θ

� 	
� G rð Þ
r2 sin 3θ

� �

1
r

∂P
∂θ

¼ η
G00 rð Þ
sin θ

þ 2
r

G0 rð Þ
sin θ

� 	
þ G rð Þ
r2 sin 3θ

� G rð Þ
r2 sin 3θ

� �

∂P
∂θ

¼ η

sin θ
rG00 rð Þ þ 2G0 rð Þ½ �

We know from earlier that P is not a function of r; therefore

0 ¼ ∂
∂r

∂P
∂θ

� 	
¼ ∂

∂r
η

sin θ
rG00 rð Þ þ 2G0 rð Þð Þ

h i
rG000 rð Þ þ G00 rð Þ þ 2G00 rð Þ ¼ rG000 rð Þ þ 3G00 rð Þ ¼ 0

r

3
∂3G
∂r3

þ ∂2G
∂r2

¼ 0

(d) Before we find the general form of the solution to this differential equation, let us
explore trial solutions. One possible form of a trial solution is G~rα as given.
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∂3G
∂r3

� α α� 1ð Þ α� 2ð Þrα�3

∂2G
∂r2

� α α� 1ð Þrα�2

r

3
α α� 1ð Þ α� 2ð Þrα�3 þ α α� 1ð Þrα�2 ¼ 0

α α� 1ð Þ rα�2
� �

αþ 1½ � ¼ 0

α ¼ 0,1 or � 1

G ¼ c1 þ c2r þ c3
r

Hence, we can proceed to find ∂P
∂θ

∂P
∂θ

¼ η

sin θ
rG00 rð Þ þ 2G0 rð Þ½ � ¼ η

sin θ
r

2c3
r3

� 	
þ 2 c2 � c3

r2

� �� �
¼ 2c2η

sin θ

(e) To find pressure difference between the entry and exit points, let us translate this
into boundary conditions.

Considering just the upper hemisphere (since pressure difference is symmet-
rically identical for the bottom hemisphere), at fluid enters at θ ¼ π

2 þ γ and exits
at θ ¼ π

2 � γ

∂P
∂θ

¼ 2c2η
sin θ

entry pressure� exit pressure¼ ΔP¼
ðentry
exit

2c2η
sinθ

dθ ¼ c2η ln
1� cosθ
1þ cosθ

� 	� �π
2þγ

π
2�γ

¼ c2η ln
1� cos π

2þ γ
� �

1þ cos π
2þ γ
� �

 !
� ln

1� cos π
2� γ
� �

1þ cos π
2� γ
� �

 !" #

¼ c2η ln
1þ sin γ
1� sin γ

� 	
� ln

1� sin γ
1þ sin γ

� 	� �
¼ 2c2η ln

1þ sin γ
1� sin γ

� 	� �

We found earlier that vθ ¼ G rð Þ
sin θ ¼ 1

sin θ c1 þ c2r þ c3
r

� �
, so we can apply

boundary conditions, when r ¼ R2 ¼ 6
5R1, vθ ¼ 0 and when r ¼ R1, vθ ¼ 0.

0 ¼ c1 þ c2R1 þ c3
R1

ð1Þ
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0 ¼ c1 þ 6
5
c2R1 þ 5c3

6R1
ð2Þ

Equation (2) subtract equation (1) gives

0 ¼ 1
5
c2R1 � 1

6
c3
R1

! c3 ¼ 6
5
c2R1

2 ð3Þ

Substitute result (3) back into equation (1), we can find c1

c1 ¼ �c2R1 � 6
5
c2R1

Finally we get vθ in terms of

vθ ¼
�c2R1 � 6

5c2R1 þ c2r þ
6
5c2R1

2

r

sin θ
¼ �11

5 c2R1 þ c2r þ
6
5c2R1

2

r

sin θ

We know from earlier that

ΔP ¼ 2c2η ln
1þ sin γ
1� sin γ

� 	� �
! c2 ¼ ΔP

2η ln 1þ sin γ
1� sin γ

� �h i

Therefore we can express vθ in terms of the pressure difference ΔP

vθ ¼ ΔP

2η ln 1þ sin γ
1� sin γ

� �h i 11
5R1 þ r þ 6

5R1
2

r

sin θ

" #

Problem 36

Consider a solid sphere of radius R that is submerged stationary in an infinite
body of fluid. Fluid flows past the sphere in a creeping flow and at a steady rate.
At positions far upstream and downstream from the sphere, the velocity is
constant at free stream velocity U, parallel to the x axis. Assume that the fluid is
Newtonian and incompressible, and gravity effects may be ignored.

Given that the velocity profile of the fluid flow past the sphere in the r and θ
directions are as follows:
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vr ¼U 12
3R
2r

þR3

2r3

� 	
cos θ

vθ ¼ 2U 12
3R
4r

2
R3

4r3

� 	
sin θ

(a) Check that boundary conditions are satisfied by the velocity profile given
above.

