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Preface

Engineering Problems for Undergraduate Students contains over 250 example
problems covering key topics in engineering courses. Step-by-step solutions are
presented with clear and detailed explanations. This book will support a thorough
understanding of fundamental concepts in engineering for tertiary-level students.
The problems in this book are quality examples which were carefully selected to
demonstrate the application of abstract concepts in solving practical engineering
problems, with comprehensive guidance provided in the explanations that follow
each step of the solutions.

Topics included in this book are fundamental in the engineering discipline.
Hence, they are versatile in their overarching application across various engineering
sub-specializations. These topics include thermodynamics, fluid mechanics, separa-
tion processes (e.g., flash distillation), reactor design and kinetics (including biore-
actor concepts), and engineering mathematics (e.g., Laplace transform,
differentiation and integration, Fourier series, statistics).

There is also a section included which summarizes key mathematical formula and
other useful data commonly referred to when solving engineering problems. This
book will support step-by-step learning for students taking first or second-year
undergraduate courses in engineering.

Singapore Xian Wen Ng
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Check for
updates

Useful Mathematical Formula

Before we begin to tackle mathematics, we should familiarize ourselves with
mathematical formulae or identities that help us observe patterns in problems
and hence deduce more efficient approaches to solutions. I have listed below a
collection of useful identities and formulae that are worth remembering.

Complex Numbers

The complex number z can be expressed in the following forms, where i* = —1.

Imaginary part

A
z=x+1iy
y ’
= ; » Realpart
hN Tl
e :
et
=¥ p-mmmmm———— "o 2t =x—- I}’
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2 Mathematics

In Cartesian form, where z* is the complex conjugate of z.
z=x+iy; 7F=x—1iy
lz| =2 +y* =22

In polar form, where @ is the argument of z.

2| =r

x=rcosf; y=rsinf
In trigonometric form
z=r(cosO + isin6)

cosf == (e +e7")

[ — 1=

sinf = — (e —e™)

N

De Moivre’s Theorem

(cos@ +isin®)" = e’ = cosnf + isinnb

Hyperbolic Trigonometric Functions

cosh z = cosiz
i sinh z = siniz

itanh z = taniz
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Trigonometric Formulae and Identities

Double Angle Formula

sin 2A = 2sinA cos A
cos2A = cos?A — sin?A =2cos’A —1=1—2sin’A

2tan A

tan2A = ———
an 1 — tan2A

Negative Angle Formula

It is possible to deduce these results by relating to their graphs. As the cosine curve is
an even function symmetric about the y axis, the negative angle formula below
makes sense. As for the sine and tangent curves, they are odd functions which lead to
the results shown below.

sin (—A) = —sinA

cos (—A) = cosA

tan (—A) = —tanA
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Addition Formula

sin (A = B) = sinAcosB £ cosAsinB
cos (A + B) = cosAcos BT sinAsinB

tanA + tan B
tan(A+B) = ————
an ( ) 1 ¥ tanAtan B

Trigonometric Identities

1+ tan?A = sec’A
cos?A + sin?A =1

1 + cot?A = cosec’A

Graphical Transformations and Common Functions

Here are some quick tips about graphical transformations when slight changes are
made to a function.

f(x) — fix + a): means the graph is shifted by a units to the left, i.e., negative
x direction.

fix) — fix) + a: means the graph is shifted up by a units, i.e., positive y (or) fix)
direction.

fix) — flax): means the graph is “compressed”/“expanded” horizontally. It is
“compressed” if a > 1, and “expanded” if a < 1. For the same y value, x values are
multiplied by 1/a. So for example, if the original graph was y = x, and we want to
transform it to y = 2x, we will “compress” the graph of y = x horizontally to
obtain a steeper graph of y = 2x. For the same y value for y = x, the x values of the
new graph y = 2x will be halved (i.e., multiplied by ).

fx) — af(x): means the graph is “compressed”/“stretched” vertically. It is “com-
pressed” if a < 1, and “stretched” if a > 1. For the same x value, y values are
multiplied by a. So for example, if the original graph was y = x> + k, and we want
to transform it to y = 2(x* + k), we will “stretch” the graph of y = x* + k to obtain
the graph of y = 2(x* + k). For the same x value of = x” + k, the y values of the new
graph y = 2(x* + k) will be doubled (i.e., multiplied by 2).

fix) — — fix): means a reflection about the x axis.

fix) — fl—x): means a reflection about the y axis.

f(x) — f'(x): means a reflection about the line y = x.
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Note that the inverse of a function f(x), i.e., f'(x) can be expressed graphically as
the reflection of f(x) about the line y = x. In the example below, we obtain the graph
of cosh™'x from cosh x.

f(
.
6
5
4
3
2 . ——y=cosh x
_— —_—)=X
- 4
// —— y=cosh™ x
O { * X
-3 2 -1 2 3 4 5 6
-1
-2
-3

Another useful series of graphs to note is the family of y = x" and their inverse
functions of y = x+ as shown below. Note that in y= xr]‘z, when the index is an even
number, e.g.,y = xi y= x%, the function is only defined for x > 0. Therefore care has
to be taken when deriving inverse functions via a reflection about the line y = x, and
only the valid region should be considered.

f(x)




fi=)

Mathematics

The exponential graph is also often encountered in physical problems, such as
exponential behaviors in bacteria growth patterns and residence time distributions of
reactors. It is useful to note the shape of the graphs of f{x) = ¢* and its inverse
function, f{x) = In x (which is a reflection of e* about the line y = x).

f(x)
h

r

6

5

4

3

2
./1

2 -1 1 2 3
-

-2

-3

Power Series

Taylor’s Series

When we have a known reference point x = a, about which a small deviation of
h occurs, we can use the Taylor series to approximate the value of fla + &) when £ is
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small, by ignoring higher order terms. Note that the Maclaurin’s series is simply a
special case of the Taylor’s series whereby the reference point is x = O:

flat ) = (@) + (@) + @) o+ )

fla+h) = f(a)+ hf'(a) for small h

Other Series

Some other useful power series to note are as follows:

. e":1+x+’§2,+)§3,+ oty
e e =1- x+ §+...+1

X2 X4 X6

e cosx=1-7% 1—6——1—

. coshx—1+2,+4,+)g—+

. smx—x—ﬁ—&—g-i—...

. sinhx:x+§—j+’§i!+..

. ln(1+x):x—§+%3 2ofor—1<x<1

e In(l—x)= x—%—";—— for—1<x<1

e (1+x) '=1—x+x>—x>+...[this can be derived by differentiating the power
series for In(1 + x)]

e (1 —x)""=14+x+x>+x>+...[this can be derived by differentiating the power
series for — In (1 — x)]

o (1 —x) 2 =1+2x+3x>+4x> + .. [this can be derived by differentiating the
power series for (1 — x)_l]

Fourier Series

nrt
n b in—
—I—Za cos + sin 7

There are certain shortcuts that are useful when considering specific type of
functions.

* For even functions: f(f) = 3 + > a, cos "™

* For odd functions: () = “" + > by sin "’”

¢ A product of two even functlons or two odd functions is even. For even functions,
we will be able to convert the limits of the integral without changing the final
result as shown below:
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— Iffir) is odd, then b, = L [* f(r)sin®dr =2 [ f(1) sin " dr
— Iffr) is even, then a, = L [* (1) cos™dr = 2 [ f(1) cos ™ dt

* A product of an odd and even function is an odd function.
 The value of cosnz can also be expressed as (—1)", for a positive integer n > 1.

Note that the difference between Taylor’s series and Fourier series is that the
Taylor’s series approximates values around a reference point, and for small devia-
tions from this reference point, only initial terms to be considered.

For the Fourier series, all terms in the series need to be accounted for as the
approximation comprises an integral over the entire interval (based on periodicity of
function) considered. Fourier series can be used for functions that are not periodic,
by “making them periodic”.

Differentiation Techniques

One of the most commonly used techniques for differentiation is the product rule,
whereby for two functions u = u(x) and v = v(x), we have

d(uv) dv+ du
dx ax ' Vdx

We may also use the quotient rule when the form of the expression is already in a
quotient form.

Integration Techniques

A useful technique in integration is the method of integration by parts which is as
follows
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Useful Integrals

Below are some useful integral values to note as shortcuts in simplifying expres-
sions, due to their exact values.

o.0)
J e Vdx =7

J xe  dx =0, (odd function)

—00

J e Fdx = \éz_r

—00

Partial Fractions

It is important to be familiar with converting fractions into partial fractions as
it is a convenient form to convert into Laplace transforms or to perform
integration or differentiation.

Problem 1
Determine the partial fractions for the following expressions:

x? 4 3x
(x—HE2+x+1)
11 —x — x?
(x+2)(x— 1)2
7
—2x(4 —x)
W+t -x+1
(x—1)(x+2)
22 —Tx -1
(x+1)(x—2)

(@)
(b)
(©)
(d)

(e)

Solution 1
Worked Solution

(a) In order to express a fraction as a sum of partial fractions, we will first have to
factorize the denominator of this fraction. We note that in this example, the
fraction’s denominator is already in the most factorized form. Therefore we can
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proceed to express it as a sum of two fractions, with each factor in the denom-
inator becoming the single denominator to each partial fraction as shown below.

x* + 3x A n Bx+C
x—4)2+x+1) x—4 2+x+1

One key point to note is that if the denominator of the partial fraction is first
order (or linear) in x, then the numerator is one order lower (i.e., a constant term).
Therefore we have inserted the constant A in the first partial fraction with a linear
denominator “x — 4”. Separately, the second partial fraction has a second-order
(or quadratic) denominator “UCrx+ 17, therefore, we have inserted a numerator
which is a linear expression.

In order to solve for the constant A, we can apply the cover up rule. This rule
is such that we let x — 4 = 0 which gives us x = 4. We cover up (x — 4) in the
original fraction, and substitute x = 4 into the remaining fraction. The resulting
value will be the value of A. This is shown below

42 1+34) 4

@ +4+1) 3

To solve for B and C, we can observe by comparison between the left and
right sides of the equation.

x? +3x _ 3 n Bx+C
(x—4)(2+x+1) x—4 2+x+1

AP x4+ 1)+ (Bx+C)(x—4)
N (x=4) (@ +x+1)

The coefficient of x? in the numerator on the left-hand side is 1; therefore,
1= % +B—B= —%.

The constant term in the numerator on the left-hand side is O; therefore,
0= ‘3—‘ —4C—-C= % [Note that we can also choose to compare the coefficient
of the x term but it may require more steps.]

Finally, we have the following partial fractions:

x>+ 3x 3 N -ty 4 N 1 —x
(x—d2+x+1) x—4 x2+x+1 3(x—4) 302+x+1)
(b) This example is slightly different as one of its factors is squared. There is a
slightly different treatment which will be shown here. In this case, we will need
to note that we have two fractions to express for the squared term, one is % and
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c
(1)
i.e., Band C.

the other is

Also note that the numerators for both fractions are constants,

11 —x—x° A + B N C
x+2)x—1)7 x+2 x=1 (x—1)

In this case, the cover up rule will help us find the constants A and C.
1= (<2) = (<2)?
(-2—1)?

1m-1-12
:4:3
(1+2)

A =1

C

The value of B can be found by comparison of left and right sides of the
equation.

11 —x—x2 1 B 3
(x+2)(x— 1)27X+2+x—1+(x— 1)?
(x— 1> +B(x+2)(x—1)+3(x+2)
(x+2)(x— l)2

The coefficient of x” in the numerator of the left-hand side is — 1; therefore,
—1=14+B—B=-2.
Finally, we have the following partial fractions:

11 —x—x 1 2 n 3
(x+2)(x =17 x+2 x—1 (x—1)

(c) In this example, all of the numerators of the partial fractions can be found using
the cover up rule, since they are simple linear factors.

7 A B

—2x(4 — x) _—2x+4—x

Using cover up rule, we have
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Finally, we have the following partial fractions:

7 7 7

—2x(4—x) —8x 8(4—x)

(d) In this example, we have an improper fraction, where the numerator is of order
3 (or cubic) which is greater than that of the denominator (order 2, or quadratic).
The slight difference in approach to this problem is that we need to include a
linear function of x, i.e., (x + k) to the sum of partial fractions, as this linear
function will account for the difference in the orders.

C+2r—x+1 A B

GoGry TR I

Using cover up rule, we can find the values of A and B,

P21 -1+1

A (i+2) !
(2422 - (21
B = —2-1) =-1

To find k, we can compare the left- and right-hand side of the equation,

B4+ —x+1 1 1
(x—1)(x+2) :(x+k)+mix+2
:(x+k)(x—1)(x+2)+(x+2)—(x—1)
(x—1Dx+2)

The constant term in the numerator on the left-hand side is 1; therefore,
1=-2k+2+1—k=1.
Finally, we have the following partial fractions:

)c3—|—2)c2—x—&—l_(X_Fl)+ .
(x—1)(x+2) x—1 x+2

(e) This example is also an improper fraction (proper fraction is when the order of
numerator is less than that of denominator). The difference here as compared to
part d is that in this case, the term to add is a constant term (order zero).

2 —Tx— 1 A B

=K
GrDE-2) " Txrlxo2
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Using cover up rule, we can find the values of A and B,

C2(=1)?=7(-1)-1 8
A= (—-1-2) T3

22 -72) -1 7

B="0Gyn ~73

We can find K by comparison,

20 —Tx—1 B 8 B I K+ 1Dx-2)—-8x—-2)—-Ix+1)
x+1)Ex—-2) x+1 x—2 (x+1)(x—2)

The coefficient of the x* term in the numerator on the left-hand side is 2;
therefore, 2 = K.
Finally, we have the following partial fractions:

2 —Tx—1 8 7

(x+1)(x—=2) ° 3@x+1) 3(x—2)

Differentiation and Integration

Mathematical techniques are used to solve engineering problems. It is common
that we will encounter differentiation and integration problems as engineering
often involves breaking up a complex problem into small elements for analysis
(differential elements) and integration helps scale the solution for the differen-
tial element back to fit the entire system.

Problem 2

Solve the following differential equations by using appropriate substitutions:

@ @ -y=x7°
1d 1 _ .
(b) y—Z%Jr;f cosx — sinx
2-3x?
@+ XYy

Solution 2
Worked Solution

In these problems, we show how we can apply useful substitutions to simplify higher
order differential equations into equations of order 1 with respect to the variables.
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The key observation here is that the term “a(y)” is of one order (with respect to
variable y) higher than the term “b(y)” in the following form. Then the substitution
can be made for the lower order term b(y). This is demonstrated in the two examples
below.

a0) 2 4 b(y) = (v

(a) We have the following differential equation.

One useful substitution we can make is as follows:

1
V:yj (1)

We can then apply the Chain Rule:

dy _dy (Y 1 (a
dx  dv \dx _Z—; dx

dv_ 4

dy
dy y (dv
AN A s 2
dx 4 (dx) @)

We can now substitute our results in (1) and (2) back into the differential

equation,
1| ¥ [/dv
—|—==| —v=x
¥y | 4\dx
d
d_; +4v = —4x

One trick to solving ODE:s of the form: % + Av = f(x), where A is a constant,

is to let e/** Then the equation can be simplified to the form:

4 (yej Adx) —el Adxr(x) which is easier to solve. Let us demonstrate this in
this example. Now, we create the term /4 — ¢* And we can solve the right-

hand side of the integral using integration by parts.
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%(ve“) = (—4x)e™

vet = — J4xe4xdx

Integration by parts is defined as fab udv = [uv](ﬁ7 - J;b vdu; therefore, we let
u=x, and dv = 4e¥dx

4x
e
ve = — <xe4x — Je“xdx) = —xe™ + T + ¢

Now we can substitute v with its original expression. ¢; can be evaluated if we
apply boundary conditions, i.e., for a specific value of x, its corresponding
y value is known.

4x
yi“ (e") = —xe™ + % +c

4 1
y 7_x+l+c —4x
T cac
(b)
dy

1 1
Fa—f—— = cosx — sinx

One useful substitution we can make is

1
v=-
y

Then we can similarly apply the Chain Rule:

dy _dy (dy 1 (a
dx  dv \dx _Z—; dx

v 1

dy  y?

% =y (%) (2)
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Substituting our results in (1) and (2) back into the differential equation,

i —y? @ + v = cosx — sinx
y2 Y \ax N

dv
4 (=1)v = sinx —
+ (—1)v = sinx — cosx

Now, we create the term e/ D _ =X And we can solve the right-hand side
of the integral using integration by parts.

%(ve_)‘) = (sinx — cosx)e™™
ve " = J (sinx — cosx)e "dx
Using integration by parts where u = e, and dv = (sinx — cos x)dx
ve ¥ =e “(—cosx — sinx) — J (—cosx — sinx)(—e *)dx
=e "(—cosx — sinx) — J (cosx + sinx)(e™)dx

Using integration by parts again, where u = e, and dv = (cosx + sin x)dx
ve ¥ =e *(—cosx — sinx) — {e"( sinx — cosx) — J(sinx — cosx)(—e )dx

J(sinx — cosx)e *dx = e *(—cosx — sinx) —e *(sinx — cosx)

+ J (sinx — cosx)(—e ™)dx

2 J (sinx — cosx)e *dx = e *(—cosx — sinx) — e *(sinx — cosx)

e *(—cosx — sinx) — e *(sinx — cosx)

ve = > + ¢

1
(—cosx — sinx) —E(sinx— cosx) + cie* = —sinx + cie*

1
—sinx + c1e*
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© dy  (2-32)

dx x3 y=2

(2-3:2)

Now, we create the term ef = This term requires some simplification as
shown.

2-3:2 —x?
eJ‘de = ej)%dx_ Sx_xfdx = e—x’z—lnx3 = —e 1

e
13

et

Substituting back into the ODE, we have

df 1\ _ (1
x \Poer) T\ e

L
e T Jpe T

To help solve the integral on the right-hand side of the above equation, we can

use another substitution, u = x_z, then » = u ¥ and

du — _2x=3 or dx = —%x3du = —% u=3?du.

dx —
2 2 L s
dex—kcl = Jm (—EM dl/l +C1

= J—e_”du feo=elHeo=e" +o
Finally, we have the solution

2 _ .2 -2
y=x’e" (e i —l—cl) =X + e

Solve the following differential equations by using appropriate substitutions:

@ @-0)2 4 (2c+3y) =0
b) x+y -2 24 (x+y-2>+3*=0

Worked Solution

In these examples, we can make appropriate substitutions that help us simplify the
equation into a form that is variable separable.
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(a) We are given the following,

dy
—x)—=+ (2 3y) =0
(v = x)- -+ (20 +3y)
dy _ —(2x+3y)
d«  y—x
One useful substitution we can make is
y=wx

dy_ . v
dx dx

Equating both expressions of %, we have

—(2
—(2x43y) L
y—Xx dx
—(2x + 3vx) dv
A
VX — X dx
_x@_v+2—|—3v
dx v—1
v—1 1
—dv=—d
w2 P
l2v+2)-2
2 Tdv=-1
lln(\/2—|—2v—i-2)—J#d\/:—lnx—&—cl
2 V24 2v+2

To evaluate the integral fﬁd\/, we can apply the following technique

where we make use of the trigonometric identity 1 + tan® 6 = sec” 6.

1
—dv=2|——-—dv
Jv2+2v+2 J(v+l)2+l
Let tan & = v + 1, and this means dv = sec’0 df, so we have the following.
[Note that other substitutions that show similar patterns in terms of their trigo-
nometric identities also work, for example, we can also use the substitution,

sinh @ = v + 1, since it also helps us simplify the expression with the identity
1 + sinh? @ = cosh? @ and the fact that % sinh @ = cosh 6.]

! 1
ZJﬁdV— ij(Sec2 0)d6: 2J1d0:29: 2tan‘1(v+ 1)
v+ +
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Substituting this back into our earlier equation, and replacing v with our
original variables, we obtain the solution for y.

In(v*+2v+2) —2tan '(v+1) = —Inx+c,

( +2(¥ +2)—2tan1(()y—c>+1):—lnx+c,

d
(b) (x+y—2)2d—y+(x+y—2)2+3x4=0
X
. . . . dy
We can substitute v = x + y — 2 to simplify the equation, then =1+%
d
v2<—v— 1> +v 43 =0
dx

Jv2dv = J —3x*dx

1 3
5\/3 = —gxs + ¢y

3
(r+y-2) =2 +e

W | —

Problem 4

Second-order differential equations may take on several forms. Depending on
which form we have, we arrive at solutions that can be either exponential or
oscillatory or a combination of both. Let us explore some examples here. Solve
the ODEs below and comment on their physical significance.

(a) & dxz — 62 + 8y = 0, where y(0)=0, y'(0)=1

(b) j + 4y = 0, where y(0)=0, y'(0)=1

(© 45 +2%2 +y = 0, where y(0)=0, y'(0)=1

6)) jx{ + 42 + 5y = 0, where y(0)=0, y'(0)=1

Solution 4
Worked Solution

(a) We can first find the characteristic roots of the equation denoted by A. In this
example, we have two distinct (1; # 1) real roots. This scenario yields an
exponential solution.
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d’y
ﬁ—6d—+8 y =0

2_64+8=0
(A-—4)(A-2)=0—A1=2o0r4

Note that in this case since A > 0, the solution exponentially “explodes” in
value as x increases. Not all systems are physically meaningful when this
happens, hence we need to conscious of its significance. In order for stable
solutions (i.e., exponential decay), we require A < 0. The solution to this problem
is y = Ae®™ + Be™. We can derive this by guessing a trial solution of exponential
form. Let us substitute y = ¢* into the ODE.

dy Pl + 8y = 2™ — 6™ +8eM =0
A dx

e” (22 —64+8) =0 — A =2or4 (as above)
y = Ae™ + Be*

The constants A and B can be evaluated when we apply boundary conditions,

e.g., known values of y and % at known values of x (usually at spatial

boundaries for spatial (or positional) coordinate x)

¥(0) =0

0=A+B (1)
y(0) =1
1 =2A+4B (2)

Solving the simultaneous Eqs. (1) and (2), we have the solution as follows.

1 1
= 2B+4B —>B=-A=——
2’ 2
1 1
y:7262x+§e4r

(b) We can first find the characteristic roots of the equation denoted by A, where
y = . In this example, we have distinct (1, # 1,) imaginary roots.
d2
2 >4 4y =0

(AP +4)=0
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(/1 - (21')2) )
(A4 20)(A—2i) =0 — A= +2i

This differential equation yields a purely oscillatory solution. Note that this
type of solution does not “decay” as it does not have any exponential component
with negative power that reduces the solution at large values of x. Not all systems
are physically meaningful when this happens, hence we need to conscious of its
significance:

y :AeZix +Bef2ix

Note that in general for complex numbers, we can express
e" = cos nf + i sin nf = (cos 6 + i sin 6)", where 6 is the argument, and is
commonly defined & = wt in terms of angular frequency @ and independent
variable of time ¢ in physical problems. Analogously, we can obtain the follow-

ing sinusoidal form of solution for our problem.
y = A(cos2x + isin2x) + B(cos (—2x) + isin (—2x))
= (A+B)cos2x+i(A— B)sin2x

Q2ix | o 2ix Q2 _ o—2ix
= (A+B) [#} +i(A—B) [T]

We know that ’% is just another constant, which we can denote as C.
Similarly for 452 = D. We also know that e** + ¢ ?* = cos 2x and

. . 2
e?* — e7?* — gin 2x. Therefore,

y = Ccos2x + Dsin2x

As a shortcut, when we see the form of solution, y = Ae?™ + Be_zix, we can

express directly as a sum of cosine and sine functions in y = C cos 2x + D sin 2x.
To solve for the constants, we can apply boundary conditions.

C=0

1
2D=1—D =~
)
Therefore we have the solution,

1
y:i sin 2x
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(c) In this problem, we have two identical real roots (4; = 1,).

d’y . dy
AT S AR
dx? + dx Ty

(A2 +214+1)=0
(A+1P=0—2=—1
This scenario also yields an exponential solution, of the form below. Note that

in this case we have a stable solution (i.e., exponential decay at large values of x)
since 4 < 0:

y=Ae "+ Bxe™™
We can apply boundary conditions to find A and B,

0=A
—-A+B=1—-B=1

y=uxe ¥

(d) We can first find the characteristic roots of the equation denoted by A. In this
example, we have distinct (1; # 1,) roots that have both real and imaginary parts.
Therefore the solution will have both exponential and oscillatory components.

d’y  dy
— +4=4+5y=0
dx? + dxjL Y

e" (22 +42+5) =0

—4 4, /4 —4(1)(5) 42
A= :—21%:—2&

2(1)

Applying our derivation from part b, we can deduce a solution of this form
e :
y=-e “*(Acosx+ Bsinx)

The part of the solution “e~ > damps (reduces amplitude as x increases) the
oscillations, via an exponential decay. The other part of the solution
“A cos x + B sin x” describes the purely oscillatory (sinusoidal) part of the
system.
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We can apply boundary conditions to find A and B,

=0
=1
Therefore
y =e *(sinx)
Problem 5

Solve the following inhomogenous ODEs, using the method of undetermined
coefficients.

(a) £ — 42 + 4y = & + €', where y(0)=0, y'(0)=1
(b) 2+ 62 + 5y = e, where y(0)=0, y (0)=1
(©) £3 + 4y = 16, where y(0)=0, y' (0)=1

Solution 5
Worked Solution

In the earlier problem, we encountered second-order differential equations that were

homogeneous. They could be expressed in the form A Z—j} + B% + Cy =0, where A,
B, and C are constant coefficients, and the right-hand side of the equation is zero. In
this problem, we will demonstrate how we can solve inhomogeneous ODE:,
whereby the right-hand side is non-zero and is a function of x, as shown in the

f &y | pdy _
orm A% + B3 + Cy = f(x).

The general approach to solving such ODEs is to first solve it as if it was a
homogeneous equation, i.e., let f{ix) = 0. We will obtain solutions to this homoge-
neous equation, called the complementary solution, which we can denote as y.(x).
We will then need to add on to this solution, an additional solution called the
particular integral, y,(x) which will be obtained by analyzing f(x). The particular
integral is equivalent to the term itself (with a constant coefficient added to it),
plus its derivative, and the derivative of its derivative (repeat this until all forms
of expressions are represented). Below are two examples of how this process is
applied. After considering all relevant terms, we can then omit terms that are already
represented in the y.(x) part of the solution:

o cos’x - Acos®’x + Bsinxcosx+ Csin’®x
e (1+x)e* - Ae* + Bxe*
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Finally the complete solution will be y(x) = y.(x) + y,(x). Any boundary condi-
tions should be applied to the complete solution.

(a) Let us now consider our ODE for part a,

d%y  dy w0
24T gy =X X
dx? dx tay=ete

To solve for y.(x), we will first consider the right-hand side =0.

Py dy
—=—4=+4y=0
dx*  dx e
(P —41+4)=0
(A-27=0—1=2
y.(x) = Ae* 4 Bxe™
To find out the particular integral, y,(x), we will look at the right-hand side of

the equation. We note that the term e>* is already represented in y.(x); therefore,
we can ignore it in y,(x).

e +e* — Ce™ + De™ — Ce**
yp(x) = Ce™*
However, we have to be cautious when dealing with repeated roots such as in
this problem. As there are two roots (although identical), we will have two
constants of integration. And we will need one more term to add back to y,(x). In

such cases, a good guess is the term of the form Dx’e¢*". So it is now correct to
express our particular integral as

Yy x)=cC e + Dx%e™

d
% = 3Ce* + 2Dx%e* + 2Dxe™
X
dzyp 3x 2 2 2 2 2%
T2 =9Ce™ 4+ 4Dx"e”* + 4Dxe™ + 4Dxe”" + 2De

= 9Ce* + 4Dx*e* + 8Dxe* + 2De*
Substituting these terms into the ODE, we have

2
dy, 4dyp
dx? dx

+4y, = e +e*
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9Ce> + 4Dx%e™ +8Dxe® + 2De™ — 12Ce> — 8Dx%e® — 8Dxe™ + 4Ce> + 4Dx%e™

— e3x + er
By comparing coefficients, we can determine C and D
Ce® +2De* = & + e

C=1D=

o 2
yp(x)—ex—k?e

Putting our results together, the full general solution is given by

2
x
y(x) = y(x) +y,(x) = Ae™ + Bxe™ + ¥ + Eez"

We can now apply boundary conditions to find A and B,

0=A+1—A= -1
¥y (x) = 24e™ + 2Bxe™ + Be™ + 3e™ + X’ + xe™
1=2A+B+3=-24+B+3—-B=0

Finally, we obtain our solution as follows:

2
X
y:762x+e3x+562x

()
d*y dy .
d—2+6d—+5y*e

To solve for y.(x), we will first consider the right-hand side =0.
e (A2 +64+5)=0
A+5)(A+1)=0—21=—lor—35
y.(x) = Ae™ + Be ™

To find out the particular integral, y,(x), we will look at the right-hand side of
the equation.
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e—Zx — Ce—2X
yp(x) =Ce™ ™
dy, e Yy —2x

Substituting these terms into the ODE, we have

&y,  dy .
—dxzp + 6d_;+ 5y, =e
4Ce > 4+ 6

(—2Ce*2X) +5Ce ="

By comparing coefficients, we can determine C

—3Ce H =X

1
c=—-
3
1
yp(x) = _56*2’5

Putting our results together, the full general solution is given by

-1
§) = 3el) 43, (6) = AeT + B = s

We can now apply boundary conditions to find A and B,

1
0=A+B—-
+ 3
/ —x —5x 2—2x
Y (x) = —Ae™ —5Be ™ +—¢
, 2
y(O)zl:—A—SB—I—g
A+ 5B = !
3
B = 1A—1
62

Mathematics
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Finally, we obtain our solution as follows:

(©)

To solve for y.(x), we will first consider the right-hand side =0.
(AP +4)=0
(A£2i))=0—1==2i
yc(x) :ACZix +Be—2ix

To find out the particular integral, y,(x), we will look at the right-hand side of
the equation.

16 — C
Yp(x) =C

dyy _ &y _

dx — dx?

Substituting these terms into the ODE, we have

4C=16—>C=4

yp(x) =4
Putting our results together, the full general solution is given by
Y(x) = ye(x) + 3, (x) = Ae* + Be ™ + 4
We can now apply boundary conditions to find A and B,

0=A+B+4
Y (x) = 2iAe*™ — 2iBe ¥
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y'(0) =1 =2iA — 2iB

i i
B=-2+-,A=-2——
3 4

Finally, we obtain our solution as follows:
(2= By g (—a 4 e g
r= 4 4

Demonstrate the difference between an exact and inexact differential, and show
that for an exact differential of the form df = Pdx + Qdy, the following is true.

Problem 6

op
Oy

00

. ox

y

Show also that for an inexact differential of the form df = (uP)dx + (uQ)dy,
whereby g is the integrating factor. Using this result, derive the expression as
shown.

du 1 |0P 00
—=— =] === |dx
no Q|0y|, Ox|
Solution 6
Worked Solution
In an exact differential, we note that
df = Pdx + Qdy
0
P= or —f= Jde (constant y)
Ox|,
0
0= of —f= JQdy (constant x)
Oy .

yox’

2 2
Since aaxg = aa (!; therefore % = Q‘ (1) for exact differential
y Ve T~ oy

In an inexact differential of the form below, %—f‘ #* %—g‘ and instead, we have
x y

Eq. (2), whereby pu = u(x),
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df = Pdx+ Q'dy = (uP)dx + (uQ)dy

duP)| _ d(uQ)

oy |, Ox

y

Since u = pu(x), Eq. (2) becomes,

ou

_ . all{
Oy

Op| _dp
© Ox

T dx

y

o(1Q)

=0

X

o
P,

0(uP)

Oy

opP

ﬂay

X X

opP

0Q
oy

v 1l
y .Xy

X - ‘u ax y
|
] dx

Consider the differential equation df = ydx + 2x’dy.

%
Ox

oP

_ |97 _ 92
'May Ox

y

00
Ox

v Q

Oy

du 1 [ap

X

Problem 7

aQ‘ ou
= =pz-| +0=
. Ox ‘y ox|, x|,

29

(a) Comment on whether the differential equation is exact or inexact and derive

the following expressions where A is a constant.

1
€ 2

of

ox|, x%
o s
a—yx—ZAe

(b) Show that for df = 0, the following is true.

dx _ 2y
X2y
Solution 7
Worked Solution

(a) This is an inexact differential as shown below.
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Pdx+ Qdy — P =, Q:2x2

oP| . 00|
a—yx—l ,Ey—4x
oP 00| ..
a—y}(;éay (inexact)

Therefore, we assume y = u(x), whereby

df = Pdx+ Q'dy = (uP)dx + (uQ)dy = (uy)dx + (2ux”)dy

o) _ o
Oy

+tpu=0+pu=upu

. oy

loa
Ox

X

0
= 2xzaM’ + 4xp
x|y

Y

. Ox

y
Q
Oy

y

d
u= 2x2d—/; ~+ dxu

d
d—’; ¥ = pu(1 — 4x)

1 1 —4x
—du = d.
Jﬁl a J 22

1
Iny=——-2Inx+c
2x

1
€
H= 5

X

Substituting this result back into the differential equation, and let ¢, = A,

df = (uy)dx + (2ux”)dy

_L 1 _1
df _ (Czez 2x y> dx 4 (2 C2€2 2x x2> dy _ <C2€2 2x y) dr + (2C2efi) dy
X X X

of _Aei
axy 2 7
0

O _opet
oy,
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(b) Fordf =0,
y —
(;) dx = —2dy
a_ 2y
x2 y
Problem 8

Consider the differential equation df = (cos2x — sinh x)dx + (sinhx + cos 2x)dy.

(a) Comment on whether the differential equation is exact or inexact and derive
the following expressions where A is a constant.

o = A(sinhx + cos2x) ~*(cos 2x — sinhx)
x|,

U _ Afsinhe 2x) ™! (sinhx 2x
Frie (sinhx + cos2x) ™ " (sinhx + cos 2x)

(b) Show that for df = 0, the following is true.

cos 2x — sinhx
sinhx + cos2x

)dx+dy:0

Solution 8
Worked Solution

(a) This is an inexact differential as shown below.

Pdx + Qdy — P = cos 2x — sinhx,Q = sinhx + cos 2x

op 00

a—y C oy = coshx — 2sin 2x

v

X

(inexact)
y

op| 00
oLt

Therefore, we assume u = p(x), whereby

df = P'dx+ Q'dy = (uP)dx + (uQ)dy = p( cos 2x — sinhx)dx + u(sinhx + cos 2x)dy

oF
Oy

0
= (cos2x — sinhx)—'u

0( cos 2x — sinhx)
0 ‘
Yy

=04+0=0
0y +

X

X X

oQ 0
ol _ (sinhx + cos 2x)—ﬂ + p(coshx — 2 sin 2x)
Ox |, ox

y
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orP'| o0
oyl, Ox|
. ou .
0 = (sinhx 4 cos 2x)a— + u(coshx — 2 sin 2x)
x
y
du  p(coshx — 2 sin 2x)
dx  sinhx+ cos2x

Jld _J coshfoSiand
P sinhx + cos2x

Iny = — In (sinhx + cos 2x) + ¢

i = ¢ (sinhx + cos2x) !
Substituting this result back into the differential equation, and let ¢, = A,

df = u(cos2x — sinhx)dx + u(sinhx + cos 2x)dy
df = A(sinhx + cos2x) ' ( cos 2x — sinhx)dx
+ A(sinhx + cos 2x) ' (sinhx + cos 2x)dy

0 -

o A(sinhx 4 cos2x) ' (cos 2x — sinhx)
x|,

o _ A(sinx 2x)~' (sinhx 2
Byl = (sinhx + cos2x)™ (sinhx 4 cos 2x)

(b) Fordf =0,

A(sinhx + cos2x) ™" ( cos 2x — sinhx)dx + A(sinhx + cos 2x) ' (sinhx + cos 2x)dy
=0

cos 2x — sinhx
sinhx + cos 2x

)dx+dy:0

Problem 9
Solve the following differential equations

a) df = — (coshx cosy + coshy cosx)dx — (sinhy sinx — sinhx siny)dy
b) df = (x +2y)dx + (2x —y)dy
¢) df = (13x + 6y — 10)dx + (6x + 2y — 5)dy
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(a) df = Pdx + Qdy
P = —(coshx cosy + coshy cos x) = —coshxcosy — coshy cos x
Q = —(sinhysinx — sinhxsiny) = sinhx siny — sinhy sin x
oP
——| = coshxsiny — cosxsinhy
oy|,
0
—Q = coshx siny — sinhy cos x
ox|,
opP 0
opl 9@ (exact)
oyl, 0x|,

d
l = —coshxcosy — coshycosx

fl, = —sinhxcosy — coshysinx + g(y)

o sinhx sin y — sinhy sin x
Y
f|, = —sinhxcosy — coshysinx + h(x)
f = —sinhxcosy — coshy sin x + constant
(b) df = (x +2y)dx + (2x — y)dy
P=x+2y
Q=2x—y
@
0y

20
Ox

2

X

=2

y
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af
Y9
dy *y

y2
flo = =2+ 20+ h(x)

f:x;+2yx—y;+constant
() df = (13x + 6y — 10)dx + (6x + 2y — 5)dy
= 13x+ 6y — 10
Q=6x+2y—5
oP
0yl

2| _
axyi

00

T Ox

X

=6

oP
0y
df
dx
132

f|y :T+6yX7 10x+g(y)

d
l:6x—|—2y—5
dy

fly = 6xy +y* — 5y + h(x)

13x
f:T+6yx— 10x+y — 5y + constant

(exact)

y

= 13x+ 6y — 10

Problem 10

Consider the change of coordinate system for a function, from (x,y) to (u,v).
The coordinate axes of (u, v) is at an angle € anticlockwise from (x, y). Comment
on whether the following equation is valid.

o*f +af o) O
ox2 0y our ' 0v?
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Solution 10
Worked Solution

fxy) =f(u,v)

Regardless of coordinate system, df is the same

df = df

af
dx y

We can express # and v in terms of x and y

u=xcosf+ysinf

v = —xsinf + ycosf

. d*
Now we can try to find an expression for d_sz

df df df
| vy =aul| v
Yax Tt ydy‘x udu‘er vdvu

d d
a = coséd ;—v = —sind
dxy dxy
d| _du df| D dr| | dr| _dul df| |y
dxy dx yduv dx ydvu dx ydyx dx yduv dx ydv
df_ du) df +@ 4 cosﬁﬁ — sinﬁﬁ
dxyidxyduv dxydvui du|, dv
d d d
adl 0| _ sing—
[dxy]f [cos du‘v sin dvu]f
& f= cos9d sin@d cos@d sin @
dx? y B du|, dvl, du|, dv
&’f 2, A
yie cos HW—2cosesm9dudv+ sin Hd—vz

d}f

-0

u

35
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Similarly, we find an expression for 3 df
d
au = sinf ; —| = cos@
dy|, Ve
df| _du df dv df dx df _ du df dv df
dy|, dy du dy dv dy dx dy du dy dv
_du df dv df . df df
“ =L =L
dy|, dy du dy dv s du|, +cos av|,
d d
il — | sing—
) {sm i, )
d? d d d d
il — | 0— ; 0—
)y = [no] + coo| | [smog] + oo |
d* d* d d*
dy]:: sm20d—2+200595m9d Cj; + coszﬂﬁ
Combining our results, we have
&Cf  Lf o df Ef o &
EJrﬁ Hﬁ—ZCosﬁsmGd dv+ sin HﬁJr sin HW
2 dZ
+200s¢951n6d d Zed—z
d* d>
d—x];—i-d—f (cos?@ + sin H)d—J;—&- (sin’0 + cos G)d—f df d_vJ;

Problem 11

In thermodynamics, we may encounter the cyclic rule whereby for variables 7,
V, and P representing temperature, volume, and pressure, the following is true

()60,

Starting from this equation, show that the above is satisfied.

PTV+P +T*+Vi =0
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Worked Solution

We can first differentiate the given equation

PIV+P +T*+V>=0
TVdP + PVAT + PTdV + 3P*dP + 4T3dT + 5V*dV = 0
dP(TV + 3P*) +dT (PV +4T%) +dV(PT +5V*) =0

Let F =TV + 3P?, G = PV + 47°, and H = PT + 5V,

FdP 4 GdT +HdV =0

dP\ G PV 44T
dT

, F  Tv+3pP?

dT) _ H_ PT+5V*
av), PV + 4T3

) )5, (D)
 Problem 12

Can the following differential equation be solved using the method of Separa-
tion of Variables? Show that the solution to this equation takes the formy = +
v/e1 — 4x? — x — 1, where c; is an integration constant.

d
(k+y+ 12+ (e +y+1+40x°) =0

dx
Worked Solution

Note that in order to use the method of Separation of Variables (VS), we need the
equation to be linear, homogeneous with linear homogeneous boundary conditions.
In the general form, the VS method requires a function of the form:



38 Mathematics

dy

E :f('xay)

f(x,y) = g(x)h(y)

When the function’s variables cannot be separated, we may try manipulating into
a form that is separable, such as in this example. We may first observe that the
equation in this problem cannot be separated into clear-cut variables x and y. Let
z=x+y+1

dz dy
1.2
dx +dx
dz 19
——1 -+ 40 =0
Z(dx >+(z+ x'%)

szz = J—40x‘9dx

Z 20
f_
2x 4 ¢

Z:i 61—4)620
z=EVe -4 =x+y+1

y=+vVe —4x0 —x—1

Problem 13

In heat transfer problems, we may encounter the heat equation, written in the
form as follows, where u represents temperature and it is a function of position
and time, and « denotes thermal diffusivity:

% =aViu

ot

Explain the physical meaning of the following conditions and solutions to the
above equation.

ou
Se(1,0,0,0) =1
%(0,0,0,£) — 0

u(x,y,z,0) = sin2ax
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Worked Solution

We can observe that this is a one-dimensional heat transfer (in x direction using
Cartesian coordinates) system. One possible scenario is heat conduction in a solid
rod of length 0 < x < 1. At the position x = 0, u(0, 0, 0, £) = 0. This means that there
is a constant temperature ¥ = 0, at x = 0 at all times. This also implies that since
temperature is constant, the temperature gradient is zero.

ou
azo,atxzo (1)
u=0,atx=0 (2)

At the other end of the rod, i.e., at x = 1, there is a fixed heat flux entering the rod,
% = 1 at all times. [Note that heat flux is defined as ¢’ = — k V T, where k is thermal
conductivity.]