(b) Find the pressure profile for the fluid flow at the surface of the sphere.
Assume that pressure at θ ¼ 0 is Pc.

(c) Find the form drag exerted by the fluid on the sphere.

x

r

θ

�|��∞ �|��∞

!(� = 0, � =�) = !"

Solution 36

Worked Solution

(a) Before we begin, it is good practice to first list down assumptions for this flow as
they may help to simplify our expressions (e.g., Navier–Stokes or continuity
equations) later.

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• In terms of coordinates, the flow is symmetric in the Ø direction; hence

∂
∂Ø ¼ 0.

• The fluid flow is at steady state; hence ∂
∂t ¼ 0.

• The dominant velocity components are in the r and θ directions; hence vØ¼ 0.
• Gravity effects are absent and inertial effects are ignored under the creeping

flow (i.e., convective derivative portion of the Navier–Stokes equation is
zero). For creeping flow, Re ¼ ρUD

η � 1.

The boundary conditions occur at the surface of the sphere, when r ¼ R,
vr ¼ vθ ¼ 0. When r ¼ 1, vr ¼ U cos θ and vθ ¼ � U sin θ. These boundary
conditions are satisfied by the velocity profiles given.

In the r component,
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vr ¼ U 1� 3R
2r

þ R3

2r3

� 	
cos θ

vr ¼ 0 ¼ U 1� 3R
2R

þ R3

2R3

� 	
cos θ at r ¼ R

vr ¼ U cos θ ¼ U 1� 0þ 0ð Þ cos θ at r ¼ 1

In the θ component,

vθ ¼ �U 1� 3R
4r

� R3

4r3

� 	
sin θ

vθ ¼ 0 ¼ �U 1� 3R
4R

� R3

4R3

� 	
sin θ at r ¼ R

vθ ¼ �U sin θ ¼ �U 1� 0� 0ð Þ sin θ at r ¼ 1

(b) Let us look at the r and θ component Navier–Stokes equations. Using the
velocity profiles provided, we can see that some of the terms would become
zero and hence we obtain the following simplified equations.

In the r component,

0 ¼ � ∂P
∂r

þ η
1
r2

∂
∂r

r2
∂vr
∂r

� 	� �

∂P
∂r

¼ η

r2
∂
∂r

r2
∂vr
∂r

� 	

Note that we can obtain ∂vr
∂r from the velocity profile vr given.

∂vr
∂r

¼ U cos θ
3R
2r2

� 3R3

2r4

� 	

Therefore we can substitute the velocity gradient back into the pressure
differential equation.

∂P
∂r

¼ η

r2
∂
∂r

U cos θ
3R
2

� 3R3

2r2

� 	� 	

¼ η

r2

� � 3UR3 cos θ
r3

¼ 3ηUR3 cos θ
r5
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∂P
∂r

����
r¼R

¼ 3ηU cos θ

R2 independent of rð Þ

P ¼ P θð Þ

This tells us some information (but not all) about the pressure profile. It will
be a function of θ only so we will need to look further into the θ component
Navier–Stokes equation and apply boundary conditions in θ.

0 ¼ �1
r

∂P
∂θ

þ η
1
r2

∂
∂r

r2
∂vθ
∂r

� 	� �

∂P
∂θ

¼ η

r

∂
∂r

r2
∂vθ
∂r

� 	

Similarly, we can obtain ∂vθ
∂r from the velocity profile vθ given.

∂vθ
∂r

¼ �U sin θ
3R
4r2

þ 3R3

4r4

� 	

Therefore we can substitute the velocity gradient back into the pressure
differential equation.

∂P
∂θ

¼ η

r
�U sin θð Þ ∂

∂r
3R
4

þ 3R3

4r2

� 	

¼ η

r
U sin θð Þ 3R

3

2r3

∂P
∂θ

����
r¼R

¼ 3η
2R

U sin θð Þ

P ¼ 3η
2R

�U cos θð Þ þ c1

When θ ¼ 0, P ¼ Pc; therefore c1 ¼ Pc þ 3ηU
2R and the pressure profile is

found as shown below.

P ¼ 3ηU
2R

1� cos θð Þ þ Pc

(c) The form drag exerted on the sphere is caused by normal stresses (acting
perpendicular to tangential plane); hence form drag comes from pressure
term P. This is as opposed to shear stress (e.g., τrθ) that acts tangent to the
surface resulting in skin/friction drag. Total drag force is the sum of form and
skin drags.
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!
#��

�

z
R

−! cos �#�� sin �

In spherical coordinates, a differential element will have area of R2 sin θdθdØ,
where Ø is from 0 to 2π, while θ is from 0 to π.

The form drag per unit area exerted by fluid on sphere is as follows. It is
negative as it acts in the negative z direction.

Fform

A
¼ �P cos θ

Fformjr¼R ¼
ðØ¼2π

Ø¼0

ðθ¼π

θ¼0
�P cos θð Þ R2 sin θdθdØ

� �

Substituting the expression for P and integrating with respect to Ø, we have
the following. Note that sin2θ ¼ 2 sin θ cos θ by double-angle formula.

Fformjr¼R ¼ �2πR2
ðθ¼π

θ¼0

3ηU
2R

1� cos θð Þ þ Pc

� 	
cos θ sin θdθ

¼ �2πR2
ðθ¼π

θ¼0

3ηU
2R

1� cos θð Þ þ Pc

� 	
sin 2θ
2

� 	
dθ

¼ �2πR2
ðθ¼π

θ¼0

3ηU
2R

þ Pc

� 	
sin 2θ
2

� 	� 	
dθ �

ðθ¼π

θ¼0

3ηU
2R

cos θ
sin 2θ
2

� 	
dθ

� �

¼ �2πR2 3ηU
2R

� 	
�
ðθ¼π

θ¼0
cos 2θ sin θdθ

� �
¼ �3πRηU

cos 3θ
3

� �π
0

¼ 2πRηU

Therefore the form drag exerted by the fluid on the sphere at the surface is
2πRηU.

Problem 37

Consider a straight horizontal channel with a cross section shaped as an
equilateral triangle with each side of length α. There is fluid flow along the
channel in the z direction and the flow can be described as laminar, fully
developed and steady. The fluid is Newtonian and incompressible, with viscosity
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η. Gravity effects may be ignored. A trial form of the solution for velocity vz is
vz ¼ λy y2

ffiffiffi
3

p
x

� �
yþ ffiffiffi

3
p

x2
ffiffiffi
3

p
α

� �
.

(a) Sketch a diagram to illustrate this system, and comment on the driving force
for this flow, and the other velocity components.

(b) Verify if the trial solution is acceptable, and determine λ.
(c) Determine the shear stress (per unit length of channel) along one side of the

triangle. Comment on the values of mean shear stress and maximum shear
stress along the chosen side.

Solution 37

Worked Solution

(a) The driving force for this flow is pressure, and it is used to overcome viscous
effects arising from the fluid viscosity and related shear stress. The velocity
components in the Cartesian coordinates are vx, vy and vz. It may be assumed that
vx ¼ vy ¼ 0 and the dominant direction of flow is in the z direction.

(b) Before we look at the trial solution, let us first state some assumptions about the
flow which may help us to simplify equations later.

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant flow direction is in the z direction; hence vx ¼ vy ¼ 0.
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• The flow is fully developed where entry/end effects are assumed negligible;
hence vz 6¼ vz(z). This assumption is valid when the channel is long compared
to the length scale of the cross section (e.g., α in this case).

• Gravity effects are absent as the channel is horizontal.

We are given a trial solution of the form shown below, and we can test if it is valid
by imposing boundary conditions at each side of the triangle where velocity is zero.

�

60°
x

0

y

�
,

3

22
�

�

x

Line BLine A

(�, 0)

We can first figure out the straight line equations of Lines A and B marked. In
general, we can find the equation of a straight line once we have the coordinates
of two points on the line via y�y1

x�x1
¼ y2�y1

x2�x1
.

So the equation of Line A is

y� 0
x� 0

¼
ffiffi
3

p
2 α
α
2

y ¼
ffiffiffi
3

p
x

Similarly, the equation of Line B is

y� 0
x� α

¼
ffiffi
3

p
2 α� 0
α
2 � α

¼ �
ffiffiffi
3

p

y ¼ �
ffiffiffi
3

p
xþ

ffiffiffi
3

p
α

Therefore, the boundary conditions are when y ¼ ffiffiffi
3

p
x, vz ¼ 0, when

y ¼ � ffiffiffi
3

p
xþ ffiffiffi

3
p

α, vz ¼ 0 and when y ¼ 0, vz ¼ 0. We observe that these
conditions are fulfilled by the trial solution; hence it is valid.

vz ¼ λy y�
ffiffiffi
3

p
x

� �
yþ

ffiffiffi
3

p
x�

ffiffiffi
3

p
α

� �

In order to find λ, let us consider the z component Navier–Stokes equation
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0 ¼ � ∂P
∂z

þ η
∂2vz
∂x2

þ ∂2vz
∂y2

� �

∂2vz
∂x2

¼ ∂
∂x

λy
ffiffiffi
3

p
y�

ffiffiffi
3

p
x

� �
þ �λy

ffiffiffi
3

p� �
yþ

ffiffiffi
3

p
x�

ffiffiffi
3

p
α

� �h i

¼ ∂
∂x

3λyα� 6λyxð Þ ¼ �6λy

∂2vz
∂y2

¼ ∂
∂y

λy y�
ffiffiffi
3

p
x

� �
1ð Þ þ yþ

ffiffiffi
3

p
x�

ffiffiffi
3

p
α

� �
2λy� λ

ffiffiffi
3

p
x

� �h i

¼ ∂
∂y

λy2 � λy
ffiffiffi
3

p
xþ 2λy2 � λ

ffiffiffi
3

p
xyþ 2λy

ffiffiffi
3

p
x� 3λx2 � 2

ffiffiffi
3

p
αλyþ 3αλx

h i

¼ ∂
∂y

λy2 þ 2λy2 � 3λx2 � 2
ffiffiffi
3

p
αλyþ 3αλx

h i
¼ 2λyþ 4λy� 2

ffiffiffi
3

p
αλ

¼ λ 6y� 2
ffiffiffi
3

p
α

� �

Therefore we substitute the second-order derivatives back into the Navier–
Stokes equation to get