Ou
—=1latx=1 3
P 3)
As for the third condition, it represents the initial condition whereby at t = 0, the
temperature variation along the length of the rod can be represented by a sine
function of the form, sin 27zx.
At steady state as t — oo,

ou 0 0u
ot ~  0x?
du .
T Ax+ B — B =0, applying (1)
sz
U= T+ C — C=0, applying (2)
A =1, applying 3)
2
u(x,00) = 5

Constant temperature

u(0,t) = Constant heat flux
A— 2 o
x

x=0 x=1
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05w -\

Problem 14

Consider the following partial differential equation for 0 <x <1and 0 <¢ < oo,
where a is a constant.

ou 0’u

o Yor

(a) Given that the boundary conditions are u(0,7) = u(1,¢) = 0 and u(x,0) = 1.
Show that the solution to the equation can be expressed as follows, where k
is an integer.

we) =2 e s (2= D)

(b) What would the solution be like if the initial condition was given as follows.

1 1 1
u(x,0) = sin2zx + 3 sin 4zx + 3 sin 6ztx + - sin 8zx
Solution 14
Worked Solution

(a) We note that the variables of position x and time ¢ are independent, and the
equation is linear and homogeneous; therefore, we can use the method of
separation of variables.
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u(x,t) = X(x)T (1)
XT' =aX'T
% = )% = —f, where f is a constant > (0
T + paT =0 (1)
T = Ae P , where A is a constant
X"+ pX=0
X = Bsin /px + Ccos \/fx

We know that u(0, t) = 0; therefore C = 0
X = Bsin y/fx

And we know that u(1,7) = 0,

0 = Bsin+/p
B=0or sin\/f=0

\/ B, = mm, where m is a positive integer

8]
u(x,t) = ZAme""z”Z“’ sin (mzx)

m=1

We know that u(x, 0) = 1. So at a specific time t = 0, we have a function of x,
call it f{x)

u(x,0) =f(x)=1= zm:Am sin (mzx)
m=1

We can find out the coefficient A,,, using the principle of orthogonality, which
has the general form below for the coefficient of the sine term.

Ap = % JLL £(x)sin (?) dx

We observe that our function u(x,0) or fix) is odd because there are no
constant terms or cosine terms, the product of this odd function f{x) with another
mnrx

odd function, sin (T) is an even function. Therefore, the integral limits can be
expressed as:
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L
Ap = % L £(x)sin (?) dx

We know that L = 1 based on the form of our expression, and at t = 0,

fix)=1.

i i
Ay = ZJ F(x) sin maxdx = 2J sin maxdx
0 0

:2{—cosmm11 2(1 — cosmzr)
mn 0 mru

So it follows that when m = 1,A; =4, whenm =2,A, =0,A; = 5, A, =0,
etc.

—, when m is odd
Ap =< mn

0, when m is even

u(x,t) = N Le’m’l)z”zmsin 2k — 1)zx
0= [ (2K~ 1)

(b) If the initial conditions were changed to another form as shown below, then we
can deduce that:

1 1 1
sin 2zx + 3 sin4zx + 5 sin 6zx + 7 sin 87x

- 1 1 1
Ay sin (mzx) = sin2zx + 3 sin4zx + 5 sin 67zx + 7 sin 8zx

m=1

By inspection, we can see that the surviving m values are m = 2, 4, 6, and
8. And we can observe that A, = 1, A4 = % Ag = % and Ag = % Therefore the
solution would be as follows:

u(x, 1) = Are 27 sin (27x) + Age ¥ sin (47x) + Age * " sin (67x)
+ Age ¥ sin (87x)

1 1
= e 77 sin (2mx) 4 ze 7 sin (4mx) + ge 7 sin (67)

1
+5e’82”2‘" sin (87x)
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Problem 15

Classify the following partial differential equation and comment on a possible
method to solve the equation. Proceed to solve using the boundary conditions
and initial conditions provided below.

ou 0’u

ot ox?

Initial condition: When ¢ = 0, u = 0 for all x. Boundary condition: When
x=0,u =2sin¢for all ¢

You may use the following result as necessary, where s is the Laplace
variable, and £7! refers to inverse Laplace transform:

B*I(e*\/gx) :ﬁ;—;e 5

Solution 15
Worked Solution

The equation is linear and homogeneous with constant coefficient; therefore, we can
use Laplace transform or separation of variables to solve. In this solution, we will
show the method of Laplace transform since initial condition u(t = 0, x) = 0, and this
simplifies the Laplace transform expression.

From the data booklet, we can find the Laplace transform for derivatives.

d
zb;—> sit — u(0)

Therefore, we have the Laplace transform of the differential equation as follows:

_ d*ii
s —u(0) = e

¢; = 0 so that the function decays with increasing x, instead of inflating expo-
nentially as x — oo (not physically meaningful).

U= cre V¥
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Given the boundary condition at x = 0, u = 2 sin ¢, we can find the Laplace
transform of this boundary condition which is ii(x = 0) = 225 = c2.
Therefore we have the solution in Laplace variable s as follows,

We know that the convolution theorem states that if i = FG, then u(t) =
fo ft—n1)g(r)dr

In our case,
— 2 [jl
F = ) =——
2+ 1 0o sin ¢
_ 1 1 x 2
G=e V" g(t) = ——=e )

Therefore, the solution in its original variables is as shown below.

Y S N -
M(X’t)_JO sin (t — 1) \/_%

Problem 16
Consider the following differential equation and solve it using the method of

characteristics.

ou ou

ot ox

The initial condition is such that at ¢ = 0, u(x,0) = sin x.

Solution 16
Worked Solution

Before we solve this problem, let us revisit some concepts about the Method of
Characteristics, which is a method that provides solutions that move at a velocity V.
Consider the general form of the equation:

o
or Ox

We can change our coordinate system from x and ¢ to new coordinates s and
such that s varies along the characteristics (shown in purple below) and 7 varies as
we go from one characteristic to another.
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Characteristics are
of slope =1/V

Initial condition

(sinusoidal function in x)

We can express the variables x and ¢ in the form of the new variable, s. %

represents how u changes along the characteristics in the s direction.

duidx aqudl ou
ds ds Ox ds Ot

Let a(x,t) = % and b(x,1) = %, then we have

du Ou Ou
i a(x, 1) e + b(x,1) 3,

And the slope (as shown in the plot above) of the characteristics along which the
solution propagates is given by 1/V.

1 dt
VvV oodx
If we are told that the equation is % = —% as shown in the problem statement,
then we have the following:
Ou N Ou du
Ox Ot ds
d
a(x, 1) :d_)sC: Il —x(s)=s+a

Whent=0,s=0and x(0) =c; =7
dt
b(x,t):$:1—>t(s):s+cz

Whent=0,s=0and #(0) = ¢, =0

Therefore, we have x = 5 + 7 and ¢ = s, and it follows that x = 7 + 7. This equation
describes the lines of characteristics with slope of 1.

We know that when ¢ = 0, u(x, 0) = sinx. Therefore u(z,0) = sin 7.
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And the solution is of the following form whereby the solution moves to the right
with no change in amplitude relative to the initial condition wave.

u(x,t) = sin (x — ¢)

Characteristics:
t=x-71

Initial condition (sin x)

S1

Problem 17

Consider the following partial differential equation whereby 0 < ¢ < oo, and
—00 <X < 00, and using the method of characteristics, show that the slope of its
characteristics is 1. Determine the solution given that the initial condition is that
when ¢ = 0, u(x,0) = sinx

ou Ou
a+§+2u:0

Solution 17
Worked Solution

In terms of the method of characteristics, this time we may observe that our
differential equation takes on the general form below where a, b, and c are functions
of x and ¢.

a%—kb%

ox P teu=0

Upon transformation into the s and 7z coordinates, we have the following where

du __ , Ou Ou __dx Ou | dt Ju
G=antbg =g nta o

d
d_1:+ c(s,1)Ju=0
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So we return to the equation in our problem.

ou Ou
=0
xta T
& +
= — = — X=3S5 C
a ds !

When t = 0, s = 0 and x(0) = ¢; = 7; therefore

xX=s5+7
dt

bzgzl—w:s—i—cz

When t = 0, s = 0 and ¢, = 0; therefore

s=t (1)
T=x—1 (2)

The result in (2) tells us that the equation of the characteristics is = x — 7 and the
slope 4 is 1.
In our original equation, we can then convert our PDE into an ODE, by

expressing the partial derivatives into a total derivative in terms of variable s. In
physical terms, the term % in our equation refers to a convective part that
contributes to the “movement” of the solution at velocity V. The part % = —2u

refers to an exponentially decaying part which diminishes the solution as t — oo.

ou Ou
E‘FE-‘FZIAZO

du
—+2u=0
ds+ "

The initial condition is u(x, 0) = sin x. Since s = ¢ from our result in (1), therefore
u(s =0) = sinx
From our result in (2), since 7 = x — ¢, therefore at t = 0, 7 = x,

u(s =0) = sinz



48 Mathematics

For the ODE of this form, the solution has the form of an exponential decay where
A is an integration constant.

du
ds
u = Aexp(—2t) — A = sinz

+2u=0

Putting our results together, we have
u = sinzexp(—2¢) = sin (x — t)exp(—2¢)

In this case, our solution has a decaying amplitude (due to exponential decay part
of equation) as it travels along the characteristics (due to the convective term of the

equation) at velocity V = Slgpe =1.

Characteristics:
t=x-1

Initial condition (sin x)

Problem 18

Consider the following partial differential equation which has a damping term
tu. This is a non-linear equation whereby there is a velocity component
represented by the term x%. Given that the initial condition is such that when
t =0, u(x,0) = F(x), determine the solution of this equation and sketch it in a
plot of ¢ against x.

ou

ou
Xt =+t =0
Ox

ot
Solution 18
Worked Solution

Qu 0 o
kT T
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a—ds—x
dt

b=—=1
ds

The slope of the characteristics will be le_fc = %, and we can expect the character-
istics to take on the general form as shown below.

/=X

dx
L
ds
x = ciexp(s)
dt
=1
ds
t=s+0c

When ¢ = 0, s = 0 and x(0) = z; therefore

x = crexp(s)
7 = c1exp(0) = ¢;

x = texp(s)
When ¢t = 0, s = 0 and ¢, = 0; therefore
s=1

The partial differential equation becomes

du
—+mwu=0
ds+u

d
—u—|-su:O

ds
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du 5?
— = | —-sds — lnu = —E + constant

u
§2
=A —_

u exp( 2>

When ¢t = 0, u(x,0) = F(x), and

s=t=0
x=rexp(s) =<

u(s=0)=F(z)

Therefore we have the solutions as shown below in the s, T coordinates and x,

t coordinates.
2 2
u = Aexp (—%) = F(r)exp (—%)

-

We may observe that the initial condition is transported along at a non-uniform
velocity (slope of characteristics not constant, i.e., not straight lines), and there is a

non-linear damping term exp(—%) that reduces amplitude of the solution as it

travels. Consider the initial points A, B, and C. They will travel to A, B, and C’ from
s = 0tos =1, along the curved lines of characteristics.

s=2
s=1

AR

€
C

pd

Problem 19

Consider the partial differential equation as follows whereby 1 < ¢ < oo, and
—00 <x < 00, and using the method of characteristics, determine the solution in
terms of x and ¢. The initial condition is that when ¢ = 1, u(x, 1) = 2 sin x:

ou Ou
t§+xa+2u =0
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Solution 19
Worked Solution

In the same way, we define the expressions for a and b, in the form

b%Jra%JrZu:Z—:JrZu:O
dx
a=_-=x
x =€’
dt
bzazt
t = e’

We can apply initial conditions to find ¢, and ¢;. Whent=1,5s =0,x =17.

Cl =7

62:1

So we obtain the following two expressions that convert the original coordinates
inx and ¢ to s and .

From here, we can obtain the equation for the characteristics to be

X
t="
T

We can also proceed to find the solution to the differential equation in the new
coordinates s and 7.

u(x,1) = 2sinx = 2sin (t7) = 2sinz
du

1
s = 2u — J;du = J—st

u = Aexp(—2s)

When s =0, t = 1, therefore x = 7 and u(0) = A = 2 sin 7. So we have the solution
of the form in the s and 7 coordinates.
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u = 2sinz exp(—2s)

u = 2sin ()—tc) exp(—2Int) = %2 sin ()—;)

This solution is a moving sine wave along the characteristics, with a decaying
frequency~ % and amplitude~ tlz as time increases.

Characteristics: t = %

Initial condition (2 sin x)

Consider the following equations, and use the Laplace transform method to find
the solutions.

@212 +1ly=1,y=0whent=0
©) 3% 12 1y —7,% _y_0whens=0

Worked Solution

(a) Referring to the data booklet, we will note that the Laplace transforms as follows
for a first-order derivative

d
d—f — 5y — y(0)

Since we are told that when r = 0, y = 0, y(0) = 0. We can perform the
following Laplace transforms for each term.

d
21'% — 218y

1
—y —

2

1 —

l_
5}’
1
s

Putting the results together, we have



Differentiation and Integration 53

1 1
205y +—y = —
TserZy 5

S S V2
y721s+%721s2+%7s(s+%)

We can express this equation in terms of partial fractions

B
(s +32)

A
y=—+
s

There is a quick method called the “cover up rule” that we can use in finding
out the values of A and B. The first step is to factorize the denominators such that
we obtain the form as shown in the expression above. Then to find A, we let
s = 0, and cover up the “s” term in the denominator to find the value of A as
shown below.

1/2 1/2
/771 —a=t =2
s(s +37) 0+3)
Similarly, we can find B by letting s = *i’ and cover up the “(s + ﬁ)” term

in the denominator to find the value of B, as shown below.

1/2z _ :]/27:

-2
s(s+22) ¥

Therefore, we have obtained the partial fractions

We can now convert the Laplace form back into the original coordinates of
y and 7. And the solution is therefore

y= 2[1 — eft/‘”}
(b) We have the following differential equation

d%y . dy dy
350 442 1y =7, 2=y = 0whenr=0
dt?+ dt+y dt Y when

Referring to the data booklet, we will note that the Laplace transforms as
follows for derivatives
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dzy 2= dy
ﬁ—wy—sy(O)— {E o
d
d% — sy —y(0)

Since we are told that when ¢t = 0, % =y=0,y(0)=0and [%] 0 = 0. We

can perform the following Laplace transforms for each term.

Putting the results together, we have

y(3s* +4s+1) :%

. I A, B c
v sBs+1D)(s+1)] s 3s+1 s+1

We can use cover up rule to determine the numerators of the partial fractions.

A=1
10
Te
1 1
“=Cny "2

Putting the results together, we have

y:7{l 9/2+1/z}:7[1 32 1/2}

s 3s+1 s+1 E_s+1/3+s+1

We can now convert the Laplace form back into the original coordinates of
y and 7. And the solution is therefore

1
y=17 [1 - %eftﬂ —|—§et]
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Laplace Transform and Transfer Functions

The Laplace transform takes a function of a real variable t (e.g., time) and
converts it into a function of a complex variable s (e.g., frequency). While the
Fourier transform of a function is a complex function of a real variable (e.g.,
frequency), the Laplace transform of a function is a complex function of a
complex variable. Laplace transforms are usually restricted to functions of t
with t > 0. Given a defined input or output for a system, the Laplace transform
can help translate from the time domain to the frequency domain and in doing
so, mathematically simplifying differential equations into algebraic equations.

Problem 21
Find the inverse Laplace transforms for the following expressions:

5
(@ s2 455 +4
1

®) (s +4)(s +2)°

© s2+2s+4

s? +4s

@ (s +2)%(s +3)

Solution 21

Worked Solution

A useful method to find inverse Laplace transforms is to simplify our expressions by
factorizing the denominator and expressing in terms of a sum of partial fractions.
This allows us to find the inverse Laplace expressions for each fraction from the data
booklet.

(@) 5 _ 5
s24+5s+4  (s+4)(s+1)
A N B
Cs+4 s+1

We can find the numerators using the “cover up rule,” as shown below:

5 5

(-4+1) 3
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5 5

(-1+4) 3

5 51 1
s24+55+4 3ls+1 s+4
From the data booklet, we can find the following

—a 1
Ll = Ta

Therefore the inverse Laplace transform is

501 1 5
-1 _ D [t o
£ {3L+1 s+4]} sl =]

(b) For this expression, we can similarly express in partial fractions,

1 A B C
(s+4)(s+2)° s+4 s+2 (s+2)

We can find the numerators A and C using the “cover up rule,” as shown
below:

_ bt 1

(—4+2)* 4

1 1

R R
1 1/4 B 1/2 PO
= —_— = ——
(s+4)(s+2)> s+4 s+2 (s+2) 4

1 1|1 1 2

=- - +
(s+4)(s+2)° 4|s+4 s+2 (s4+2)7

From the data booklet, we can find the following

e 1
Lle t] :s+a

Therefore the inverse Laplace transform is
I 1 1 2 1 1
-1 —4 —2i -1

B {4 } = Z [e r_ € t} + B {2

1
-——
s+4 s+2 (s42)7

(s +2)°

}
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From the data booklet, we can find the following

. n!
B[t ] = Sn+1
" |
£|:J:| = W 18 true

! 1
L [—} = — is also true
sn

(n—1)!
We also note from the data booklet that
Lle “y(1)] = y(s +a)

Therefore, if y(¢) = ﬁ, then we have the following Laplace transform.

el e

Applying this result to our earlier expression, we have

}=lk4tw21+{;%”@f;A}

[e™ —e ™ 4 2]

1

_ _ 1)1
4[&: 41_62r]+£ 1{2

-
(s+2)°

Bl

(c) In this example, we find that the denominator cannot be “fully” factorized;
therefore, it can be expressed as a sum as shown.

2 2
S +25+4 (s+1)7+3

From the data booklet, we can find the following results, which we can
combine to help us solve our problem

®
§2 + w?

Lle“y(1)] = y(s +a) — Lle”y(O)] = y(s + 1)

L[sinwt] =

We can express our earlier expression in the following form, such that

w=13

B_l

o el M G
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(d) For this expression, we have variables in the numerator as well as denominator.
We can still express this fraction in terms of partial fractions as shown below

§2 4 4s A n B n C
(s+27%(s+3) s+3 s+2 (s+2)

We can find the numerators A and C using the “cover up rule,” as shown

below:
(37 44(-3)
(=3 42)?
c D 42,
(-2+3)
52 +4s _3+ B N —4 B_4
= —_— =
(s+2)%(s+3) s+3 s+2 (s42)°
§2 +4s 4 3 4

(s+2%(s+3) s+2 s+3 (s42)

We note from the data booklet the following result which will help us

transform the third term —%,
(s+2)

n!
—_—
s”‘H S2

L)' =
Therefore, we have the inverse Laplace transform as follows.

o] 4 3 4

- - =d4e ¥ —3e 3 — 47
s+2 s+3 (s+2)°

Problem 22

Determine the Laplace transform for e ~”* where y is positive. Derive the inverse

Laplace transform expressions for W, where n is a positive integer. Show how

your result tallies with the following Laplace transform expressions obtained
from the data booklet.
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Solution 22
Worked Solution

The definition of the Laplace transform is as follows:

7= £5(0) - |

0

o0

e y(t)dt

Therefore when we take the Laplace transform of e ™", we can express in terms of
the integral

o0 o.¢)

e Sle Mt = J e tigy
0

Ll = J

0

B |:e—(s+r)t:|°°_ 1
—(s+7) 0 s+vy

We observe that when we add ¢, t2, £ ... tothe exponential term in the integral,
we get a pattern. Using integration by parts to integrate the following, we have:

00 —(s+7)r 7> 00 o= (s+p)t
J lei(H},)tdl — |:te:| _ J eidt
0

0 —(s+7) —(s+7)
00 ,—(s+y)t —(s+y)t >
—0+ J C dr= |-
0o ¢ + Y (S + 7/) 0
Y !
te dt = 5 (1)
0 (s+7)

If we add the term # to the product, we get,

JOC t2€—(s+7>ldt — |:t26_—(é+y)t:| ” _ JOO M(ll
0 —(s+7)lo o —(s+7)

% (2¢)e~ (st 2 (™
=0+ J (20)e dt = J te~ Oy
0 s+ Y s+ Y Jo

We can plug in the result (1) earlier to get

J Pe” gy = ! >
0 s+r|(s+7y)
o . 2
J e gy = = (2)
0 (s+7)
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If we add the term £ to the product, we get,

Jm Peml gy = [”r _ Jw @ejetrr
0 —(s+7)]o o —(s+7)

00 3[2 —(s+y)t 3 00
=0+ J B gy = J e g
0 s+ Y s+ Y Jo

We can plug in the result (2) earlier to get

J Pe gy = 2 .
0 s+r|(s+7)
00 |
J t3ef(s+1/)ldt — 3! - (3)
0 (s+7)

Therefore, we can see that the following general form of the integral is true:

JOC pte(onngy = (1= 1)3
0 (s+7)

1 o0 1
— J tnflefytefstdt _ -
(n=1)!Jo (s+7)

Therefore we note that the inverse Laplace transform of —L+ is —L~¢""le77,
(s+9)" 77 (n=1)!

Now, we can verify our result with the Laplace expressions obtained from the data

booklet. We can make some simple manipulations to obtain the form of the expres-
. . 1

sion that we want (i.e., (5 +r)n).

We note from the data booklet that £[1"] = L; therefore

Bt” 1
a —WISU’UC

tn—l 1 )

L|———| =— is also true
mn=11 &

We also note from the data booklet that L[e~“y(¢)] = y(s + a); therefore, if

¥(2) :% from above, then we have the following where a = y in our

expression, which tallies with our earlier result.

el =5
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Problem 23

An industrial process can be modeled using the following ordinary differential
equation.

d’y Ay

ac Catv=*

(a) If we charge the system with an input that follows the sinusoidal function
x = sin wt, what would be the output function for large values of time ¢
(assuming that it does not decay at large times)? Also you may assume that
att=0,2 =y =0.

(b) Show that the transfer function G that converts input to output has the
following magnitude and argument, where the Laplace variable s = iw:

1
V(@* +16)(w? +1)

_ _ 5
arg(G) = —tan 1<4 _ww2>

|Gliw)| =

Solution 23
Worked Solution

(a) Equations like the one here are typical of input and output systems, whereby the
input is the x term which is a function of ¢ on the right-hand side of the equation
here, and the response output is (7).

When we have an inhomogeneous equation as in this question, we need to
first solve the homogeneous case, which is when:

d*y dy
Cr s iay=0
dt2+ dtjL Y

This is a linear second-order ODE with constant coefficients. We can assume
the general solution as follows, where y; and y, are solutions. Initial conditions
are satisfied by the values of ¢ and c,.

y=cyy +
The characteristic equation of the ODE is as follows,
P +5r4+4=0

(r+4)(r+1)=0
r=-4,-1
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62
Therefore we have two real roots, ry = —4 and r, = —1, and the general
solution is

y=cie" + e =cie™¥ + e’

In this solution, we can see that the solutions decay as time tends to large

values of .
Instead we try solution of the form y = ¢ cos ot + ¢, sin wt which does not

decay as they are pure oscillations. Then it follows that their derivatives are as

shown:
dy .
— = —C1@ SIn Wt + Ccrw COS Wt
dt
dzy 2 2
—= = —C1®W" cOS wt — cr®” Sin wt
dr?

Putting the expressions back into the ODE, we have

d*y dy
4524 4y=0
dt2+ altjL 4

—c1w* coswt — cr” sinwt +5(—ciwsinwt + cxwcos wt) +4(c; coswt + ¢y sinwt) =0
Now rearranging the left-hand side, and inserting the input function of sinwt,
we have:
(fcla)2 + S5c,w + 401) cos wt + (fczcu2 —5ciw + 4cz) sin wt = sin wt
—cla)2 + 5c,w +4c1 =0

_ —w’ + 4
2T+ 16) (@ + 1)

—cQw2 —Scio+4c, =1

_ —Sw
DT P+ 16)(@? + 1)

Substituting the constants back into the equation for the general solution, we
have the following solution for y which provides the output values at large times.

4 — @?

—Sw
y:@WHwM+J”WHLM+m@Mn

sin wt
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_ —Swcoswt + (4 — w?) sinwt
YT @ 1 16) (@ 1 1)

(b) We can express the solution as a single trigonometric function, using the
addition formula.
y = Rsin (wf + ) = Rsinwt cos @ + R cos wt sin 6

4 — @?
(@* +16)(0? + 1)

RcosO =

—Sw
(@0* +16)(0? + 1)

Rsinf =

250 + o* — 8w? + 16 1
R?> = (Rcos6)” + (Rsin6)* = ot 5 @ +2 = 5
(@02 + 162 (@? + 1) (0 +16)(0? 4 1)

1
V(0?2 +16)(0? + 1)

—Sw
4 — @?

tanf =

The transfer function in Laplace variable s that transforms the inputxto output

response y can be expressed as:

y is the Laplace transform of the left-hand side of the ODE, and x is the
Laplace transform of the right-hand side of the equation.
d2y+5dy+4 254 Ssy+ 4y =%
—+5= =x—s s =X
ar dr Y y Y y
~ 1
G(s) =5—7F—
(s) s2+35s+4

We substitute the Laplace variable s with iw, and we obtain

1
(4 — @?) + 5wi
B 1 B 1
V16— 807 + 0 + 2507 /(@? + 16)(w? + 1)

arg(G) = —tan ' (4 ia)w2>

Gliw) =

|G (i)
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Problem 24

Consider the system below whereby two CSTRs are connected. Assuming that
C, denotes the concentration of tracer, derive the transfer functions G,4(s) and
Gp(s) that relate the output concentrations from CSTR A and CSTR B to the
input concentration of tracer C,o. You may assume constant volume for both
CSTRs and assume that § = %, where Q represents volumetric flow rate.

A

VaCia
Fy
Qp Cpa | Qp,Cip
v
Vg Cip

Solution 24
Worked Solution

The mass balance of tracer in CSTR A is as follows.

dN
d;’A = Fin,A - Fout,A
dcC . . . .
Va= = 0aCro+0sCrp — 04Cia — Q5Crn

Lettp = Va/ 0 ,, therefore we have

dCzA QB QB
= == e - 1 —
TA : Cl,o—f— ACZ’B =+ i C,,A

Given that = %, and take Laplace transform of the equation to obtain the
A

following assuming C, 4 =0 at¢=0.
t45Cra = Cro+pCrg — (1+)Cia

Similarly for CSTR B, we can perform a mass balance for the tracer and obtain
the following
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dNt,B

dt = Fin,B - Fout,B
dcC . .
Vi~ = 05Cia ~ Q5Cu
t
dC
7B d;’B =Cia—Cup

Substituting this result into the mass balance equation for CSTR A, we have

_ _ C _
745Cra = Crp +ﬁ<1 _;’;_4 S) — (1 +ﬂ)Ct,A
B

Ct,A {TAS‘F 1 +ﬁ - ﬂ ] = C_‘1,0

1+TBS
Cia 1+ zps
G :_—,:
A(S) Cz,O (1 + TBS)(l + TAS) +ﬂTBS
C 1
GB(S) t,B

- Cio - (1 + 735)(1 + 745) + Prps

Problem 25

Consider the following CSTR of volume V = 1 m® in which a rapid and
irreversible reaction occurs between A and B. The inlet volumetric flow rate
of A, Q 4, = 0.01 m*/s and that of B is Q 5, = 0.001 m®/s. One mole of A reacts
with one mole of B to produce one mole of water.

(a) Show that the transfer functions relating the outlet concentrations of A and
B to their inlet concentrations are given by, assuming that C, = Cz = 0 at
t=0:

_ 1 _ 01
Cy = Cao — C
A7100s +1.1 “° 1005 +1.1 B0
_ 1 01
Ca Cao + 1005 + 1.1

T 1005 + 1.1
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(b) The system is at an initial steady state with C4o = 200 mol/m?,
Cpo = 1900 mol/m>. At ¢ = 0, the inlet concentration of A drops to
180 mol/m>. Determine the outlet concentrations of A and B at ¢ = 0 s,
40s, and 90s.

Solution 25
Worked Solution

(a) First recall that in a well-mixed CSTR, we assume that outlet concentration is
equivalent to concentration in the tank. To find the transfer function for outlet
concentration of A, we assume first the scenario that A is in large excess of B. In
this scenario, B is fully reacted and Cp = 0 in the tank and in the outlet. Setting
this constraint also allows us to deduce that the rate at which A disappears due to
reaction is equivalent to the rate at which B enters the tank (rapid and irreversible
reaction). Hence, consider the illustration below, which we can use to perform a
mass balance for A.

QAO! Cro—p)| .
. Czlc> »@ Cy

QBO' CBO—D 1% CA

It is given that V=1 m>, Q0 4o = 0.01 m3/s andQBO =0.001 m?/s. We can
deduce that the outlet volumetric flow rate O = Q 49 + O 5o = 0.011 m° /s.

dN
d—tA = Fina — Fou,a — reacted
dcC
Vd—A = Q0 40Ca0 — QCs — O 5 Cho
dC
17: =0.01C40 — 0.011C4 — 0.001Cp

We can take Laplace transform to convert the differential equation into a
normal equation:

(s +0.011)C4 = 0.01C4o — 0.001Co

_ 1 _ 01
Cy = Cao — C
AT 100s 1.1 " 1005 1.1 B

Similarly we can do a mass balance for species B to find the transfer function
for outlet concentration of B. Now we assume the scenario where B is in large
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excess of A. In this scenario, A is fully reacted and C4 = 0 in the tank and in the
outlet.

Qa0 Ca0—p| 5 ¢
Q5o Cro—» @
V,Cp

dN
TZIB = Fin,p — Fou,p — reacted
dC . . .
Vd—tB = 050Cp0 — QCp — 0 40Ca0
dcC
ld—tB =0.001Cpp — 0.011Cp — 0.01Cyo

We can take Laplace transform to convert the differential equation into a
normal equation:

(s +0.011)Cp = —0.01Cy + 0.001C0

_ -1 . 01 -
Cy = C C
5= 1005 + 1174 T 1005 + 1.1 CF°

(b) We are told that the initial steady state inlet concentrations are C4o = 200 mol/m>
and Cgy = 1900 mol/m®. From this information, together with the known
volumetric flow rates, Q 4o = 0.01 m*/s and Q gy = 0.001 m?/s, we can find
out if A or B is in excess in order to apply the appropriate transfer function found
in part a.

(C40Qa0),, = 200 x 0.01 =2 mol/s

(CroQpo),, = 1900 x 0.001 = 1.9 mol/s

We note that A is in excess, since (C0Q 20), > (C 500 50),, at initial steady
state when ¢ < 0. The starting concentration of A in the tank at 1 = 0, i.e., C4|; — o
will be the excess amount of A left after the reaction between A and B during the
initial steady state period. We can find Cy4|, — ¢ as follows:

0 Cali—o = (Ca0Q o)., — (CroQ o),
0.011C4|_y =219

0.1

_ 3
0011 9.09 mol/m

Cali—o =
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At 1 = 0, there is a step change (decrease) in C4o from 200 to 180 mol/m>.
This deviation of —20 mol/m>can be expressed in terms of a unit step function,
which in Laplace transform can be written as —22.

Note that C4 can be expressed as the sum of the steady state value (remains
constant), Cy4_ , and the deviation portion (or non-steady state portion) which we
can denote as C". S0 C4(f) = C4_ 45 + C4', where Cy 55 = Cal; — o = 9.09 mol/m”.

We can use the transfer function found in part a (for the case where A is in
excess) to find out the deviatoric concentration C,’.

From part a, the relevant transfer function is:

_ 1 _ 01 .
Cy = - C
AT 100s 1.1 " 1005 1.1 B

No change was introduced to inlet concentration of B, so Cpo' = 0. As for
C AO/, the change was f%; therefore

_ 1 20
Cf=—— (=
4 100s+1.1( s>

The typical way to simplify a Laplace expression so that we can convert
easily back into original variable of time ¢ is to express in terms of partial
fractions.

) i A B
Ch=-02|— | =—02| 2 "
A L(s n 0.011)] [s+0.011 + s]

Using the cover up rule we have

o
© —0.011
1
0.011

B =

e 021 1
A 770011 [s s+0.011

Taking the inverse Laplace transform, we have

;02 _—0011r
= gort e )
/ 0.1 0.2 _—0011r
Cal) = Cass + G =5017 "ot ¢
_ 01 _ 00111 ] — 0.1 00117 _
) =gorr 120 ) =501t 1
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We can find the time when C4 = 0,

_ 01 —0.011r _
0= 5o 2 1]

1

1
_00” ln77635

Whent=0s,Cy = CA 5 = 00” =9.09 mol/m?, Cz =0

When 1 =40's, Cy = %l 267001140 — 1] = 2.62 mol/m?, C = 0

When ¢ = 90 s, note that we have already passed the time ¢ = 63 s when A is
fully depleted. When this happens, we have B starting to increase from zero to
non-zero and become in excess as time progresses. So the following transfer
function comes into play.

C‘/— —1 ¢ ,+ 0.1 ¢ /
B = 100s+1.1 % "100s+ 1.1 *

At t = 63 s, A just reaches the point when it is no longer in excess (i.e.,
C4 = 0). All of A that enters the tank disappears upon full reaction with
inflowing B (new steady state portion). On the other hand, B starts to go from
zero to non-zero at this time, as it starts to accumulate (deviatoric or non-steady
state portion) in excess of the amount that is reacted away due to inflowing B >
B reacted with A.

So from ¢ = 63 s, there is a step increase in B denoted by Cgo . To find out
C_‘Bol, consider that C,o = 180 mol/m> and since it enters at a flow rate that is
10 times greater, it is diluted ten times. The matching concentration of B for
reaction with A is ten times greater, at 1800 mol/m>. We know that
Cpgo = 1900 mol/m?, so the step change in B is Cly = +100 mol/m?(Laplace
form is Cp, = 199,

, 0.1 100 _A,_ B
571005 + 1.1 s+0011) s s+0.011

A=
0011
ol

—0.011

o 0.1 /1 1
370011 \s s+0.011
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Taking inverse Laplace transform, we have

! 0'1 _ ~—0.011¢
s =gorr(1=¢")
So fort> 63 s,
0.1 (1 _ efo.om)

Ch(t) = Chw + Cp =0+ 5o

Att=90s,
0.1

Cp=—rv

o (1 - e*°'°11<9°>) = 5.71 mol/m’

Problem 26
Consider the following transfer function that describes a process that has as its

input, a unit step function.
1
G(s) =5—7——
(s) s?+As+1

(a) What values of A would provide an oscillatory response as its output?
(b) What values of A would give rise to an unstable output?

Solution 26

Worked Solution
(a) For a unit step input, the Laplace form is % Therefore, since transfer function
G(s) is defined as shown below, where ¥(s) is the output response and X(s) the

input,

(s) 1 1
)=\ )57

Y s)s2+As+ 1

We can find the characteristic roots of the polynomial s> + As + 1,

S 4+As+1=0

1 2
s:—[—zi\/,l 4

2
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In order for the solution to be a decaying oscillation, it has to have charac-
teristic roots of the complex form a =+ bi because this will give rise to solution
with a decaying portion given by e” (for a < 0) and an oscillatory portion given
by (cq cos bt + ¢, sin bt). The solution takes the form of the following:

e”(cy cosbt + ¢y sinbt), a < 0

Therefore the conditions for us to have a decaying oscillation is that b > 0 so
that we will retain the imaginary part, and a < 0 to have a negative real part.

SZ%[—HW

For b> 0, we need A2 — 4 <0, —2 < A < 2. Then we need to consider further
that we also require a < 0, which means that we need 0 < 1 < 2.
(b) For an unstable output, we just require that in the solution, the exponential part
does not decay, instead it unstably “explodes” to large values. This requires a >0
in the term e®. Therefore, A < 0.

Problem 27

Consider the following CSTR in which a second-order irreversible reaction
takes place. The inlet concentration of reactant A, C 4o = 1800 mol/m>. The mean
residence time 7 = 660 s and the reaction rate constant k = 0.0001 m>s/mol.

(a) Determine the concentration of A in the tank at steady state, C4

(b) Find the transfer function G(s) that describes deviations from the steady
state.

(c) Steady state is reached at ¢ < 0 when the inlet concentration of A,
C4o = 1800 mol/m>. At ¢ = 0, C,, is instantly stepped up to 2000 mol/m”.
Determine C, at f = 25 s and at large times.

(d) Find the steady state concentration of A after the step change described in
part c.

Solution 27
Worked Solution

(a) We have illustrated our system as shown below:

Q ‘L’ _yQ' CA
V,C,
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The mass balance for A can be expressed as follows with a second-order
reaction,

dN
T;‘ = Fao— Fy — kVC,2

Assuming a constant volume V and volumetric flow rate, and we know that

t=V/Q

dCy .
VTtA = 0 (Cpo — Ca) — kVCA?
dCA 2
A = Cuo— Cp — keC
T dt A0 A 7CA

At steady state, <72 =0, and substituting the values of 7 = 660 s and
k = 0.0001 m’s/mol

0= Cuo — Cass — k7Cp >
0.066C, 5> + Cyp.5s — 1800 = 0

—14 /T —4(0.066)(—1800)
2(0.066)

Cass = = 158 mol/m? (only take positive root)

(b) To find the transfer function that describes the deviatoric part of concentration,
let us first split the total concentration of A into the steady state portion and the
deviation portion.

CA = CA,ss + CA/
Cao = Cao,5s + Cao’

Substituting this expression into our differential equation of mass balance, we
have the following. We note that since Cj, 4 is a constant, its derivative is zero.

d(Cp e+ Ch’
T% = (Cao,5s + Ca0") — (Ca,ss + Ca") — kt(Ca 55 + CA/)Z
dCA/ _ 2 ! 2 ! ’
T i = CA()““ — CA,‘“ — kTCA,” — 2kTCA’SSCA — kTCA/ + CA() — CA

Extracting only the deviation terms from this equation, and taking Laplace
transform, we have the following. It is noted that C;‘ = 0at ¢t = 0. Also note that
the square of the deviation, i.e., CA’z, is similar to the variance concept in
statistics, and this value remains invariant with the time parameter; hence, it
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does not appear in the equation below which only captures deviation terms that
change with time.

dCA/ _ / 2 ! /
7 = —2ktCy 5 C) — kzCaP + Cyy — Ca

TSC‘; = —2kTCA,SSC‘2 + C‘;‘O — C'i‘
. 1 B 1
A0 g5 4 1 4+ 2ktCyys 6605 + 1 4 2(660)(0.0001)(158)

G(s) = ——
) = 660s + 22

(c) We note that there is a step change in the inlet concentration of +200 mol/m?> at

t = 0. In Laplace form, this is equivalent to C}y, = 2%,

o 200 A B
AT 660s+22 660s+22

200

A= 22

200
B=—""—_
(&)

¢ 20001660 \ 1001 1
A7 22 \s 660s+22) 11 \s s+0.033

Taking inverse Laplace, we have the deviatoric concentration profile of A in
time ¢

C:q — % (1 _ e704033t)

At1=0,C, =0
Atr=25s,

T

Ca = Ca s+ C), = 158 +5.1 = 163 mol/m’

C, = 6_0'033(25)> = 5.1 mol/m?

Att — oo,

100
C, = 7 =909 mol /m?

Ca = 158 +9.09 = 167 mol /m’
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(d) The steady state concentration of A after the step change is the concentration at
large times ¢ — oo. Hence, it is the result found in part ¢ for t — oc.

Chp g = 167 mol /m?

Problem 28
Consider a system comprising of two CSTRs and a PFR with the following

transfer function.

e73s

6) = T3 +2)

(a) Determine the phase angle and amplitude ratio at an angular frequency
o = 0.15 rad/s.

(b) Determine the exit concentration profile of an inert solute that enters the
system with a function of f(¢r) = 1.5 + 0.3 cos 0.1¢.

(c) Assuming that the solute undergoes a first-order reaction with reaction rate
constant k = 0.025 s ', what would be the amplitude ratio, phase angle, and
exit concentration?

Solution 28
Worked Solution
(a) To determine phase angle and amplitude ratio of the transfer function G(s), we
first substitute the Laplace variable s with iw.

6731(0

Glio) = (11 3iw)(1 + 2iw)

We can visualize the transfer function G as analagous to a complex number
with its phase angle (coefficient of i in the exponential term) equivalent to the
argument 0 of the complex number, and its amplitude ratio equivalent to the
modulus of the complex number.

Imaginary part
A

b z = a+bi

A » Real part
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The complex number z can be written in its polar form as follows. The polar
form is convenient for working with products or quotients as the indices simply
add up (or subtract) in a product (or quotient):

7= re?

b
2 =r=Va2+b* arg(z) =0= tan_la

For example, the product of two complex numbers will be as shown:

2122 = I rzel(91+92)

Therefore, when we have a transfer function that comprises of a combination
of different reactor systems, we can also find the combined argument or ampli-
tudes easily in the polar form.

ef?)l'w

6li) = A5 3w (1 1 2i)

1 1
\/12 + (360)2\/12 + 20)? V(1 +97)(1 + 40?)

G| =

Substituting the value of @ = 0.15rad/s, we have the amplitude ratio as
follows.

1
|G| = =0.87

\/(1 + 9(0.15)2) (1 + 4(0.15)2)

The argument can be obtained as follows. Consider first that the transfer
function comprises the three complex numbers as shown below.