0 ¼ � ∂P
∂z

þ η �6λyþ λ 6y� 2
ffiffiffi
3

p
α

� �h i

�6λyþ λ 6y� 2
ffiffiffi
3

p
α

� �
¼ 1

η

∂P
∂z

λ ¼ � 1

2
ffiffiffi
3

p
αη

∂P
∂z

(c) Let us now find out the shear stress along one side (bottom face arbitrarily
chosen here, whereby the plane will be the y plane to which the y axis is normal)
of the triangular channel by relating shear stress τ to the velocity gradient.

τyz
��
y¼0

¼ η
∂vz
∂y

¼ η �3λx2 þ 3αλx
� � ¼

ffiffiffi
3

p

2α
∂P
∂z

x x� αð Þ

Note that this is a parabolic shear stress profile which is in line with a pressure
driven flow. You may observe that at the bottom face, when x ¼ 0 and x ¼ α,
shear stress is zero. Hence fouling materials will tend to accumulate at these two
corners.

Fluid Mechanics 715



This parabola reaches a maximum point of shear stress at ∂τyz
∂x ¼ 0 where

x ¼ α
2.

τyz,max

��
y¼0

¼
ffiffiffi
3

p

2α
∂P
∂z

α

2
� α

2

� �
¼ � α

ffiffiffi
3

p

8
∂P
∂z

We can also find the mean value of shear stress as follows.

τyz
��
y¼0

D E
¼ 1

α

ð α
0

ffiffiffi
3

p

2α
∂P
∂z

x x� αð Þdx ¼
ffiffiffi
3

p

2α2
∂P
∂z

x3

3
� αx2

2

� �α
0

¼ � α
ffiffiffi
3

p

12
∂P
∂z

Therefore we can also observe that τmaxjy¼0 ¼ 3
2 τyz

��
y¼0

D E
for this parabolic

function.

Problem 38

Consider a Newtonian fluid of viscosity η and constant density ρ which is
contained in a cylinder of length L and radius R. Assume that L 
 R. The
cylinder is horizontal such that gravity effects on fluid flow are negligible. At
time t < 0, the cylinder and fluid rotate at a constant angular velocity of ω. At
time t¼ 0, the cylinder’s rotation was stopped. You may assume fluid flow in the
cylinder is slow where Re � 1.

(a) Starting with the original set of Navier–Stokes equations in cylindrical
coordinates, derive the simplified equation that describes the fluid flow
from t ¼ 0.

(b) Using separation of variables between time and position, derive a differen-
tial equation in r. Show further that this equation can be expressed in the
form below which is that of a Bessel function of order 1, where R is a
function of x, i.e., R ¼ R(x).

R00x2þR0xþR x2 2 1
� �¼ 0

Show that the velocity profile in θ can be expressed in the form as follows:

vθ r; tð Þ¼
X1
n¼ 1

J1

ffiffiffiffiffi
αn

ν

r
r

� 	
cne2αnt

Solution 38

Worked Solution

(a) Let us start with the θ-component Navier–Stokes equation.
Fluid flow occurs predominantly in the θ direction; hence vr ¼ vz ¼ 0. Also

since the cylinder is horizontal, there is no gravitational component contributing
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to flow; hence gθ ¼ 0. Hence the terms highlighted are negligible and can be
removed from consideration.

+

+ + + +

= − + ++ +

Also, due to axisymmetry about the z axis, we know that ∂
∂θ ¼ 0. The terms

highlighted below can be removed.

+ = − + + +

Next we note that the cylinder is long; hence any entry or end effects in the
z axis are negligible and ∂

∂z ¼ 0. Hence the terms highlighted below may be
further ignored.

ρ
∂vθ
∂t

� 	
¼ η

∂
∂r

1
r

∂ rvθð Þ
∂r

� 	� �

We may now expand the differential on the right-hand side using product
rule.

ρ
∂vθ
∂t

� 	
¼ η

∂
∂r

1
r

r
∂vθ
∂r

þ vθ

� 	� 	� �

¼ η
∂
∂r

∂vθ
∂r

þ vθ
r

� 	� �

¼ η
∂2vθ
∂r2

þ 1
r

∂vθ
∂r

� vθ
r2

� �

Let us similarly examine the r-component Navier–Stokes equation. For the
same reasons as the θ-component equation, we eliminate the gravity term, and
assume vr ¼ vz ¼ 0, ∂

∂z ¼ ∂
∂θ ¼ 0. Therefore the terms highlighted below may be

removed.
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+

+ + + +=

−

− −

+ +

This gives us an equation that tells us that the pressure gradient in r direction
balances the centripetal force caused by the rotation.