. 21
G(ZO)) = a

arg(z1) = —3w, arg(z;) = tan’1(3w), arg(z3) = tan’l(Z(u)
arg(G) = arg(z;) — arg(z) — arg(z3) = —3w — tan ' (3w) — tan "' (2w)
=—-1.16

(b) To determine the exit concentration profile given the input function,
Sty = 1.5 + 0.3 cos 0.1¢, we note that the physical significance of the transfer
function is to alter the amplitude of the input function by an amount given by the
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amplitude ratio IGl, and to shift the input function by a phase angle of arg(G).
Therefore, the exit concentration profile with time ¢ is given by

Exit Concentration = 1.5 4 (0.87)0.3 cos (0.1 — 1.16)
= 1.5+ 0.26cos (0.1¢ — 1.16)

There is no change to the constant term of “1.5” in the input function because
G(iw = 0) = 1. Therefore 1.5 x 1 = 1.5 (no change).

(c) This time we have a reaction. To visualize how the presence of a reaction affects
the form of the transfer function, let us consider the mass balance equation of a
simple CSTR example, where we have a constant volume V and volumetric flow
rate Q Let the mean residence time be denoted by z, and C, = 0 att = 0.

Let us first find the transfer function when there is no reaction:

dCy .

V——=0(Cyo—C
7 Q(Cyqo — Cn)
dCy
——=Cyo—-C
Tdt A0 A

The Laplace form of this equation is 7sC, = C4g — C,. Therefore the transfer
function is

1

Gls) = s + 1

Let us now find the transfer function when there is a first-order reaction:

dCsy .

v—-=0 (Cao — Cyx) — kVCy
dCy
— 2 =Cpo— Cs — kzC
T dt A0 A 7CA
TSCA = CAO - CA - kTCA
1 1
G(s)

:TS+1+kT:T(S+k)+1

Therefore, we can deduce that the transfer function variable is shifted by k
units.

G(s) — G(s+ k)
So we can now return to our problem, and we can apply this conclusion to our

earlier result in part b, for the case where there is a first-order reaction with
reaction rate constant k = 0.025 s,
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673(s+k) e 3se—3k
k) = -
G+ k) (14+3(s+ k)1 +2(s+ k) (1+3s+3k)(1+ 25 + 2k)

~3im g —3(0.025)

€
(1 + 3(0.025) + 3iw) (1 + 2(0.025) + 2iw)
735(9670.075

G(iw) =

e
(1.075 4 3iw)(1.05 + 2iw)

Therefore the amplitude ratio is given by:

—0.075 —0.075
€ €

V1075 + (30)*\ /105 + (20 /1075 +9(0.15)%\/1.05" + 4(0.15)?
G = 0.73

The phase angle can be found as follows, similar to part b,

3 2
arg(G) = —3w — tan ! (1007)5> — tan ! <1(C;)5> =—1.12

Note that this time, the value of G(iw = 0) is different with and without
reaction. Therefore, this has an effect on the constant term of the input function.

f(t) =1.5+0.3cos0.1¢

e—().075

Therefore, putting all our findings together, the exit concentration is as
follows when there is a first-order reaction.

Exit Concentration = 1.5(0.82) + (0.73)0.3 cos (0.1 — 1.12)
= 1.23 4 0.22cos (0.1f — 1.12)

Problem 29

Consider a cylindrical holding tank of radius R = 0.5 m. A fluid flows into the
tank with an inlet flow rate v, maintained at 1.5 m’/h, while its exit flow rate
follows a sinusoidal function with amplitude of 0.12 m*/h and angular fre-
quency @ = 0.0087 rad/s.

(a) Determine the amplitude of oscillations of the fluid level in the tank.
(b) Determine the deviation from the mean fluid level at the maximum outlet
flow rate.
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Solution 29

Worked Solution

(a) We have the following simple sketch of the holding tank. This is an example

with varying volume.

— 2
v0=1.5m3/h—> /‘V—T[Rh

h(t)

—» v(t)

We can start with a mass balance of fluid in the tank,

E =Vyg—V
We note that we will need to find out the oscillations of the fluid level;
therefore, we should try to relate volume to the height of the fluid level measured
from the base of the tank as follows, where A = 7(0.5>).

A— = vy —
d Vo v

We can convert this ODE into a linear equation by taking Laplace transform,
noting that 7 = 0 when ¢ = 0.

Ash =7y —7¥

Considering only the deviation terms that change with time, we can find the
transfer function G(s) that outputs the height of fluid level (deviation) from an
input of the outlet volumetric flow rate (deviation).

Ash = —v

As
To find the amplitude ratio and argument of the transfer function, we can
substitute the Laplace variable s with iw. The amplitude ratio is given by |Gl and

the argument of the input function is shifted by the phase angle or argument of
the transfer function arg(G).
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1 2 1
Gliw) = = Al% = Ei (no real part)
1 1

Gl=—=—"""_ =146
o= 2o 0.257(0.0087)

From the information provided in this problem, we can deduce that the
sinusoidal variation of outlet flow rate can be expressed as a cosine function as
shown below. However, do note that it is also valid to express v(f) as a sine
function since it is also a sinusoidal function. The analysis shown here remains
relevant.

v(t) = 0.12 cos (0.00871)

Therefore the amplitude of oscillations of the fluid level in the tank is
0.12 x 146 = 17.5 m.
(b)
arg(G) =n/2

Applying the amplitude ratio and phase shift obtained from the transfer
function, we can obtain the height profile as shown below.

h(t) = (0.12 x 146) cos (0.0087¢ + z/2)
This means that the height profile is shifted by z/2 from the outlet flowrate

profile. Therefore, when the outlet flow rate is at its maximum, the height of fluid
level in the tank is at its mean level.

Multiple Integrals

It is useful to be familiar with solving multiple integrals as they are used for
many physical problems that are multidimensional. Below is an illustration of
the basic concept of integration in more than one dimension.
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X2
J ydx = shaded area

X1

Consider a narrow rectangular strip under the curve, with a small width of
dx. The area of this narrow strip below the curve is ydx. To find the total shaded
area under the curve between x; and x;, it requires summing the areas of an
infinite number of these narrow rectangular strips below the curve, where dx is
infinitesimally small or tends to zero. Integration is therefore a process of
summing ydx over the defined range from x; to x,, whereby the value of y
(or height of rectangle) follows the variation as defined by the expression for f(x)

iny = f(x).

Problem 30
Using multiple integrals, show that the area of the polygon below is 4.75.

Solution 30
Worked Solution

We can visualize the area of this polygon, in two steps. Geometrically, integrals refer
to the area under the curve, within the limits of integration. Therefore, we can find
the area contained within the polygon by subtracting A, from A;.

y
4 y=r1(

Step 1: Integrate from x = 1 to x = 2 over the function y = f;(x).

The expression for y = f(x) is the equation of the red line as shown above. We
can find this expression, since we know the coordinates that define the line, i.e., (1,5)
and (2,5.5).
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y=y_»n—-n_1 _ _x 9
X—X X3—X 2%y7f1(x)f2+2
2 2 2 2
x 9 x> 9 21
AreaAlzjlfl(x)dx:Jl (§+§>d)€: |:Z+§x:|1_ 2

Step 2: Integrate from x = 1 to x = 2 over the function y = f5(x)

The expression for y = f5(x) is the equation of the red line as shown above. We
can find this expression easily since it is a horizontal line.

1
)’—fz(x)—i
Arca A —rf()d —rld ENIN
= 1 2= 12x— 2 1_2
21 1
Area of polygon =A; — A, = it 4.75

We can verify our result by applying the simple formula for the area of a
trapezium since our polygon is in fact a trapezium.

Area of trapezium =

Using multiple integrals, find the area of the semicircle as shown below.

2—-1)[(5.5-05)+ (5—-0.5)] =475

N =

y

dx
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Solution 31
Worked Solution

Let us first define the equation of the curve that encloses the semicircle as y = f{x).
Since the radius of the semicircle is 1, anywhere on the curve follows the equation
2+ y2 = 1. The limits of integration are —1 < x < 1. The limits of y should be
obtained from the equation of the curve, as we note that the heights of the narrow
strips of rectangles will change with x, according to the function of y = f(x). Since

x* +y* = 1, we can deduce that the limits of y are 0 < y < v/1 — x2.
1 1
Area of semicircle = J ydx = J V1 — x2dx
-1 -1

In order to solve this integral more easily, we can apply a substitution where 0 is
the angle measured from the x axis. Then x = cos 8, dx = —sin 6d6, and x = [—1, 1]
can be changed to 6 = [z, 0]. The trigonometric identity 1 — cos’0 = sin’6 and
double angle formula sin 26 = % — %29 help to simplify the equation.

1 0 0
J V1 —x%dx = J 1 — cos?0(—sin0)do = J sin O(— sin )d6
1

b

1 1 g

02 2

J”l cos 20

(S

A quick check with the formula for area of a semicircle shows that the result is
consistent.

1
Area of semicircle = E;r(l)2 _r

Problem 32

Find the shaded area in the diagram below via integration.

y

1
ol 1 2
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Worked Solution

In order to find the area of the shaded triangle using integration, we can first define
the function that describes the height of the narrow rectangular strips with width
of dx.

ForO<x<l,y=x,andfor1 <x<2,y= —x+2

Therefore we can construct the multiple integral as follows:

1 2

Areazj

0xdx—|—J (—x+2)dx = [x—;];+ [Zx——]j:

1

We can verify this result using the formula for area of a triangle, which is
consistent with the result above.

Area = %(2)(1) =1

Evaluate the multiple integral and show that it is equal to /7 /4.

00 o.¢]
I:J dxj dy

ef(xzﬂz)
0 0o X2+y?

Worked Solution

One trick to simplifying integrals that contain the expression x> + y is to convert to
polar coordinates whereby x* + y* = r2. @ is measured from the x-axis. x = r cos 6
and y = r sin 6.

For the limits of the integrals, we can convert the quadrant represented by
x = [0,00] and y = [0, 00] into r = [0, 00] and 6 = [0,Z].

Finally we need to be cautious when converting the area integral f;o dx f(fo dyinto

polar form. Note that the differential element is now the small square element of
sides dr and rd@.

dr

rdf
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Therefore, the integral can be re-expressed as follows:
JOO Jg rsin @r% cos 20
I= R —

0.8}

e " dr Jz sin @ cos 20d0

e " rddr = J
0=0

r=0 Jo=0 r r=0

The integral can be determined in two parts, with respect to r and with respect to
0. The integral with respect to 8 can be done using integration by parts.

B 017 1
J sin 6 cos 20d6 = { cos } ==
6=0 0o 3

© o0 2 1 2% 0 1
J e " dr = J (ryre”"dr = [r(——) e } — J (——) e " dr
r=0 r=0 2 0 0 2

1 [
=0 +§ JO e,err

—r

From here, we note that the function e * is even. Therefore, we can convert the

limits of the integral this way, and make use of the result ffcoo e dr = N2

> 2 —r? 1> —r? \/7_7:
dr==| -erar=Y"
Jriore ¥ 2J se dr=-,

—00

Combining our results, we have the value of the integral as shown below.

o VE
12

Problem 34

Determine the integral as shown below.
J tanhxysechxydy
Use your result to find the value of the following integral, where g > 1.

I= J 1(sechx — sechfix)dx

0o X
Solution 34
Worked Solution
inhx 1 hx
Jtanhxysechxydy = J o 2y dy = + constant = — 4 + constant
cosh”xy xcoshxy
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We can turn this indefinite integral into a definite integral by imposing limits for

y=I[1,p1

s h hx
J tanhxysechxydy = — sechfix + s
1 X
Substituting this result into our integral, we have
I= J — (sechx — sechfix)dx = J J tanhxysechxydydx
0o X =0 Jy=1

We can interchange the order of integration since it does not matter which comes
first.

p 00 p 1 00
1= J U tanhxysechxydx} dy = J {——sechxy} dy
y=1 LJx=0 y=1 y x=0

From the graph of coshxy, we know that when x = 0, coshxy = 1 and when
Xx = 00, coshxy = oo and sechxy = 0. Therefore,

|
1= Ll <y>dy Iny]’ =1np

Fourier Series

Fourier series are useful in representing a function as a sum of simpler sinu-
soidal functions. It decomposes any periodic function (which may represent a
periodic signal) into a sum of oscillating functions, namely sines and cosines.
These sine and cosine waves can also be expressed in complex exponentials. It is
worth noting that sines and cosines are unique in that their amplitudes vary
between (1, —1) and can output values from —oco to +oco. They also follow a
range of identities and formulae which help to solve problems due to their
versatility modeling practical phenomena such as vibrations and waves, and in
transforming from one form to another mathematically.

Problem 35

Explain what is meant by a Fourier series expansion, and describe its charac-
teristics using a suitable example. Show how Fourier coefficients may be
determined.



86 Mathematics

Solution 35
Worked Solution

If a function f(x) is periodic with period 2L, then f(x) may be written as a Fourier
series. The terms ay, a,,, and b,, are Fourier coefficients.

fle42L) = ()

1 - nwx . nmX
flx)= an + ; (an cos A + b, sin T)

The individual terms (also called basis functions) that make up the Fourier series
expansion have certain properties:

* Each is a periodic function on its own with the same period 2L. Their periodicity
can be expressed as follows:

nx nm(x+ 2L)
COS—— = CO0§ —————
L L

¢ These basis functions are 1 (for the first term “% ap”), cos %, cos Z—I’fx cos ", sin 7,

2%‘, and sin” where n is a positive integer.

¢ We may first observe if the function f{x) is an even or odd function. If it is a
straightforward case, then we can immediately simplify the Fourier series expan-

sion to the following forms:

sin

] o0
flx) = an + Z a, cos % for even function

n=1

1 oo
flx)= 540 + Z by sin% for odd function

n=1

e The basis functions are orthogonal over any interval of length 2L. And this
orthogonality means that their dot products are zero as shown below, where
m and n are positive integers and m # n. This is a useful result especially for
determining Fourier coefficients, ag, a,, and b,,.

L
J c0s % cos M gy = 0 (1)
L L

L
J cos 7 sin ™ gy = 0 (2)
L L L
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L
J sin 22 sin ™ gy = 0 (3)
oL L
L
J lcos ™2 gy = 0 (4)
. L
L
J 1.sin 2 gy = 0 (5)
. L

e It is also useful to note the following useful results of the squares of the basis
functions, where n # 0.

L
cos X gy = L (6)
. L
L
sin 2 dy = L (7)
. L
L
J , 1%dx = 2L (8)

To evaluate Fourier coefficients, we can integrate from —L to L. We have below
the Fourier series expansion restated, and different integrals performed as follows.

:—a0+2(ancos + b, sin Tx)

To find out ay, we can integrate f{x):
L

L
Jfo(x)dx:J, faodxtha,,‘[ cos—deernJ sin%dx

—L

Applying results (4) and (5) of the orthogonality property, we can eliminate the
cos and sin terms. Therefore, we have

L L 1
J f(x)dx:J —apdx 4+ 0+ 0 = aqoL
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To find out a,,, we can integrate the product of f{x) and cos“F:

L

L
1
JiL f(x)cos %dx = LL 5do cos %dx

00 L 00 L
HITTX nrx — nux
E a cos “—dx E b sin — cos —dx
+,,:] " J ) L * " J ) L L

n=1

Applying results (4-6), we can simplify to

L 00 L
1 2
JiLf(x) cos—dx =0+a,L+ Zb J L2 sin nlirxdx

L nax
J f(x)cos—dx=0+a,L+0

. L

1 L
a :ZJ S cosn—zxdx (10)

To find out b,,, we can integrate the product of f{x) and sin "7

L

L
1
J £ sin "y = J “agsin @dx
. L 2

+Za,, J cos — sm —dx + Zb J sin 2n—dx

Applying results (4), (5), and (7), we can simplify to

L o0 L
1.2
Lf( )sm—dx*OJrZanJ LESi“ "Lﬂxdx+an

L
J f(x) sinn—zxdx =0+0+b,L
—L

1 n

L
bn:ZJ_Lf(x)sin%dx (11)
Problem 36

Find the Fourier series expansion for the function shown below.

x
24—, —7<x<0
p]

flx) =

x
2——, 0<x<zm
P4
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Worked Solution

89

We can observe that this is an even function from a simple plot. Therefore the

Fourier series expansion will not have sine terms.
£00) 1 N - nxx
X)==ap E a, COS —
2 L

flx)

2

A 4

= x
-1 T

The period of this function is 2z, therefore L = =

a =~ J:f(x)dx _! Uo_ﬂz +%dx + an - %dx]

T 0

1 270 277
=- 2x+x— + -
T 2z _, 27|,

1 p 1 T
=—(22-Z42 ——)
n(” 2Ty

1
:—4 —
~ (47— )
a0:3

Now we can find the Fourier coefficient a,, for the cosine term.

1 (£ nax 1 X "
an——JLf(x)cosde——[Jﬂ(Z—&-;)COS nxdx+J (2—

L T 0

p

0 ¥ X
na, :J (2+—) cos nxdx—i—J (2——) cos nx dx
—r /4 0 T

X
T

) cos nx dx}
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0 n n

X
2 cos nxdx—J — cos nx dx

X
— cos nxdx +
o

0
:J 2 cos nxdx—i—J
_,, 0

-

0 x T x
= —cos nxdx — | — cos nxdx
—r o

We can integrate by parts, recall the following

b b
J udv = [uv]? — J vdu

a a

0 . 0 0 .
X X sin nx 1 sin nx
—cos nxdx = |— — — dx
T T n x T n

-T

n? xm n2

1 cos nx]° 11 1 cos (—nr
o [Len] cos (=nm)
T on r

1 1
:ﬁ[l — cos (—nn) ] :ﬁ(l — cos nx )

Similarly, we can integrate the other term using integration by parts to get the
following.

T x 1
— cos nx dx =——(cos nz — 1)
o nn

Putting your results together, we have

1 1
nan:%(lf cos nﬂ)fﬁ(cos nw—1)
n="551-
a 77,'2112[ cos nr |

This can be expressed in terms of odd or even integers of n,

4

——3 for n is odd
°n

a, =
0 , fornis even

The final expression for the Fourier series expansion of the function f(x) is,
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Another way to express an odd positive integer is 2m — 1, where m is 1 to oo, to
match the limits of the summation.

i_o: 0 7 cos [(2m — 1)x]

m— 1

le

We know that f0) = 2,

30 4
2=4) ———
2 2 2(2m—1)2

n=17

o0

mel

n:]

Problem 37

Consider the following function with a period of 27, therefore L = 7.

(a) Find the Fourier series expansion for this function.
—sin 2x, —7<x<0
fx)=9 .
sin 2x , 0<x<r&

f()

! >
* D N *o
Y /! * /!
Y . * ’
* . M .
N ‘. N ‘.
DR AN
S, -1+ tee

(b) Show the following expression.

1 o0
ZZm—i—l -4

n:l

Solution 37
Worked Solution

(a) We can observe that this is an even function from the plot. Therefore the Fourier
series expansion will not have sine terms. The general form of the Fourier series

expansion without sine terms is as follows.
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1 o0
flx) = 240 + ;an cos %

The period of this function is 2z; therefore L = #

/2

L 1 0
ao = JiLf(x)dx =— U —sin 2x dx—f—J

sin 2x dx}
0 0

Now we can find the Fourier coefficient a,, for the cosine term.

1t nmx 17(° . T
a, == flx)cos — dx=-— (—sin 2x)cos nxdx+ | (sin 2x)cos nxdx
L —L L )z 0

0 b4
ra, = J (—sin 2x ) cos nxdx+J (sin 2x)cos nx dx
-7 0
We can integrate by recalling the trigonometric addition formula

sin (A+ B) = sin A cos B+ cos A sin A

(sin 2x cos nx) can be expressed as a single trigonometric function,

1 1 1
5 sin (2x + nx) = 3 sin 2x cos nx + 5 cos 2x sin nx
1. 2 ) 1 . ) 1 2x si
—sin (2x — nx) = = sin 0 ——c in
5 Sin (2x —nx) = 5 sin 2x cos nx — 5 cos 2x sin nx

. 1. 1.

sin 2x cos nx = 5 sin (2x + nx) + 5sin (2x — nx)

1
zi[sin (24 n)x+ sin (2 —n)x]
Similarly we can express —sin 2x cos nx = —4[sin (24 n)x+

sin (2 — n)x|. Putting our results together, we have

T

0
ma, = J (—sin 2x)cos nx dx + J (sin 2x)cos nxdx
- 0
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S |
= J_ —5[ sin (2+n)x+ sin (2 —n)x]dx

1
—|—J E[sin (24 n)x+ sin (2 —n)x]dx
0

b

= {J: [~ sin (2+n)x— sin (2—n)x}dx+J

[sin (2+n)x+ sin (2 —n)x ]dx}
0

N[ —

(2 +n) (2—n) 2+n)  2-n) |,

:%{[cos (2+n)x  cos (2—n)x:|0ﬂ+ [_ cos 2+ n)x  cos (z_n)xr}

;{[Cos (2+n)x  cos (Z—n)xr”+ [ cos (24+mx  cos (Z_H)xr}

(2+n) (2—-n) (2+n) 2-n) |,
L2 2 2cos 2+m)x  2cos (2—n)n
an27z{2—|—n+2—n 2+n) 2—n) }
_1f 4 cos 2+nmm  cos 2—n)n
_n{4—n2 (2+n) (2—n) }

This can be expressed in terms of odd or even integers of n,
When n is even,

a, =0
‘When 7 is odd,
8
a, =
n(4 —n?)
Combining our results,
=3 i cos (2m + 1)x
2
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Z2m—|—1 —4

m:l

Consider the following sawtooth function. Evaluate the Fourier coefficients in
the form of the Fourier series expansion as shown below

= —ao + Z (a,, cos + b, sin %)

f)

e

Worked Solution

We can observe that this is an odd function from the plot. Therefore the Fourier
series expansion will not have cosine terms and a, = 0. The general form of the
Fourier series expansion without cosine terms is as follows.

1 o0
x) = 540 + ; b, sinnLﬂ
The function can be expressed as f(x) = x with period equivalent to 2; therefore

L=1

a0:0

Next we can find the Fourier coefficient b,, for the sine term.
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o= [ s = [0 €20 [ (0,

—nn —nr

: 1
cos nm  cos (—nn) {sm nﬂx}
1

—nn nn n?g?
2cos nx
—nr
We can observe that when n is even, cos nz = 1, and when n is odd, cos nz = —1.

Therefore we can express in this form,

Putting the results together,

n+l

2 f: sin nmx
Tz

Problem 39
Consider the following function that has a plot as shown below.

(a) Derive the equation that describes this function.
(b) Express the function in the form of a Fourier series expansion, and deter-
mine the Fourier coefficients.

f()

Solution 39
Worked Solution

(a) The function has a period of 1, and therefore L = 0.5, where the reference frame
for the period is [-L, L] for the Fourier series of the general form as shown below.
The function has a shape that matches the expression f(x) = 12xl.

*faoJrZ(ancos + b, sin ?)
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(b) We may observe that this is an even function, hence there will not be sine terms
and we can start from the following simplified form.

1 o0
flx)= 540 + ;an cosn—zx
To find the Fourier coefficient ay,

0.5 0 0.5
ap = J |2x|dx = J —2xdx + J 2xdx
-0.5 -0.5 0

= [*"2]20.5 + [xz}gﬁ =05

In fact, we can observe from the graph that the integral is simply the area
under the graph from —0.5 to 0.5. And from geometry, we can deduce directly
that the integral is equivalent to 0.5.

1

L
ay, =— J f(x)cos 0% ax
L), L

1 (05
=— 2x| cos (2nzmx)dx
0.5 J—oAs [+

1

0 0.5
=— J —2xcos (2nmx)dx +J 2xcos (2nmx)dx
0.5 ) 05

0

We can simplify the equation using integration by parts.

0 . 0 0 .
2 -2 2
J dvcos (2nmx)dy = [ZXM] _ J —2sin (2nzx) |
-0.5 -0.5

2nrw _05 2nrx
_o_ |cos (2nzx)]° B 1 cos (—nrx)
a 2n2n? 05  2m2x2 2n2g?
1 1
= o8 T _ [cos nm — 1]

2n?x?  2n?m? 2n?n?

We can also simplify the other integral using integration by parts and arrive at

0.5
J 2xcos (2nzx)dx = {Qx

in (2n2x)]%°  (*° 2sin (2
sin ( mtx)] B J sin (2nxx) i
0 0

2nm 0 2nrw

sin (n7) [cos (Znﬂx)} * _ sin (nn) . {COS (zm)} 05

2nrx 2n2x? 2nrx 2n2x?

cos (nr) I
2n2n? 2022 2n2x?

=0+ [cos nm — 1]
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Therefore, the Fourier coefficient a,, can be expressed as

L —_— 1
a, = — |——=[cos nw — ——[cos nr —
05 [2n222 2272 4
=3 [cos nm — 1]
We note that when 7 is even, cos nz = 1, and when » is odd, cos nt = — 1.

Therefore we can express cos nx = (—1)".

ap = nz—ﬂz[(_l)n - 1]

We note that when 7 is even, a,, = 0. Cosine terms only present for n is odd
and a, = ﬁ. For a range of summation from 1 to oo, we can re-express
n = 2m — 1, to cover the range of positive and odd integers.

Now we can put our results together, back in the form of Fourier expansion as
shown below.

20 nmx
= 1 —_
f(x) + ,?21 4 COS—-

Problem 40

Consider the following step function.

-1, —1<x<0

f(x):{ 1, 0<x<z

(a) Express this function in terms of its Fourier series expansion.
(b) Using your results in (a), find the Fourier series expansion for the function
shown in the plot below.
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f()

Solution 40
Worked Solution
(a) The function provided in part a can be shown in the following plot.

f00)

A

We can observe that this is an odd function from the plot. Therefore the
Fourier series expansion will not have cosine terms and a,, = 0 in the general
form of the Fourier series expansion as shown below

1 oo
flx)= 540 + ; (an cos %+ b, sin %)

The Fourier series expression without cosine terms becomes
) 1 n > b si nmx
X) ==ap Z sin—
2 L

Our function can be expressed as fix) = x with period equivalent to 2rx;
therefore L = «

0

b

—1ldx + J ldx
0

ap = J:{f(x)dx = J

(1020

-7
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Next we can find the Fourier coefficient b, for the sine term.

1 (" e L[
b, = — J f(x)sin X e =~ J — sin nxdx + — J sin nxdx
T ) _, V3 )z 7 Jo
1 rcos nx0 1 —cos nxyz 2
:7[ X} +,[7} =—(1 — cos nn)
zl n 1l = n 0o nm

We can observe that when 7 is even, cos nz = 1, then b, = 0. So b, is only
applicable when n is odd, cos nx = —1, and

Putting the results together we have the following, where we have created the
term (2m — 1) to represent odd numbers.

flx) = iﬁ sin [(2m — 1)x]

m=1

(b) Note that the function is neither even nor odd. But we can use our result in part a
to arrive at the Fourier series equivalent for the function in part b, via some
simple graphical transformations. We will first vertically scale the graph from an
earlier amplitude of £1 to 4-0.5. This is shown below as we go from the orange
to black line. In terms of the equation for the function, this means going from

Si1(x) to fo(x).

F16) = i(zm‘il)ﬂ sin [(2m — 1)

m

£rl0) = % i(z“) sin [(2m — 1)2]

= (2m — 10F/4
fa(®)
A
L A
! f200) |
_— 05 p———
'"i " »x
R— :—
: L. L
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Next, we move the graph up by 0.5 units from the black to blue line. This
means going from f>(x) to f3(x).

Flx —%?ﬁsm[&m— )]

1

1 o0
:52 T sin[(2m — 1)x] + =

m l
fol0)
! f0) |
| 05 f——
_T[E iﬂ »x
: -0.5 :

Finally, we scale the x-variable by a factor of 1/z, going from the blue to red
line. This means x = 7z as we go from f3(x) to f4(2).

f3(x) = % i}ﬁ sin [(2m — 1)x] +%

1 & 1
falz —Emz:lzm_l s1n[(2m—1)n'z]+§

f3(0).f4(2)

f3 @)

! :/i

» X, Z

fa(2) = fa (D)

Statistics

Statistics is an increasingly important area of study, especially applicable in the
field of engineering as it enables the analysis of collected data and measure-
ments. Statistical methods help make sense of numerical data through
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comparisons and identification of patterns, which facilitate the interpretation
and drawing of useful conclusions that apply to a cause. In a pilot plant or
production facility for example, the ability to draw relationships between inputs
and outputs will allow engineers to design and operate processes better.

Problem 41

A machine was considered to be in good operating condition if it produced
metal rods with a mean length of 20.00 cm. The standard deviation of the rod
length was stated as 0.8 cm.

(a) Assuming a sample of 60 rods had an average length of 20.15 cm, conduct a
hypothesis test to determine if the machine can be considered to be in good
operating condition. You may assume a significance level of 5%.

(b) Discuss why errors may occur in statistical results and explain the differ-
ence between a Type I and Type II error using a simple example.

(c) Ifin reality, the production equipment produced rods with a mean length of
20.31 cm, what is the probability of a Type II error occurring? Assume that
the Type I error probability is still 5%.

Solution 41
Worked Solution
(a) We need to conduct a two-tailed hypothesis test with the null hypothesis H,, and
alternative hypothesis H; as follows:
Hy : p=20.00 cm
Hy :u #20.00 cm

Next we can calculate the test statistic, Z.4c

20.15 — 20.00

Zeale = ———F——~ 1.452
<! 0.8//60

Applying a two-tailed test with a significance level, @ = 0.05, we can
determine the required value of @ from statistical tables (refer to normal
distribution function in data booklet),

M@:l—%:l—&&SzOWSeam:L%

Since Zeae < Zeriy We accept the null hypothesis Hy and conclude that the
machine is working well as desired.
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(b) Statistics do not always accurately reflect reality since we are only taking
measurements of a sample size out of an entire population of data. It therefore
follows that the decisions we make based on statistical analysis of a sample set of
data can therefore either be right (i.e., appropriately reflects reality) or turn out to
be an error.

The above can be illustrated using a simple example of a two-tailed test on a
normal distribution with mean value u as follows. Over here, we establish a null
hypothesis H, and an alternative hypothesis H;, and k is a constant.

Hy:p=k
H :nu#k

In reality, the null hypothesis can be true or false. Separately, our decision can
be to accept or reject the null hypothesis. In this way, there are four possible
decisions, whereby two would be errors.

1. We accept the null hypothesis, and in reality the null hypothesis is true. —
Right decision

2. We reject the null hypothesis, and in reality the null hypothesis is false —
Right decision

3. We accept the null hypothesis, and in reality the null hypothesis is false —
Type II Error

4. We reject the null hypothesis, and in reality the null hypothesis is true —
Type I Error

(c) A Type II error occurs when we accept the null hypothesis, and in reality the null
hypothesis is false. For this error to occur, the average rod length, denoted here
as x, will fall within the range as shown.

0.8
x € [20.00 £ zeit | —
{ ' (wso)]

= [20.00 +1.96 <ﬁ>}
V60
~ [19.798,20.202]

The test statistic z.,. can be calculated as follows, and we can determine the
required value of ® from statistical tables (refer to normal distribution function
in data booklet)

. _[20202 2031
T 0.8/v/60
F(zeae) = F(1.05) ~ 0.853
f=1-0853=0.147 ~ 15%

=1.05
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The probability of a Type II error occurring (i.e., accept Hy even though Hy) is
false and H, is true) is therefore 15%.

Problem 42

A fertilizer company has just launched a new product and claims that it is
superior to their previous product in terms of helping farmers achieve greater
agricultural yields. 11 farmers volunteered on a random batsis to try out the new
fertilizer product on 0.5 hectare of land, and the yield from this plot was
compared to another 0.5 hectare of land that used the previous fertilizer
product. Data on agricultural yields for both plots were collected as shown
below. It may be assumed that the two populations of data (new and previous
fertilizer) are independent.

Farmer | Yield from new fertilizer | Yield from previous fertilizer
1 33 26
2 43 23
3 31 43
4 30 38
5 47 20
6 36 21
7 33 38
8 40 31
9 42 26
10 66 69
11 22 37

The owner of the fertilizer company wants to decide if the new fertilizer
improves yield using the data collected, and he wants to be 95% sure that his
decision is right.

(a) Describe the steps in performing a hypothesis test in the context of data
collected for the two fertilizer products, and comment on the difference
between a parametric and a non-parametric test.

(b) Develop a parametric test to decide if the yield has improved using the new
fertilizer and confirm whether this improvement can be claimed at 95%
level of confidence.

Solution 42
Worked Solution
(a) A statistical test consists of the following key steps:

i. Determine the parameter of interest
ii. List down assumptions (if any) on the population
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iii. Establish the null hypothesis H, and the alternative hypothesis H,
iv. Define a level of significance
v. State a test statistic
vi. Identify the rejection region
vii. Calculate derived quantities from the sample data
viii. From the results of step vii, decide if the null hypothesis should be accepted
or rejected.

A parametric test is relevant when the population can be appropriately assumed
to be normally distributed. Conversely, a non-parametric test does not have this
assumption. Non-parametric tests are often suited for smaller sample sizes, or
when the population deviates significantly enough from a normal distribution.

(b) Let us denote the data set for the new and previous fertilizers by X and Y,
respectively. Before we perform a parametric test, we should make clear our
assumptions as follows:

* X and Y are independent populations
e X and Y are normally distributed with mean values that we can denote as y
and pu,, respectively.

We will now establish our null and alternative hypothesis. In this test, we want to
know if p; > p, since we want to determine if the new fertilizer improves yield.
We may then state the null hypothesis as the case where the new fertilizer is just
as good as the previous fertilizer, while the alternative hypothesis is such that the
new fertilizer is better than the previous fertilizer at improving yields. The null
hypothesis Hy and alternative hypothesis H; are therefore stated as follows:

Ho :py = py
H] :/l1>ﬂ2

Next, we note that we want to have 95% level of confidence, which trans-
lates to a 5% level of significance a.

a=1-0.95=0.05

We will now determine the appropriate test statistic. In this problem, we
have two independent populations with their respective means, and we wish to
compare the two mean values. We note further that the variance (or standard
deviation) for the two populations are unknown, and the sample size is
relatively small. Hence we use the t-distribution and the corresponding test
function T as follows, where X and Y are the empirical means for the new and
previous fertilizers, respectively, S; and S, are the respective standard devia-
tions, and n; and n, are the respective sample sizes:
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(X—Y)—(/h—#z)

524 8?
n|+n2

T =

We next determine the degrees of freedom, v.

nm=m=11=n

v=n—1=11-1=10

At a = 0.05, v = 10, we can refer to the t-distribution in the data booklet to
obtain the test statistic tg o5. Note that since we are performing a one-tailed test,
we need to be conscious that the statistical tables provided in data booklets
tabulate t-values for two-tailed tests; hence, for a 5% significance level, we
need to refer to the corresponding P-value where P[%] = 5 x 2 = 10. The
t-distribution is symmetrical such that P(—ty, < T < tyn) = P(T <'ty)

toos = 1.81

The rejection region is given by t > tygs or t > 1.81, where t = \/iz—y..z
2,82

ny ny
From the data provided, we can determine some derived quantities from the
sample as shown below.

33+43+...+22

- ~ 38.455
o 11

26423+ ... +37
g2 ;rl 37 33818

In this case, since the sample size is small, it is preferred to use an unbiased
estimator for variance, i.e., we use n — 1 instead of n to calculate the unbiased
sample variance S? (or empirical variance in table below). n — 1 is also the
number of degrees of freedom. Note that as the sample size increases, the
amount of bias decreases, and the value of n — 1 becomes closer to n.

Sz = ! Z (.Xl‘ — )f)z
i=1

n—1

(33 — 38.455)% + (43 — 38.455)> + ... + (22 — 38.455)*
11-1

(26 — 33.818)% + (23 — 33.818)> + ... + (37 — 33.818)°
11—1

5% =

5)? =
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Empirical Empirical standard Empirical
Sample [n | mean X, Y deviation Sy, S» variance S,2, S,°
X 11 |38.455 11.536 133.073
Y 11 |33.818 14.034 196.964

From the table above, we can calculate the test statistic

X-Y 38.455 —33.818
/%+% B /133.073]4—1196.964

Recall that the rejection region is given by t > tyo9s = 1.81. Since
0.847 < 1.81, t < ty 95 and we conclude that the null hypothesis H, is accepted,
since the test statistic does not fall within the rejection region.

t= = 0.847

Problem 43

A particular production process is required to produce circular tubes whereby
the radius of the circular cross section is 12.00 cm and the standard deviation is
0.1 cm. Assuming a sample size of 60 tubes with an average radius of 12.02 cm,

(a) State the null and alternative hypotheses.

(b) Determine if the production requirement is met for the said sample, using a
5% level of significance.

(c) Discuss briefly what is meant by Type I and Type II errors. If the average
radius of the population from which the sample was taken was 12.01 cm,
calculate the probability of a Type II error occurring in part b.

(d) If the average radius of the population is 12.01 cm (as per part c), what is the
desired sample size in order to reduce the Type II error to half of the value
calculated in part c?

Solution 43
Worked Solution

(a) The null hypothesis Hy and alternative hypothesis H; are as follows:

Hy:p=12.00cm
H;:pu#12.00 cm

(b) First, we have to find out the test statistic, Zcc

12.02 — 12.00

T T = 1.549
0.1/1/60

Zeale =
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Applying a two-tailed test with a significance level, a = 0.05, we can
determine the required value of ® from statistical tables (refer to normal
distribution function in data booklet),

D(z)=1-— g =1-0.025 = 0.975 — zo5 = 1.96

Since Zgqe < Zerr, We accept the null hypothesis Hy and conclude that the
production requirement is met.

(c) A Type I error occurs when we decide to accept the alternative hypothesis
(or reject the null hypothesis) even though in reality the null hypothesis is true.
On the other hand, a Type II error occurs when we decide to accept the null
hypothesis (or reject the alternative hypothesis) even though in reality the null
hypothesis is false.

For a Type II error to occur in part b, we accept the null hypothesis even
though it is false. For this error to occur, the average radius, denoted here as ¥,
will fall within the range as shown.

0.1
X e [1200 ZI: Zerit (%)]

0.1

= [12.00 + 1.96( —
[ (\/60)}

~ [11.975,12.025]

The probability of a Type II error occurring in part b is therefore 0.87.

5o <12.025 — 1201

~ ®(1.162) =~ 0.87

0.1/v/60 ) ( )

(d) In order to reduce the Type II error by half, we need a new value of
P = g = % =~ 0.43. Working backwards, we can determine the required sam-
ple size n that satisfies the required test statistic z;.

(12.00+ 1.96(%)) —12.01
—043 = )
ﬂl 01/\/7_1 (Zl)
o1
1 = 196— (%)\/;l

Vi = —10(z; — 1.96)
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From statistical tables, we can determine the value of z; at ®(z;) = 0.43. Note
that since 0.43 < 0.50, and the statistical table values for ®(z) starts from 0.500
onwards, hence, we first calculate

1 -043=0.57

At ®(z) = 0.57, z = 0.18. Therefore, it can be deduced that z; = —0.18.
Putting this value back into the earlier expression, we have

Vn=—10(—0.18 — 1.96)
n =458

Problem 44

Sarah manages a greenhouse and periodically measures the heights of her
20 cucumber plants. After a period of growth, the mean height of a sample
was found to be 75 cm and the standard deviation of height for this sample is
5.2 cm. Using a confidence level of 95% for the mean height, and noting that a
random sample of 20 was taken, determine the confidence interval. You may
assume that plant height is normally distributed in the population.

Solution 44
Worked Solution

A confidence interval represents a range of values that contains a population
parameter. If we draw random samples from a population multiple times, a certain
percentage of the confidence interval will contain the population mean. This per-
centage is also known as the confidence level. The confidence level is also equal to
1 — a, where a is the corresponding significance level.

In this example, there is no information given about whether the population mean
u is greater or less than the empirical mean; therefore, we conduct a two-tailed test
(as opposed to one-tailed).

We have a sample whereby the size n = 20. The mean height derived from the
random sample taken is also known as the empirical mean, x. The test statistic z can
be calculated as follows, where o refers to standard deviation and y refers to
population mean.

=

IR

At 95% confidence level, @ = 0.05 and z; _ ,» = zo.975 = 1.96. Substituting into
the equation, we have
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6 15 —4l
5.2/3/20
|75 — pu| ~ 2.3

The interval is therefore 75 + 2.3.

Problem 45

A company produced ropes that had to comply with regulatory guidelines on
breaking strength. The breaking strength of 8 ropes manufactured by this
company was found to have a mean value of 7400N and a standard deviation
of 130N after performing some tests. However, the company owner claimed that
the mean breaking strength of their ropes is 7800N. Using significance levels of
5 and 1%, determine if the owner’s claim is true.

Solution 45
Worked Solution

We can first establish the null hypothesis H, and alternative hypothesis H; where the
null hypothesis represents the company owner’s claim and the alternative hypothesis
represents the case whereby the breaking strength has been over-represented:

Hy:p=7800N
Hy:u <7800 N

We now observe that the sample size is relatively small at n = 8; therefore, we
perform a one-tailed test on a #-distribution to better represent this population. The #-
distribution describes the frequency distribution of small samples taken from a
normal distribution. Therefore, it follows that as we increase our sample size, the
t-distribution will become more and more like a normal distribution.

The test statistic #.; may be calculated as follows, where S is the standard
deviation, n is the sample size, X is the empirical mean obtained from the random
sample taken, and y is the population mean:

|x—pu| _|7400 — 7800]

Terit = = 8.7
YN 130//8

As we are performing a one-tailed test, we need to consider that the statistical
tables provided in data booklets tabulate #-values for two-tailed tests, hence for a 5%
significance level, we need to refer to the corresponding P-value where P
[%] =5 x 2 = 10. In the same way, at 1% significance level, we determine P to
be P[%] = 2.
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For a t-distribution, we also need to determine the degrees of freedom v which is
defined as v = n — 1. In this case,

v=8—-1=7
The corresponding #-values can be found from statistical tables as follows:

Isy7 = 1.89
Loy = 3.00

Since feqr > tsq7 and feq > tg,7, the null hypothesis Hy is rejected at both
significance levels, and we conclude that the owner’s claim is not supported.