� ρvθ2

r
¼ � ∂P

∂r

Finally, we observe that the z-component Navier–Stokes equation is
completely eliminated when the same assumptions are applied, and hence does
not provide useful information for our understanding of the problem. For
completeness, the z-component equation is shown here for reference.

ρ
∂vz
∂t

þ vr
∂vz
∂r

þ vθ
r

∂vz
∂θ

þ vz
∂vz
∂z

� 	
¼ � ∂P

∂z
þ η

1
r

∂
∂r

r
∂vz
∂r

� 	
þ 1
r2
∂2vz
∂θ2

þ ∂2vz
∂z2

� �

þ ρgz

(b) Next we are required to solve the equation using separation of variables. We note
that the key equation to be solved is that for the dominant flow direction, i.e., vθ.

ρ
∂vθ
∂t

� 	
¼ η

∂2vθ
∂r2

þ 1
r

∂vθ
∂r

� vθ
r2

� �

Let the trial solution take the form as follows, where the variables time t and
radial position r are separated into two independent functions R and T. This can
be done since the two functions are each a function of independent variables
r and t.

vθ ¼ R rð ÞT tð Þ

RT 0 ¼ η

ρ
R00T þ R0

r
T � RT

r2

� 	

The below has to equate to a constant (let it be λ) since that is the only case
when a function in t only is equivalent to a function in r only.
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T 0

T
¼ η

ρ

R00

R
þ R0

Rr
� 1
r2

� 	
¼ constant

A type of function, e.g., T that when differentiated, gives back itself multi-
plied by a constant is the exponential function. For example, if T(t) ¼ e2t,
T 0 ¼ d

dt e2tð Þ ¼ 2e2t ¼ 2T . Another example T(t) ¼ 3e�2t, T 0 ¼ d
dt 3e�2tð Þ

¼ �2 3e�2tð Þ ¼ �2T . In fact, T can take on the more general form of T ¼ AeBx,
where A and B are constants. Therefore, we can guess that T is an exponential
function as follows, where α > 0. We know that as time increases, the energy
provided by the initial rotation is dissipated; hence velocity decays with time as
t!1, vθ ¼ RT¼ R(0)¼ 0. That is why we have added a negative sign before α.

T ¼ c1e
�αt

Going back to our equation and looking at only the R part, we have

ν
R00

R
þ R0

Rr
� 1
r2

� 	
¼ �α

α

ν
¼ �R00

R
� R0

Rr
þ 1
r2

Let λ ¼ ffiffi
α
ν

p
, and multiply throughout by Rr2 therefore the equation becomes

λ2Rr2 ¼ �R00r2 � R0r þ R

R00r2 þ R0r þ R λrð Þ2 � 1
h i

¼ 0

If we define a new variable x ¼ λr, dx ¼ λdr, R0 rð Þ ¼ dR
dr ¼ λdRdx ¼ λR0 xð Þ and

R00(r) ¼ λ2R00(x). Therefore assuming now we perform a variable change such
that R is now a function of x instead of r, we get,

R00x2 þ R0xþ R x2 � 1
� � ¼ 0

This expression is the form of the Bessel function of order 1, which has
pre-established solutions of known values that we can look up in data booklets.
Therefore, it is a useful function to use in solving problems especially those with
cylindrical symmetry.

Before continuing, let us recall some basic concepts about Bessel functions in
general. Bessel functions are solutions of second-order differential equations of
the form below where n is a constant which determines the order of the function.
Typical values of n for similar flow patterns as above are n ¼ 0 and n ¼ 1.
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x2
d2y

dx2
þ x

dy

dx
þ x2 � n2
� �

y ¼ 0

In the case of n ¼ 0 or n ¼ 1, the Bessel function has two independent
solutions which are commonly denoted as Jn(x) and Yn(x), and the general
solution to the Bessel equation can be written as a sum of the two, i.e., a linear
combination of both, with the coefficients determined by boundary conditions of
the specific problem.

General solution to Bessel equation: y ¼ AJn(x) + BYn(x), where A and B are
constants. The solutions can be expressed as power series, e.g.,

Jn xð Þ ¼ 1
2x
� �n P1

m¼0

�1
4x

2ð Þm
m! nþmð Þ!. However, note that the solution for Yn(x) is

ill-defined at origin, i.e., when x ! 0, a singularity occurs and B ¼ 0 if this is
not acceptable. For example, in this problem, when x¼ 0, i.e., at the centerline of
the cylinder, flow still exists and this singularity is not acceptable. Note that there
are other kinds of Bessel functions, and n can be any constant.

Now back to solving our earlier differential equation in the form of a Bessel
function of order 1, where x ¼ ffiffi

α
ν

p
r,

R00x2 þ R0xþ R x2 � 1
� � ¼ 0

R xð Þ ¼ AJn xð Þ þ BYn xð Þ

R rð Þ ¼ AJ1

ffiffiffi
α

ν

r
r

� 	
þ BY1

ffiffiffi
α

ν

r
r

� 	

We note that there should be a physical solution at r¼ 0; therefore B ¼ 0 due

to the singularity of Y1 at this position. Therefore, R rð Þ ¼ AJ1
ffiffi
α
ν

p
r

� �
.

To solve this, we need to impose boundary conditions, which are that at

r ¼ R, vθ ¼ 0. For J1
ffiffi
α
ν

p
R

� �
¼ 0, we can refer to the data booklet and find that

this gives a series of solutions for
ffiffi
α
ν

p
R ¼ xn, where n¼ 1, 2, 3. ., i.e., x1 ¼ 3.82,

x2 ¼ 7.02 etc.
Now we can combine the solution for both the position variable (i.e., r) and

time variable (t):

vθ r; tð Þ ¼ R rð ÞT tð Þ

¼
X1
n¼1

J1

ffiffiffiffiffi
αn
ν

r
r

� 	
cne

�αnt

Note that in our problem, since at t ¼ 0 and r ¼ R, vθ ¼ Rω. Therefore
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vθ R; 0ð Þ ¼
X1
n¼1

J1

ffiffiffiffiffi
αn
ν

r
R

� 	
cn 1ð Þ ¼ Rω

cn ¼ RωP1
n¼1

J1
ffiffiffiffi
αn
ν

p
R

� �

Problem 39

Consider steady flow of a viscous fluid in a cylindrical pipe of radius R. The flow
is laminar, and gravity effects may be ignored. The fluid has a constant density
ρ and viscosity η. This fluid flow may be modeled using cylindrical coordinates
where z refers to the axial direction.

(a) Find the axial velocity profile of the fluid.

Now, instead of steady-state flow, we introduce variations with time. At time
t < 0, no pressure gradient is exerted on the fluid and it remains still. From t¼ 0
onwards, a constant pressure difference is applied to the fluid, causing a velocity
(time-dependent) in the axial direction.

(b) Using appropriate boundary conditions for this scenario, find the differen-
tial equation for the time-dependent portion of axial velocity.

(c) Using the method of separation of variables, show how the differential
equation in part b can be simplified to the form of a Bessel function of
order zero.

Solution 39

Worked Solution

(a) The assumptions that apply for this steady flow are as follows:

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• The dominant flow direction is in the z direction; hence vr ¼ vθ ¼ 0.
• The flow is fully developed where entry/end effects are assumed negligible;

hence vz 6¼ vz(z).
• There is axisymmetry; therefore ∂

∂θ ¼ 0
• Gravity effects are absent.
Let us now simplify the z-component Navier–Stokes equation

0 ¼ � ∂P
∂z

þ η
1
r

∂
∂r

r
∂vz
∂r

� 	� �
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r

η

∂P
∂z

¼ ∂
∂r

r
∂vz
∂r

� 	

r2

2η
∂P
∂z

þ c1 ¼ r
∂vz
∂r

∂vz
∂r

¼ r

2η
∂P
∂z

þ c1
r

vz ¼ r2

4η
∂P
∂z

þ c1 ln r þ c2

When r¼ 0, velocity should be defined; therefore c1 ¼ 0. When r¼ R, vz ¼ 0.
c2 ¼ �R2

4η
∂P
∂z . Therefore the axial velocity profile is

vz ¼ 1
4η

� ∂P
∂z

� 	
R2 � r2
� �

(b) In order to find the velocity profile that also varies with time, let us consider
boundary conditions for time as well.

In terms of time, at t¼ 0, vz ¼ 0. As time t!1, vz ¼ 0. In terms of position,
at r ¼ R, vz ¼ 0.

In order to make use of our result in part a, let us define the time-dependent
velocity as a sum of the steady-state component from part a (denoted by vz, ss)
and the deviation introduced by time dependence (denoted by v0z):

vz ¼ vz, ss þ v0z

Let us return to the z-component Navier–Stokes equation, where we no
longer ignore any terms that are time-dependent.

ρ
∂vz
∂t

¼ � ∂P
∂z

þ η
1
r

∂
∂r

r
∂vz
∂r

� 	� �

ρ
∂vz, ss
∂t

þ ρ
∂v0z
∂t

¼ � ∂P
∂z

þ η
1
r

∂
∂r

r
∂vz, ss
∂r

� 	� �
þ η

1
r

∂
∂r

r
∂v0z
∂r

� 	� �

Since vz, ss describes velocity at steady state, hence this term ρ ∂vz, ss
∂t ¼ 0. We

observe further that the terms highlighted in yellow are in fact the same equation
in part (a) for steady-state flow, which means they equate to zero.
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(c) Let us express the time-dependent velocity component as a product of two
independent functions R and T, each being a function of variables r (radial
position) and t (time) which are also independent variables.

v0z ¼ R rð ÞT tð Þ

We can express the differential equation found in part b as follows, where α is
a positive constant.