Problem 46

(a) Consider a normally distributed population with a known mean p, and
unknown variance o>, from which we obtain a set of n independent and
identical random variables X; where i takes values from 1 to n, i.e., X;,
X3, ..., X,. For a significance level [%] in the range 0 < a < 1, derive an
expression for the confidence interval for the variance o> and specify its
corresponding confidence level.

(b) Data in the following table (x;, x5, ..., Xo) was collected after some mea-
surements were taken. Assuming a normal distribution of the form
N (3.5,6?), find the empirical confidence interval at 98% for the variance
based on the measurements obtained.

j 1 2 3 4 5 6 7 8 9
x;, 414 (391 [139 (255 [1.57 (335 [454 (237 [4.89

(c) Comment on what it means to do a point estimation as opposed to an
interval estimation in statistical analysis.

Solution 46
Worked Solution

(a) This problem introduces the concept of a chi-squared distribution, often denoted
as y, at n degrees of freedom. This is a useful distribution to note in inferential
statistics and is often applied in hypothesis testing, determining confidence
intervals and estimating parameters (e.g., variance) of a normally distributed
population. Assume we have independent and identical random variables
denoted by X; which follow the normal distribution of known mean u, but
unknown variance ¢° as given in the problem, i.e., N/ (Hos 62), then the random
variable Z as shown below will follow the chi-squared distribution of y,,°.
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Z o~
n X ﬂ 2
_ [
z=3 (%)

We can now express the confidence level probability P, in relation to the
significance level a as follows

l—a= P()(i,a/Z <Z Sli,lfa/Z)

_ P(z,-"_l (i —po) _ o D (Xi= uof)

2 2
)(n,lfa/2 }(",05/2

The confidence interval for the unknown variance o~ can then be expressed as
follows at a confidence level of 1 — a.

)

) F,-"l (Xi—m)® S, (Xi = uﬂ
o- € 5 5
)(n,l—a/Z ;{n,a/Z

(b) We need to refer to the chi-squared statistical table which can be found in data
booklets to determine the values we need for our confidence interval at 98% and
degrees of freedom n = 9. Note that we need to consider that the statistical table
tabulates values for two-tailed tests, hence for a significance level a[%] = 2, we
need to refer to the corresponding P-value at § = 1% which means a P = value
of 99%.

Loioapp = Hogo(P = 1) = 21.67
Lo =25, (P =99) = 2.09
From the expression for confidence interval as earlier determined in part a, we

can compute the upper and lower bounds of the confidence interval from the
table of values provided.

)

2 2
){n,lfa/z )(n,a/Z

lz,-”l (Xi —po)” Sy (Xi — o)

(X1 =357 4+ (X2 =357 +... 4+ (X0 —35)% (X, =357+ (X, =357 +...+ (Xo —3.5)°
21.67 ’ 2.09
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(419 —3.5)% + (3.91 —3.5)7 + ... + (4.89 — 3.5)% (4.19 —3.5)% + (3.91 —3.5)> +... + (4.89 — 3.5)°
21.67 ' 2.09

= [0.648,6.72]

The empirical confidence interval is therefore [0.648, 6.72].

(c) A point estimation is used to estimate unknown parameters of a population.
Point estimation methods can be parametric or non-parametric. For parametric
methods, a probability model is assumed for the population and hence the
quantity to be estimated, denoted by 9 for example, is also assumed to follow
a specific distribution (e.g., normal distribution). Conversely, non-parametric
techniques do not have this assumption. In general for point estimation, we
define a test statistic 7" which is a function of a sample (e.g., of sample size n) of
random variables X, X5, ..., X,,.

Interval estimation is used when we want to find out how accurate a certain
point estimation is at a defined confidence level. The underlying probability
model used for the point estimation is then assumed in determining a confidence
interval for the parameter 9. The confidence level denoted by p is related to the
significance level a, by p = 1 — a. A confidence level of 95% would correspond
to a 5% significance level, whereby p = 0.95, a = 0.05. Within the lower and
upper bound values of a 95% confidence interval, the parameter 9 can be found
with a certainty of 95%.

Problem 47

Consider two populations denoted by X and Y which are normal distributions
with known variances 63 = 2.6 and 62 = 2.8. In order to test if the population
means are the same, a sample was taken from each population. The sample size
from population X was ny = 7 and the empirical sample mean x =19.5.
The sample size from population Y was ny = 9 and the empirical sample
mean y = 16.5.

Determine and compute the suitable test statistic and decide at 99% confi-
dence level if we should accept or reject the hypothesis that the populations
means for the two populations are the same.

Solution 47
Worked Solution

We first identify the parameter of interest, which in this problem is the population
mean. The null hypothesis H, and alternative hypothesis H; can therefore be stated
as shown below.

Ho :py = py
Hy:py # py
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Notice that this is a two-tailed test since no information is given about whether the
mean of population X is greater or less than the mean of population Y. We can now
state a suitable test statistic Izl for this problem as follows,

| |')E - )7|
7| = —=
(72 oYy,
X s
ny ny

>

Given that the confidence level is 99%, i.e., significance level a = 1%, we can
establish the rejection region as follows:

£-3
| B |2 > ‘Zl—a/2’
% 4 %

wx Ty

XY

| - |2 > [z995]
%% | %

E ny

From the statistical table for normal distribution which can be found in data
booklets, we note that at @ = 1%, zg9 5 =~ 2.58. Therefore, we can compute the test
statistic using sample data as follows:

195165

[26 | 28
7+9

3.6 >2.58

4 3.6

lz] > |z99.5]

Since the value of the test statistic falls within the rejection region, we conclude
that null hypothesis is rejected and conclude from the test that the population means
for the two populations are not the same at a 1% significance level.

Eigenfunctions and Eigenvalues

The concept of eigenfunctions and eigenvalues is widely applied in science and
engineering, and is thus unsurprisingly a common topic in engineering math-
ematics. The use of eigenvalues (as well as eigenvectors) is useful in making
sense of large systems which can be mathematically described by large sets of
equations (e.g., system of differential equations). This application in linear
algebra enables engineers to analyze the stability linear systems, and hence
design effective control methods.
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Problem 48

The canonical form of matrices is useful in the geometric interpretation of

functions. Given a 2 X 2 symmetric matrix Q = [g _2 3} ’

(a) Derive the canonical form for matrix Q as shown below, whereby R is a
2 x 2 matrix containing unit eigenvectors (e; and e,) of matrix Q.

Q = RAR” ,whereby R = [e; e;]

(b) Discuss the implications of eigenvalues A; on the geometric properties of the
function below assuming that eigenvalues are positive non-zero values, ;> 0.

gx) =x"Qx =1

The standard form of an ellipse is also given as follows, where the
midpoint is at origin, and assuming that a > b, then the horizontal major
axis lies along the x-axis and the minor axis is the vertical y-axis.

(c) Comment also on the other possible values that eigenvalues can take.

Solution 48
Worked Solution

(a) A symmetric matrix @ is one whereby it is equivalent to its transpose.
T
0=0

Let us consider an example of a symmetric 2 x 2 square matrix as follows:
|16 21

The eigenvalue (a scalar quantity) A of a symmetric matrix Q is related to the

2 x 1 eigenvector e as follows where e = {Z“} and I = { (1) (1)] is an identity
b

matrix.
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Qe = Je (1)

Qe—le=0
(Q—Ale=0 )

In order for Eq. (2) to have meaningful solutions for e, the condition for the
determinant of matrix (Q — AI) has to be satisfied as follows:

det(Q — AI) =0

Substituting values for Q,

Q_”_B —23]_{(&) 3]_[652 —32—/1}
det(Q — ) = |Q — M| =0
6-M(-3-4)-2)2)=0

2 -31-22=0

3=V
- 2

Ay =64and 1, = -34

Solving the matrix equation yields two real roots for the eigenvalues of our
matrix. Note that the eigenvalues of a symmetric and real matrix will also be real.
Substituting the eigenvalues back into our matrix Eq. (1), we arrive at eigenvec-
tors (eq, ;) that belong to the eigenvalues (A, A,) as follows where the equations
are valid.

Qe = Je
Qe = A1e; and Qe; = A€ (3)

By definition, the eigenvectors (eq, €,) belonging to the eigenvalues (4, 1,)
are orthogonal. This means that their dot product is equal to zero.

€16 = 0 (4)

We are told that the eigenvectors are unit vectors (which is usually the case);
therefore, the following is also true about the eigenvectors.



116 Mathematics

ejep = eey = 1 (5)

We can now define the 2 x 2 matrix R containing eigenvectors of matrix Q
where e; and e, are column vectors in the expression written below. In our
specific example, as we have

R = [el 62]

Recall our results from (3), we substitute the above into our matrix equation
to obtain

OR =Q[e; e]
OR = [Lie1 Aey]

After multiplying the left-hand side of both sides of this equation by R”, we
have

RTQR :RT[ﬂlel /1262] = |::;:|[ﬂlel /12e2]

Using results from (4) and (5), we simplify the expression to arrive at a matrix
identity that represents the diagonalization of our earlier matrix Q. This new
matrix identity which we denote here as A contains eigenvalues along its
diagonal and zeroes everywhere else.

Thap | A O]
won-[4 0]

It can be observed from earlier results (4) and (5) that matrix X is orthogonal.
And it follows that for an orthogonal matrix, R"' = R” and RR" = R'R = L.
Substituting R” with R, then multiplying R on the left-hand side of both sides
of the equation, and finally multiplying R on the right-hand side of both sides
of the equation, we can single out matrix @ in its canonical form.

RIQR=A
RRIQR = RA
QR =RA

QRR ! = RAR!
Q = RAR™! = RART

The canonical form is useful in interpreting the geometric implications of
eigenvalues.
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(b) Let us consider the function which we wish to analyze the geometry for. In this
case, we assume eigenvalues are positive and non-zero only (A; > 0):

g(x) =xT0ox =1

whereby

x:[xl] and x" =[x x]
X2

Using the canonical form from part a, we substitute for Q using @ = RAR”

1 =x"(RAR")x
We can perform the following groupings to simplify our expression, x’R =
/
XT=[¥, X)andRTx=x'=|"]
X
1=x"Ax

0 N

1=[¥ X'z][Kol kOJ [2}

1= Mx|2 + Apx2

We know from earlier that A = [7\' 0 ] , substituting this result, we get

We can express this equation in the standard form equation for an ellipse,
where z, is the horizontal major axis,

x’12 N x’22
) &)

. . 1 1 . .
Assuming that A; < A, i.e., T > T We have the following ellipse, where

the eigenvalues relate to key geometric parameters as shown

X'y
1/v2,
/—__> X'y

L
e

-1/,
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We may observe that the eigenvalue scales the ellipse along the major and
minor axes, which are in this case of A; < A, the x| and x} axes, respectively.
Notice also that the eigenvectors are the x| and x}, axes, hence eigenvectors are
useful in telling us the directions of the principal axes for the elliptical contours.

(c) In general, there are various possible values that eigenvalues can take and they
are useful in giving us some idea about geometric properties:

A;>0 — A is a positive definite matrix — convex quadratic function
4; <0 — A is negative definite matrix — concave quadratic function

Ai = 0 — A is a singular matrix — linear function
4;>0and 4; < 0, —A is indefinite

Problem 49

Eigenvalues are useful in helping us identify the maximum and minimum points
of functions. Given the function below,

fx,y) =50(y —x2)2 + (4—x)?

(a) Find the gradient and Hessian matrix of the function f(x, y).
(b) Calculate all the stationary points for this function and comment if they are
global or local and maximum or minimum points.

Solution 49
Worked Solution

@ flx,y) = SO(y — x2)2 + (4 - x)2

We can first derive the gradient expressions.

% =2(50)(—2x)(y — x*) +2(=1)(4 —x)
0
a—’; =2(50)(y = »*)

In order to find stationary points, we need to set the gradients to zero.

of

a—x—O
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2(50)(—2x)(y = *) +2(-1)(4 —x) = 0
—200xy +200x° — 8 +2x =0 (1)
of _
Oy
2(50)(y —#*) =0

0

100y — 100x* = 0
y=x (2)
Substitute Eq. (2) into (1)

—200x> 4200 — 8 +2x =0
x=4
y=16

The stationary point is (4, 16).
Now we can compute the Hessian matrix, which is defined as follows

o’ O
0x2  OxOy
o’ O
Oydx 0y?

H('xv))> =

== = —200xy + 200x> — 8 4 2x

9T 200y + 6002% + 2
0x2
o*f
0x0y
of

—= = 100y — 100x>
Oy

o*f
a—y2 =100
O*f
0yox

= —200x

= —200x



120 Mathematics

H— —200y + 600x> +2 —200x
N —200x 100

Substituting the stationary point coordinates into the Hessian matrix, we have

o [200(16) +600(4)* 42 200(4)}

—200(4) 100
~ [6402 —800
~ | =800 100

To find the corresponding eigenvalues 4, we need to set the condition

det[H — AI] =0

dot| 64022 800 ] _
—800 100 —A|
(6402 — 2)(100 — 1) — 800% = 0

640200 — 64024 — 1004 + 4> — 640000 = 0

22— 65024 +200=0

, 6502 + 1/6502% — 4(200)

2
A1 = 6502
A2 =0.0308

Both eigenvalues are positive and non-zero, hence the function f{x,y) is
locally convex at the stationary point. This stationary point is also the local
minima. Since there are no other stationary points, this local minima is also the
global minima.

Problem 50

Using eigenvalue analysis, find the minimum surface area of a rectangular box
that has a volume of eight cubic units. Identify if the minimum value obtained
represents a local or global minima. The definition of the Hessian matrix is
given below.

[a 2]"[orof
5‘“"”‘[55} [a—a—y]
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Solution 50

Worked Solution
First, we should list down all constraints for the problem. We have an equality

constraint for the volume of the box which can be expressed as shown below.

»

Volume = xyz = 8
The surface area needs to be minimized; hence, we set up an objective function f

(x,y,z) as follows:
f(x,y,2) = 2xy + 2xz + 2yz

We now substitute the equality constraint into the objective function

8 8 16 16
xy Xy y X

A minimum point is also a stationary point; hence, we have the conditions

%:0, %0

y=3 (1)
R

. @
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3
y<1—§)20—>y:00r38:2

8

X =
y2

= oo(rejected) or 2

We have one stationary point at (2, 2). Now we can formulate the Hessian matrix
H(x,y) in order to find out the nature of this point. By definition, H(x,y) can be
expressed as follows,

. o’ O

_[o o] Jof af}_ 0x2  Oxdy
nen-(55) 5 5= 5 %
0yox  0y?

Evaluating the differentials using the values found earlier, we obtain the follow-
ing expression. We then substitute the value of x and y for the stationary point as
follows.

32 5

3 4 2

H(xay): . 32 _|:2 4:|
2 =
y

To find the eigenvalues at this stationary point, we set the following condition,
detftH - Al =0

4 — 2 2
det[ ) 4_/1]—0

(4-27-22=0
16 -8+ —-4=0
2P —8A+12=0
A-2)(4-6)=0
M =2
=6
Both eigenvalues are positive and non-zero, hence the function f{x,y) is locally

convex at the stationary point. This stationary point is thus proven to be a local
minima. Since there are no other valid stationary points (the other solution for
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stationary point condition was rejected since the coordinate value was 0o), this local
minima is also the global minima.

Problem 51

Consider the quadratic function below, whereby A = ( g 86 ) andx = (zl ) :
- 2

10 = xTAx

(a) Determine the eigenvalues A; and A, for matrix A and sketch the geometry
described by the function.

(b) Determine the unit eigenvectors €¢; and €, for matrix A, and demonstrate
diagonalization as shown below, where R = (€; ¢€; ). Show that matrix R is

orthogonal.
M0
Tap _ A _ | M
R'AR = A = [ 0 lz]
Solution 51
Worked Solution

(a) From the function provided, we can substitute the expressions for matrix A and
vectors of x.

10 = x"Ax
10:()61 x2)<g _86><');;):6X12+16X1)C2—6XQZ

To compute the eigenvalues A of matrix A, we set the condition as follows

det(A — AI) =0

6—4 8
det( 3 6/1>_0

(6—2)(—=6—2)—64=0
~36+4*—64=0
22 =100
A =10
Jp = —10
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Using the eigenvalues, we can define a new matrix containing eigenvalues
along its diagonal, and rewrite the function equation as follows.

 Tag i 10 O X}
10 =x"Ax" = (X x’z)(o —10><x’2

What we have done here is effectively to convert from the previous coordi-
nate system of x; and x, axes to a new coordinate system of x| and x}. It is then
clear that the eigenvalues scale the shape of the function along the eigenvectors
which form the principal axes of the contours.

Dividing both sides of the equation by 10, we obtain the equation in the form
of a rectangular hyperbola.

g2 g2
I =x"—x

We can sketch the hyperbola as follows where the asymptotes are shown in
dotted lines, and graphs are symmetrical about the both axes.

Xy , ,
Xp=—x LXp=x0

(b) We can also compute the eigenvectors of matrix A, which we denote here as e,
and e, where unknown values a, b, ¢, and d are to be determined.

e = <Z> for A, =10

e = (2) for A = —10

The eigenvalues scale the function in the direction of the eigenvectors; hence,
the following relationship can be established

Ae1 = )»161

(3 56) () =)

This gives us two equations as follows, which both produce the result 2b = a.

6a + 8b = 10a
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8a — 6b = 10b
S.2b=a

We can use this result to rewrite the expression for eigenvector e; where k is a

scalar quantity.
a 2
o= (3)=+(0)

We can choose to make the eigenvector a unit vector by using a suitable value

of k.
w500
1—\/§ 1

Similarly, we can find the other unit eigenvector €,.

Aez = /1262

(3 %) (&) =-(2)

This gives us two equations as follows, which both produce the result

—2c=d.
6¢c + 8d = —10c
8¢ — 6d = —10d
S.—2c=d

Like before, we can use this result to rewrite the expression for eigenvector e,
where £ is a scalar quantity and choose to make the eigenvector a unit vector by
using a suitable value of A.

We can now construct a matrix of eigenvectors denoted by R, and prove that
it is orthogonal.
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We can demonstrate diagonalization of eigenvalues by showing the following
is true.

_ (A 0 _
- (5 &)-a
To prove that matrix R is orthogonal, we need to show that

RT =R7!
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Check for
updates

Problem 1
Calculate the fugacity and fugacity coefficient of steam at 2 MPa and 700 °C.

Solution 1

Worked Solution

Background Concepts

Chemical potential is used to provide criteria for chemical equilibrium of species
i between phases a and § in a multiphase system, whereby p* = ,uiﬁ . Recall that
chemical potential is simply partial molar Gibbs free energy defined by:

(&)
Hi =\ =5—
ani T,P.njyi

Chemical potential is a derived thermodynamic property, as opposed to measur-
able ones like temperature and pressure. However, there are limitations to the use of
chemical potential, and fugacity was further derived from chemical potential as a
better measure for equilibrium.

Fugacity has units of pressure, and it applies to gases, liquids, and solids. It can be
understood as “corrected pressure” or the tendency for a substance to “flee” from the
phase it is in. The higher the fugacity, the higher the partial pressure of ideal gas
required to prevent the material from fleeing its phase and entering into the ideal gas.
The fugacity of a component (either pure or in a mixture) is the partial pressure of an
ideal gas of the same species which would be in equilibrium with that component.
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It also follows that as we tend towards real gases, where intermolecular forces
become significant, fugacity decreases as gas molecules have less tendency to escape
since they are held by those forces, and the fugacity coefficient (a fraction between
0 and 1) is a lower value to reflect a more “corrected pressure”.

Fugacity plays the same role in real gases as partial pressure plays in ideal gases.
As such, fugacity coefficient compares fugacity to partial pressure if the gas was
ideal:

AA:L
' YiPsys

The “hat” notation denotes the contribution of species i to the mixture, as opposed
to a pure species fugacity f; or a total solution fugacity f.

So back to our problem which asked about fugacity. Fugacity is defined as follows:

/i
Wi —,u? =RTIn (fo

Begin with the expression for fugacity of pure species i using the ideal gas

reference state.
vV
g —& =RTIn <f>
y,-P low

At T =700 °Cor 973.15 K, g; and f;" are at 2 MPa. Therefore,
yi = 1, yiPIOW = 10 kPa
We can refer to the steam table since 7 and P are defined, to find the enthalpy,

h and entropy, s to calculate g. In the case of low pressure of 10 kPa, we find from the
steam table that water is in the superheated vapor phase. Therefore,

g) =h) — Ts? = 3928.7 — 973.15(10.403) = —6195 kJ /K

As for P = 2 MPa, the pure species g; is found as follows

g =3917.5 — 973.15(7.9487) = —3818 kJ/K
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Combining our results, we have

gi—gio—RTln( Ji >

10 kPa
fl =134%kPa, P,=P=2MPa
@; = 0.0067

Problem 2

Consider the equation of state below and develop an expression for the fugacity
and fugacity coefficient of a pure species.

RT a

Solution 2

Worked Solution

Notice that equations of state (EOS) are often more easily expressed with P as the
subject of the formula. It is relatively more difficult to extract v from the equation due
to power relationships. This is the reason behind thinking about integrals with
respect to P instead of v.

Recall the definition of fugacity in integral form:

P
py — ) = J VidP:RTln( /i )
yiPIOW

Prow

Since we are dealing with pure species, we can use g; instead of y; and

ViPlow = Plow. We can determine Z—C from the EOS.

ap [ kT 2
v |(v—b)? TV
—RT 2a
dP = |————+—
Sl Tv3]
P v
I — | —RT 2a —RTv  2a
In = Vl 5 —3 dV = 5 )
Pioy (V b) Tv S (V b) Ty
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Note that v = v; for pure species. For integrating, we can convert into partial

fractions

v 1 n b
v=b? v=b (v-b)
Therefore the expression becomes
v il 2
RTIn (f—> = —RT J V= av
Plow (V — b) RT V2
RT L
Plow
([ b 2
= —RT — dv
J v—b+(v_b)2 RTH?
RT L
Plow
7 J 1 b 2a
In{=—)=- - dv
(Plow vob (v—b)* RTH?
b 2a 1"
= |—-In(v—>~ -~
[ n(v—b)+ (v— b) RT%LT
Plow
; b 2a
lnfi 71nP10W :7111(\/717)4’ <v—b> 7@

RT b 2a
Plow RTP—

low
low

For ideal gas, assume % > b
2a

v b
Inf; —lnPloW:—ln(v—b)—i—(v_b) ~ R

" (RT) ( b ) L
n — | = —
PIOW Piow RT2 RT

low

b 2 b 2
) : +1n(RT)—<ﬁ>+%

Inf'=—In(v—>b - =
fl (V ) + (V . b RT2V . RT2
Plow

For ideal gas, we can also assume Pjo, = 0
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RT b 2a
nfi =In (v - b) - (v - b) RT?v

. v—>b\ ox b 2a

P\ rRT ) TP\ R
Finally, we can determine fugacity coefficient since by definition, f} = @,;Psys
RT b 2a

| —

fi= (v — b) xp (v —b RT2v>

~RT ox b 2a
(pi_P(v—b) PUTs ™ RS

Data is available for a substance at 35 °C. Describe how one can use the data
provided to obtain the fugacity and fugacity coefficient of the substance at
60 bar and 35 °C. [Actual calculations not required.]

P [bar] v [m*/mol]
2.5 0.0075

6.0 0.0035
15.5 0.0016
60.0 0.00048

Worked Solution

In this problem, we know the values of 7, P, and v. Gas constant R is a known value.
We can make use of the equation of state. Note that z = 1 for an ideal gas.

_ Pv
STRT
zZRT
V=—
P

Recall definition of fugacity in integral form, and definition of fugacity
coefficient.
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P
_ v P
J VdP = RT In (f—> — RTIn (‘”—)
Plow Plow

Prow
P
RT
J ZTdP — RT[]n ((ﬂi) +In (P) —1In (Plow)]
Plow
p P
J SdP =Ing, + J Lap
— = ne: -
P @i P
Prow Prow
T 1
7 —
dP = Ing,
[ tar-mg
Plow

We can find ¢; if we can work out the integral. Recall the trapezium rule as shown

below where i = =20,

Xn

1
Jf(x)dx = Eh[)’o Y, 20+t )]

Xo

We can tabulate corresponding values of % and P. Using trapezium rule, we can
then find out In ¢;. Fugacity at the specified 60 bar and 35 °C can be determined from
the known ¢; and P, using

fiv = goiPsys

Note that this is true for this case of a pure substance. In a mixture, it is worth
noting that the expression is more accurately expressed as

fiv = @;Pi = ¢;y;Psys

Problem 4

Consider a ternary system of methane (i), ethane (j), and propane (k) at 25 °C
and 15 bar. Assume this system can be represented by the virial equation
truncated at the second term.
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At 25 °C, the second virial coefficients [cm>/mol] are given by:

By —42
B; —185
Bu —399
B -93

By —139
B; —274

(a) Develop an expression for the fugacity coefficient of methane in the mixture.
(b) Estimate the fugacity and the fugacity coefficient of methane for a mixture
with 20% methane, 30% ethane, and 50% propane in mole percent.

Solution 4
Worked Solution

(a) Virial equation states the following where B constants are given. This is a gas
mixture by observation of the substances at the specified 7 and P.

Bmix
v

z=1+

Recall that the virial equation of state is a power series expansion for the
compressibility factor z in terms of density p (also possible in terms of pressure).
Note that p = %

Pv
= =14Bp+Cp*>+Dp>+...
Z RT + Bp + Cp” + Dp~ +

Whether to use the power series expression in terms of p, v, or P depends on
the question. We shall use the expression that is useful for our integration based
on known parameters as described in the problem statement.

Another question is how accurate we should be, i.e., how many terms to
consider. In general, for low pressures, the equation can be up to second term
(i.e., linear). For moderate to higher pressures, quadratic and cubic expressions
can be considered.

Finally, it is worth understanding that virial coefficients provide an indication of
the intermolecular forces between molecules. By definition, f} = ¢;P; = @,y;P

P ,
and [ V:dP=RTIn (%) At this point, we recall a useful mathematical

ow
Piow

relation, the cyclic rule as follows:
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Lo (XY () (9=
“\0z y Ox i Oy .
vy (ory (o) _

on; T,P ov T,n; op T,V_

When the composition of species i remains unchanged (which is the case
unless there are inflows or outflows to the system), then (@)T . = % and we

oV
get the correlation (%‘:/) dP = — (735 ) dv.
i) TP )T,V

1%

(AN oP
RT In <Pz> - J (an,-> T,V,n;,wdv

nRT
Plow

We can derive an expression for the integral using the Equation of State,

_1+Bmix_PV
= v RT
RT Bmix 1 Bmix
P=—|(14+—)=RT|-+—
y y v ooy
Since ny = n; + n; + ny andv:n%:n_ﬂv_ﬂk,
1 Bix ni+n;+ ng Bix
P =RT| - =RT|{————
<v+ v2> ( Vv + V2>

Now we recall mixing rules which describe how two bodies interact. There
are three types of two-body interactions in this example, like interactions
denoted by Bj;, By, and By, as well as unlike interactions denoted by By;, Bj,
and Bj;. Note that B,,,;, is the parameter for the entire mixture while the B values
in the table refer to specific binary interactions.

For like interactions such as between molecules i, a molecule i must find
another molecule i, and this will occur in proportion to the mole fraction of the
first molecule i, multiplied by the mole fraction of the second molecule
i (probability rule), giving us the term “y;*”. As for unlike interactions such as
that between species i and j, the same concept applies, giving rise to a term “y;y;”.

However one should note that each molecule type should be accounted for,
i.e., the scenario where molecule i finds molecule j and where molecule j finds
molecule i. Each of these scenarios is different and should be considered.
Incidentally, both cases give us the same coefficient of “y;y;” (since y;y; = y;y:);
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hence, assuming that Bj; is equal to B; as is the case in this example, we see the
term “2y;y;B;;”". Therefore we arrive at the following:

n+n;+n B
P=RT|——1 =
( 1% + V2)

—RT (I’l,’ +nj+ ng n I’l,‘zBii + I”lszjj + I’lszkk + 2n,~njB,-j + 2n;m By + 2njnkBjk)
B % V2

(E) — RT <l + 2n,~B,~,- + 21’1]?1, + Zi’lkBik)
an,- T.V,n s \% %

14
Y 1 2n;B;; + 2n;B;; + 2nB;
RTln<f’ >:— JRT(—+ Mibii + 218y + 2 k)dV
P %
nRT

low V2
Plow
In fiv — |-V + 2n,-Bii + 2njB,] + 2i’lkBik v
Piow Vv nRT
Plow
, <fiv ) C Cmv4 2n;Bj; + 2n;Bj; + 2m By
low 14
+1n nRT _ (zi’liBii + anB,;]- + 2nkB,~k)P|0W
Piow nRT
Assume Py, is a small value
v 2n;B;; + 2nB;; + 2mB; RT
lnf—’:n + 2nBy + 2 K 4 n 2
v;P Vv PiowV
2n;B;; + 2n;B;; + 2mB; 1
ln(/)iz n + n§/1+ Ny k+ln(—>
Z
9 = l exp 211,'Bii + 211]'B,'j + anBik
i z %
= E ex 2n;Bj; + ZHJBU + 2nBjy,
i z p v

(b) If given mole percent, we will know y;, y;, and y;.

Buix = ¥ Bii + ¥, Bjj + y"Bu + 25y ;Bij + 2yyiBix + 2y B

We know y; = 0.2, y; = 0.3, and y; = 0.5,
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Buix = 0.04(—42) + 0.09(—185) + 0.25(—399) + 2(0.06)(—93) + 2(0.1)(—139)
+2(0.15)(—274)

= —2.39 x 10~* m? /mol

Bmix PV
— l = —
=T TR
~239%x 107 (1,500,000 Pa)v
L+ = 783147
A% .
298.15 K
(mol . K>( )

Solve for v, then z. Afterwhich ¢; and f} can be found.

1 2n;Bj; + 2n ;B + 2m By 1 2y;Bii + 2ijij + 2y Bi
@Q; = exp v = | — |]eXp N
fi = omiP

Problem 5
Show that

agi o a(lnfi)
(aP>T”'RT< op >T

Solution 5
Worked Solution

Gibbs free energy can be written as dg; = — s,dT + v;dP. Therefore

agi _ —s5;dT + v;dP .
oP), opP ;U

From first principles, fugacity of a pure gas g, = g?—l—RTln (%) =

g? +RTInf' —RTInPy,y. So we can differentiate with respect to P,
holding T constant. Note that Py, is a reference state low value for pressure
where ideal gas is assumed, and it is a constant.

(agl) (a(g? +RTInf} — RT 1nP10W)) (8 In f;)
= =RT | —=3-
oP ), oP T oP ) ;

g\ o Olnf}!
(aP)T“RT< op >T
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Problem 6

Find fugacity of pure liquid acetone at 100 bar and 382 K. The molar volume of
the liquid v; is 73.4 cm®/mol. You may assume molar volume does not change
with pressure.

Solution 6
Worked Solution

Liquid fugacity is expressed as follows:

P — Py
= Pvap — Psal (
fi exp {—RT ]

If we assume the vapor phase is an ideal gas (e.g., at low system pressure P),
(P — P*) = 0, then

f’ — Psat
i

To derive the above expression, we may first consider the pure liquid at a
convenient pressure, such as P* (Lewis/Randall reference state), then adjust to the

stated system pressure, P.
0g;\ _RT Olnf!
oP) , 0P

At system pressure P, f il can be found first:

RT(a Inf; )
oP ),
)
(V—T) dP = dlnf!
1 P f,
Lo
R Pﬁa[ fS'“

l vl
In ( ) (P —P™)
ftsat RT

Separately, we find that at saturated conditions, f;. = f,’ = @ftpPst

v'l sal sat p sal Vil sal
11 = riteens | (2 ) 2= o] = gee | (o) (2 - )
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Note that vi’ is that of the liquid. Since liquids are taken to be incompressible, it is a
constant.

How do we find saturated pressure vales from temperature, for a known sub-
stance? Saturated pressures are commonly reported in terms of the Antoine equation
where values of A, B, and C can be found from the data booklet at 7 = 382 K.

B
In P :A_—C+T

From published data, we can obtain PiSal for acetone, which is about 4.64 bar. Note
that this is greater than atmospheric pressure 1 bar, and hence ¢ # 1.
In order to find the actual value of ¢, we need to use the correlation:

logp:® = loggp'® + wlogp'

To use this correlation, we first find reduced temperature and pressure, 7, and P,,
where T, = T/Titical and P, = P/Pcar- Critical point values and @ values can be
obtained from the data booklet. 7 and P are as defined in the problem statement,
T =382 K and P/ = 4.64 bar. After T, and P, are obtained, we can find loge® and
logg'" using the data booklet. Finally we will obtain @ =0.904.

Substituting all values into our earlier expression, we obtain fil at 100 bar and
382 K.

fil _ qoisalPisaleXp [(%) (P _ Psat):|

7.34 x 107
- 7.34 x 107
fi =0.904(4.64)exp Kg_314 x 382

>(100 — 4.64)} = 5.23 bar

Problem 7

There is a binary mixture containing species a and » at T = 300 K, and

P = 20 kPa. A table showing f ! values at different mole fractions x, is given.
Use Henry’s law as the reference state for species a and the Lewis/Randall rule
for species b.

flll/kPa X,
0 0
2 0.1
8 0.3
12 0.4
26 0.7
40 1
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(a) What is the Henry’s law constant, H, for species a?

(b) What is the activity coefficient for species a at x, = 0.4? At x, = 0.8?

(c) Is the activity coefficient for species b at x, = 0.4 greater than or less than 1?

(d) Is the a-b interaction stronger than the pure species interactions?

(e) Consider the vapor phase to be ideal. What is the vapor phase mole fraction
of a in equilibrium with 40% liquid a?

Solution 7
Worked Solution

(a) First, we can draw a best fit curve for the data points provided. The Henry’s law
reference state can be understood as a pure fluid in which the dominant
intermolecular interactions are unlike interactions (i.e., a—b interactions). Math-
ematically, a straight line tangent to the curve at x, = 0. Then the Henry’s
constant will be the fugacity value on this straight line, when x, = 1. Since
Jide = (1),

There are two ways to approximate an ideal solution, using Henry’s or Lewis/
Randall (LR) reference states. If Henry’s law is used as the reference state to
describe species a, thenf 9% = x,H,, where H,, is the value of f ! at x, = 1, and the
reference state can be approximated as a point on a straight line tangent to the
curve where a—b interactions dominate, i.e., at x, = 0. If the Lewis/Randall
reference state is used, then f194 = x f, . where f, is the value of f! at x, = 1,
and the reference state can be approximated as a point on a straight line tangent to
the curve where a—a interactions dominate, i.e., at x, = 1. Since 9 = (1)f,,

Graphically, both are straight line approximations (ideal solution) using
different points to lie tangent to the actual curve. By drawing a straight line
tangent to the curve at x, = 0, we can read off the value of f 61, when x, = 1, to
obtain the value of H, = 19.5 kPa.

21 21
(b) By definition, activity coefficient y; = j% = f? . Since species a is to be
described by Henry’s reference state,
Ya= Ja
‘@ x,H,

At x, = 0.4 and x, = 0.8, we can read off graphically, the corresponding
values of f (f Following this approach, we have y, (x, = 0.4) = 1.54 and
Ya (x, = 0.8) = 1.99.

(c) The Gibbs—Duhem (GD) equation is useful in relating properties of different
species in a mixture. These properties may be partial molar volume, enthalpy,
entropy, internal energy, Gibbs free energy, chemical potential, etc. The general
form of the GD equation is as follows at constant 7 and P, where K denotes the
partial molar property.
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0= Zl’l,‘dK,'

When we know the activity coefficient of one species, we can use that to
relate to the activity coefficient of another species.

0="> " mdy,

We can express the above in terms of fugacity, which helps us relate to

activity coefficient.
0 fi
Hi —p; = RTIn (ﬁ)

du; = RT dInf;
Z nidy; = RT Z n;d lnfl-
Fugacity can now be expressed in terms of activity coefficient:
fi = Vixif?
Z nid lnf,- = Z n;dIn (yixf?)
> mdin (rixf?) = mdlny, +> mdinxi+ Y nmdinf) =0

1 1
Z nidInx; = Z n; (x,) dx; = Z (nx;) (XZ> dxi=n Z dx;
Since Y x; = 1, Y.dx; = 0, this gives us

> ndiny;+ Y mdinf] =0

And knowing that f 9 is a reference state fugacity value and hence a constant,
we have dInf? = 0.

> ndlny; =0
anidlnyi =0
> xidiny; =0
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(d)

(e)

Assuming we have only two species a and b in the mixture, then:

x,dIny, +xpdlny, =0

dlny, dlny,\
xa< dx, >+xb< dx, =0

Let us return to the question, which asks if y,, at x, = 0.4 is greater or less than
1. Recall that activity coefficient represents the ratio of the actual fugacity
against the reference state fugacity (which itself is a choice). Graphically, if
the actual curve lies above the reference state straight line approximation
(tangent at x, = O for Henry’s and tangent at x, = 1 for LR), then y, > 1. And
likewise, if the actual curve lies below the reference state straight line approx-
imation, then y, < 1.

The question required that species a follows Henry’s reference state and
species b follows LR reference state. So as x, tends to zero, y, tends to one
(or Iny, = 0). We noticed from part (b) that as x, increases from 0.4 to 0.8, 7,

increases where both values are greater than 1 (or Iny, > 0). So we can observe
dlny,
dx,

from sign analysis, we know that % has to be a negative value to satisfy the
dlny,
dx,

from gradient analysis that at x, = 0.4,

is a positive value. At this point

equation. As x, tends to zero, y, tends to 1 (or Iny, = 0). is a negative
value, which means that as x, increases, Iny, decreases from zero to negative
values, so y;, < 1.

a-b interactions are stronger than b—b (or pure species) interactions because
¥» < 1, using the Lewis Randall reference state. The “tendency to escape” is less
when we introduce a—b interactions to a pure b. As for y, > 1, using the Henry’s
reference state, it means that the “tendency to escape” is greater when we
become more pure in a, which implies that a—a interactions are weaker than
a-b interactions. So we can deduce that a—b interactions are stronger than pure
species interactions.

At equilibrium, f; = f Lﬂ For ideal gas, f 0 =Y.P. y, :%. We can find out
the value of f é at x, = 0.4. We also know from the problem statement that
P =20 kPa. So y, = 0.6.

Be careful to be clear about liquid versus vapor mole fractions. They are
different. Also, be sure to check that the equilibrium equation is consistent for
the specific species, i.e., do not mistakenly equate this way, f 0= f }if there
are two species for example.
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Problem 8

Derive an expression that associates the entropy change of an ideal gas between
(Ty, Py) and (T, P>).

Solution 8
Worked Solution

We can break down the path into two steps, first by keeping 7T constant and changing
P from P, to P,. Then by keeping P constant at P, and changing T from T to 7.

Step 1: Isothermal

The change in internal energy of an ideal gas is zero.

du = 6q., + Wy =0
5(']rev = —6Wrey

By definition, we apply the concept of work done as a product of force and
distance moved by the force, so it follows that

W=-P J dv
—OWyey = Pdv
And for an ideal gas,
0q ey = Pdv

By definition, entropy can be expressed as heat absorbed during a reversible
process.

b
ds — QI'CV
T
AS — Jéqrev
T

So for our Step 1 process for an ideal gas,

Pv=RT

RT] /P2

P R RT,/P P P
ASgept =J% :Jﬂ = J Riv = Rin TP _ g (P = _gin (22
T T 1% V1 P

Vi
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Step 2: Isobaric
du = 0q,., + Wrey = 8G,o, — Pdv

There is a mathematical “trick” that is useful for us to introduce enthalpy to the
expression, where 7 = u + Pv. We know that dP = 0 for isobaric process, so adding
this dummy term is inconsequential though it is useful mathematically.

du + Pdv + vdP = 6q,., + 0
d(u+ Pv) = dh = 8q,,
0Grey th B JdeT

T T T

ASstep2 = [
So summing both steps, we have the following entropy change for going from
(T, Py) to (T, Py).

T,

As = —RIn <P2>+J&dT
P, T

T,

Problem 9

Calculate the thermodynamic property changes of mixing for a binary ideal gas
mixture, under isothermal conditions. The pressures of each gas species drop
from their pure species pressures with mixing as they isothermally expand to
take up the space of the container.

Solution 9
Worked Solution

Let us start with entropy change of mixing for a binary mixture of species a and b,

Asmix = Yo (Sa — 5a) + 5 (Sp — 1)

ASmix = Y, (—Rln ( )) +yb( RIn (if))
Asmix =Y, (R In (y;P>> + (Rln <)%PP)> =Yo(—RIny,) + y,(=RIny,)

IG
ASpiy = — Z y;iIny;
i=1
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The other properties below are zero for ideal gas.

ARIS =0
AulS =0
G
Athnix =0

And finally for the Gibbs free energy of mixing, we have

m
Agrzq(l}x = Ahrlncl;x - TASrIncl}x = RTZyz lnyi
i=1

Problem 10

Derive an expression for the pressure dependence of partial molar Gibbs free
energy, G;. Show that the temperature dependence of excess Gibbs free energy
can be expressed as shown below.

oT T
P, n;

Solution 10
Worked Solution

The pressure dependence of partial molar Gibbs free energy is more straightforward.

dG; = —SdT + V,dP + _ Gidn;
=1

1

At constant temperature and constant composition, d7 = 0 and dn; = 0.