RT 0 ¼ ν

r

∂
∂r

rR0Tð Þ ¼ ν

r
T
∂
∂r

rR0ð Þ ¼ ν

r
T rR00 þ R0ð Þ ¼ νT R00 þ R0

r

� 	

T 0

T
¼ ν

R00

R
þ R0

Rr

� 	
¼ ν

Rr
R00r þ R0ð Þ ¼ �α

We recall our earlier boundary condition for time, as time increases, the
energy causing the fluid flow is dissipated, hence velocity v0z should decay
with time as t ! 1. Therefore we included a negative sign before α.

�α

ν
rR ¼ R00r þ R0

R00r2 þ R0r þ α

ν
r2R ¼ 0

Let x ¼ ffiffi
α
ν

p
r, therefore dx ¼ ffiffi

α
ν

p
dr, R0 rð Þ ¼ dR

dr ¼
ffiffi
α
ν

p
dR
dx ¼

ffiffi
α
ν

p
R0 xð Þ, and

R00 rð Þ ¼ ffiffi
α
ν

p� �2
R00 xð Þ. This change of variable from r to x, whereby the function

R is now a function of x instead of r, gives us the form of differential equation
that can be solved using Bessel function of order zero.

R00x2 þ R0xþ R x2 � 0
� � ¼ 0
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Problem 40

In fluid mechanics, we often come across the concept of a boundary layer. This
is a region near to the no-slip boundary (e.g., pipe wall or solid planar surface)
where wall effects are significant and viscous forces are dominant. This is as
opposed to inertial forces which are more dominant as we go further from the
wall.

(a) Show how the boundary layer may be described by the Navier–Stokes
equation

ρ vx
∂vx
∂x

þvz
∂vx
∂z

� 	
¼ 2

∂P
∂x

þη
∂
2vx
∂z2

for the system illustrated below. You may assume steady laminar flow of a
Newtonian, incompressible fluid.

Solid plane

Boundary layer

Free stream

(b) Assuming that we now have a free stream velocity approaching the solid
plane at a constant value of U that is parallel to the plane, and there is a
small seepage of fluid into the solid planar surface at a velocity of v¼ � vs at
z ¼ 0. At positions further downstream, the velocity profile is fully devel-
oped in the x direction. Find an expression for velocity vs.

(c) Find an expression for vx in the boundary layer of this scenario of seepage,
assuming that pressure remains constant in the x direction.

(d) Evaluate the value of z when vx is at at value of 0.7U.
(e) Determine the stream function for this flow, and sketch the streamlines.

Solution 40

Worked Solution

(a) The following assumptions apply for the boundary layer velocity profile

• Length scale of boundary layer is small (i.e., thickness as measured from
z ¼ 0). Viscous stresses dominate in this layer and hence velocity gradient is
steep (velocity varies rapidly across the boundary layer as z increases).
Therefore velocities in both directions x and z should be considered.
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• In the boundary layer region, the flow is not fully developed (entry effects are
significant), i.e., the position xmatters for the velocity at that point, and hence
∂vx
∂x 6¼ 0.

• Constant viscosity for a Newtonian fluid.
• The liquid is incompressible, ρ is constant.
• The flow is at steady state ( ∂∂t ¼ 0).
• Gravity effects are absent.
• Fluid flow is in the x direction; hence the pressure driving force is dominant in

this direction and ∂P
∂z assumed negligible.

• We assume 2D flow whereby vy ¼ 0.

Let us look at the Navier–Stokes equation in the x and z directions,

ρ vx
∂vx
∂x

þ vz
∂vx
∂z

� 	
¼ � ∂P

∂x
þ η

∂2vx
∂x2

þ ∂2vx
∂z2

� 	
ð1Þ

ρ vx
∂vz
∂x

þ vz
∂vz
∂z

� 	
¼ η

∂2vz
∂x2

þ ∂2vz
∂z2

� 	
ð2Þ

We noted from one of the earlier assumptions that the velocity gradient in the
z direction is steep in the boundary layer, due to the significant shear stress. This is
further exacerbated by the narrow boundary layer. Therefore we know that
∂2vx
∂z2 
 ∂2vx

∂x2 . However note that we cannot cancel the term vx
∂vx
∂x because ∂vx

∂z 

∂vx
∂x is small, because the coefficient vx in vx

∂vx
∂x is significant. Therefore

equation (1) is shown to simplify to the following boundary layer expression as
provided in the problem.

ρ vx
∂vx
∂x

þ vz
∂vx
∂z

� 	
¼ � ∂P

∂x
þ η

∂2vx
∂z2

(b) Since seepage into the bottom surface occurs in the –z direction, there is a
negative sign before vs in the condition vz ¼ �vs at z ¼ 0.

Using the mass continuity equation, we can relate vx to vz

dvx
dx

þ dvz
dz

¼ 0

At large values of x, we have fully developed flow, which means that dvxdx ¼ 0.
Substituting this into the continuity equation, we find that dvzdz ¼ 0 which means
that vz ¼ vz(x) only. We know further that in order for the boundary condition at
z ¼ 0 to hold for all values of x, vz ¼ constant ¼ �vs.
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(c) To find an expression for vx, we return to the boundary layer equation found in
part a.

ρ vx
∂vx
∂x

þ vz
∂vx
∂z

� 	
¼ � ∂P

∂x
þ η

∂2vx
∂z2

Knowing from earlier that ∂vx∂x ¼ 0, and vz ¼ �vs, and noting that the problem
stated that ∂P

∂x ¼ 0. Therefore we simplify the equation to the following where
kinematic viscosity ν ¼ η

ρ.

ν
∂2vx
∂z2

¼ �vs
∂vx
∂z

∂2vx
∂z2

¼ �vs
ν

∂vx
∂z

A suitable function whereby its derivatives give back itself multiplied by a
constant is the exponential function. Therefore we adopt the trial solution

vx ¼ �c1e
αz þ c2

∂vx
∂z

¼ �αc1e
αz

∂2vx
∂z2

¼ �α2c1e
αz ¼ α

∂vx
∂z

! α ¼ �vs
ν

vx ¼ �c1e
�vs

νð Þz þ c2

We know the boundary condition for this boundary layer at z ! 1, vx ¼ U.
Therefore, c2 ¼ U. Also at z ¼ 0, vx ¼ 0 (no slip in the x direction at solid
surface). Therefore, c1 ¼ U.

vx ¼ �Ue �vs
νð Þz þ U ¼ U 1� e �vs

νð Þz� �

(d) When vx
U ¼ 0:7,

1� e �vs
νð Þz ¼ 0:7

�vs
ν

� �
z ¼ ln 0:3

vs
ν
z ¼ ln 3:3

z ¼ ν

vs
ln 3:3
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(e) The stream function ψ(x, y) is characterized by two key equations:

vx ¼ ∂ψ
∂y

vy ¼ � ∂ψ
∂x

The above two equations are derived from a mass balance between two points
at different streamlines.

x

y

x

x

Point on 
streamline B

Point on 
streamline A

In� Out ¼ 0

δψ þ vyδx� vxδy ¼ 0

δψ ¼ �vyδxþ vxδy ¼ ∂ψ
∂x

δxþ ∂ψ
∂y

δy

Therefore, vx ¼ ∂ψ
∂y , vy ¼ � ∂ψ

∂x is shown.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - – - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Background Concepts

Let us recall some key aspects of the stream function before solving this problem.

• Lines of constant ψ value in a steady flow are called streamlines. Fluid
elements flow along the streamline and not across the streamline.

• The value of the stream function between two streamlines represents the
region of the flow contained between these two streamlines. Volume flux
between any two points of different stream function values can be visualized
through a line connecting the two points. In the diagram below, we have a line
connecting points A and B, giving the volume flux Q ¼ ψB � ψA, where Q is
the volumetric flow rate per unit depth. Note that Q1 ¼ Q2 ¼ Q (constant).

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - – - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Let us now return to the problem. In order to determine the stream function, we
can relate it to the velocity profile. Note that in our problem, the vertical coordinate is
z and not y.

Starting from the z-component velocity, we can integrate with respect to x to
obtain the stream function as shown below, where f is a function of z.

vz ¼ � ∂ψ
∂x

¼ �vs, ψ ¼ vsxþ f zð Þ

For the x-component velocity, we can similarly integrate with respect to z to
obtain the stream function below, where g is a function of x.

vx ¼ ∂ψ
∂z

¼ U 1� e �vs
νð Þz� �

, ψ ¼ U zþ ν

vs
e �vs

νð Þz
� 	

þ g xð Þ

Combining both results, we have the stream function as follows.

ψ ¼ vsxþ U zþ ν

vs
e �vs

νð Þz
� 	

To sketch streamlines, we need an equation of x vs z. We can sketch streamline by
streamline, for a range of known values of stream function ψ . We substitute each ψ
value into the stream function equation, and for a series of specified x values (i.e.,
plot range for x), we can evaluate corresponding z values. We then repeat the process
for different streamlines. Assuming ψ1 is specified, we substitute known x values to
obtain corresponding values of z from the equation as shown below.

x ¼ ψ1

vs
� U

vs
zþ ν

vs
e �vs

νð Þz
� 	

dx

dz
¼ �U

vs
þ U

vs
e �vs

νð Þz

From the above equation, we note that when z ¼ 0, dxdz ¼ constant. Therefore the
plot becomes a vertical near the x-axis. Also, as z increases, dx

dz becomes more
negative. Hence, close to the vertical z-axis, the gradient has the shape as shown
below.

z

x

$

−��
%1
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