G\ o
aP P,n; -

To express the temperature dependence of excess Gibbs free energy change g“ we
start with the following equation. [Note that Gibbs free energy of mixing,

Agmix = gE]
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m
dgf = —sdT +EdP + Z grdn;
i=1
At constant pressure and constant composition, dP = 0 and dn; = 0.
DoF
(i) _
aT P,n;
We can take partial derivative of (%—‘f) , with respect to 7,
SN
E
5(37> _ Togk—gFor 1 [0gk gb st gF T —gF
oT B T? - r\oT),, T T T* @ T?
P,I’l,‘
of = hE — TsE
E
oT T
P,n;
Problem 11

Consider a binary liquid mixture of species a and b. The activity coefficients for

this mixture are adequately described by the two-suffix Margules equation.

(a) If Ahy,ix = 0, what can you say about the two-suffix Margules parameter, A?
(b) If Av,ix = 0, what can you say about the two-suffix Margules parameter, A?

Solution 11
Worked Solution

(a) An “excess property” describes the difference between the actual thermody-

namic property of a real mixture versus the value it would have if it was an ideal
solution at the same temperature, pressure, and composition. Hence by defini-
tion, excess property for an ideal mixture is zero.

We may define the ideal solution reference state as Lewis Randall, Henry, or
the ideal gas. An ideal solution is where all the mixing rules are the same as for
an ideal gas, where there are no intermolecular forces.

Even though excess property is by definition zero, the property of mixing may
or may not be zero, for example, Ah!S = Aul¢ = AVIG

for ideal mixture, the property change of mixing is non-zero for Agl$ and As'S .

= (0, but note that even
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If Ahyix = 0, it means that there is no difference between the actual enthalpy
of the real mixture relative to if the solution was ideal, hence it means that
h* = Ahpy, = 0.

Recall that the temperature dependence of excess Gibbs free energy can be
written as follows.

0 (gT) _hE

oT T
P,n;

0 & E
If ”£ = 0, then ( g;)> = 0, which means that £ is independent of 7.
P,n;

Since the two-suffix Margules equation describes g“ = Ax,x,, therefore f% is

independent of T at constant pressure and composition. It then follows that ’% is

also independent of 7. Mathematically, this means that% = constant, or A~T.
() If Avy, = v = 0, then since the two-suffix Margules equation describes

g¢¥ = Ax,x,, and the pressure dependence of g“ can be expressed as

(%i:) = —vE, then (%) = 0. This means that A is independent of P,
P,n; P,n;

at constant temperature and composition.

Problem 12

Below is a plot showing how activity coefficients of a mixture containing species
a and b behave, relative to the mole fraction of a, x,, at a defined temperature.

Iny;
]

05
— N Y

— 01 Yy

15

"~

2.5
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(a) What is the reference state for each species?

(b) Show that the Gibbs—Duhem equation is satisfied at a mole fraction x, = 0.4.

(c) Come up with an appropriate model for g” for this system and find the
values of the model parameters.

(d) Is it possible for species a and b to separate into two liquid phases? Explain.

Solution 12
Worked Solution

(a) There are a few common reference states. For example, Henry’s reference state,
Lewis Randall state, or ideal gas. We can observe from the graph that both
species a and b are based on the Lewis Randall reference states because as the
species compositions approach pure, activity coefficients tend to 1 which is the
case for the reference state. When x, — 1, i.e., pure a, then In y, — 1; when
x, — 1, 1i.e., pure b, then In y, — 1 at x, — 0.

(b) The graphical relevance of the Gibbs—Duhem equation is commonly in the
clever use of the mathematical definition of tangent to a curve that is plotted
for natural log of activity coefficient vs. species composition. The Gibbs—Duhem
equation is as follows:

dlny, dlny,
a =0
* < dx, )HX")( dx, >

We can observe that (%) and (d%y") describe gradients of tangents to the

curves as plotted. So all we need to do is specify the point of interest to take
tangent from. The problem statement states x, = 0.4; hence, we draw tangents to
the two curves at the point x, = 0.4, and the gradients of the tangents will

provide values for (%) and (%) . Numerically, we substitute the values of

the tangent gradients, together with x, = 0.4 and x, = 0.6, to show that the
equation is satisfied.

(c) Before we tackle this question, we need to understand more about some simple
models that describe non-ideal mixtures. One such example is the Margules
equation, which may exist in the two-suffix form or three-suffix form.

The two-suffix Margules equation is in the form g% = Ax,x,. This model is
suitable if the following conditions are satisfied. We assume for simplicity of
discussion, a binary solution of species a and b with the Lewis Randall reference
state used. Then we note that for pure a and pure b, each will be an ideal solution
as defined by the choice of reference state. Then g¥=0whenx,=1andx, = 1.

Another useful observation is that the two-suffix Margules equation is sym-
metric between x, and x,, since g© behaves similarly relative to each. From
deduction, we can see that in this problem, activity coefficients behave in
different manners with respect to composition; this implies that g© will also
behave dissimilarly with respect to x,, and x;,
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There is also a three-suffix Margules equation which may be used as an
asymmetric model. The way that this equation breaks the symmetry is by an
additional term as shown in gE = x,xp[A + B(x, — xp,)]. In this equation, x, and x,,
are no longer interchangeable to give the same value of g~.

In order to find the model parameters A and B, we need to express excess
Gibbs free energy in differential form.

nTgE =GF
GF = (aGE> (anrg ) _ <a(na —|—nb)gE>
ony, T,P,n, T,P,n, ony, T,P,n,
_ Ong +n
Gt (2) ()
T,P,n, np T,P,n,
5g E
= (na + I’lh) (a—nb) - +g

. . E .
Using the chain rule, we can express (g—ﬁb) in terms of the parameters
T,P,n,

A and B of the three-suffix Margules equation,

(55), = ()., o)
ony, T,P,nu_ 0x, T,P,n, ony, T,P,n,

Since g* = x,x,[A + B(x, — x,)], and x,, = 1 — x,. Therefore we can express
E
g as follows.

g =x,(1 —x)JA+B(x, — 1 +x,)] = (xa - xaz)(A + 2Bx, — B)

= (A —B)x, + 3B — A)x,> — 2Bx,’

agE 2
= (A —B) + (6B — 2A)x, — 6Bx,
ax“ T,P,n,

<5xa) ( (na/( na—i—nb))) R
o) 1.p.p, T.Pn, (Mo + nb)2 Ng + np

(a—gE) - [(A - B) + (6B — 2A)x, — 6Bx,”] (—X)

ony, ng + np

Putting our results together, we have

_ gE
T,P,n,
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= (n, A— B) + (6B — 24)x, — 6Bx,2] [ ——
() (4 B) + (6~ 20, — 6] (=

) + (A — B)x,
+ (3B — A)x,* — 2Bx,’
=4Bx} + (A — 3B)x.

We can also express partial molar excess Gibbs free energy in terms of
activity coefficient which helps us relate to the data obtained from the graph,

~E _ ~ ~ideal __ ideal
Gy =Gp = G, =y — Wy

G =RTIn {;‘;al =RTIny,
So

Combining both expressions, we have
RTIny, = 4Bx> 4 (A — 3B)x?

We know from earlier that both species follow the Lewis Randall reference
state. For species a, when x;, = 0, x, = 1, Iny;,, = —1.5. At infinite dilution of
species b, we have the following

RTIny? =B+A=-15

Similarly, when x, = 0, x, = 1, Iny, = —2.5. Repeat the above process for
species a, and we will arrive at two equations with two unknowns, i.e., A and B,
which we can use to solve for A and B.

RTIny, = —4Bx; + (A + 3B)x}
RTIny)® =A—B=-25
A= —4988.4, B=1247.1

(d) The natural logs of both activity coefficients are negative, this means that for both
species, the activity coefficients are less than 1. Conceptually, this means that the
actual fugacities are lower than that if ideal solution (Lewis Randall pure species
reference state). This also means that the “tendency to escape” is lower when in
mixture, and the a—b intermolecular forces are stronger than a—a and b-b.
The two species are unlikely to separate.

We can also observe that the excess Gibbs free energy of mixing has a
negative value.

g5 = xuxp[A + B(xy — xp)] = x4x,[—4988.4 + 1247.1(x, — x)] < 0
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gF = Agpix — RTin Inx;

Since the term “—RT' Y x; In x;” can only be positive or zero, and we observed
that is gE negative, it means that Ag;x must be negative; hence, it is thermody-
namically favorable to mix.

Problem 13

Substance (a) and substance (b) form two partially miscible liquid phases. At
220 °C and 1 atm, the compositions of the two phases are given by x=0.9 and
xf =0.2. Estimate the parameters in the three-suffix Margules equation.

Solution 13
Worked Solution

At equilibrium, the fugacities in each liquid phase must be equal for each species. So
for species a, we have

cla _ 7,
faa _faﬂ

It follows that for a specified ideal reference state for species a (which cancels off
on both sides since f 2’“ = f g,ﬂ = fg where fg = f, for Lewis Randall, or H, for
Henry’s law). We can express equilibrium of species a as follows:

vaxafo® = vhxifal
Vaxa =vix4
Similarly for species b,
pla _ LB
b —Jb
vhxs =%,

Given that in phase a, species a mole fraction x = 0.9, therefore species » mole
fraction will be x7 =1 —0.9 = 0.1.

Similarly in phase 3, species a mole fraction x? = 0.2, therefore species b mole
fraction will be x/ = 1 —0.2 = 0.8.

Substitute the values for x?, x7 and x”, xf to obtain two independent equations for
the remaining four unknowns, y 7, y f andyy, yf . Then from the three-suffix Margules

equation, g5 = xx,[A + B(x, — x3)], we can derive another 2 equations, which will
help us solve for the activity coefficients.
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RTIny, = —4Bx; + (A + 3B)x;

RTIny, = 4Bx’ + (A — 3B)x?

Problem 14

The Gibbs—Duhem equation can be used to derive a thermodynamic consis-
tency test that can be used to evaluate experimental data. This test may be

1

expressed in the form jln (%) dx,=0, assuming constant 7 and P, a mixture
0

containing species @ and b with each using the Lewis Randall reference state.

Show the derivation of this test equation, using the Gibbs—Duhem equation.

Solution 14
Worked Solution

By definition, excess Gibbs free energy measures the deviation of the Gibbs free
energy of a real mixture from the ideal reference state. In general, for a species i,

GE =G — G* =y, — %" = RT'In (f—iém) = RTIny,

For a whole mixture considering all species present, the excess Gibbs free energy
g" can be expressed as follows,

&= in(_?iE = RTinlny[
For a binary mixture containing species a and b,

g = RT(x;Iny, +xp1Iny,) = RT(x;Iny, + (1 — x,) Iny,)

Differentiating with respect to x,, we get

dgt dlny, dlny
i = RT(xa dx, +Iny, +x, dxub —Iny,

We observe that this expression can be simplified by substituting the Gibbs—
Duhem equation as shown below.

dlny, diny,\
x”( dx, )+xb( dx, >_0
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d E
& _ RT(Iny, —Iny,) =RTIn <7)

dx, b

We can integrate the differential equation from x, = 0 to x, = 1.

Xo=1

1
J dgt = RTJ In <y”> dx,
; Vb

Xg=!

Observe that g© is zero when the mixture contains only a pure species (whether
a or b), since the ideal reference state is described by the Lewis Randall state.

1

J In (y—“) dx, =0
7b

0

This thermodynamic consistency test is useful when we plot a graph of In (J%)
against x,,. Then the area under the curve should sum to zero (where areas above the
horizontal axis are positive in value, and areas below the horizontal axis are negative

in value).

Problem 15

Show the derivation of the improved test equation for thermodynamic consis-
tency (as shown below) which can be used even when T is not constant. This
equation is able to account for the temperature dependence of the activity
coefficient. Constant P may be assumed.

Thure a (/T)pure

1
Al Al 1
Jln Ya) gy, = J RdT = — J d|
v RT R \T
0

Toure b (/T e

Solution 15
Worked Solution
Background Concepts
Before we proceed, it is timely to be reminded of the following concepts:

* Thermodynamic properties can be either intensive or extensive. Extensive prop-
erties depend on the size of the system, while intensive properties do not. Hence,
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extensive properties are additive, while intensive properties are not. Common
examples of intensive properties are T and P.

* For a system containing a pure substance, its thermodynamic state and hence all
of its intensive thermodynamic properties can be determined from two indepen-
dent intensive properties. Once these two independent intensive properties are
specified (e.g., T and P), then

— The rest of the intensive properties (e.g., molar enthalpy /) are also
constrained, and are hence dependent intensive properties.

— The extensive property of the pure substance can also be constrained if the size
of the system is specified (e.g., total solution enthalpy H is constrained if 7, P,
and n are specified). For a mixture containing multiple species, this concept
is extrapolated to the sum over all species and the following makes sense
(where K hypothetically denotes a thermodynamic property which could
be V, H, U, etc.:

0K 0K 0K
dK B (ﬁ> P,nidT - <ﬁ> T,n,-dP " Zz: (a}’l,) T,P,njdni

* Going back to the definition of a partial molar property:

_ 0K
Ki= (a”i) T.P,n;

Let us now return to the question, where we can first express dK in terms of partial
molar K.

0K 0K _
dK = (W) P’de + (ﬁ> . nidP + Z Kdn;

We know that K = ngk and n; = xnp, so dK = nydk + kdny and
dn; = xdny + nydx;.

<a<nrk>) T+ (5<_g;’<>> dP+" Kid(xiny) = nydk + kdny
P,n; T,n; i

Ok Ok _ _
nr <8T) P’nidT —+ nr <6P> ., ndP + Z K;x;dnT + Z K[anxi = }’lek —+ kdnT

>

Let us collect the terms for ny and dny and move all terms to one side of the
equation,
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Ok Ok _
o) (3), -

We may deduce that the total size (i.e., no of moles) of the system denoted by ny
should not be affected by how the total number of moles changes. These are
independent variables. Hence it follows that the terms in brackets should be zero
respectively for the equation to hold.

dk — <%> dT — (ﬁ) dp — Z K;dx; =0
aT P,n; aP T,n; i
k— Zkixi =0

nr+ [k— Zl?,-x,-]dnr =0

Now we can figure out which property is useful in helping us solve this problem.
It would be excess Gibbs free energy. Recall that partial molar excess Gibbs free
energy is a partial molar property, and so is Iny; as follows from the definition of
GE =RTIny,.

For the total solution, molar excess Gibbs free energy is denoted by g“, so
substituting this property into the first equation, we obtain:

ogt 0gt _
def — [ = dar — [ = dP — Edx; =0
8 <aT>P,ni <aP>T,”i ZGI :

P,n; T,n,

We know from our earlier derivation that

E
0 (i—r) L hE Al
oT ~ RT®>  RT?
P,n;
E

o)\

aP =V = Avmix

T,n;

Substituting back into the equation,

d i + Ahmix 4T — AVmix
RT RT? RT

dP - Iny;dx; =0
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For constant P, dP = 0

E Ahmix Ahmix
d<g > — dT+Z ln}/idxi:— dT—|—1nyudxa+ln}/bdxb

RT) ~  RT? RT?
Ahmix Ahmix
=% dT +Iny,dx, +Iny,d(1 —x,) = — R dT + Inydx, — Iny,dx,
Alpmix g
— T+ In (L),
RT Yb

Integrate both sides, we have the following.

E Ahmix
Jd Li. :—J ; dT—i—Jln Ta) g,
RT RT 7

We know that for the two limits of integration, i.e., pure a and pure b, excess
Gibbs free energy is zero as that is the ideal reference state.

Toure a

1
Al .
0=— J o dTJrJln <7—>de
RT b

Tpure b
Ah l
mix g7 — J In (7—) dx,
RT b
0

We can also show that d() = —2. Therefore we obtain the following.

Tpure a

Tpure b

Toure a Thure a

1
Ahmix Ahmix 1
Jlny—“dxa: J 4T = — J df-
7 RT R \T

0

Tl,u,e b Tpure b

Problem 16

(a) Express RT In ¢; in terms of a deviation function of g from ideal gas
behavior.

(b) Derive an expression to evaluate the deviation function for different spec-
ified temperatures and pressures.

(c) What criterion applies for fugacity coefficient at vapor-liquid equilibrium?
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(d) If the pure fluid obeys the Equation of State z:%/ =14+AP+BP?, would you
recommend using the fugacity coefficient as a means of predicting the vapor
pressure for this fluid? A = 10 bar ,B = 0.2 bar >

Solution 16
Worked Solution

Background Concepts

The fugacity coefficient ¢; of a pure fluid helps to measure its deviation from
ideal gas behavior. We know that ¢; = f/P , so when P tends to zero (or when
Vtends to infinity), we tend towards ideal gas behavior where ¢; = 1. Fugacity is
also correlated to Gibbs free energy or chemical potential of pure i by the
equation g; = u; = RT In f; + h(T). Recall that chemical potential is simply

oG

partial molar Gibbs free energy y; = (W = G; = g, (for pure i).

) T, P,nj%,»

The deviation function may be expressed mathematically as shown, where g? is
the ideal gas reference state at low P.

giE = gi(TvP) - g?(T,P)

We can define a new function A(T) in the expression g; = RT In f; + h(T'), which
is a function of temperature obtained when we integrate at constant temperature
from Py, to P. So we arrive at i(T) = u? — RT Inf? = g — RT In P,,,.

We know that dg; = —s,dT + v;dP; hence (g‘;) = v;. Forideal gas,v; = f’,f—T,
- ow

while for a real gas, v; = %, where the measured pressure P for a real gas is
effectively a “corrected pressure” which is also called fugacity f;.
At constant T,

dg; = vidP
dg; = gdP =RTdInP
g — & = RTInf; — RTIn Py,
Since g; = RT In f; + h(T'), we can observe that h(T) = g? — RT In Pyy,. Now

we know that by definition ¢; = fi/P, where P here refers to the ideal gas
pressure, or Py, we continue from the above where
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(T, P) — g)(T,P) = RTInf; — RTIn Py, = gf
fi

low

gf =RTIn = RT In g,

(b)
dgiE = —siEdT + viEdP

At a particular isotherm T,

A series of gf at specified temperatures and pressures can be found by
substituting the values for (T, Py).
(c) At vapor-liquid equilibrium (VLE) ,

W= p
\%4 \4
v L fi ¢ P
Y —u=0=RTIn--=RTn
i A L 9LPo

Because we have a pure substance, therefore P = P, and the expression
simplifies to

Note that fugacity is not limited to gases, and fugacity coefficient is similarly
not limited. Fugacity coefficients may apply to liquids and solids as well.

(d) For this equation of state (EOS), it is a function of a power series expansion of
pressure; hence it is volume explicit. Volume explicit EOS will not yield
multiple roots for volume at a given P. This means that we are unable to obtain
two distinct values of volume for a given P. In our case, at P = P, we should
have v" and v* that both satisfy the EOS to account for the two phase behavior at
VLE. Hence this equation is not suitable for our case.

Mathematically we can show that the EOS is unsuitable to model for the
vapor phase as follows:

P
RT
o = al1,P) = 0.2 = RTng! = [ (v~ )ap
0
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P P
RT
RTIng = J7 (1+AP+BP*> —1)dP = J(ART + BRTP)dP
0 0

P
Ing) = J (A + BP)dP = AP + BP?
0

If we assume ideal gas, (pl-V =1,AP + BP?> = 0, we have two roots for P which
are negative in value or zero, respectively, which has no physical meaning.

However, this EOS can make sense for the liquid phase. Assuming at VLE,
@} = @F as derived earlier since this is a pure substance VLE, then Ing, # 0
and the values for P may be physically meaningful. Hence, this EOS only applies
to the liquid phase but not the vapor phase.

Problem 17

A new process was developed for synthesizing a new fertilizer. One of the
process steps involves adding a strong acid to a neutral aqueous solution.
Heat is produced from this mixing, and if it is too much, other by-reactions
will become significant and affect product yield adversely. Hence, it is impor-
tant to control the heat produced, to maintain isothermal conditions. You are
required to find the heat load on your cooling system, assuming a base case of
1 kg/s flow rate of aqueous solution fed to the reactor, to which the acid is added.
The only data you have is a couple of test results from adding different volumes
of pure acid into 3 ml water and measurements of the heat produced while
maintaining the solution at isothermal conditions. The results are shown below:

Heat produced when acid is added to 3 ml water under isothermal conditions
at 25 °C

Volume of acid added/ml Heat produced/J
0.2 —300

0.5 —600

1.0 —1170

1.3 —1440

Heat produced when water is added to 3 ml acid under isothermal conditions
at 25 °C

Volume of water added/ml Heat produced/J
0.10 —200
0.17 —320
0.25 —452
0.33 —594
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Given that the molar volume of water is 0.018 L/mol and that of acid is
0.054 L/mol.

(a) Discuss how the data can be related to partial molar enthalpies. Estimate
the infinite dilution partial molar enthalpies for both the acid and water.
You may assume that the molar enthalpy of a pure species is 0.

(b) Which of the two models for partial molar enthalpies suggested below
would be better for your analysis?

(c) Estimate values for A, and A;, and discuss their significance.

(d) Determine the heating/cooling load in Watts on the system needed to
maintain isothermal conditions as a function of the amount of acid added
to the aqueous reagent feed.

Solution 17
Worked Solution

(a) You can calculate the columns in italics (shown below) from the data provided.

Volume of acid Heat Moles of acid Moles of water | Ahpy,/J per mol of

added/liters produced/J | added in 3 ml solution

0.0002 —300 0.0037 0.17 —1730
(=0.0002/0.054) |(=0.003/0.018) | (=—300/0.17+0.0037))

0.0005 —600 .. 0.17

0.0010 —1170 0.17

0.0013 —1440 0.17

Volume of Heat Moles of water Moles of acid | Ahy,;/J per mol of

water added/liters | produced/J | added in 3 ml solution

0.00010 —200 0.0056 0.056 —3250
(=0.00010/0.018) | (=0.003/0.054) | (=—200/(0.0056+0.056))

0.00017 —320 ... 0.056

0.00025 —452 ... 0.056

0.00033 —59%4 ... 0.056

The enthalpy change of mixing is defined as follows.

Ahmix =h-— (xwaterhwater + xacidhacid)

h = XyaterH water + XacidH acid

For pure substance, question defined that we may assume the pure species
molar enthalpy is 0. Hence hyuier = 0; haciq = 0.
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Ahpix = h — (0)

Ahmix = xwaterH water 1 xacidH acid

This is the equation relating the data to the partial molar enthalpies.

Now, we need to estimate the infinite dilution partial molar enthalpies for
both the acid and water. To do so, we can first plot AH,,,;x against x,q for values
of x,ciq from O to 1. We then linearly fit two straight lines that are tangents to the
plot at x,;g = 0 and at x,.;q = 1. Note that the general equation for a straight line
is Y = mX+C.

For both straight line tangents, the straight line equation takes on the follow-
ing form whereby the gradient m = H,q and vertical axis intercept C = H ;.
Also notice that when no acid is added to water, ¥ = AH,,;x = O:

Y=mX+C
Ahpyix = H acid Xacid + xwaterI:I water
The linearly fit tangent at x,.;q = 0 gives ¥ = (—62,500)X + 0. Hence, Hjﬁid
= —62,500 J/mol (i.e., the m value).

The linearly fit tangent at x,.q = 1 gives ¥ = (32,000)X — 32,100. Hence,
H>® = —32,100 J/mol (i.e., the C value).

water

(b) Model 1:
Hu = [Aab + 2(Aba - Aab)xuxb]
I:Ib = [Aha + 2(Aab - Aha)xaxb]
Model 2:
Hy = 53 [Aab + 2(Apa — Aap)xa]
I:Ib = x¢21 [Aba + 2(Aab - Aba)xb]

Any partial molar property should satisfy the Gibbs—Duhem (GD) equation,
as shown below:

dH, dH,
Xg—— + Xp =

=0
dx, dx,

For model 1, we may derive the expressions to test the Gibbs—Duhem
validity,

Ha = [Aab + Z(Aba - Aab)xaxb]
Hy, = [Apa + 2(Aap — Apa)Xas)
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dH,

Xa d—xa - Z(Aba - Aab)xa-xb - 2(Abu - A“b)x“Z
dH
Xp d_xb = Z(Aab — Aba)x;,z — 2(Aab - Aba)xaxb

Combining the two results into the GD equation,

2(Aba - Aab)xaxb - Z(Aba - Aah)xa2 + 2(Aah - Aba)xb2 - 2(Aab - Aba)xuxb =0
(Aba - Aab)(xa - xh)z =0

‘We obtain the results A, = A,;, or x, = x;,. Model 1 does not work because if
Apy = Ay, then H, = Ay, and Hj, = A, which means H, and H, should be
constants that are independent of mole fractions of a and b. However, this is
false. Also x, = x;, need not always be true.

For model 2, we may derive the expressions to test the Gibbs—Duhem
validity,

Hy = % [Aup + 2(Apa — Aap)Xa)
I:Ib = XZ [Aba + 2(Aab - Aba)xb]

dH,
Xa—g— = ~2aXpAap — 4(Apa — Aab)Xa"Xp + 2(Aba — Aap) X Xa
a
dH
Xb b = 2x,XpApa + 4(Aab - Aba)xbzxu - Z(Aub - Aba)xasz

a

Combining the two results into the GD equation,

_2xabeub - 4<Aba - Aab)xusz + 2<Aba - Aab)xbzxa + 2xabeba
+4(Aap = Apa) " Xa — 2(Aab — Apa)Xa" X5 =0

(Aba 7Aab)xaxb(1 — Xq 7)(},)2 =0

We obtain the results A, = A, porx, =0orx;, =0o0r1 — x, — x, = 0. Model
2 can work as it is true that 1 — x, — x;, = 0.

(c) Assume species a is water, and b is acid. Following from part a, we know that
HX = H® = —62,500 J/mol, and HY .. = H>® = —32,100 J/mol. Substitut-
ing values into model 2,

For species a,

I:Ia = xi [Aab + Z(Aba - Aab)xa]
I:IZO = —-32,100 = ][Aab + 0] =Aw
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For species b,

ﬁb = xi [Aba + Z(Aab - Aba)xb]
= —62,500 = 1[Ay, + 0] = Ap,

hy

Thermodynamics

The values of A,;, and A,,, are the infinite dilution partial molar enthalpies for

species a (i.e., pure b) and b (i.e., pure a), respectively.
(d) The heat generated from mixing is defined as follows.

Ahpix = XwaterH water + XacidH acid

Substituting model 2 expressions,

Ha = x;Z,[Aab + 2(Aba

- Aub)xa]
Hb = XZ [Aba + 2(Aab - Aba)xb]

We get the following expression for the enthalpy change of mixing:

Ahpix = xaxlz, [Aab + 2(Aba

— Aup)Xa] + X622 [Apa + 2(Aap — Apa)Xp)

We may specify values of x,, and x;, will then be constrained and specified by
xp =1 — x,. Ay and A, are known from part c; therefore, we may plot a graph of
Ahnix against x,, which will give us the amount of heat generated as a function
of mole fraction of acid.

Problem 18

The compressibility factor of a substance a at 450 K and 10 bar is measured to
be 0.89. At what temperature and pressure would substance b have a similar
value for the compressibility factor? Thermodynamic data for both compounds

appears below.

Substance a Substance b

Molar mass [g/mol] 74 84
Acentric factor [w] 0.281 0.280
Critical temperature 7, [K] 470 500
Critical pressure P, [bar] 36 31

Critical compressibility [z] 0.263 0.265
Critical volume v, [cm*/mol] 280 350
Normal boiling point [K] 308 340
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Solution 18
Worked Solution

Before we tackle this problem, recall the law of corresponding states which states
that all fluids behave similarly (i.e., same compressibility factor) at the same reduced

temperature and pressure. Reduced parameters can be found from 7', = %, P, = }%

Compressibility factor is a dimensionless grouping denoted by z = 1% =f(T,,P,).
Note that acentric factor @ measures how non-spherical a molecule is.

450

Tr a — = — = .
4T T, 470 0-96
P 10
Py=—=—=02
" P, 36 028

Atz =0.89, we want substance b to behave similarly. This means that the reduced
T and P will be the same as that for substance a.

T=T,, x Tep =096 x 500 = 480 K
P=P,, xP.,=028x3] =87bar

Problem 19

The partial molar property of a particular component may be defined as

follows:
_ 0K
K; = (>
On; T,P,n;

(a) A common mistake is to assume the following, explain why this is a mistake.

_ ok
Ki= <8x,~> T,P,n;

Show that for a mixture containing two species a and b,

Ko k(1= (52 )
a/ T,P,n,
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(b) The partial molar heat of mixing of water (species a) and a non-volatile
substance (species b) has been found from the temperature dependence of
water partial pressures. This data can be expressed as follows:

ﬁmix,a = b(l - xa)z

Use this to determine the heat of mixing per mole solution, Ak, as a
function of composition, x,.

Solution 19
Worked Solution

(@)
7= (%K
C\om T,P,n;

For a binary mixture, we have the following for species a

5 a(nTk) o 8k anT
Ka= ( Ong )T,P,n,, B nT(a”a) T,P,n - k(a—”a> T,P,ny

We know that ny = n, + n, S0 (g"r) = (M) = 1. Therefore
"a)T,P,ny T,P,n

ong
_ ok
K, = — k
" (a”a> T,P,n, -

Now we think about how to convert (%‘) into the form (ﬁ) .
a/T,P,ny, T,P,ny

we have the following,

0x,
dn, = d(nrx,) = nrdx, + x.dnr
Differentiating with respect to x,, the expression becomes

dn, dny d(n, +ny) dng dny,
dx, nT X dx, nT + Xa dx, =nrt X dx, t % dx,

In our context, we are finding K,,. So n,, is constant and dn,, = 0.

dn, n dn,
=nr +x,—
dx, g “ dx,
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dn,
dx,

dn, nr

(1 —x,) =nr

dx, 1-—x,

nr
dn, = —dx,
Xp

Substitute this result back into our earlier expression for K,,, we get

[Za:xh Ok +k:k+(l—xa) Ok
axa T,P,n axﬂ T,P,n,

Ahmix - xammix,a + xbmmix,b

(b)

We can relate the partial molar property of one species to that of another using
the Gibbs—Duhem equation. We are given AH x4, S0 We can use Gibbs—Duhem
to obtain the expression for AH ;s , as we go about determining Ahy;y.

dmmix, a + dmmix, b 0
Xg| ——— xXp| ———) =
dx, b dx,

dAH ;
—2bx,(1 —x,) + (1 — x4) <d7xlzm) =0
~2bx, + (dAH““*”’> =0
dx,

dAH yix.p = 2bx,dx,

Emix,b 1
dAH nix p = Jbeadxa
0 0
AH nix.» = bx,*
mix, b Xa

Substituting this result, we can find Al

Ahmix - xammix,a + xbmmix,b - bxa(l - xa)z + bxaz(l - xa)
=b(1 —xa)(xa — x,° —|—xa2) = bx,(1 — x,)
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Problem 20
At 350 K, the enthalpy of a solution is given by:

h[J/mol] = 200x,+200x,+50x,x;

A mixer operating at steady state combines the two inflows to form a single
outflow stream Z. The following data is available about the inflow conditions:

Flowrate [mol/s] X Xp Temperature [K]
Inflow X 2.5 0.3 0.7 350
Inflow Y 1.5 0.8 0.2 350

(a) Calculate the mole fraction of component a in the outflow stream.

(b) Find the rate of heat transfer in Watts required by the mixer if the outflow
temperature is 350 K.

(c) Is the binary solution in this problem ideal or non-ideal? Explain your
reasons.

(d) Calculate the value of the partial molar enthalpies of components a and b
for a solution with x, = 0.5.

(e) If components a and b are needed to mix in a lab beaker, would you
recommend pouring pure « into a beaker which contains pure b, or pouring
pure b into a beaker which contains pure a? Explain your reasons.

Solution 20
Worked Solution

(a) This is an open system with inflows and outflows. We may construct mass
balances as follows:

Flowrate [mol/s] X4 Xp Temperature [K]
Inflow X 2.5 0.3 0.7 350
Inflow Y 1.5 0.8 0.2 350

Totalmass:ny +ny=nz —25+15=4.0

Component balance: xx qfix + Xy, iy = Xz, 407 — 0.3(2.5) +0.8(1.5) =

Xz,a(4.0)

Xz, =049; xz,=1-049 =0.51
(b) We may construct an energy balance as follows:

fixhy +nyhy —iizhy; +Q =0
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2.5hx + 1.5hy —4.0h; +Q =0

We are given h = 200x, + 200x, + 50x,, or h = 200
(x4 + xp) + S0x,x;, = 200 + 50x,x,,, so we may substitute into the energy balance:

hx = 200 + 50(0.3)(0.7) = 210.5
hy = 200 4 50(0.8)(0.2) = 208
hy = 200 4 50(0.49)(0.51) = 212.5
Q = —2.5hy — 1.5hy +4.0h; = 11.75W

(c) If the mixture was non-ideal, then Ah,,;, # 0. Heat input is required to maintain
the temperature at 350 K, this implies that the mixing causes temperature to drop
(endothermic), and the mixture is therefore non-ideal. We can observe that in the
equation & = 200x, + 200x;, + 50x,x, that when x, = 1, & = 200 and when
X, =1, h = 200. And as long as there is a mixture of a and b, h is lowered from
the pure species 4 = 200 J/mol. Therefore Ahp,, = h” is negative.

(d) Given that x, = 0.5, we know that x, = 1 — 0.5 = 0.5. So we can find H, and H,,.

h = 200x, + 200x, + 50x,x, = 200 (”—) +200 (@) 150 ("—) (@)
nr nr nr nr

nrh = H = 200n, + 200n, + 50 <””") — 200n, + 200n;, + 50( Malth )
nr g + np

_ OH a — M
H, = ( ) — 200 + 50 "l ) a8} = 200 + 501,
0na) 7.p.m, (g + np)

= 200 + 50(0.5)* = 212.5 J/mol

_ aH a\"ta — Ma
i, = ( ) — 200 + 50 (” (1 + 1p) — 1 ”b> — 200 + 50x,2
T,P,n,

ony, (ng +np)*
= 200 + 50(0.5)* = 212.5 J/mol

(e) At 350K, the heat released is symmetric with respect to x,,, this means that if we
interchange species a and b, the equation for Ah,,;, is the same. Species
a behaves in the same way in a given proportion of species b, as species
b does in that same proportion of species a. Hence, regardless whether we mix
species a into b, or vice versa, the final solution enthalpy is the same.



168 Thermodynamics

Problem 21

Indicate whether each of the following statements is true or false and provide
suitable explanations and justifications for each.

(@) Y (xid@;) = 0 by the Gibbs—Duhem equation.

(b) For an ideal solution, S* = —R > (x; In x;), to accommodate the effects of
mixing, and S # Y (x;5;).

(c) The modified Raoult’s expression assumes that the interactions between
molecules in the gas phase and between molecules in the liquid phase are
both zero.

(d) At equilibrium, a flavoring agent dissolved in salad dressing (a phase of oil
in a phase of water) would have the same molar concentration.

Solution 21
Worked Solution

(a) False because the Gibbs—Duhem equation only holds for partial molar proper-
ties. In @, is a partial molar property as it is related to excess Gibbs free energy,
but ; is not itself a partial molar property.

(b) False. Any excess property for an ideal solution is zero, since excess properties
measure the deviation from the ideal solution reference state. The expression
—R ) (x; In x;) is the entropy of mixing from ideal mixing. It is not an excess
property.

(c) False. The modified Raoult’s expression assumes that intermolecular forces
between gas molecules are zero for ideal gas. But it does not assume this is the
case for liquid phase. For ideal solutions, there exists intermolecular forces
although these forces are assumed to be the same between different molecules,
i.e., like interactions (a—a or b—b) are the same as unlike interactions (a—b or b—a)
in a binary mixture. For non-ideal solutions, the activity coefficient will account
for any deviations from this assumption.

(d) False. At equilibrium, the fugacities of the specie (e.g., flavoring agent) in oil
phase and water phase are equal. However the molar concentrations in each
phase need not be equal.

zoil Fwalt
f?l :f:)va er

oil _oil psat, oil water _water psat, water
vi X P =y X% P

From here, you may observe that x;’ﬂ need not be equal to x}'*'".
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Problem 22

At atmospheric pressure, substances a and b form an azeotrope that boils at
65 °C and has a mole fraction of substance « in the liquid of 0.3. The saturation
vapor pressures of a and b at 65 °C are 1.3 and 0.97 atm, respectively.

(a) Calculate the activity coefficients of substance a and b at the azeotrope.

(b) Determine a value for excess Gibbs energy g” for the azeotrope in kcal/mol.
If enthalpic factors dominated in influencing g” for this system, would the
adiabatic mixing of pure a and pure b (each at 65 °C) to generate a solution
at the composition of the azeotrope produce a solution that is hotter or
cooler than 65 °C?

(c) Using earlier results, calculate the vapor composition over the liquid solu-
tion at 65 °C that contains 12 mol% of substance a. Consider the van Laar
equations to describe this system as shown below:

& = xuxs (A_B)

Ax,+Bxy
Bxb 2
RTI1 =Al———
N7a (Axa —|—Bxb>
Ax, 2
RTI1 =B|—
7 (Axa —|—Bxb>

Also note the following result.

Iny, _Alab Xa 2
Iny, T Al |xp

(d) Calculate the total pressure over the solution at the condition of part c.

Solution 22
Worked Solution

(a) At vapor-liquid equilibrium for our binary mixture,

@ayaP = yaxaP;at

PP = VX6 P, Zat

The azeotrope is a point in the phase diagram where the Px and Py curves go
through a maximum or minimum. At this point, the mole fractions of each
species in the liquid phase are the same as that in the vapor phase, i.e., x, = y;
X, = yp,. Azeotropes are typically observed in mixtures where the deviation from
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Raoult’s law is significant, i.e., the unlike interactions are very different from the
like interactions. Moreover, the saturation pressures of the two species are close
in value. Our system is at atmospheric pressure, which is considerably low and
hence ideal gas may be assumed for the gas phase and ¢, = @, = 1.

The equations become simplified to:

1
077
13 077 bar

y 1
P=y,P* =y, = 097 = 1.03 bar

P=y Pl =y, =

(b)
g = RTin Iny; = RT(x,Iny, + xpIny,)

2cal K
gF = ( Crzol )(273.15 +65)(0.31n (0.77 bar) + 0.7 In (1.03 bar))

—0.04 kcal /mol

Note that gE = hE — TsF < 0. If we assume enthalpic effects dominate, then
we may ignore contributions from the term 7s* and assume that 4* < 0. For
adiabatic mixing of pure components, A, = h* since Ahﬁf;l = 0.If Al <0,
then mixing is exothermic and temperature will increase. If we want to maintain
constant temperature, we need to remove heat from the system. Since the system
is adiabatic, Q = 0; therefore, temperature will rise.

(c) Let us now evaluate values of A;b and Agm at the azeotrope:

Iny, A, [x 2
Iny, Ay,

Xb
In1.03 A, [0.3]°
In0.77 A}, [0.7
A/
b — _0.616
Aba

Using the Van Laar equations, we let A be A/, and B be A} .

2

A, g 1
Y A S R
abXa + Aba‘xb (%) (ﬂ> +1

ba) \*b

2
= [(8.314)(273.15 4 65) In 0.77] [—0.616 (8%) + 1} =A,
— —398
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Al —398

— 0616 — A = — 646
e T 0616

Now, we can calculate the vapor composition over the liquid solution at 65 °C
that contains 12 mol% of substance a.

x =012, x, =1-0.12=0.88

—398 646(0.88) :
Iny, = =-0.17
8.314(273.15 + 65) \ —398(0.12) + 646(0.88)
7. = 0.84
646 —398(0.12) 2
Iny, = =0.0019
e = §314(273.15 + 65) (—398(0.12) + 646(0.88))
7y = 1.00

(d) To find out the total pressure over the solution at the condition of part ¢, we can
start with the VLE condition assuming ideal gas but non-ideal liquid.
YoP =y, %P3 =0.84 x 0.12 x 1.3 =0.13
P = (1 —y,)P =y,x,P;" = 1.00 x 0.88 x 0.97 = 0.85

Solving the above simultaneous equations, we can determine y, and P.

P=098atm, y,=0.13

Problem 23

A cylinder of substance a at 60 bar and 30 °C contains some substance b.
Substance a is sparingly soluble in b under the stated conditions. Assume that
Iny, = Ax,f . The saturation pressure of substance a at this temperature is
10 bar, and that of substance b is 0.03 bar. We are told that the critical pressure
of substance a is 42 bar, and the critical temperature is 370 K.

(a) What are the fugacities of substance a in both phases?
(b) What is the value of Henry’s law constant for substance a in b at this
pressure, and express it as a function of A only.

Solution 23
Worked Solution

(a) At VLE, the fugacities of substance a in the vapor and liquid phase are equal.
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L rV
fa :fa
}/dxaP(;at = @ayaP

We are told that substance a is only sparingly soluble in b; hence, liquid phase
has negligible amounts of substance a (x, < 1). Also we notice that P3* > P*,
so vapor phase mostly consists of substance a. Hence, we can more easily find
out fugacity from f V" instead of f L since x, is unknown, but this simplifying
assumption of y, ~ 1 can help us solve for f v,

Note that in this problem, P = 60 bar which is high; hence, we cannot assume
ideal gas and ¢, = 1. Instead, we can try to determine ¢, using the generalized
correlation which uses the following equation:

loggp; = logq)(O) + a)loggo“)
We can refer to the values of 40(0), go(l), and w after we have calculated the
reduced temperature and pressure for our system. Then we can substitute these
values into the above correlation to obtain @,,.

P 60
T 273.15430
T, =—="""""=0.82
T. 370 8

These reduced parameters give us ¢” = 0.2, " = 0.36, and @ = 0.15. So
@, =0.2.

fY=02x1x60=12bar=fF

(b) Henry’s law constant for substance a occurs at infinite dilution of a in the liquid
phase, i.e., x, = 0, x, = 1.
AL ‘ ‘
fa =13%aP =xHo — Hy =y P
Iny, :Axi —yy = A = oA

H, =" (P™) = 10e” bar

Problem 24

What vapor pressure P" is at equilibrium with a droplet of radius r at temper-
ature 7? You may assume ideal gas vapor phase. From the result, explain the
phenomenon whereby small droplets may shrink further while large bubbles
may continue growing.
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Solution 24
Worked Solution

Let us consider a case of a pure liquid droplet surrounded by its pure vapor. Note that
the special condition about a droplet is that there is surface tension, which makes the
pressure in the liquid dissimilar to the pressure in the vapor. The pressure in the
liquid droplet has to be higher in order for the droplet to be at equilibrium with the
external vapor phase u" = u".

(P™ — P*") (nr?) = 2zro

Note that the pressure difference acts on the projected cross-sectional area of the
spherical bubble; hence, the area is that of the circular cross section at 712, This
higher pressure acting from inside the bubble outwardly is balanced by the surface
tension force pulling inwards to keep the spherical shape of the bubble. Note that
surface tension acts along the perimeter; hence, that is the circumference of a circle at
2zr. Back to the question, we require for VLE that chemical potentials are equal.

Ho=p
PL
,ML _ gL _ gsat(T) =+ J deP _ gsal(T) 4 VL (PL _ Psal)
Pblll
Note that in the case of a liquid droplet, the pressure inside the liquid droplet P* is

significantly high and so the assumption that (P* — P**) is small enough to be
neglected cannot be made. This is different for the case of a bubble in liquid phase.

pv
#V — gV gsat(T) + VVdP
PSQK
PV
. RT , PV
= g™ (T) + J 5 dP=g"(T) + RTIn
P%Il

Finally equating both results, we get
PV
vH(PY — P) =RTIn =

(PL — PV) (77,'7'2) = 2zre — PF = 2—:+PV
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v
v (276 + P’ — P““) =RTIn—;

From the expression, we observe that smaller droplets have a higher chemical
potential and so are in equilibrium with a higher vapor pressure. If there was a
droplet just smaller than the equilibrium radius, the liquid phase will have a higher
chemical potential than the vapor and material migrates from the liquid to the vapor.
Hence the droplet shrinks further to try to equilibrate. Conversely, for droplets larger
than the equilibrium radius, the reverse is true due to the similarly unstable equilib-
rium which makes the droplets grow further in size.

Problem 25

Explain why superheated liquids can be stable (i.e., not boil even though
temperature is above boiling point) in the absence of nucleation sites.

Solution 25
Worked Solution

Boiling is observed when bubbles first become stable. When superheated liquids are
stable and do not boil even though temperature has exceeded boiling point, it means
that bubbles cannot form stably because the moment small bubbles form, the
direction of equilibrium is in shrinking the bubbles further till they disappear. For
small bubbles, the surface tension is high, and this inward force, together with
atmospheric pressure, cause bubbles to shrink. The force that is expanding it is
vapor pressure from inside the bubble.

Boiling occurs if bubble formation and growth is stable, and this is when
saturated vapor pressure is equal to atmospheric pressure. This explains why boiling
temperature is related to atmospheric pressure. It is easier to form bubbles (i.e.,
require lower boiling temperature) when the external atmospheric pressure (that
works to crush boiling bubbles) is lower.

Pin:POUl+2_6

r
2 2
PV:PL+_U:Patm+_6
r r

In the above equation, the left-hand side is the expanding force that promotes
growth of the bubble, while the right-hand side is the crushing force that shrinks the
bubble.

PV Py
VoV — st Vdp = o5YT EdP— sat(p RT1 P—V
wo=g =gt (D) + | vidP =g (T)+ | dP =g"(T) + RT Infqg
psat psat
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PL
ﬂL —_ gL —_ gsat(T) + J VLdP —_ gsat(T) +VL(PL 7Psat> ~ gsat(T)

psat

Note that (P* — P**) may be assumed to be small, since P~ = P*™ and this value
is not significant. Moreover, v" is small. Hence we can assume g" is not a function of
pressure. This means that u" =ul — RT ln}_‘,’—:l =0 and P(higher boil-
ing T) = P*(normal boiling 7). For boiling, the interface is not flat,
Pt = p*™ = PV 4+ 22 — P!(normal boiling T') + 2.

At normal boiling point (with presence of nucleation sites) we know that
P**(normal boiling T) = P*™.

In the absence of nucleation sites at atmospheric pressure, bubbles are exception-
ally small and this makes 27" larger, and hence superheat needs to be applied for
boiling to occur at a T > Tormar bp- It follows that Py, (T) > Psa Thormal bp) = Patm-
Using the Clausius—Clapeyron equation, we can calculate the superheat required to
be applied.

dInP™  AH,,

dT RT?

(P AHyp (11
"\ p, R \7, 1,

" (Psm(T)> _ AHy, (1_ 1 )
P atm R T Tnormal bp

Problem 26

(a) Starting from the second law, show that the Gibbs energy of a closed system
is minimized at equilibrium if temperature and pressure are constant.

(b) Show that for a pure substance with coexisting vapor and liquid phases at
equilibrium, the molar Gibbs energy of the vapor is equal to the molar
Gibbs energy of the liquid.

(c) Show that for a binary mixture with coexisting vapor and liquid phases at
equilibrium, the chemical potential of each component in the vapor phase is
equal to the chemical potential of the same component in the liquid phase.

Solution 26
Worked Solution

(a) The second law states that dS,,; > 0, where it is equal to zero for a reversible
process. For a closed system at constant 7, it is at thermal equilibrium with the
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universe. For a process occurring inside the system, there is a transfer of heat dg
from the universe into the system. Since we have thermal equilibrium, outside

the system we have d Sy = —%. This equation means that the heat added to the
system must equate the heat lost from the surroundings, to remain at isothermal
conditions.

The second law also states that dSgys > % in order for dS,,; > 0. For a closed
system, dU = dQ + dW = dQ + dWgpare + Waow work)> Where dW is the work
done on the system. Also for a closed system, there is no inflow/outflow of
internal energy U that is contributing to dU.

Wiow work 18 PV work and consists only of PdV because external pressure is
constant for closed system. dU = dQ + dWgpap, — PdV. Assume work is done by
the system in an expansion of volume; hence, dV is positive and there is a
negative sign before the term PdV.

In general, G = H — TS = (U + PV) — T8. For an open system,

du
dt

= Z ’;linhin + ’;loulhout + Q + Wshaft

sys

For a closed system, dGys = dU + PdV + VdP — TdS — SdT. Under
isothermal conditions (dT = 0) and for a closed system (dP = 0),
dGgys = dU + PdV — TdS.

dGyys = (dQ + dWspay — PdV) + PdAV — TdS
If no shaft work is done on system, dW.q = 0.
So it follows that from the second law, we can deduce that 7dS,y, > dQ in the
equation dGgys = dQ — TdS, and therefore dG,,s < 0 at constant T and P inside a

closed system without shaft work.
(b) Pure substance at VLE at constant 7 and P,

8§ =8

dG" = d(n"g") = ¢g"dn" since g" is a function of T and P only for pure
substance. In this case it is a constant that can be taken out from the differential.

dG = dG" + dG" = gtdn" + g"dn"

dn" = —dn*
At equilibrium, dG = 0 and so

dG = (gL — gv)dnL =0
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Therefore it is shown that g“ = g". In addition, we may observe that in order
for G to be lowered, there can be a transfer of material from vapor to liquid phase
(dn*>0and (g~ — g") <0) or liquid to vapor phase (dn* <0 and (g~ — g") > 0).

(c) Consider differential amount of component 1 moving from vapor to liquid phase
at constant 7 and P.

oGt
dGh = L dni = utdnf
11T, P,nt
0GY
1 17,Pny
dnlv = —dnlL

dG = dG" +dG" = pldn{ +p'dn! = (uf — p)')dn{

At equilibrium, dG = 0, so uf = pu}'. The same applies for component 2.

Problem 27

Derive the Poynting correction factor, and use it to calculate the vapor pressure
exerted by liquid water at 25 °C in a cylinder of argon at 190 bar.

Solution 27
Worked Solution

We have a VLE consisting of a pure liquid in equilibrium with a vapor phase
mixture. The Poynting correction is used to account for pressure dependence of
pure species fugacity in liquid phase (pressure of pure liquid is also P¥* = P), by
adjusting for the significantly higher system pressure relative to the specie’s satura-
tion pressure, i.e., where (P — P,.Sa‘) becomes significant.

The Poynting correction term is the exponential term in the general expression
shown below:

P
fL _ satPsat i dP _ satPsat i(P _ Psat)
a = Pq a exp RT =9, a €xp RT a
ij'
Ay Ay ~
60{:/ :f—a:f“ s ”a_ﬂngTln &
P, y,P fg

If saturation pressure P3* of the species is low, the saturation fugacity coefficient
@3 = 1. If ideal mixing is assumed for vapor phase mixture, i.e., like interactions
are the same as unlike interactions, then ¢ = 1 and y,P = P,.
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For VLE, where component a is the pure liquid,
Mo =ty
For pure species a in liquid phase, u- = gZ(T, P), and at constant 7 we have

dg = vdP — sdT = vdP
P
S(1.P) = gL (TP + | vlap = gH(1.P2) + vl (P = P7)

Pa%\l
For vapor phase, there is a mixture,
f AV
P
#y (T,P) =g,/ (T,P)+RTn (%) — ¢/(T,P) + RTIn (%}{a >

a
If we assume an ideal mixture in vapor phase, ¢} =1

#g (T,P) =g, (T,P) + RT Iy,
If we adjust for pressure from saturation pressure to system pressure,

P
) (T, P) =g} (T, P}") + J v/dP + RTIny,

sat
Pu

Assume that the pure species a in vapor phase behaves as ideal gas for the
pressure range,

P

sat
a

P
RT
u, (T,P)=g) (T,P3™)+ J?dP+RTlnya:g;’(T,P;a‘)+RTln +RTny,

sat
PH

sat
a

P
Vv a
=g/ (T,P}*) +RT In =
For VLE, we have the following equation relating the liquid and vapor phases.
L sat L sat Vv sat Pa
84 (T7Pa ) tv, (P_Pa ) =& (T’Pa ) +RT1nPsat

For pure species at saturation conditions, g&(T, P) = gV (T, P5")
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P
va (P = PJ) = RTInog
a

L sat
, v (P—P
Pa — Pzatexp|: a ( o7 a ):|

When we compare this to the general form of equation,

L
Va

L |
b= grrte Ve (- )]

We may observe that in this case, after accounting for all the assumptions,
f uL = P,. Note that f aL # P because vapor phase is a mixture and not pure, and
moreover the definition of fugacity of a component (pure or in a mixture) is the
partial pressure of an ideal gas of the same species which would be in equilibrium
with that component. Also note that f’ uL # P> because the VLE is not occurring at
saturation conditions.

In order to calculate the vapor pressure exerted by liquid water at 25 °C in a
cylinder of argon at 190 bar, we can use the expression derived earlier, where species
a is water and P is 190 bar.

L sat
v(P—P
Pa = P;atexp {%}

Problem 28
Explain the meanings of the following terms:

(a) Chemical potential
(b) Fugacity

(c) Partial fugacity
(d) Activity coefficient

Solution 28
Worked Solution

(a) Chemical potential is the partial molar Gibbs energy, which serves as the driving
force for the movement of a species between phases, whether in a chemical
reaction, by diffusion or other means, etc.

(%
Him on; T,P,n;

In an open system where the total number of moles in the system may change,



180 Thermodynamics

dG = —SdT + VdP + _ pdn;

(b) Fugacity of a pure substance (solid/liquid/vapor) is the vapor pressure of an ideal
gas (or partial pressure) of that same substance which will be in equilibrium with
that pure substance. Or in other words, the pressure of a real gas of that same
substance in equilibrium with that pure substance after multiplied by the fugacity
coefficient ¢;.

&(T,P)=g)(T,P°) + RT In (F)

i

gi(T, P) is the pure real gas i, note that species i can be solid/liquid/gas, as this
term is a “dummy”’ that is created whereby g;(T, P) = f l.V such that how it relates
to the actual phase is through the VLE equation, " = £ (or f}). g(T, P°) is
the same pure gas at a chosen P° such that the species behaves as an ideal gas
which is a conveniently chosen reference state. Finally, note that f; is the pure
real gas fugacity, so it is obtained after correcting system pressure in f; = @;P.
(c) Partial fugacity of a component in a real mixture, f £, is the pressure of a
hypothetical gas (ideal mixing rules) of the same component which would be
in equilibrium with the component i in the mixture.

f,L :fgv = @,‘V)’ip

The fugacity of this hypothetical ideal gas of species i features in the
expression as follows:

srr-aeyemrn(])

i

u«T, P) is for component i in the real liquid mixture, g (7T, P°) is a pure ideal
gas of component i at T and a P° where it behaves ideally and refers to a
hypothetical reference state. f Y is the partial fugacity of real gas i in an ideal
mixture whereby f Y = @) y;Pand finally, f? = PV is the fugacity of a pure ideal
gas of component i, chosen as the reference state.

(d) Activity coefficient y; is a measure of the deviation from ideal mixture of a
component in a real mixture. When y; > 1, the mixing is thermodynamically
unfavorable, and conversely when y; < 1 the mixing is thermodynamically
favorable. The activity coefficient features in the expression as follows:

ﬂiL(T7P7-xi) - giL(T,PMC,' = 1) +RT1H (yix,-)
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ui(T, P, x;) refers to that of component i in a real mixture, g7, P, x; = 1) refers
to that of pure i, and RT In (y;x;) is the chemical potential of mixing which is a

sum of two subcomponents (Agmix = Agideal mix + AgE). We can interchange x;
with y; for a gas mixture.

Problem 29

The two-constant Margules equation for the excess Gibbs free energy of a

binary mixture is given below. Derive equations for the activity coefficients y,
and 7.

gF = x.xy[A+B(x, — xp)]

Solution 29
Worked Solution
0GE 0(nrgk) gF
E E E
Sa THa = 5y " n —& g
alr,p,n, a |1,p,n alT,P,n,
DoF
Ralr p,n,

. E . E
Now we think about how to convert (2 into the form (28
0na) T py 0% )1.p
s, Np S,

dn, = d(nrx,) = nydx, + x.dnr

Differentiating the above with respect to x,, we have

dn, dny d(ng +np) dn, dny,
dx, AT ¥ Xa dx, nT T+ Xa dx, =nrt dx, t X dx,

In our context, n, is constant; hence dn;, = 0

dn, n dn,

=nr+x,—
dx, g dx,
dn,

. (1 =x,) =nr

dn, nr

dx, 1-—x,

dn, = (ﬂ> dx,
Xp
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Returning to our earlier expression for excess Gibbs free energy, and substituting
the above results, we have

0gt 0gF
nggE+nTa :gE+x;,a
Ralr,pm, X

alT,P,ny
= Xa%[A + B(x, — x3)] + X [(A — B) + (6B — 24)x, — 6Bx,’]

= Ax,xp + Bxazx;, — Bxax;,2 + Axp, — Bxp + 6Bx,x;, — 2Ax,xp — 6Bxazx;,
= —B(1 — x)x,> + (A — B)x, + (6B — A)(1 — x3)x, — 5B(1 — 2x; + 7 ) x
= —Bxy> +Bx,’ + Ax, — Bxj, + 6Bx;, — Axp, — 6B}ch2 —|—Ax;,2 —5Bx, + IOBx;,2 —5Bx;,°
= (A 4+ 3B)x,*> — 4Bx,’
Since by definition, g£ = RT Iny,,
RTIny, = (A +3B)x,” — 4Bx;’
As for species b,

0gF 0gk ogF
nggE-&-nTa— = g5 + x5 :gE—xaa—
\r1,p,n, b1, P,n, Xal|T,pP,n,

In the same way, we may find the following for species b,
8f = xaxp[A + B(xy — x)] — X, [(A — B) + (6B — 2A)x, — 6Bx,’]
= x,(1 — x,)[A + B(2x, — 1)] = (A — B)x, — (6B — 2A)x,> + 6Bx,’
=Ax, — Ax,” +2Bx,> — 2Bx,> — Bx, + Bx,> — Ax, + Bx, — 6Bx,” +2Ax,” + 6Bx,’
= (A — 3B)x,% + 4Bx,’

Since by definition, gZ = RT Iny,,
RTIny, = (A — 3B)x,> + 4Bx,’

Problem 30

If the activity coefficients for species a in a mixture is given by the expression
below, derive an expression for Iny;.

Iny, = axy*+bxy3+exp?
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Solution 30
Worked Solution

From Gibbs—Duhem, we know that

> xidlny; =0

dlIn dIn
Ya + Vb —

a 0
dx/, b dx;,
dl
xq (2axp + 3bxy” + dexy®) + xp "
dxb
2 3 dlny,
(1 —xp) (Zaxb + 3bxp” + 4exy ) + xp =0
dxb
2 3 2 3 4 dlny,
—2axp — 3bxp” — 4exp” 4 2axp” + 3bx” + dexy” = xp ]
xp
dlny, ) 3
ya —2a+ (2a — 3b)x, + (3b — 4¢)xp” + 4exy
xp
3 4
Iny, = —2ax, + axb2 — E)Cbz + bxb3 3 cxb3 + be4 -+ constant

To find the constant, we can use the fact that when x, = 1, y, = 1

3 4
O:a—2a+b—§b—§c+c+constant

tant +b+c
constant = a + =+ =
23

Substituting the constant, and knowing that x;, = 1 — x,,, we get

3 8
Iny, = axa2 + bxa2 <§ — xa) + cxa2 <xu2 — §x“ + 2>

Problem 31

183

A mixture of species 1 and 2 is in vapor-liquid equilibrium at 1.01 bar and
110 °C. The liquid phase is 15 mol % of species 2 and the vapor phase is 75 mol
% of species 2. Assume that at 110 °C, saturation pressures of species 1 and
2 are 0.17 bar and 1.41 bar, respectively. Find out the parameters of the Van
Laar equation, @ and g for this system. Note that the Van Laar equations are as

follows:
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184
o
Iny; = 3
ax
(1+32)
B
Iny, = P 2
X
(1+22)
Solution 31
Worked Solution

We know that in the liquid phase, x, = 0.15, x; = 0.85 and in the vapor phase,

v, = 0.75, y; = 0.25.
For VLE, we have the balance of chemical potentials in the liquid and vapor

phases.
7’1751191Sat =P
= oo~
Similarly for species 2, we have
»,P 0.75x1.01 _ 358

727 P T 015 x 141

Now we can find simplified expressions from the Van Laar equations,

In Y1 o (X( ax) N 2x,2
Iny, 2 B\ Butan) p \a2x2 ax,?
ﬂ(l n ;;—2) ot

ax; <x2> Iny,
J2%) x1 /) Iny,
a

2
(1+)

2 2
x2lny, 0.151n3.58
=1 1 =nl175(1+ ) =11
¢ nyl( +x11nr1) ! < t085m175

pr)? (a1 +4x)’*
1 +__> o axi+px a <ﬁ2)€22) _ﬂxZZ

ln}/l =

Similarly, we have the following for species b,
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fro _ (x1)Iny,
ax x2/) Iny,
_

2
(1+%)

2 2
xlny, 0.85In1.75
—lInp,(1 —n358( 1+ ) 55
b n72< +x21ny2> " ( t0.1513.58

ln}’z =

Problem 32

Seawater is approximately 4%wt of sodium chloride. Estimate its freezing
point. You are provided with the enthalpy of fusion of water = 6 kJ/mol.

Solution 32
Worked Solution

In analyzing freezing point depression, we may consider a solid—liquid equilibrium
system. In a system that consists of a pure species, the temperature at which boiling
occurs (at a specified pressure) is fixed and termed the boiling point at atmospheric
pressure of 1 atm. Consider the scenario where we now add a solute b into a liquid
solvent a, we will then notice that the temperature for this mixture to boil will be
higher. This occurrence is known as boiling point elevation.

Similarly if we add a small amount of solute b into liquid solvent a, liquid a will
freeze into solid a at a lower temperature than the freezing point of pure liquid a. This
is known as freezing point depression.

We can apply the concepts of phase equilibria to explain the above observations.

Freezing point depression (solid—liquid equilibrium)

In general, for solid-liquid equilibrium, the following holds:

Assume that solid phase (species a) is pure, and the liquid phase consists of
solvent a and solute b, where the Lewis Randall reference state is used for the liquid
phase, then for species a, we have

f; = xayufclz
fs
XaYa :f_z

Separately, we know that by definition du = RTd In f, so for a pure substance that
is melting,
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Agss =8,— 8 =RTIn (J; ) = —RTIn (x,y,)

It is more common that we have values of enthalpy and entropy of fusion at the
melting point (at atmospheric pressure) from data booklets, so we may express Agps
in terms of the thermodynamic properties of enthalpy and entropy, and also adjust
these properties to our desired temperature from their values at the normal melting
point.

Ag fus AR gys . A fus

T = Tr = TRr TR

We typically know Ahg, at the melting point, 7,,,. We can find out Ahg, at any
temperature 7 as follows. Let us assume T < 7, for a case of freezing point
depression:

Ty T
Ahqu(T) = Ahfus(Tm) + J CI;dT + J CpldT
T

Similarly for entropy of fusion,

m

T
C cl
ASfus(T) = ASqu(Tm) + J ?pd’[‘_’_ J I’dT

-
.

We know that at the melting point, 7,

Agfus = Ahgs — Tnlsps =0

Ah fus
T,

As fus —

Substituting into the earlier expression, we get

T T
Ah s c
MMD:7£+J%M+JPM

Finally we can relate activity coefficient and molar composition of the species to
the enthalpy of fusion (at any desired temperature that may not be the normal melting
point) and heat capacities.
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T T T s T
Ahg(To) + | cjdT + [ cldT  2ellel 4 [%qr 4 [ 247
T T T Tw

~1 — _
n (xa}’a) RT R

To simplify the expression further, we may define a term Acs' = ¢, — ¢5, which

may then be assumed constant for simplifying the integration.

T T
Aheo(T,) (11 1 [ At 1
—1n(xaya)=M<———> - J P AT + — JAc”dT
T

R T T,) R T RT P
m T
Ahgo(T,) (11 Acy! T Acy!
In(xy,)=——wim (=~ ) " Py )+ (T-T,
n (Xara) R T T, ® "\ ) TR )

Aheo(T,) (11 Ac T T
1“(%%)%(??)*?” l=7 {7,

If solute b is dilute in solvent a, the liquid mixture can be assumed as ideal (close
to pure a) where y, = 1, and the freezing point depression is small where 7,,, = T.
Then the following holds,

Using the power series expansion for the In function, we know that if x;, is small,
then we can further approximate In(1 — x;) &= —x,,, so now we have the following
expression for the freezing point depression:

_M(l_i) = —x

R T T,
Ahgoo(T) (T — T
_ —
R TT,,

T.—T R
= X,
TT, ) Ahg(Tw)™"

Assume that the freezing point depression is small so 7, ~ T, and TT,, ~ T,,>

RT,?

T, —T~—7+—
Ahfus(Tm)

Xb

If we have a significant amount of solute b in solvent a, then liquid mixture a is no
longer ideal, and y,, # 1, then
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_ RT,?
Ahfus(Tm)
_ Ahyo(T) (T — T)
“ xpRT 2

Tm - YaXb

Boiling point elevation (vapor-liquid equilibrium)

We can now consider the other similar phenomenon of boiling point elevation,
and so we start with the vapor—liquid equilibrium condition:

Assume that vapor phase (i.e., species a) is pure, and the liquid phase consists of
species a and b (solute), where the Lewis Randall reference state is used for the
liquid phase, then for species a, we get

fav = xayafé
fV

Xa¥a =7
a

Separately, we know that by definition du = RTd In f, so for a pure substance that
is vaporizing,

: fa
Agyp =g, — g, =RTIn <f, = RTIn (xa7,)

Similar to the derivation for freezing point depression, we have

Agvap _ Ahvap _ Asvap
RT RT R

In (ana) =

We typically know Ah,,;, at the boiling point, 7;,. We can find out Ah,,, at any
temperature T as follows. Let us assume T > T}, for a case of boiling point elevation:

T Ty
Ahyap(T) = Ahyyy(Ts) + J chdT + J cydT
Ty T

Similarly for entropy of vaporization,

T ! '
Asvap(T) = Bsvap(Th) + J%dT + J —dT
Ty T
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We know that at the boiling point, 7},

A8y = Dby — TpAsygy = 0

Ahyyp
T,

Asvap =

Substituting into the earlier expression, we get

Ah  [cl . fer
c
Asyy(T) = T;ap + J ?pdT + J ?pdT
Ty T

Finally we can relate activity coefficient and molar composition of the species to
the enthalpy of vaporization (at any desired temperature that may not be the normal
boiling point) and heat capacities.

T Ty T Ty
Ahya(Ty) + [ cldT + [ c/dT Aﬁijjp + [ %dT + [ 2dT
Ty T Ty T

In(x,7,) =
n (xay,) RT R

To simplify the expression further, we may define a term Ac,” = ¢} — c,, which
may then be assumed constant for simplifying the integration.

T T
Ahy(Ty) (11 1 [ Acy 1
In(xyy,) = —ae\Te) (2 2N L 2% g | Aclar
B (Xara) R T T, +RJ T RT | 2%
7, 7,

Aheo(Ty) (1 1\ Acl /TN Ac)
In(x,y,)=—22(_ “PIn(=)-=(T—-T
n (Xaa) R 7 1,) TR ) TR T

_ Ah(Ty) (11N AG () Ty (T
- R T T, R T Ty

If solute b is dilute in solvent a, the liquid mixture can be assumed as ideal (close
to pure a) where y, = 1, and the boiling point elevation is small where T;, = T. Then

the following holds,

1n(xa)=Ah%(T”)(%—Tib> =In(1 —x)

Using the power series expansion for the In function, we know that if x;, is small,
then we can further approximate In(1 — x;) & — x;,, so now we have the following
expression for the boiling point elevation:
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Ahye (T
M(l_i) N~
b

R T T
Ahyy(T) (Ty — T\
= —Xp
R T,

T-T,\ R
TTy )~ Dhy(Ty) "

Assume that the boiling point elevation is small so T}, ~ T, and 7T}, ~ 7,2

RT)?

T — T/, ~N—
Ahyop(Th)

Xb

If we have a significant amount of solute b in solvent a, then liquid mixture a is no
longer ideal, and y, # 1, then

_ RTy?
Ahyap (T)

- Ahyap (T1)(T = Ts)
“ xpRT ;2

=T, YaXb

So finally, returning to the problem statement, we note that the solute in this case
is sodium chloride, whereby one molecule of NaCl gives two solute ions (Na* and
CI7). We also know that Ahy,(7,,,) of water is 6 kJ/mol, and 7,, = 273 K. The weight
percent of wateris 96 % =100 % — 4 % .

96
_ _ MW yater
Xg = Xwater =
96 4
M Wwalcr M WNmCl

=0.974

Xp = Xion = 1 —0.974 = 0.026

From the value of x;,, we confirm that solute is dilute enough for the solution to be
assumed as an ideal solution, and so the freezing point depression is assumed small,
and it follows that

;e RTW8314x273
T N (T) 0 T 6000

(0.026) =2.7K
T=0C-27C=-27C

Hence we find that the depressed freezing point is 2.7 C.
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Problem 33

Estimate how much salt you would need to add to 100 g of water to keep its
boiling point at 100 C at 200 m above sea level.

Solution 33
Worked Solution

We will assume salt is an involatile solute such that the vapor phase is pure while the
liquid phase is a mixture of salt and water.

For the liquid phase, we have the following expression where we assume water is
species a and salt is species b, and the pure liquid Gibbs free energy is adjusted for a
mixture. We also assume that liquid is incompressible and that v, is small; hence,
pressure dependence of g! is assumed negligible and so g/ (T, Pum) ~ g.(T, P).

pl(T,P) = g!(T,P) + RT Iny,x, = g. (T, Pum) + RT Iny,x,

As for the vapor phase, we have pure vapor Gibbs free energy adjusted for
pressure at P

P
po(T,P) = g)(T, Pym) + RT In ( )
atm

Now we try to relate the height above sea level to pressure, knowing that density

(in kg/m?) is related to molar volume by o = %

dP P
E__Pg__ o MWalr

We know that 2 = 200,

In

= —1.2 x 107%(200) = —0.024

atm

At vapor-liquid equilibrium during boiling,

pl(T,P) = pl(T,P)

v P
82T, Pym) + RT In (

atm

) = g,i(T> Patm) +RTIn VaXa
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We know further that at Py, g2(T, Pam) = g fl(T, Pm); therefore

P
In ( > =Iny,x, = —0.024
Patm

If we assume that the solute is dilute, then the mixture is close to ideal solution
consisting mainly of water, and y, = 1. It also follows then that x;, is small.

Inx, =In(l —x,) = —x;, = —0.024

If we assume that in 100 g of salt solution we have M grams of salt (or NaCl),
then,

M
xXp = g 2 =0.024
(MVVMNnC] X 2) + (1:/10"(‘)’;:.[]‘;1:)
M =389

We can then solve for the only unknown M = 3.89 g.

Problem 34

Pure species b freezes from a liquid mixture of a and b consisting of 52 vol%
species a at —40 "C. Construct a one-constant Margules model for the binary
liquid mixture and estimate the eutectic point. How would you improve the
accuracy of this estimate? You are provided with the following data.

Melting point of species a, T,,,, = —16 C

Melting point of species b, T,,, = 0 C

Density of species a, p, = 1.1 g/lem®

Density of species b, p, = 1 glem®

Molecular Weight of species a, MW, = 62

Molecular Weight of species b, MW, = 18

Enthalpy of fusion of species a, Al o(T),,) = 11,000 J/mol
Enthalpy of fusion of species b, Al ,(T,,,) = 6000 J/mol

Solution 34
Worked Solution

Eutectic point is the lowest possible temperature at which we have only liquid.
Recall that when we have a mixture containing two species a and b, due to the
concept of freezing point depression, we can have a single liquid phase at a lower
temperature than the freezing point of either pure species a or pure species b.
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First we find out the mole fraction of species a from the volume percent
composition, using density and molecular weight information provided.

52xp,
MW, B
Yo = 535, 4 (00=52)p, 0.26
MW, MW,

From earlier derivation, we obtained the following,

Ahg(Ty) (11 Acy! T T
In (xy;) = — o ws\m) (2 2 ) 2% ([ _Im gy (D
n (xiri) R T T,) R T "\7,

We can apply the above expression for species b, and assume that the freezing
point depression is small. Then the expression simplifies to the following. Note that
freezing point depression phenomenon means that 7,, > T.

Ahtasp(Twp) (11
In (xpy,) = — SR( ) <T T b)
Ahfus,b(Tm,h) 1 1
ln((l_xa)yb):_T ?_T—b
6000 1 1
In((1 - 0.26)7,) = -
n(( ") = 3312 ((—40 +273) 273)

Iny, = —0.15
Using the one-constant Margules equation,

RT Iny, = Ax,’

4 8314 % (—40 + 273) x (—0.15)
N 0.262

— —4300 J/mol

At the eutectic point, solutes a and b both exist in the liquid phase and exert their
effects of freezing point depressions; hence, we have the two equations below
whereby T is the eutectic temperature for both equations.

Ah s o(T 1 1
In (xd}/a) _ hfus,a( m,a) <__ )

R T Tpa
Ahgus b (Timp) (1 1
ln(x;,;/b):_ SR T_T ;

The easiest way to solve the above simultaneous equations is by equating the
common temperature term, '/r.
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1 R(In (x.y,)) 1 R(In (xpy5))

Tm,a a Ahfus,a(Tm,a) Tm,b a Ahfus,b(Tm,b)

Weknow T, ,= — 16 +273=257TK,T,, , =273 K, A= —4300 J/mol, Ahy,,
(T, @) = 11,000 J/mol, Ahg, (T, ) = 6000 J/mol. So, we can express In(x.y,) in
terms of a single unknown, x,,.

A A
In (x,y,) =Inx, +Iny, =Inx, + (ﬁ>xb2 =lInx, + (ﬁ) (1-— xa)2

Similarly we can express In(x,y;) in terms of a single unknown, x,,.

A
In (xpy,) =Inx, +1Iny, =In (1 — x,) + (R_T>x02

We can solve the equation to find the unknown x,. Once this is done, we then
substitute back into either one of the two earlier equations to find the eutectic
temperature 7.

Ahg T 1 1
In (xa}’a) _ htus,a( m,a) (_ _ )

R T Ty
Ahys,p(Tmp) (1 1
In(azy) = — Sl Tet) (0 L)

We should find T = 140 K. We can find T through an iterative trial and error
process, by first assuming a eutectic T for a specified x;, say, for example, 7= 220 K
and x;, = 0.6, we then find y, from the one-constant Margules equation and
back substitute y,, and x, into the equation of freezing point depression, to find out
if the value of T matches the initial guess. If the value of T shows to be less than the
initial guess of 220 K, then we may lower our estimate and continue the iterative
process to arrive at the correct value of T that satisfies both equations.

This method can be improved as the one-constant Margules equation is a simpli-
fied model that starts to break down when the deviation from ideal behavior is
significant. We can improve on the model by getting more data points and obtaining
a best fit over a range of mole compositions.

We can also check the temperature dependence of the activity coefficient model
parameter, A. For this, we can obtain a separate set of data points at different
temperatures. In this solution, we have assumed that A is independent of
temperature.
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Problem 35

Describe the conditions required for a bubble containing water vapor to be in
equilibrium with pure liquid water. Calculate the equilibrium temperature for
a bubble of diameter 0.08 pm at atmospheric pressure. Is this equilibrium
stable? It is given that the surface tension of water & = 0.07 Nm . The enthalpy
of evaporation of water is 40,600 J/mol.

Solution 35
Worked Solution

For equilibrium in this case there are three equations that hold. Thermal equilibrium
whereby 7% = T", mechanical equilibrium whereby P¥ = PX + 27", and chemical
equilibrium whereby u* = u" = g~

For the liquid phase, p“ = g™(I). And for the vapor phase,
WY = g (1) + RTn (fr).

In order for chemical equilibrium to hold, RT In (;’T:‘) = 0and PY = P**(T'). From

the mechanical equilibrium equation, we can equate to the chemical equilibrium
result as follows,

2 2
PV — PL =+ o — Palm 4 o — Psat(T)
r r

We may recall at this point that P**" is correlated to enthalpy via the Clausius—
Clapeyron equation as follows,

dln P AR
dT ~ RT?

(PO AR
pm ) R \Tpham T
PV(T) Patm + 27(; 2%
111 ( Palm ) = 11'1 ( Palm = 111 l + Patm(r)

We know that r = 0.08 x 0.5 x 10> m, 6 = 0.07 Nm ™', AR"* = 40,600 J/mol,
Ty, atm = 100 C = 373 K. Hence we may solve the equation to find that 7= 500 K.

We know that this value of T is much greater than the normal boiling point of
373 K. This means we require a large amount of superheat to allow this bubble to
form spontaneously in the absence of nucleation sites. The smaller the size of the
bubble, the greater the surface tension and the higher the pressure in the vapor phase
within the bubble. This makes " higher, and this provides a driving force for water
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to migrate from the vapor phase to the liquid phase in order to reduce Gibbs free
energy to reach equilibrium. This would cause the bubble to reduce in size further
and it is therefore an unstable equilibrium. An unstable equilibrium can be seen as a
maxima point at which x* = u*; however, any deviation away from this point
reduces total Gibbs free energy of the system.

Problem 36

A particular substance (1) is dissolved in a solvent (2) at 25 ‘Cata partial
pressure of 1 atm. The vapor phase is assumed as an ideal gas. The liquid
fugacity of substance (1) at 25 C is 900 bar.

(a) Find the mole fraction of substance 1 present in the liquid phase assuming
the two species 1 and 2 form an ideal solution.

(b) The activity coefficient of substance 1 is modeled by the one-constant
Margules equation in the form Iny, = 0.53(1 — x1)> Recalculate the mole
fraction of substance 1 in the liquid phase.

(c) What is the Henry’s constant for this system? Find an expression for the
activity coefficient of substance 1 using the Henry’s constant as the refer-
ence state.

Solution 36
Worked Solution

(a) For vapor-liquid equilibrium of this mixture, we have
=7t
We are told that the liquid phase is an ideal mixture; hence y; = 1
Ft=raff =xff
We are also told that the vapor phase is ideal gas; hence
Alv =P ="p
We are required to find x;, so we need to solve this equation
X ]f 11‘ =P 1

X =1.1x1073

~ 900
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(b) We can obtain an expression for activity coefficient from the Margules model
provided

Iny, =0.53(1 — x;)?

7, = exp [0.53(1 - xl)z}
We then revisit the vapor—liquid equilibrium condition

nxfi =P

(exp [0.53(1 —x1)2:|)x1 (900) = 1

We can use an iterative method to find x;, the initial estimate can be made by
assuming x; is small, and hence y; =~ exp [0.53(1)*] = 1.7.

1

. _65x10°*
900 x 1.7~ 0> <10

X1

We then substitute this value of x; back into the equilibrium equation to see if
it balances the right-hand side value of 1. It happens that in this case the first
guess works, which means that our assumption that x; was sufficiently small
enough to simplify the exponential term was fine. Hence x; = 6.5 x 10~*,

(c) If we use Henry’s reference state for substance 1, then the value of Henry’s
constant is obtained by extending the tangent at infinite dilution point (x; — 0),
to the point when x; = 1. At this extrapolated point, the value of fugacity is the
Henry’s constant.

H = lim (1,ff) = 77°(900) = (900exp {0.53(1 - xl)zD

Since substance 1 is at infinite dilution, 1 — x; & 1, so we can find Henry’s
constant to be

H = 900exp|0.53] = 1500

Now we try to derive an expression for the activity coefficient under the
Henry’s reference state,

7l = ft =it
H
nUH = nft

Henry yfE B (exp [0.53(1 — xl)z} ) (900)
' H 1500
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Problem 37

A given system consists of two components 1 and 2 in VLE. The solution is not
ideal with the activity coefficients given by RT In y; = Ax,> where A is not a
function of temperature. You are told that P{* = 0.5 bar and P5* = 0.8 bar at
298 K. If you mix equimolar portions of 1 and 2, the heat evolved is 800 J/mol
solution. Use this information to determine the total pressure and vapor phase
compositions at 7' = 298 K.

Solution 37
Worked Solution
To relate the activity coefficient of component 1 to that of component 2, recall the
Gibbs—Duhem equation
xidlny; +xdIny, =0
diny,  xidlny,

de X2dJC2
We are given that

RTIny, = Ax,’
Iny, = —x°
n yl Rsz

dlny, 3A ,

= —x2

d)CZ RT

Substituting back into the Gibbs—Duhem expression, we have

dlny, x1dlIny, x 3A , 3A (1 )
= — =——x"=——(1—x)x
dx, Xodxs X, RT RT 20

3A
dlny, = —R—T(l — X2)x2dx;

In order to solve this differential equation, we need to have boundary conditions
that would set the limits of the integral. We know thatas y, — 1 asx, — 1, Iny, — 0.
This assumes the Lewis Randall reference state where ideality is reached when there
is pure species.

Iny, X 3A
diny, = | —22(1 — x))nd
L ny, Jl RT( X2)X%2d%
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3A [ 34 [x° 2"
1 2 x0)dy = o | TR
072 =R J (2 — x2)dry RT[3 2,

3A 2)62 —3x2 —2+3 A [
RT 6 2RT

2)(?2 —3)C2 + ]

The problem statement also mentions about heat evolved during mixing of
different species. This brings to mind the enthalpy of mixing, which then relates to
Gibbs free energy. We can try to correlate Gibbs free energy and activity coefficient
using the definition of excess Gibbs free energy.

E
= inlnyi =x;Iny; +x21ny,

gE A 3 2
ﬁ = )C]ﬁxz +x22RT [2}62 — 3x2 + l}
A s A s A s 34 5 A A ’ q
= —X —_ —_— _— —_— — X
RT? TRT™ TRr™ Torr™ ToRrT T 2RT TR

Now using Gibbs—Helmholtz equation to relate excess Gibbs free energy to
enthalpy,

%) alin —wY)

T? orT oT
hE A
=y e ]

A 2h"
_)Cz—)Cz3

hE = Ahpix = —800 J/mol

So we can find A as we know that the mole compositions would be x; = x, = 0.5
for equimolar mixing.

A=

2hE 2 x (—800
=230 4300 1/mol
X2 — Xo 0.5-0.5

We need to find out the total pressure and vapor phase compositions at
T =298 K.

P =xiy P
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»P :Xzyzpzsm
P :y1P+y2P = xlylpfal —|—)C2}/2P§at

To solve for pressure, we need to calculate y,and y,

A 4300
Iny, = —x°=——"(0.5)°
= jr 8314 x 208 )
yl:O.S
A 4300
Iy, =——[2x3 =32 4 1] = —— 2 __[2(0.5)> —3(0.5) 1}:-.4
Ny, =g (2% — 30" 1] = e oeg [205)° - 3(0.5)"+ 0
J/2:0.7

So we can now solve for total pressure.

P = (0.5)(0.8)(0.5) + (0.5)(0.7)(0.8) = 0.48
= xly})Pls"“ _ (0.5)(&88)(0.5) o4

¥y, =1-04=06

Problem 38

One mole of a gas is isothermally and reversibly compressed from a starting
pressure of P; to a final pressure P,. We may assume that this process is
modeled by the equation of state z = 1 + B'P, where B’ < 0.

(a) Identify the equation of state and comment.
(b) Find an expression for the work done in this process.

Solution 38
Worked Solution

(a) This equation takes on the form of the Virial Equation of State which is truncated
and volume-explicit. A volume explicit equation of state refers to one where
volume v is not raised to higher powers and can be singly isolated as the subject
of the formula. We may observe this as the left-hand side of the equation is
z which contains the variable v since z = %. In this equation, the variable that is
raised to higher powers in a power series expansion is pressure P. However, this
expression is truncated (i.e., simplified), as the higher order terms in P are
assumed insignificant and ignored here. Hence only the first two terms remain
(i.e., zeroth and first orders of P)
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Pv
b =1+BP=—
(b) Z + RT
RT RT
=—(1+BP)=—+BRT
v=p (1+B'P) P +

Assuming constant 7, since isothermal conditions, we have
RT RT
dv=d|—+ BRT ) = —dP
v ( P + ) I

We may derive an expression for work done for a reversible process. In a
reversible process, we are only slightly out of equilibrium, reversibility is
characterized by the fact that we are able to reverse the process (i.e., to expand
back if we are compressing) by adding or removing infinitesimal amounts of
differential mass. This reversal will have no net effect on the surroundings,
whereby the same amount of work will be involved in each direction. The
reversible work sets the limit of work done, i.e., the max work that can be
done or min work that is needed to put in. Only in a reversible process, can we
substitute system pressure with external pressure.

In this case, since our compression process is reversible, we have P = Py,
and so

RT P2 RT P,
w = —JPexth = —JPdV = JP(?)dP = JP] ?dP:RTln (P—1>

We may notice that since the system is compressed, P, > P; and hence w is a
positive value, and work is required to be done.

Problem 39

An unknown pure substance is found to have a vapor pressure of 2 bar at 320 K
with a saturated liquid having a volume of 1 x 10~ m*/mol.

(a) At 1 bar and 320 K, what phase(s) of the unknown substance will be
present?

(b) Comment on whether the critical temperature of this substance will be
greater or less than 320 K and whether the critical pressure will be above
or below 2 bar?

(c) Find out the number of moles of this pure substance at 2 bar and 320 Kin a
10 m® tank which is 70 vol% occupied by the saturated liquid and the rest of
the volume is saturated gas.

(d) Find out the total reversible work needed to compress 100% saturated
vapor to the final state as described in part c.
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Solution 39
Worked Solution

(a) We know that P,,, = 2 bar and Py, = 1 bar.

Since Py,p > Pgys, we may deduce that at the same temperature of 320 K, the
substance will exist as pure vapor for this said system.

(b) Let us recall some key features about the critical point. We know that in a Pv
diagram, the critical point is located at the peak of the liquid—vapor dome,
whereby v; = v,. At this point the temperature, 7, and pressure P. are
constrained. The critical point represents the point at which the liquid and
vapor phases are no longer distinct and distinguishable from one another. At
temperatures above T, we have a supercritical fluid that displays some vapor-
like characteristics and some liquid-like characteristics.

At the system conditions, we have vapor—liquid equilibrium. This state exists
as a point within the vapor-liquid dome. As we raise temperature and pressure,
we will reach critical point. As such, we expect the critical temperature to be
greater than 320 K and the critical pressure to be greater than 2 bar.

(c) We are told that v; = 1 x 10~* m*/mol; therefore

_RT 8314 x 320

y =0.01 m®/mol
"=p 2 % 10° /

We may convert volume percent into mole fraction

V, =03V =3m°
V=07V = 7m’

We can now find number of moles

7 3

N=N+Ny=— ¢+ >
=07 oot

= 70,300 mol
(d) For a reversible process, we may express work done as follows
W=- JPexldV =— JPdV

To reversibly compress from pure saturated vapor to only 30 vol% saturated
vapor, we need to find out the molar volumes at the two different end points.
Note that for a VLE, the molar volume will consider molar contributions of the
liquid and vapor molar volumes, to make up the total mixture molar volume that
matches the same total number of moles (mass is conserved in the system).
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vi =¥ =0.01 m’ /mol

by = N Mo s - T (1 104y 4 B (g.01) = 1.4 10-¢
F= N TN Y T 70,300 70,300\ '

W = —NP(v; —v;) = —(70,300)(2 x 10°) (1.4 x 10~* —0.01) = 140 MJ

Problem 40

A heater is used to raise the temperature of 10 mol of gas isobarically at 47 bar
from an initial temperature of 30 C and to a final temperature of 230 C. Ideal
gas is assumed and the heat capacity is provided as follows,

Cc®
Tf’ =48+ 0.003T

(a) Find the energy requirement for the heater assuming ideal gas.

(b) If the equation of state for the gas is given by z = 1+i‘/—’% , where

a = —0.09 K*/bar, comment on the intermolecular forces determining
the behavior of the gas in this process.
(c) Find out the energy requirement of the heater if we do not assume ideal gas.

Solution 40
Worked Solution

(a) For isobaric process in a closed system, AH = Q. We also know that by

definition,
_ (o
v =\or),

So assuming ideal gas, we have the following

Ty Ty
AH = nJ cpdl = nRJ (4.8 + (0.003)T)dT
T, T
24503
AH = nR|4.8T + w
2 303

(0.003) (503 — 303?)
2

0 = AH = (10)(8.314) [4.8(200) + ] =100 kJ

Since the value of AH > 0, heat is required to be added to the system.
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(b) We are given the equation of state for a real gas where a = — 0.09 K%/bar.

_Pv +aP
RT T
RT RT ([ aP RT
=— +—(—=) == +aRVT
P+P(\/T) P+a\/_

V& =

Z

RT

P

By comparing the expressions of molar volume between ideal gas and real
gas, we can observe that the additional term of aR+/T is the difference, and it is a
negative value. Hence attractive forces dominate as v'& > v,

(c) When we have a real gas, we may break down the pathway into three steps,
where one of the steps will assume ideal gas, and the other two steps are to bring
the state from real gas to ideal gas and vice versa.

We have this pathway to achieve: H™ (T;, P) — H'f" (T s, P) and we may do
this via three steps:

1. Tsothermal Step 1: H**(T;, P) — H(T;, P*)
2. Isobaric Step 2: H{*(T;, P*) — H,* (T s, P)
3. Isothermal Step 3: H,*(T s, P*) — HF" (T, P)

For Step 1,
P (on
Ah = J (—) dp
Now the trick is to try to re-express % into a form that is in terms of v and

T since this would allow us to make use of the equation of state.

Background Concepts

It is now useful to recap on some thermodynamic relations. From the first and second
laws of thermodynamics, we know that

du = 6q + Wrey
From here, we can obtain the following fundamental property relations.

du = Tds — Pdv
dh = Tds + vdP
dg = —sdT + vdP
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We can also derive the following:

oy _p (9w _ _p
os), T \ov),
Oh oh
(), =7 (@),
%) L (2 _,
or), 7 \orP),

Also via Maxwell relations, which states that the order of partial differentiation
does not matter, we have

(), 7))~ (&),
(@)= 7). - G), = @),

So returning to the question, for step 1, we have

dh = Tds + vdP

dn _Tds g (d
P dp ‘\dar/,

o], por) Jor

In this case, we have a real gas equation of state

Z?‘FCIR\/_

-
RT;
AHgepy = nAh = nJ [
p | P

R 1 ;
=+ =aRT; 7 ) |dP
1<P+2a l ):|d

- -
1 1
AHgep = nRJ [T,P1 + aTi% TP — EaT'é] dP = nRJ [—aTﬁ] dP
P P

|
AHstepl = naR |:§T,7:| (P* - P)
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Step 3 is similar to step 1, so we can derive a similar expression for step 3 here.

P [RT, R 1 |
AHstep3:nAh:nJ |:P+CIR\/T —Tf(P+261RTf2):|dP

p

1 1
AHSle3 = naR |:§Tf2:| (P — P*)

Step 2 is a process that may assume ideal gas, which you have solved in part a
Ty
AHgepp = nAh = nJ ¢, dT = 100 kJ
T;

The total heat required is as follows

| 1
AH = naR [ET,%} (P* — P) + 100 kJ — naR [ETf%] (P"—P)

R
AH = % (T,% - Tf%) (P* — P) + 100 KJ

In order to achieve ideal gas state, P* — 0. We observe that less heat is
required if we do not assume ideal gas.

R
AH = "% (T,% - Tf%)PJr 100 kJ

10(—0.09)(8.314)

=AH = —
0 2

(303% - 503%) (47) + 100,000 = 99 kJ

Problem 41

One mole of a non-ideal gas is compressed isothermally of 350 K. The initial
pressure is 1 bar at a saturation pressure of 20 bar. The final state is 25%
saturated liquid. Over this range, the vapor phase follows the virial equation of
state truncated to one term z = 1 + B'P, where B’ = — 0.03 bar ! and is
independent of pressure. The heat of vaporization at 20 bar is 600 kJ/mol.

(a) What is the enthalpy change for the compression?
(b) What is the entropy change for the compression?
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Solution 41
Worked Solution

(a) First we notice that after the non-ideal gas is compressed, liquid is formed from
gas which means that phase change (condensation) occurred. Therefore, we may
analyze the overall process as comprising of a compression part and a conden-
sation part.

AH = Aflcomp + AI_Icond

OH 0H
AH = <ﬁ> PdT + (ﬁ> TdP + AHeona

d
AH = CpdT + |v—T(2) |dP + AHong
ar),

We know that the equation of state is z = 1 + B'P,

z:ﬂ:1+B’P
RT
V:E+RTB/
P

RT R
AH = C,dT + [7 +RTB —T (1—) + RB’)} dP + AHeong = CpdT + AH cong

For isothermal process, dT = 0
AH = AHcpng = —nlAhyy, = —0.25 x 600 = —150 kJ /mol

The change in enthalpy for the process is 150 kJ/mol.

(b)
AS = AScomp + AScond

oS N
AS = <ﬁ) PdT + (ﬁ) TdP + AScond

For an isothermal process,

_ aS Qcond
s (25) ar s

We found from part a, Qcong = — 150 kJ/mol. We have also been told that
temperature 7= 350 K, B = — 0.03 bar ' and n = 1.
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(@), (a7),

RT | ke
V=—
P
o("8T kT
s\ p " _ el w
or), oT B P
P
20
NN ~150,000\ . /20\ —150,000
AS—L { R<P+B>}dP+(73SO )_ Rln(l) B'R(20 1)+(—350 )
—150,000

) = —20—430 = —450]/mol /K

20
=-8314In (T) —0.03(8.314)(20— 1) + ( 50

Problem 42

A certain solid a is heated to a high temperature T at a high pressure P to
form another solid ». Once b is formed, it would be quickly cooled and
de-pressured to prevent a from reforming. You may assume that molar entropy
and density are independent of temperature and pressure. Find an equation
that relates Py as a function of T when therxe is equilibrium between a and b.
You may use the following data:

At 298 K and 1 bar Substance a Substance b

Molar Gibbs Free Energy, g, (J/mol) 0 3000

Molar Entropy (J/mol K) 6 2

Density (kg/m") 2000 3500

Molecular Weight 12 12
Solution 42

Worked Solution

At solid—solid equilibrium, AG = 0 or in other words G, = G,
Py a Ty a
8 8
= = | dP — | dT
fa go’a—i_JPo <6P>T +JT0 (aT)P

Py ag Ty ag
somson, (&) o0, (&)

Recall thermodynamic relations,
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08\ _ . (98 _
or),~ > \ar), "
12 x 1073

Py Ty
ga=go,a+J vdP—J sdT=0+[ 3000 }(Pﬂ—l)(los)—é(rﬂ—z%)

Py To

12 x 1073

g, = 3000 + [ 3500 ](PH - 1)(10°) = 2(Ty — 298)

We can now derive an equation that relates Py to Ty

-3
[%} (Py — 1)(10%) — 6(Ty — 298)

12 x 1073
3500
0.6Py — 0.6 — 6Ty + 1788 = 3000 + 0.34Py — 0.34 — 2Ty + 596

= 3000 + [ } (Py —1)(10°) — 2(Ty — 298)
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)]

Check for
updates

You are provided with experimental data for vapor—liquid equilibrium (VLE)
of a binary liquid mixture of acetone and water at 1 bar.

T/°C Xa,actual Ya,actual
100 0 0
84.75 0.02 0.4451
75.13 0.05 0.634
68.19 0.1 0.7384
65.02 0.15 0.7813
63.39 0.2 0.8047
61.45 0.3 0.8295
60.39 0.4 0.8426
59.91 0.5 0.8518
59.55 0.6 0.8634
58.79 0.7 0.8791
58.07 0.8 0.9017
57.07 0.9 0.9317
54.14 1 1
T/°C P /bar P /bar
15 0.1933 0.0171
20 0.2437 0.0233
30 0.3769 0.0424
40 0.5633 0.0737
50 0.8171 0.1233
60 1.154 0.1992
70 1.591 0.3116
(continued)
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T/ C P /bar P /bar
80 2.148 04734
90 2.843 0.701
100 3.697 1.013

(a) Comment on whether the mixture is ideal.

(b) Determine the bubble point and dew point temperatures for equal mole
fractions of acetone and water at 1 bar.

(c) If a liquid mixture at 52 °C containing acetone of mole fraction at 0.4 is
heated at constant pressure of 1 bar until vapor begins to form, what will be
the composition of this vapor?

Solution 1
Worked Solution

(a) Below is a simple illustration of our system.

\% ya,Yw‘/lebar
bV
L
Xgp Xy

We have an ideal mixture when the VLE data follows Raoult’s law, which
states that for a particular species i in the mixture, the following equation holds.

yiP = x,-Pivap

y; is the mole fraction of species i in the vapor phase, P is the pressure of the
system or total pressure, x; is the mole fraction of species i in the liquid phase,
and P;"* is the vapor pressure of species i which is also its pressure when it is in
vapor-liquid equilibrium in a pure component system.

The derivation of Raoult’s law can be followed as follows:

In order for equilibrium, chemical potentials of species i are equivalent in the
vapor and liquid phases.

ue=u

f+RTlnL (1)

pure,ref

L .V
Hi pure + RTlnx; = Hi pure re

Equation (1) above represents the balance of chemical potentials under the
actual system conditions. The term RTInx; accounts for the deviation of chemical
potential of species i in a liquid mixture from pure liquid i. On the right-hand side
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fi,pure

of the equation, RTIn y—
pure, rc
reference state conditions and actual conditions.

fi,pure (2)

pure,ref

accounts for the deviation from pure gas i under

L I
/’ti,pure - ﬂi,pure,ref + RTIn

Equation (2) above represents the balance of chemical potentials under a
hypothetical state where there is pure i in VLE. We can subtract Eq. (2) from

Eq. (1) and obtain

RTInx; = RTIn Ji
i,pure
i
=
fi,pure

We can assume ideal gas, which means f can be replaced by pressure P. P;
represents the partial pressure of component i in the vapor phase of the mixture.
P; pure 18 the partial pressure of component i in a pure vapor phase of i, so this

pressure is in fact the vapor pressure of i (at one bar in our case).

Pl‘ y1P

xi = =
Pi,pure Pi,pure

If the mixture was ideal, then x;P; pye = y:P or x;P;* = y,P. We are given
" for different values of T. For our binary

data for the corresponding x;, y;, P;
mixture, we have acetone and water, and P = 1 bar.

‘xﬁPavap = ya(l) =Ya
xWP\Z'aP = yw(l) = Yw

We know that y, + y,, = 1 and x, + x,, = 1. Combining the equations, we

obtain
xaPc:]ap _|_wav\")ap :yu(l) +yw(1) =1
X PY® 4+ (1 —x)P)® =1

1— P va
w . J—
Xa = Xa,Raoult = pvap _ pvap’ Ya,Raoult — Xa,RaoultP P
a w
If Raoult’s law is satisfied, then the experimental data of x, cqa1 and Yy acrual
should be consistent with values of x,, calculated using Raoult’s law above (i.e.,
the values of x, raouie aNd Y4 Raoure Shown in table below) using values of PP,

P}® at corresponding temperatures.
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T/rC P /bar P /bar Xa,Raoult Ya,Raoult

15 0.1933 0.0171 5.57832 1.078289
20 0.2437 0.0233 4.431488 1.079954
30 0.3769 0.0424 2.86278 1.078982
40 0.5633 0.0737 1.891953 1.065737
50 0.8171 0.1233 1.263621 1.032504
60 1.154 0.1992 0.83871 0.967871
70 1.591 0.3116 0.538065 0.856061
80 2.148 0.4734 0.314463 0.675467
90 2.843 0.701 0.139589 0.396852
100 3.697 1.013 —0.00484 —0.01791

T/°C

100

Below are the plots generated from the actual experimental data (red and
blue) and the data calculated assuming Raoult’s law is satisfied (purple and
green). We can see that the experimental data and the Raoult’s law model do not
fit; hence the mixture is not ideal.

85

75

== Xaactual
=8~ Yaactual
== XaRaoult
== Ya.Raoult

70

65

55

01

02 03

04 05 06

0.7

08 09

* Xq,Va
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(b) Let us first recall some basic concepts about phase diagrams.

Background Concepts

There are two common types of phase diagrams, Pxy (at constant 7)) and Txy
(at constant P) diagrams.

In a Txy diagram, bubble point occurs at the temperature (at specified P)
when the first bubble of vapor is formed when we heat a liquid mixture. In a Pxy
diagram, bubble point occurs at the pressure (at specified 7) when the first
bubble forms when we reduce pressure. Conversely, dew point occurs at the
temperature (at specified P) when the first liquid droplet forms when we cool a
liquid mixture. In a Pxy diagram, it occurs at the pressure (at specified 7)) when
the first droplet forms when we raise pressure.

For a pure component, the bubble point and the dew point temperatures are
the same, i.e., the boiling point. Graphically, these occur at the extreme ends of
the Pxy or Txy diagrams when the two curves meet.

In a Txy or Pxy diagram, we are only analyzing one of the species in the
mixture, e.g., species a. In order to find out the mole fractions for the other
species in a binary mixture, we can apply the fact that mole compositions sum to
1(x,=1-—x, y,=1-—y, wherex,and y, may, for example, be obtained from the
Pxy/Txy graphs for species a). When we have a mixture at VLE, we can find the
percentage of liquid and vapor for the species by applying the lever rule, whereby
a and b are as shown in the 2-phase region in the Pxy diagram below for species a.

p

gwL=—9_ qy=_P_
p+q p+q

Bubble point curve
" (Saturated Liquid)

k Dew point curve

(Saturated Vapor)

High P (Liquid)

2 phase region (Land V
phase each contains
species a and b)

—

Low P (Vapor)

<
P,

Liquid Vapor
fraction, x, ; fraction, y, 1

Returning to our problem, we have earlier plotted the Txy diagram for acetone
at 1 bar. To determine the bubble point for equal mole fractions of acetone and
water, we can find the value of 7 when x, = 0.5 on the saturated liquid line from
the graph T = 60°C.
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Similarly, dew point is the value of T when x, = 0.5 on the saturated vapor
line. Note that the saturated liquid line lies below the saturated vapor line on a
Txy diagram, as it makes sense that when we reduce temperature, we go from
vapor to liquid 7' = 82°C.

T/C

100

95

Xa.actual
Ya.actual

Xa.Raoult

ERR:

Ya.raouit

s0 » Xg,Va

(c) We can analyze this process via the trajectory as shown in the graph below.
Step 1: We start from x, = 0.4 and initial temperature of mixture at 52°C. When
we heat the mixture, we travel vertically upwards, until we hit the bubble point/
saturated liquid curve (blue line). At this point, first vapor bubble is formed,
T ~ 61°C from graph.

Step 2: At this bubble point temperature, we move horizontally to the right
(keeping T constant at 61°C) until we hit the dew point/saturated vapor curve
(red line).

Step 3: To obtain the corresponding vapor fraction of acetone y, at the bubble
point T = 61°C, we read off the value on the horizontal axis corresponding to
this 7 value on the graph. y, ~ 0.84 from the graph, and the vapor fraction of
water can be found y,, = 1 — 0.84 = 0.16.
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T/C
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Xa.actual
Ya.actuat
Xa.Raoult

Ya.Raoult

> Xa,Va

We have a mixture of four components 1, 2, 3, and 4, whereby ideal mixture can
be assumed for the vapor and liquid phases. The vapor pressures of the
components follow the Antoine equation In(P[bar])=A — ﬁ, whereby the

Antoine constants A and B are provided below together with the mixture
composition. The mixture is passed through a flash unit at steady state. The
outlet mixture is at vapor-liquid equilibrium at a pressure of 5 bar.

Component Feed composition, z; A B

1 0.2 9.5 2200
2 0.1 10.2 3000
3 0.2 10.1 3400
4 0.5 10.5 3900

Describe the method to determine the temperature range whereby the exit
mixture is a liquid—vapor mixture. [Actual calculations are not required.]
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Solution 2
Worked Solution

Let us recall some basic concepts about the flash distillation unit.

Background Concepts

Flash distillation is a common separation process. A feed mixture is partially
vaporized in a flash unit (or “drum”), and exiting the flash drum are two streams, a
vapor stream enriched in more volatile components from the feed, and a liquid
stream enriched in the less volatile components.

The feed mixture is pressurized and heated, then passed through a nozzle into the
flash unit. Due to a sudden large drop in pressure, part of the feed mixture vaporizes
and the resulting vapor is then taken off overhead forming the outlet vapor stream,
while the liquid portion drains to the bottom forming the outlet liquid stream.

This process is called “flash” due to the rapid process of vaporization when the
feed enters the flash unit. Within the flash unit, vapor—liquid equilibrium may be
assumed.

Vapor stream
V, i
—>

)
T,P

Feed stream
F, zi

R

j LA

—>
Liquid stream
I., Xi

Returning to the problem, the temperature range for the outlet to contain both
liquid and vapor phases is bounded by the temperature limits of a vapor-liquid
equilibrium (or two phase region) to exist at that specific pressure. It follows that the
lower limit and upper limit of this temperature range will be the bubble point and
dew point, respectively, since these are the points when the vapor-liquid equilibrium
(or two-phase region) first begins/ends.
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Let us perform mass balances around the flash unit as shown below.
F=V+L (1)
FZ[ == Vyl + lz.xi (2)

Let the vapor fraction be y = V/F;; therefore, combining Egs. (1) and (2)

z=yy+ (L =y)x
<i

X =
yi+(1—y)

The equilibrium constant is defined as K; = y/x;; therefore

Zi

=
TwKi -y

Two other equations we know are

Z)Ci =1 (3)
Zyi =1 4)

Therefore, combining Eqs. (3) and (4) gives us the following useful equation for
analyzing feed data.

Kz Zi
ZWKi+1_W_ZWKi+1_W:O

i i

This equation is also called the Rachford—Rice equation and is useful for solving
problems related to flash separation operations. The above equation can be rewritten
as follows:

f(w)=Z—WZK(i+1_)W=
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The roots of the Rachford—Rice equation can tell us the compositions of the
resulting flash distillation fractions, as well as the respective liquid and/or vapor
fractions exiting the flash unit. The variables z;, K;, i can all be determined easily. In
this problem, z; values are provided in the feed data. y is defined by our need to find
the temperature limits at bubble point and dew point, whereby y = 0 and 1, respec-
tively. In order to determine K;, we can apply Raoult’s law assuming ideal mixture
for both the liquid and vapor phases. Vapor and liquid phase fugacities for a
particular species are equivalent under VLE,

We know the value of P = 5 bar from the problem statement. We can find vapor
pressure  PY at a specified temperature using the Antoine equation:
In (P[bar]) = A — %. This means we can find a series of K; values for a series of
specified T values.

Therefore, in order to find the limits of the temperature range, we can follow these

steps:

1. Specify a trial value for T (we will be iterating this value until our conditions are
satisfied).

2. Find P} at this T value using the Antoine equation. Then find K;.

3. To determine the lower temperature limit, specify y = 0, and substitute z; and K;

zi(Ki—1)

yK i1y and sum over all

value (calculated in step 2) into the expression
components.

4. The summation result should be zero to fulfill mass balance. Iterate the value of
T (from Step 1) until this condition is met.

Using this method, we will find that 7 = 340 K for bubble point and 7= 416 K
for dew point. Thus, the temperature range for the vapor and liquid phases to exist in
the outlet is [340 K, 416 K].

Problem 3

A binary mixture containing components 1 and 2 is fed into a continuous
distillation column with a total condenser and partial reboiler. The saturated
liquid feed contains component 1 at a mole fraction of 0.55, and enters the
column at a feed rate of 120 mol/h. The distillate and bottoms streams contain
96 mol% and 4 mol% of component 1, respectively. The reflux ratio is 2.3, and
equilibrium may be assumed at the distillation stages. VLE data is provided for
component 1 as shown in the graph below. You may assume efficiency of 1.0.
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(a) Find the flow rates for the distillate and bottoms streams.

(b) Find the rate at which vapor needs to be produced in the reboiler.

(c) The feed is to be separated into two equivalent substreams, whereby one of
them will enter the column at the third stage from the bottom (where partial
reboiler is defined as stage 1) and the other substream will enter the column
at the sixth stage. Find the total number of stages needed to achieve the
required separation.

(d) If all the feed entered the column at one stage, which stage should it enter to
ensure the shortest length of column required.

Y1
A

09 f t t 1 #
08 i 1 f 7

0.7 | i £

0.6 i T ¢

05 i t 7

0.4 | 1

0.3 | -

0.2 r

0.1 ‘

0 0.2 04 0.6 08 1

—a— VLEdata - = = y=x(reference)
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Solution 3
Worked Solution

(a) In this problem, we are introduced to the reflux ratio, R. When vapor stream exits
the top of the distillation column, a fraction of it is fed back into the column, and
this is the reflux stream Lz . The ratio between the flow rate of this reflux stream

to the distillate stream (collected in the receiver) is defined as the reflux ratio,
R = L—T = LT?D_

D D
Total
Condenser
Vapor stream Distillate
V1, Yiv D, Xip
—_— Reflux
L, Xir

Feed stream
F,z

Liquid stream
Ls, XiL

Reboiled vapor

Vs, Vi
o Vie Bottoms

B, Xig

Partial
Reboiler

To find the flow rates for distillate and bottoms streams, we can first construct
a mass balance for total flow rate and for component 1,

F=D+B
Fzy =Dx;,p+ Bx1,3 =Dx;.p+ (F — D)x; p
Substituting the values provided in the problem,
(120)(0.55) = D(0.96) + (120 — D)(0.04)

D = 66.5mol/h; B= 120 — 66.5 = 53.5 mol/h

(b) The rate at which vapor needs to be produced in the reboiler is V as shown in the
diagram, and this rate has to balance the rate at which vapor leaves the top of the
column (i.e., V), since the feed is a saturated liquid.
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Ly = RD = 2.3(66.5) = 153 mol/h

(c) Since the feed is separated into two equivalent substreams, it means each will be
at a flow rate of

120
F] :F2:7:60m01/h

The separation of the feed into two at different stages separates the column
into 3 parts, where each part follows each respective operating line (bottom
operating line (BOL), intermediate operating line (IOL), and top operating line
(TOL)).

For the BOL (<stage 3), we have the following mass balance:

Vp+B=1Lg

Vpyi g = Lpx1,. — Bx1

Lg B 53.54219.5 535

Vg =y AL Ty BT T o195 M T o195

Equation of BOL : y; = 1.2x; — 0.0097

(0.04) = 1.2x,.; — 0.0097

For the IOL (stage 3-6), we have the following mass balance. Note that
Vi = Vrfor saturated liquid feed:

F+Vi=L+D
60+219.5=L; +66.5 — L; =213 mol/h
Fizi + Viy, = Lixi,1 + Dx1.p
(60)(0.55) + (219.5)y, ; = (213)x;,; + (66.5)(0.96)
y1.; =0.97x;+0.14
Equation of IOL: y; = 0.97x; 4-0.14

For the TOL (>stage 6), we have the following mass balance:

Vr=Lr+D
Vry,v = Lrxi,r + Dx1.p
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Ly D 153 66.5
_ T o= 22 0.96) = 0.7 0.29
YLy = ok D = Srgedie + 55 (0.96) MR

Equation of TOL : y; = 0.7x; + 0.29

.............

TOL

Total

Vapor stream Condenser

Distillate
V1, Yiv

D, Xip

Feed substream | = [V c~cccemeo----
Fi,2 —\,

Vi, Yi,ITIL\: Xi,|

Feed substream
Faz )

'
]
'
1
1
1
1
1
1
1
]
'
'
'
1
¥
1
'

BOL

, s
1

Liquid stream

Reboiled vapor

Ve, Vig E Le, Xit : Bottoms
. ) ' B, Xi
+ Partial !
' Reboiler !

_______________

Now that we have come up with the three equations for the three operating
lines, i.e., BOL, IOL, and TOL, we can plot them on our VLE data chart, and
using the McCabe-Thiele method of “stepping up the stages”. “Steps” begin
from the bottoms composition, then rise up to the VLE curve and travels
horizontally to the relevant operating line. It then continues stepping up to the
VLE curve and horizontally to the operating line, in a general rightwards
direction to reach the desired distillate composition. We can find that the
required number of stages for the desired separation is 7.

Note that we step off the BOL, until we reach stage 3 when the IOL takes
effect until stage 6 (feed substream entrance affects operating line equation).
Then TOL is used for stage 7. The start and end points are defined by our feed
composition and desired separation purity. Note that the operating lines intersect
at the liquid mole fraction of x; = 0.55 which is consistent with the saturated
liquid feed composition.
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(d) Now we have the scenario whereby all the feed entered the column at one stage.
Therefore, we will only require the TOL and BOL. Recall from part c:

Equation of TOL :y; = 0.7x; 4+ 0.29
Equation of BOL :y, = 1.2x; — 0.0097
We can work backwards to find the intersection point between the two
operating lines, and observe at which “step” (i.e., stage #) of the McCabe Thiele

step-up sketch this intersection occurs. This intersection reflects the entry point
of the feed for the minimum number of stages. The stage #is 4 from the bottom.
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A distillation column is fed two feed streams containing components P and Q.
The relative volatility « of P to Q is 2.3, and it is assumed to be independent of
temperature. Properties of the two feed streams 1 and 2 are given below:

Feed stream | Phase Mole fraction of P | Flow rate, F [mol/h]
1 Saturated liquid | 0.6 120
2 Saturated liquid | 0.4 120

If the required distillate and bottoms compositions are 99 mol% and 1 mol %
of component P, respectively, consider the following two scenarios for the feed
stream configuration:

Scenario 1:

The two feed streams are mixed together before entering the column as a
saturated liquid at the optimal location. The column has a partial reboiler
and a total condenser.
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(a) Given the following equation for relative volatility & where x, and y, are the
liquid and vapor phase mole fractions of P, respectively, determine the
minimum reflux ratio and the minimum number of stages.

_ axp,
Ir= 1+(a—1)x,
(b) If the column operates at 1.2 times the minimum reflux ratio, how many
theoretical stages are needed?
(c) Determine the optimal feed location.

Scenario 2:
The two feed streams enter the column separately, at their respective optimal
locations.

(d) If the column operates at the same reflux ratio as in part b, determine the
number of theoretical stages needed.
(e) Determine the optimal feed location.

Solution 4
Worked Solution

(a) We can construct a simple diagram to better understand the problem. For
scenario 1, we have two feed streams 1 and 2 which are premixed before entering

the column.
Total
v + Condenser
AP EE Distillate
V1, You > D, X,
/—L Reflux
Ly, Xpr
Feed 1 )
e Feed 3
Fi, 2p1 F. ;
- 3r Zp3
Feed 2
F2, 22
Reboiled vapor Liquid stream
V L
8 Yp,8 8 XpL Bottoms
Partial B, Xos

Reboiler
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We can give information about feed streams 1 and 2; therefore, we can
perform a simple mass balance around the mixer to use the given information
to deduce the properties of feed stream 3. F, refers to the flow rate of feed stream
n and z,, refers to the mole fraction of component P in feed stream n.

Fi+F,=F;3

i F1 + 2ppF2 = 2p3F3
We know that F'; = F, = 120 mol/h; therefore

F3 = 120 + 120 = 240 mol/h
21 F1 + 2p2F2 = 0.6(120) + 0.4(120) = z,3(240)
p3 = 0.5

In order to find the minimum number of stages and minimum reflux ratio, we
can construct a McCabe-Thiele diagram. We are told that the relative volatility a
of P to Q is 2.3 and this information allows us to draw the phase equilibrium line
in our diagram using the expression for relative volatility below.

_ axp
T + (a—1)x,

In order to draw the phase equilibrium line, we can tabulate a series of data
points using an arbitrary set of values between 0 and 1 for x,, as shown below.

*p Yp

0 Yp = % =0
0.1 0.204
0.2 0.365
0.3 0.496
0.4 0.605
0.5 0.697
0.6 0.775
0.7 0.843
0.8 0.902
0.9 0.954
1 1

The equilibrium line is plotted in orange and annotated as Vapor—Liquid
Equilibrium (VLE) data.
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——y=x —@—VLE data
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We can now add our feed line to the diagram. Since we were told that the feed
stream after mixing, i.e., F3, is still a saturated liquid, this feed line will be a
vertical line. We also found earlier that the composition of feed stream Fj is 0.5.
Therefore, we can draw the feed line as shown in purple below.
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Yp

0 0.2 0.4 0.6 0.8 1
—8—y=x —@—VLE data
(reference)

Next, we need to draw operating lines for the distillation at minimum reflux
ratio. The slope of the Upper Operating Line (UOL which refers to section of
column above feed) can be expressed in terms of reflux ratio R as shown below.
As R decreases, 1/R increases, and the slope of the UOL decreases. Therefore at
minimum R, we draw the UOL with the smallest gradient possible.

R 1

Slope of UOL = —+— =
ope o R+1 1+1/R

()

Given that the distillate composition x,, , has to be 0.99 (shown by yellow
line), the point (0.99,0.99) becomes specified as one end point for our UOL.
Starting from this point, we can only have a UOL with minimum slope when the
UOL intersects the feed line at the phase equilibrium line (note that operating
lines cannot cross the phase equilibrium line since that is thermodynamically
impossible). This point of intersection can also be called the pinch point and it
occurs at x, = 0.5 where the saturated liquid feed (therefore z,, = x,,) enters the
column. The UOL is added to the diagram as described in red below.
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Yp

> Xp

0 0.2 0.4 0.6 0.8 1

Now we can draw the Lower Operating Line (LOL) which refers to the
section of the column below the feed location. The LOL is defined by the
bottoms composition; therefore, it has to start from the point (0.01, 0.01), and
this line has to intersect the UOL at the feed location.

Yo
A
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0.9
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Going back to Eq. (1), we can find the minimum reflux ratio R, by calculating
the slope of the UOL from our plot.

The minimum reflux ratio is found to be 1.5. This occurs when we have an
infinite number of stages. Conversely if we want the minimum number of stages,
we set the condition whereby the reflux ratio is maximum, i.e., R — oco. The
slope of the UOL is therefore equal to 1 as shown below, which is the same as the
line y = x.

. R .

To find the minimum number of stages, we note that our operating line (y = x)
is still defined by the bottoms composition specified by the point (0.01, 0.01),
feed composition specified by x, = 0.5 and distillate composition specified by
the point (0.99, 0.99). Using a McCabe Thiele construction, which consists of a
series of steps as shown in red, between the operating line and the phase
equilibrium line (annotated as Vapor-Liquid Equilibrium (VLE) data), we find
that the number of steps is 11. This means that the minimum number of stages is
11, or 10 stages with the reboiler.

Yp
1

0.9
0.8
0.7

0.6
uoL

0.5
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0.1
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(b) Now we wish to find the number of stages needed for an operating reflux ratio of
1.2 times the minimum.

R=12(R,)=12(15) =138

The new slope for the upper operating line (UOL) is therefore found as
follows. We know the distillate composition which fixes one end of the UOL.
Using a slope of 0.643, we can therefore draw the UOL until it intersects the feed
line at x,, = 0.5. This intersection point will fix one end of the lower operating
line (LOL), while the other end of the LOL is fixed at the bottoms composition.

R 1.8

—_—= =0.643
R+1 18+1

With the two operating lines drawn, we can now find the number of stages
using the same technique of “stepping up”’ using the McCabe Thiele construction
as shown below.

Ye
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0.8
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0.6

0.5

0.4

0.3

0.2

0.1

X,,=0.01 2,,5=0.5

0 0.2 0.4 0.6 0.8 1

The total number of stages needed for the required separation is 25 stages or
24 stages with a reboiler.
(c) From the McCabe Thiele construction, we can read off the graph where the
“step” crosses the feed line to find that the optimal feed location to be the 12th
stage above the reboiler.
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(d) We now have two separate feed locations at the same reflux ratio of 1.8. To
better visualize this setup, we illustrate the diagram below.

Total
Condenser

VATt Distillate

V1, Yo * D, Xp0

— Reflux

L, Xp,r
Feed1l )
Fli’ zpal
Feed2 —»
FZ: Zp,2
Reboiled vapor Liquid stream
Ve, Vo8 Le, Xp. Bottoms
Partial B, Xps
Reboiler

The McCabe Thiele construction will now be adjusted to include two feed
lines, which are both vertical lines as we are told that the two feed streams are
saturated liquids (and therefore z, = x;,).

This time, we are constrained by the same bottoms and distillate compositions
specified by the points (0.01,0.01) and (0.99,0.99), respectively, as well as the
two feed compositions specified by x,; = 0.6 and x,, = 0.4 as given in the
problem.

With these constraints, we note that we will now have three sections to the
operating line as shown below:

* Upper Operating line (UOL) for the section between the upper feed stream
and the top of the column

e Intermediate Operating Line (IOL) for the section between the upper and
lower feed streams

* Lower Operating Line (LOL) for the section between the lower feed stream
and the bottom of the column.

Since the reflux ratio is the same as in part b, the slopes of the UOL and LOL
are also the same as in part b. The slope of the IOL will be defined automatically
as it is drawn by joining the LOL and UOL at the specified feed compositions.
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Counting the number of steps, there are 23 theoretical stages in total, or
22 stages with the reboiler.

(e) Feed stream 2 should be added at the 9th stage above the reboiler and feed stream
1 should be added at the 12th stage above the reboiler.

Problem 5

A saturated liquid feed contains a mixture of components 1 and 2. We are
required to separate them by a continuous steady-state distillation process
comprising of a total condenser and partial reboiler. The mole fraction of 1 in
the feed is 0.5 and the relative volatility of 1 to 2, @ = 2.5. The column has a very
large number of equilibrium stages (approaching infinity) and the column will
be run essentially at the minimum reflux ratio. The maximum rate at which
vapor can be generated in the reboiler is 110 mol/h.

(a) Show that the following is true for vapor-liquid equilibrium, where vapor
and liquid mole fractions are denoted as y; and x; respectively, and relative
volatility is a constant value denoted as ay,.

12X

= 1+(a12 - 1)x1
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(b) If the feed rate to the column is 110 mol/h, and the distillate and bottom
product flow rates are equal, find the concentrations of the distillate and
bottoms product streams.

(c) We need to produce distillate and bottom products of concentration 0.90
and 0.1, respectively. What is the fraction of feed that must be taken as
distillate product? Given the limit on reboiler vapor rate remains the same,
what is the rate at which the feed needs to be processed.

(d) We need to make the product in b, at a feed processing rate of 110 mol/h. To
accomplish this, given the limit on reboiler vapor rate, it is proposed to
vaporize some feed prior to entering the column. What fraction of feed
should be pre-vaporized to achieve our desired result?

Solution 5
Worked Solution

(a) Relative volatility a measures the difference in volatility (and hence their boiling
points) between two components, therefore it is also an indication of how easy or
difficult it will be to separate the components from each other. For this problem,
we define a;, as the relative volatility of component 1 with respect to 2 as
follows. We may also rewrite the quantity y,/x; in terms of equilibrium constant
K; whereby K; = y/x;.

o M/xl _ K,
, = _%
W /x K

aj

Since we have a binary system comprising of components 1 and 2 only, the
mole fractions of both components in the liquid and vapor phases have to sum to
one; therefore we arrive at the following

i /%1

(I =y)/(1 = x)

Rearranging the above equation, we can express in terms of y;

ap =

(1 =yp)ax; =y (1 —x)
apx; =y — X1y +apxiy; =y (1 —x; +apx)
apx _ aX;

yl - (1 — X1 +0!12X]) - 1 —+ (a']z — 1))(1

(b) Note that this time we do not have VLE data provided in terms of a data table or
chart, but we can find the equation that defines the VLE curve and draw it
ourselves, by using the relative volatility a. From results of part a, we have the
following equilibrium relationship between vapor and liquid mole fractions,
denoted as y and x, respectively, at constant relative volatility, a.
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ax _ 5x
14 (@—1)x 2+3x

y:

This equation can be used to draw the VLE curve as shown in blue below.

Y1
A

0.7 A
'
’
o’
// ‘
05 / >
,
’,
’,
04 ‘
03
/ '
Fd
’,
02 / -4
/ '
rd
’
’
01

0 0.1 02 03 04 05 06 0.7 08 09 1

—+— VLEdata  --- y=x(reference)

For a saturated liquid feed, a mass balance around the feed plate will give us
the following two equations for the rising vapor and falling liquid streams,
respectively. Maximum rate at which vapor can be generated in the reboiler is
110 mol/h; therefore Vg = V= 110 mol/h.

Vp=Vs =110
F+Lr=Lg
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We know that F = 110 mol/h and D = B. Therefore we have the following
overall mass balances.

110

FZ1 = Dxl,D + Bxl,B

To find x; p and x; 5, we need to determine the top operating line (TOL) and
bottom operating line (BOL). The TOL will apply for all the stages above the
feed and the BOL will apply for the stages below the feed.

We note that there is a large number of stages, i.e., a minimum reflux ratio and
the top and bottom operating lines will intersect at the VLE curve, which
coincides with the feed position. From the VLE curve, we can find that when
71 = x1 = 0.5 (saturated liquid feed), y; = 0.7143.

To find the equations of the operating lines, we construct the mass balances as
shown in dotted lines below.

Total

Condenser
Vapor stream

V1, Yiv

Distillate
D, Xip

P e T

Feed stream Yina
FI Zi

-

Reboiled vapor Liquid stream

e

Vs, Vi Ls, X;
' o Yis & - Bottoms
' Partial " B, Xis
Reboiler
For the TOL, we have
VT =D+ LT

110 = 55 + Ly — Ly = 55 mol/h
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Vryin—1 = Dxi,p + Lrxi,n
110(y;,,_1) = 55(x1,p) + 55(x1,n)

We can find x; p by substituting x; , = 0.5 and y; ,_; = 0.7143 into the above
TOL equation

110(0.7143) — 55(0.5
X1,D = ( 5; ( ) = 0.9286

For the BOL, we have
Ve+B=Lg
110+ 55 =L — Lg = 165 mol/h
VY1, m + Bx1,p = LpX{ mi1

110(y,.,,) + 55(x1,8) = 165(x1m41)

We can find x; g by substituting x; ,,,.; = 0.5 and y, ,, = 0.7143 into the above
BOL equation

165(0.5) — 110(0.7143)
55

=0.0714

X1,B =

Y1

EERRERrZEl

7143 [ ’
07 I

06 { = 1
// i —+— VLE data
’
= = = y=x(reference)

05

’ =—a— BOL

04 s e TOL

03

02 /“

0.1 1‘
s

- v

0.5

0 01 0.2 03 04 05 06 0.7 08 09 1
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(c) Now we are given specified values for x; g = 0.1 and x; p = 0.9, so we have the
following mass balance.
F=D+B
Fx = Dxl,D + Bxl,B
F(0.5) = D(0.9) + (F — D)(0.1)

D D
05 = O.9(F> +0.1 (1 _F>

D
—=05
F

Using the BOL, we substitute the value of x; g = 0.1, the given reboiler vapor
rate of Vg = 110 mol/h and xy ,,,; = 0.5 and y; ,, = 0.7143 into the equation.

VY1, m + Bx1,p = LpX{ 11

L L
Yim +0.1 (V—I;) -0.1= (V_l;)xl,erl

Ly 07143 = 0.1
Vg 05-0.1
L = 110(1.53575) = 168.93

B =168.93 — 110 =58.93

= 1.53575

Fraction of feed taken as distillate is

B D
—=1-==1-05=05
F F

58.93

(d) Now that some of the feed is pre-vaporized, we need to note that Vz # V7. Let us
look at the mass balance around the feed plate, whereby a fraction of feed, 4 is
now vaporized, and (1 — 1) remains liquid.

Ve +AF =Vr
(1—A)F+Ly =Ly

We have F' = 110 and the same reboiler rate Vz = 110. From part b, we know
that% = 0.5 still holds if the desired distillate and bottoms compositions are the

same. So
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1):<§>F=05uu»:55

B=F-D=110-55=55
Lg=Vg+B=110+55=165

Ly 165

=—=15
Vg 110

The pre-vaporization of feed means the BOL equation will change since (%)
B

is now changed to 1.5 instead. The equation of the BOL is:

VByl,m + Bxl,B = LBxl,m+1

Ly — Vg Lp
— 0l = | — m
Yim ¥ ( Vi > <VB>XI’ -

yl,m = 1.5x1,m+1 —0.05

We can now construct this new BOL line, and find the new intersection with
the VLE curve from the graph, which is
Xl,m+1 = 0.52
yl,m == 0.73
The slope of the feed line (or g-line) is by definition whereby g denotes the
mole fraction of liquid in the feed. The feed line is drawn from the reference line

of y = x to the point where the BOL intersects with the VLE curve (which is the
feed position for infinite number of stages)

g 1-2 06-073
—1 -1 06-052
2=0.38

Slope = —1.625
q

The mole fraction of feed to pre-vaporize is 0.38, and this equates to an
amount of feed to pre-vaporize of AF = 0.38(110) = 42 mol/h.
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'
1
’
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-
09 + ’I
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.
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’
0s | | | | .
.
’
¥:=0.73
0.7
06
Feed line
(qline) —+— VLE data
- = = = y=x(reference)
—— BOL
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.
’,
’
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.
’
° > X
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x;=0.52
Problem 6

Consider a continuous distillation of two saturated liquid feed streams A and B,
each containing components 1 and 2. Each of the two streams has a flow rate of
120 mol/h, and the molar compositions are shown below. We are required to
obtain a distillate of 98.5 mol% of component 1, and a bottoms product of
1.5 mol% component 1. The relative volatility of 1 to 2 is 1.8.

X1 F [mol/h]
Feed A 0.25 120
Feed B 0.65 120

If the two feed streams are mixed together before entering the column at the
optimal location,

(a) Find the minimum reflux ratio and the minimum number of stages
required.

(b) If the operating reflux ratio is 1.2 times the minimum reflux ratio, determine
the number of stages required. Also, identify the location that the feed
should enter the column.
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If the two streams entered the column separately, each at its optimal
location,

(c) Find the number of stages required and locations for the feeds to enter the
column if the reflux ratio is the same as that in part b.

Solution 6
Worked Solution

(a) Given that the relative volatility of component 1 to 2 is 1.8, it means that
component 1 is more volatile. So it would be a good choice to construct the
McCabe-Thiele diagram (VLE graph of y; against x;) for component 1.

For the case when the streams are mixed before entering the column as shown
in the diagram below, we can construct mass balance equations.

Condenser
Vapor stream Distillate
V1, Yiv > D, xip
— Reflux
Ly, Xir
Feed
Fa Zia Fe, zic
Fg, zijg —>
Mixer

Reboiled vapor Liquid stream

Vg, Vi Lg, X;
B, YiB B, Xi,L Bottoms
B, xi
Reboiler
Fo+Fg="Fc

Fazia+ Fpzip =Fczic
Substituting known values, we have

Fc =120+ 120 = 240 mol/h
120(0.25) 4 120(0.65) = 240(zy.¢)
ZI,C = 045
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Using the relative volatility @ = 1.8, we can establish the following equilib-
rium relationship between vapor and liquid mole fractions for component 1.

ax; 1.8y
14 (@—1)x;  1+0.8x

=

To find the minimum reflux ratio, we need to draw the operating lines on the
McCabe-Thiele diagram. This can be deduced from the following points:

» The operating lines will intersect at the feed position and the equilibrium line.

* Since the feed is saturated liquid, the feed line (also known as g-line) will be
vertical at the composition z; ¢ = x; = 0.45.

* The operating lines before and after the feed position are constrained by the
bottoms composition and distillate composition requirements of x; p = 0.015
(y1 = 0.015) and x; p = 0.985 (y; = 0.985).

We can draw the McCabe-Thiele diagram as shown below from the points above.

Y1

1 a4
09 +
08 -+
0.7
Top operating
55 P line
’ 4 g VLE data
<0 I I I IR | et y=x (reference)
05 + . - =
Bottom A g-line (feed)
operating line X15=0.015
04 *x1p=0.985
03 +
02 +
01
0 J i i | 4 | 4 + + + Xy
0 0.1 0.2 03 04 05 06 0.7 08 09 1

To find out the minimum reflux ratio, we note the important feature about this
graph that the slope of the top operating line (for rectifying section) is as follows,
where R is the reflux ratio
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R
Sl f TOL = ——
ope 0 Rl

We can find either by observing from the graph or by substituting x; = 0.45

into the equation y; = 13.?&1):1 that the intersection point is at y; = 0.6. Therefore

the slope of the TOL is as follows. A zoom-in of the graph is shown on the next
page.

0.6—0985 R
0.45-0985 R+1

R = Ry, = 2.66

Y1
1 e
09 +
08 +
0.7 +
Top operating
iz | & | line
' ’ e V/LE data
70N I I I AR | Je— y=x (reference)
0s : - o 3
Bottom — (-line (feed)
operating line x5=0.015
04 1 X10=0.985
03 7
0.2 +
0.1
o | | | | | - - | | x

0 01 02 03 04 05 0.6 0.7 08 0s 1

The minimum number of stages required occurs when reflux ratio is maxi-
mum, i.e., R — oo

lim ——= lim ———==1
RO R+ 1 Ran;lol—i—l/R
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This means that the slope of the TOL is 1, which coincides with the line of
y = x. The feed position becomes (0.45, 0.45), and this constrains the BOL to also
be the line y = x. We can find the minimum number of stages by finding the
number of steps required to go from (0.015, 0.015) to (0.985, 0.985). From the
construction, we can see that the equilibrium line is hit 14 times; therefore, the
minimum number of stages is 14.

¥i
1

09 +

08 - - - t 1 1 7

07 +

06 - : : : - -

05 - : . 1 i o4

04 -+

03 1 - A<

02 +

01 L

(b) If the reflux ratio is 1.2 times the minimum reflux ratio, then
R = 1.2Ryi, = 1.2(2.66) = 3.192

To determine the number of stages required, we only need to know the new
slope of the top operating line, since it is already defined at one point,
(0.985,0.985).

R 3.192
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Therefore the equation of the top operating line is:

y; —0.985
0985 0.76145

We can find the feed locus which is at (0.45, 0.5776) which is the intersection
between the TOL and the g-line (feed). We can also construct the bottom
operating line since it is defined by the point at the feed locus, i.e.,
(0.45,0.5776) and the point that defines the bottoms composition of x; 5 = 0.015.

With the two operating lines drawn, we can step up the space between the
operating lines and the VLE curve to find the number of stages required for this
new value of reflux ratio R. Note that we start from x; g = 0.015 and step off the
bottom operating line until the feed locus is just crossed, then we switch to
stepping off the top operating line. The optimal stage for the feed to enter is the
stage number just before the feed locus is crossed.

From the McCabe-Thiele construction shown below, the feed position is at
stage 14. There is a total of 28 stages.

Y1

09 1
08 1
e \/LE data

06
05776 <

‘‘‘‘‘‘‘‘‘ y=x (reference)
— g-line (feed)
05 1 —— x5=0.015
— x15=0.985
— TOL
— BOL

03 1

0.2 1

0 01 02 03 04 05 06 0.7 08 0% 1
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(c) Now we have two entry points for the feed. This means that we have a third
operating line (which we term here as the Intermediate Operating Line (IOL))
that occurs between the two feed stages; therefore, we will now have 2 feed loci
to our McCabe—Thiele diagram, at x; = 0.25 and 0.65, instead of the previous
case of one feed at 0.45 only. Then we construct the steps, starting from the
bottoms composition on the BOL to the IOL (after passing first feed stage) and
then to the TOL (after passing second feed stage), until we reach the distillate
composition. We observe that the first feed stage occurs optimally at stage
10, and the second feed stage occurs optimally at stage 14. The total number
of stages is 24.

Y1

09 |
08 1
0.7299 «
07 4 1 1 1 1 4 ! f
—+— VLE data
=l | | | | ¢ ' | | | I ] =P y=x (reference)
: —— X10=0.985
*1a=0.015
s ' I ' ! A —— x5 =0.25
y Xy ¢ =0.65
04 4 | | . , | | | | | | —TOL
0.3189 — 8oL
/ oL
03 4 T — + 4 4 + 4 !
= A
02 + - a
01 e
L] } + *1
0 01 02 03 04 05 06 07 08 09 1

The equilibrium data for ethanol-water is provided below at 1 atm, where
component 1 is ethanol.
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0 01 0.2 03 04 05 06 0.7 08 09 1

= VLEdata —— Y=x (reference)

(a) Determine the maximum and minimum ethanol concentrations that can be
achieved in the distillate and bottoms products at 1 atm.

(b) If the feed stream is a saturated liquid with the mole fraction of etha-
nol = 0.25, and the required ethanol mole fractions in the distillate and
bottoms are 0.85 and 0.05, respectively. Find the flow rates of the product
streams for a feed flow rate of 1 mol/h. Find the minimum reflux ratio and
minimum number of stages for this separation.

Solution 7
Worked Solution

(a) We are required to find the maximum and minimum ethanol concentrations of
ethanol that can be obtained in the distillate and bottoms streams at 1 atm.
Note that the shape of the VLE data shows an intersection with the line y = x at
x1 = 0.9. This is an azeotrope, and it represents the maximum ethanol concen-
tration that can be achieved. The minimum ethanol concentration is x; = 0.
(b) We can perform the following mass balances

F=D+B
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Fx; = D.X],D —|—B)C1,B
1(0.25) = D(0.85) + B(0.05)
B =0.75mol/h, D =0.25 mol/h

It is useful to note that the slope of the top operating line is defined as follows.

R
Slope of TOL = R+l

Normally, to find the minimum reflux ratio, we draw the top operating line
such that it joins the distillate point (on y = x line) with the feed locus (on the
VLE curve). However, in this case, connecting these 2 points will violate VLE
equilibrium as the line crosses the VLE curve such that there is a section of the
TOL that lies above the VLE curve, which is not possible.

Therefore, we start with the distillate point, and adjust the slope of the TOL
until it is just tangential to the VLE without crossing above it, and this line hits
the VLE curve at the other point (near to the bottoms) at around (0.055, 0.33).

0.85—-0.33  Ruin
0.85 — 0.055 R, + 1

Ryin = 1.89

09 =

= VLE data
—— y=x (reference)
— K10

Xim

1] 01 0.2 03 04 05 06 0.7 08 0s 1
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To find the minimum number of stages, the top and bottom operating lines
coincide with y = x. The number of steps is 8, from the graphical construction as
shown below. Hence N,,;, = 8.

Y1

09 +

08 7

07 7

06 -+

05

04 <

03 7

02 7

01 +

02 03 04

Consider flash unit with a single equilibrium stage. There are 3 components in
the feed as shown below

05

06

07

08

03

= VLE data

—— y=x (reference)

— X1

K;
Component Feed composition, z; Case 1 Case 2 Case 3 Case 4 Case 5
1 0.55 2.40 3.30 1.00 00 00
2 0.15 1.00 2.20 0.450 4.10 3.10
3 0.30 0.483 1.00 0.120 0.720 0.00

Under equilibrium conditions, the Rachford-Rice equation below holds,
where V and F are the vapor and feed flow rates.
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zi(1—K;)
ZV —1+1_

Identify the cases whereby both liquid and vapor streams leave the flash unit
and find the vapor fraction in the feed if this is the case. Identify also the cases
whereby only a single phase leaves the flash unit, and specify its phase.

Solution 8
Worked Solution

We are given the following equation, whereby we have defined the vapor fraction in
the feed as f = V/F. Note that K; = y;/x; at equilibrium.

z(1 — K3)
F = —_—— = O
2 meqﬂw
It helps to understand the derivation of the above RR equation by revisiting its

derivation which originates from the following four key equations:

F=V+L (1)
Fzi = Vy, + Lx; (2)

in =1 3)
Z)’i =1 4)
When a mixture is at its bubble point,
Z Kixi=1
And when a mixture is at its dew point,
o

When both vapor and liquid streams exist, it means that there is a valid solution
for f that is between 0 and 1 for the Rachford—Rice equation.

Conversely, if there is only a single phase, either liquid-only or vapor-only, the
following cases are possible:

* Superheated vapor—all K; values of all components in the mixture are >1.
* Subcooled liquid—all K; values of all components in the mixture are <I.
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e The K; values of some components are >1 and some are <1. This means that the
overall mixture is either:

— Liquid only, and below bubble point if F(f = 0) > 0
Liquid only at bubble point if F(f = 0) =0

— Vapor only, and above dew point if F(f =1) <0
Vapor only at dew point if F(f =1) =0

Now let us analyze the 5 cases that we have been given.

Case I:
Some K; values are >1 and some are <1, so we need to determine F(f = 0) and
F(p = 1) to find out more.

F(0)=Y z(1—K;)=0.55(1—2.4)+0.15(1 — 1) +0.30(1 — 0.483) = —0.615 < 0

=0.0003~0

Z(1—K;) 055(1-2.4) 0.15(1—1) 0.30(1—0.483)
F(1)= =
M= K; 24 1 T 0483

i
This means that the mixture is a single phase vapor at dew point.
Case 2:

Observe that all K; values are >1, the mixture is a single phase vapor (superheated)
above dew point.

=-0.465<0

z(1—K;) 0.55(1-33) 0.15(1—2.2) 0.30(1—1)
F(l)_z K, 3.3 + 2.2 + 1

i

Case 3:
Observe that all K; values are <1, the mixture is a single phase liquid (subcooled)
below bubble point.

F(0) =Y z(1— K;) = 0.55(1 — 1) +0.15(1 — 0.45) + 0.30(1 — 0.12)
= 0.3465 > 0

Case 4:
Some K; values are >1 and some are <1, so we need to determine F(f = 0) and
F( = 1) to find out more.

We have K| = oo, it means all of component 1 is in the vapor phase. Also, we
need to use the L’Hospital’s rule to evaluate the value of the function.
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lim u(l—K;) lim zi—Kizi lim a%(z,-fKizi) &
Kimoo f(Ki = 1) + 1 Kimoo fK;j— B+ 1 Kimoo L(BK; = p+1)

zi( a2l -K) (1 = K3)
Zﬂ +1 B BKy— 1)+ 1 Ky — 1) +1

0.55  0.15(1—4.1)  03(1-0.72)
5 TB@I-D 41 02— 11

F(p) =

When we solve this equation for F(f) = 0, we find that f = 2.48 which is not
physically meaningful since 0 < # < 1. And so this mixture cannot be fully liquid.
Now, we test the value of f = 1.

055 0.15(1—4.1)  0.3(1-0.72)
Fp=1)= =054
(B=1) 1 +1(4.171)+1+1(0.7271)+1 0-547 <0

This result confirms that there is a single vapor phase which is above dew point.

Case 5:

We have K5 = 0, it means that all of component 3 is in the liquid phase. All of
component 1 is in the vapor phase since K; = co. This already tells us that there are
both liquid and vapor phases, and so there must be VLE. In this case, then F(f) = 0
can be solved to find f.

_ z(1-K)  z, 2(l-K>) (1 —K3)
F(ﬁ)_Zﬂ(Ki*1)+l ﬂ+ﬂ(K271)+1+/3(K3f1)+1

055, 015(1-3.1) = 03(1-0)
B pBI—1)+1 pO—1)+1
p=0.68

F(p)=0=

Problem 9

Consider the following components in a feed mixture at equilibrium at 95°C
and 12 bar. Ideal mixture can be assumed for both the vapor and liquid phases.
The vapor pressures of the components follow the following correlation.

In(P"*®[bar]) = A — B/(T[K))
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Component z A B

1 0.20 9.623 2240
2 0.45 9.915 2598
3 0.35 10.053 3099

(a) Find out whether the mixture is a subcooled liquid, a liquid—vapor mixture,

or a superheated vapor.

(b) In order to bring the mixture to its bubble point as a saturated liquid, what
is the pressure required for the temperature at 95°C.
(c) If pressure is maintained at 12 bar, what temperature must the mixture be

to reach the bubble point.

Solution 9

Worked Solution

(a) Let us determine the K values of each component at the operating conditions

120°C and 12 bar.
In (P**[bar]) = A —

P/ = exp (A

B/(T[K])

B;
7

Under vapor—liquid equilibrium, chemical potentials in each phase are equiv-
alent. Assuming ideal gas for the vapor phase and ideal mixtures in both the

vapor and liquid phases, then

ueo=n
L RTInx; = ), RTIn-7
lui,pure + nx; = /'ti,pure,ref + n
pure,ref
74 f i,pure \% f i
Hi pure ref +RTIn +RTInx; = Hi pure ref +RTIn
pure,ref pure,ref

RTInx; = RTIn

fi
f i,pure

X =

i

X =
i,pure

fi

i,pure

for ideal gas
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yiP . e
x; = ——— for ideal mixing in vapor phase
i,pure

In fact, P;pye = P;*"; therefore,

Y — yiP
i vap
Pi
B;
n_ P el
" x, P P
Component % A B P;*"[bar] K; zK; zIK;
1 0.20 9.623 2240 34.331 2.8609 0.57218 0.069908
2 0.45 9.915 2598 17.378 1.4482 0.65168 0.31073
3 0.35 10.053 3099 5.1131 0.42609 0.14913 0.82142
1.37 1.20

If all K; > 1, the mixture will be a superheated vapor. Conversely if all K; < 1,
the mixture will be a subcooled liquid. In our case, we have some K; values
greater than 1 and some less than 1.

Consider the Rachford—Rice equation for vapor-liquid equilibrium, where
p = VIF.

3 a(Ki—1) 0
—~ B(K;—1)+1
It is worth noting first that at bubble point, # = 0 at F = 0 and so
Zzi(K,- ~1)=0
ZZiKi =1

For our mixture, the value of > zK; = 1.37 > 1. This means that our
i

operating temperature of 95°C is above the bubble point.
Separately, we note that at dew point, § = 1 at F = 0 and so

ZZi(KIi(f D_o

1
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For our mixture, the value of ) z;/K; = 1.20 > 1. This means that our
operating temperature of 95°C is below the dew point. We can deduce that we
have a vapor-liquid mixture and can find the value of f for it such that 0 < f < 1.

Z Zi(Ki_l) _
020(2.8609 —1)  045(1.4482—1)  035(0.42609—1) _
p(2.8609 — 1)+ 1 (14482 —1)+1 ' p(0.42609 — 1)+ 1

B =0.66

(b) We note from part a that we have a mixture that is above bubble point and below
dew point. In order to bring a mixture that is above its bubble point to its bubble
point without changing temperature, we can increase pressure to greater than
12 bar.

Z:Z,-(K,» —-1)= zi:zi (pr >

1 i i
S Py = p
i

B,
P=3z ~16.5b
EEIZ[GXP< 95—%273)} o

(c) Similar to part b, in order to bring a mixture that is above its bubble point to its
bubble point without changing pressure, we can decrease temperature to lower
than 95°C.

Problem 10

Consider a mixture containing components 1 and 2 which are to be separated
by continuous distillation. The mixture is at bubble point and contains 25 mol %
of component 1 and 75 mol% component 2. The relative volatility of 1 to 2 is 2.8.
The feed flow rate is 150 mol/h and the separation objective is to obtain a
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distillate product of 97 mol% of component 1 and which contains 0.6 of the
amount of component 1 in the feed.

(a) What is the minimum reflux ratio and minimum number of stages
required?

(b) If there was a partial reboiler and total condenser for the column, and the
operating reflux ratio was set at 1.25 of the minimum, how many stages are
required? Determine the optimal location for the feed.

(c) Assuming that we have a test column that is fitted with a partial reboiler and
total condenser. It comes with 10 plates above the reboiler and operates at
reflux ratio of 3.8. The feed is to enter at stage 5 (where stage 1 is above the
reboiler). The reboiler has a vaporization rating of 120 mol/h.

i. Is this column able to achieve the desired separation objective, and
comment on the adequacy of the reboiler provided. Can the feed stream
enter directly into the reboiler (instead of at stage 5)?

ii. What is the minimum number of stages for this test column, and identify
the optimal feed location.

Solution 10
Worked Solution

(a) Let us illustrate a diagram for our system.

Total
Condenser
Vapor stream Distillate
V1, Yiv D, Xip
— Reflux
Ly, XiR
Feed
F,zi¢
Reboiled vapor Liquid stream
Vs, Yig Lg, Xi.L
_ Bottoms

- "B, X
Partial e

Reboiler
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Using the relative volatility @ = 2.8, we can establish the following equilib-
rium relationship between vapor and liquid mole fractions for component
1, which we can use to construct the VLE curve.

ax; 238y
14+ (@—Dx; 1+ 1.8x

=

We can perform the mass balances as shown below based on the information
provided.
F=D+B
Fz1,r = Dx1,p + Bx1 8

_ Dx;p  D(0.97)
- Fzir  (150)(0.25)

D = 23.196 mol/h
B=F —D =150—-23.196 = 126.804 mol/h

Fzi,p — Dx;p  (150)(0.25) — (23.196)(0.97)
B - 126.804

0.6

XL = —0.1183

For minimum reflux ratio R, the top operating line (TOL) intersects the feed
g-line at the VLE curve. We know that the feed is a saturated liquid at bubble
point; hence the g-line is vertical.

As a rule of thumb, it is useful to note the following characteristics of the
g-line for different feed types.

Saturated Subcooled
Partially liquid liquid
vaporized

Saturated
vapor

Superheated
vapor

Therefore we can construct the McCabe Thiele diagram for the case of
minimum reflux ratio. Note that the slope of the TOL is related to the reflux
ratio as follows:
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Ruin  0.97 — 0.483
Ruin+1 097 -025

Ryin = 2.09

Slope of TOL = = 0.6767

Y1

A\
N

09 / "/

08 -
/ 4\/ ¥
'I
07 /. o
/ d
06 o
// e —+— VLEdata
/ ’
"2

4 === y=x(reference)

05

P — 21¢=0.25

04 —~ %1,0=0.97
,
Cd
03 2

,

0.2 / L
'l
I"
01 o
I"
'l
0 *1
0 01 02 03 04 05 06 07 08 09 1

The minimum number of stages occurs when our operating lines coincide
with the line y = x. There are 6 equilibrium stages from the graphical construc-
tion and this number includes the partial reboiler. Therefore there are 5 stages
and 1 partial reboiler.
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(b) Now that we have an operating reflux ratio which is 1.25 times of the minimum,

we have a new slope for the top operating line = 0.723. Since the TOL is also
defined at the point, (0.97,0.97), we can construct the TOL line.

R =125(2.09) = 2.61

2.61

Slope of TOL = — =~
ope o 14261

=0.723

From the diagram, we observe that the TOL intersects the g-line (feed) at
x = 0.25, y = 0.449. We can draw the bottom operating line now as it passes
through this feed locus at (0.25, 0.449) and the point (0.1183, 0.1183) defined by
the bottoms composition.

Once we have both operating lines, we can draw “steps” on the McCabe—
Thiele diagram to find out the number of stages required at this new reflux ratio.
We find that there are 11 equilibrium stages (i.e., 10 stages and 1 reboiler stage),
where the optimal feed location is at stage 3 (where stage 1 is after the reboiler)
where we step over from lower operating line to top operating line.
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Y1

—+— VLE data
_____ y=x (reference)

715=0.25

%1 0=0.97
%15=0.1183

T
— BOL

(i) Now that R = 3.8. We have a new slope for the TOL.

3.8

=0.79167
1+338

Slope of TOL =

We still want to retain the column from part b, which consists of 11 equilib-
rium stages (1 reboiler + 10 stages). But this time, we are asked to introduce the
feed at plate 5 as one of the options. We note from the graph that this design will
be able to give us a distillate product that is purer than the required x; p = 0.97.

Now we check if the reboiler has adequate capacity. The BOL is already
defined based on the specifications in the problem. It has a slope as follows from
the graphical construction.

0.1183-04

The equation of the BOL can also be obtained from a mass balance at the
bottom of the column,
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09

08

0.7

06

05

03

02

01

Veyi,m + Bx1,B = LpX1m+1

_ (Lg B
Yim = Vs X1,m+1 Vs X1,B

Slope of BOL — Lg _ F+RD _ 150 + 3.8(23.196) _ 238.14
VB VB VB VB

Equating both expressions for slope of BOL,

238.14
Vs

Vg = 111.3 mol/h

=2.139

We are given a reboiler that has Vg = 120 mol/h which is greater than
111.3 mol/h. Therefore the reboiler has adequate capacity. We also observe
that it is not possible for the feed to enter directly into the reboiler as that would
require stepping from the BOL to TOL at the first step.

(i1) From graphical construction (black line), we can determine the minimum
number of equilibrium stages = 8 (7 stages + reboiler), with the optimal feed
location at plate 2 (above reboiler).

Y2

4 =
ad —+— VLE data

yd 21 | I T 11 = y=x (reference)
f s — L= 0.25
1/ A O
- s — x1,0=0.97
‘I" x1,8=0.1183
'l" —TOL
‘I
Pl | ——soL

0 01 0.2 03 04 05 06 07 08 09 1
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Problem 11

Consider a flash unit that is used to process two hydrocarbon streams A and B.
The flash operation is performed at 90°C and 1.4 bar. Each stream contains
three components 1, 2, and 3 as shown below:

Mole fraction, z; Vapor pressure [bar]
Feed stream 1 2 3 Flow rate [mol/h] 1 2 3
A 0.52 0.28 0.20 110 2.10 1.32 0.62
B 0.45 0.45 0.10 110

You may assume that there is an ideal gas vapor phase and both the liquid
and vapor phases have ideal mixing.

(a) Comment on whether both vapor and liquid phases are present in the exit
stream, and find the fraction of vapor flow rate to feed flow rate.

(b) Determine the vapor and liquid flow rates at the exit streams and their
molar compositions.

(c) If the flash unit is maintained at 90°C, what is the pressure required to
ensure only liquid at its bubble point leaves the unit?

Solution 11
Worked Solution

(a) Let us illustrate our system in a simple diagram.

F—V,y;
P T =90°C
wZid——" p=14bar
/\/\
Fpzip 3

—»Lx;

L

We know that by definition, K; = y;/x; at vapor—liquid equilibrium. Also,
since we have ideal mixing in both vapor and liquid phases, and an ideal gas in
the vapor phase, it follows that

y;P = x,-Pl.Sat

Psat
— l
P

K;
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Vapor pressure
Feed Mole fraction, z; Flow rate | [bar] K;
stream | 1 2 3 [mol/h] 1 2 3 1 2 3
A 0.52 {0.28 [0.20 | 110 2.10 [1.32 |0.62 |2.10/1.4=1.5 |0.943 |0.443
B 045 |0.45 [0.10 | 110

We can calculate the effective single feed composition for the two feed
streams.

o
I

Fi Fp
—4 1052+ (—2-—)0.45=10.485
<FA+FB> (FA+FB)
F F
(7“) 0.28 + (—B) 0.45 = 0.365
Fa+ Fp Fu+ Fg

Fi F
7= ( )020+ (3>0.10—0.15
Fa+Fp Fa+ Fp

For equilibrium, we can apply the Rachford Rice equation where = V/F and
denotes the ratio of vapor flow rate to feed flow rate.

z,l—
F= Z +ﬂK

Let us check the values of the function F assuming § = 0O (bubble point) and
p =1 (dew point). At bubble point, f = 0 at F' = 0 and so

Zz,»(l —K)=0
ZZ,‘K,‘ = 1

0.485(1.5) + 0.365(0.943) + 0.15(0.443) = 1.14

22

For our mixture, the value of ZiZiK ; = 1.14 > 1. This means that our

operating temperature of 90°C is above the bubble point. Separately, we know
that at dew point, § = 1 at F = 0 and so

Z Z,‘(l[; K,') —0

1
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0.485 0.365 0.15

5 To0943 0443 '®

For our mixture, the value of ) ; 1.05 > 1. This means that our operating

O —
E=
temperature of 90°C is below the dew point. Therefore, we have a mixture
between bubble point and dew point, which means that we have both vapor
and liquid phases in the exit stream. To find the fraction of vapor, we can solve

for f which is the fraction of vapor to feed flow rate.

0.485(1 — 1.5)  0.365(1 — 0.943)  0.15(1 — 0.443)

(1—B)+158  (1—p)+09438  (1—p) +0.443p
B =0.801

(b) Since the total feed flow rate entering the unit is

F =Fj+ Fg =110 + 110 = 220 mol/h
V = 0.801(220) = 176 mol /h
L =220—176 = 43.8 mol/h

To find the molar compositions, we can use the mass balance equation

Fz; = Vy, + Lx;
(220)0.485 = (176)K 1x1 + (43.8)x; = (176)(1.5)x; + (43.8)x,
x; = 0.347, y, = 1.5(0.347) = 0.520
(220)0.365 = (176)K2x2 + (43.8)x2 = (176)(0.943)x, + (43.8)x2
x; = 0.383, y, = 0.943(0.383) = 0.361
(220)0.15 = (176)K3x3 + (43.8)x3 = (176)(0.443)x3 + (43.8)x3
x3 =0.271, y; = 0.443(0.271) = 0.120
(c) If temperature is held constant, the way to make the 2-phase mixture reach its

bubble point (single liquid phase) is to increase pressure to a value greater than
1.4 bar. At bubble point, the following is true at f = 0.

ZZi(l -Ki)=0
ZZiKi = ZZ,' (P;S:l> =1

L
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2.1 1.32 0.62
0.485( =) +0.365(—=) +0.15(——) =1

P = 1.59 bar

Problem 12

Consider distillation of a binary mixture containing A and B. The relative
volatility of A to B is 2.4 and mole fraction of A in the feed is 0.6. The distillate
composition needs to be 80 mol % of A. Determine if this can be achieved for the
following scenarios, and determine the ratio of distillate to feed flow rate where
the desired separation is possible.

(a) The feed mixture enters directly into a partial reboiler as a saturated liquid
at bubble point. The reboiler is fitted to a total condenser with a reflux ratio
of R = 2.3. Vapor-liquid equilibrium can be assumed in the partial reboiler.

(b) The feed mixture enters a distillation column comprising of one plate and
one total condenser. The feed is a saturated liquid at bubble point and reflux
ratio R = 2.3.

(c) Total reflux is used for the conditions in part b.

(d) Reflux ratio R = 0 for the conditions in part b.

(e) The saturated liquid feed enters the column into the single plate for the
conditions in part b.

(f) A partial condenser is used instead of total condenser for the same condi-
tions as in part a. Liquid returns to reboiler and vapor is removed as
distillate. The liquid and vapor leaving the condenser may be assumed to
be in equilibrium with each other.

Solution 12
Worked Solution
(a) Let us sketch a diagram for our setup.

Total
Condenser

Vapor stream

V1, Yiv Distillate D, xip

Feed Reflux Ly, Xir

F, zif
’ Bottoms

Partial B, X4
Reboiler ’
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We know that relative volatility @ = 2.4; therefore, we can draw the VLE
curve using the following equilibrium relationship.

axy o 24x
T4 (@—1xg 14 1dxy

ya =

At the reboiler, we have equilibrium; therefore we can find x4

2-4xA,B

—xup =08 = —MAB
Yav = *AD 1+ Ldxag

XA B = 0.625 > ZAF = 0.6

This means that the bottoms product has a higher composition of component
A than in the feed, which is not possible. Therefore, this setup does not give us
our desired product.
(b) Now we have a setup that includes one stage in the column.

Total
Condenser

Vapor stream Distillate

Vo Yiv D, xip
Reflux
L, Xir

Reboiled vapor Liquid stream
Vs, YiB L, Xit
Feed F, z;¢ > > Bottoms
- B, Xis
Partial
Reboiler

We know that reflux ratio is 2.4, and a mass balance around the total
condenser gives us the following.
RD =Ly
Vr=D+Lr=D(1+R)=34D

We have equilibrium reached at the stage in the column, and we know that
Yav = Xap = 0.8; therefore

2-4XA,L

YAV = 14+ 1-4-xA,L
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0.8 — 2-4xA,L
1+ L4xy
XA, L = 0.625

A mass balance around the first stage and total condenser gives us
VeYap = Dxa,p + Lpxa,L

D Lp
=—(0.8 —(0.625
YA,B Vs ( ) + Vs ( )

The slope of the top operating line is defined by the reflux ratio as follows.
This coincides with the gradient term ‘L,—’; of the above equation for the TOL. Also

we know that Vg = Vp

R 23 Ls
Slope of TOL = —— — =2 _ 69697 — =&
ope o 1+R 33 Vs
D 1
Yan =1, (0.8) +0.69697(0.625) = = (0.8) + 0.69697(0.625) = 0.671
T .
2.4XA B
_ 2B g 671
VB = T a0

X5 = 0460 < 24 = 0.6

Therefore, it is possible to produce the required distillate product. To find the
required flow rate (as a ratio of distillate to feed flow rate) to achieve this, we can
perform the following mass balances.

F=D+8B

Fza,r = Dxa,p + Bxa,p

D D
AF = FXAD + (1= 7 )as

9: ZA,F — XA,B 206—046:0412
F XA,D — XA,B 0.8 —0.46

We note that we will produce a distillate stream at flow rate of 41.2 moles per
100 moles of feed.

(c) Now we have total reflux, i.e., R — oo, which also means that all of the liquid
obtained from the total condenser is returned to the column, and there is no outlet
distillate stream. This means that it is not possible to produce a distillate stream
of 80 mol% A as required.
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Total
Condenser
Vapor stream
V1, Yiv
Reflux
Ly, Xir
Reboiled vapor Liquid stream
Vi , Vi LB: X’,L
FeedF, z —>B " | Bottoms
) .
1 &iF > B, Xi'B
Partial
Reboiler

(d) For reflux ratio R = 0, there is no liquid return into the column. Therefore, there
is effectively only one equilibrium stage at the reboiler itself, and the stage in the
distillation column does not serve as an equilibrium stage. This setup is the same
as in part a, which we have earlier shown to be unfeasible to produce our desired
distillate product.

Total

Condenser
Vapor stream

V1, Viv Q i) gisﬁllate
) Xi,p

Reboiled vapor

Vg, Vi
o Yie Bottoms

Feed F, z;¢ B x
» Ai,B

Partial
Reboiler

(e) Now we have the saturated liquid feed entering the column into the plate.

Total
Condenser
Vapor stream
Vi, Viv Distillate
' D, Xi,0
Reflux
FeedF,zip — 9 — L, Xir
Reboiled vapor 7 Liquid stream
Vs, Vig Ls, Xi
Bottoms

B, Xi
Partial
Reboiler
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This gives us a new mass balance around the total condenser.
Vr=D+Lr =D(1 +R)=3.3D
We also know from a mass balance around the single stage,
Vr = Vg
Lp=F+Lr=F+RD

Finally, we know that y, y and x4 ; are related by the equilibrium equation.
ya.v is already constrained by the required distillate purity, i.e., ya.y = x4 p = 0.8.

2.4
__AtaL 0.8
1+ Ldxs,

XA, L = 0.625

Ya,v

We can now derive a bottom operating line, which applies for the partial
reboiler as an equilibrium stage. This can be done by doing a mass balance
around the partial reboiler and substituting earlier results.

Lpxa, . = Bxap+ Vpya s

(F4+RD)xa,. = (F —D)xa,3 + Vryap

(F + RD)XA’L = (F — D)XA,B + (33D>yA,B

D D D
1+2'3f XaL = 1—; Xap+3.3 7 )Yas

D B D D 2.4xA,B
<1 123 F) (0.625) = (1 - F>xA,B +3.3 (F> (1 T 1.4xA’B> (1)

An overall mass balance gives us one more equation required to solve for x4 g
and 2.

FZA,F = D)CA,D + BxA,B = D)CA,D + (F — D)XA,B

(D \_D
A F = 7 Xa,p + 7 XA,B
D D
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Solving the simultaneous Egs. (1) and (2) gives us
D
x4,8 = 0.49, 7= 0.35

(f) A partial condenser is used instead of total condenser for the same conditions as
in part a.

Partial
Condenser

Vapor stream

Vi, Yiv Distillate D, yip
Feed Reflux Ly, xir
F,z
iF Bottoms
Partial B, Xig
Reboiler

In this case, we have x4 g in equilibrium with y,  as the partial condenser
effectively becomes an equilibrium stage and this scenario is equivalent to part b.

2.4)CA R
4. 1+ Ldxaz
Xag = 0.625

Performing a mass balance around the partial condenser, we have

Lr +D=Vy=DR+1)=33D
Vryav = Lrxar +Dys p

Ly D 2.3 1
=—1(0.625 —(0.8) = =—1(0.625 —(0.8) = 0.678
Yav VT( )+VT( ) 3'3( )+3.3< )
- 2-4xA,B o
Y S T e, 0078
xap = 0.468

We can also specify the required D/F by performing an overall mass balance

Fza,r = Dysp + Bxa,p
D D
0.6 =—(0.8 1 ——1(0.468
208)+ (1-7) 0468)

=0.40

SlRv)
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Therefore, we have shown that it is possible to produce the required distillate
at a flow rate of 40 mol per 100 mol of feed.

Problem 13

Consider a feed mixture comprising of three hydrocarbons 1, 2, and 3, which is
flashed at 1.8 bar and 93 °C. The molar compositions and K values are shown
below:

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3
Zi 0.25 0.55 0.20
K;at 93 °C, 1.8 bar 2.3 0.95 0.42
K; at 25 °C, 1.8 bar 0.32 0.10 0.028

(a) Comment on whether 93 °C falls between the bubble and dew point tem-
peratures of the feed at 1.8 bar. Calculate the fraction of feed that is
vaporized, and the composition of the product streams.

(b) If a liquid of the same composition as the feed were stored under a nitrogen
blanket at 25 °C and 1.8 bar, what would be the partial pressure of nitrogen
and of the hydrocarbons in the vapor phase.

(c) If 0.8 kmol of that same feed as part a were mixed with 0.2 kmol of H,O at
1.8 bar, describe the method to find the bubble point of the resulting stream
(actual calculations are not necessary) if you are provided with the steam
table and K value nomogram for hydrocarbons?

(d) Further from part c, explain how the dew point temperature can be found,
and how you would determine if the hydrocarbon phase or water phase
condenses first.

Solution 13
Worked Solution

(a) At bubble point, the first bubble of vapor is formed from a saturated liquid. The
composition of vapor in the bubble must satisfy

Z}’izl
i

By definition, K; = y;/x;. Since there is VLE and the liquid composition is
known (and is not altered much by the first bubble), the bubble point condition
becomes
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Hydrocarbon 1 | Hydrocarbon 2 | Hydrocarbon 3 | Sum
Zi 0.25 0.55 0.20
K;at93 °C 2.3 0.95 0.42
Kx; (to find bubble pt, z; = x;) |0.575 0.5225 0.084 1.18>1

The result of > K;x; > 1 means that the temperature of 93 °C is greater than

the bubble point temperature. Since K; represents equilibrium for an endothermic
(vaporization) process, therefore K;~T. And it follows that a greater value of Kx;
than 1 (condition for bubble point temperature) means that the operating tem-
perature of 93 °C is greater than the bubble point temperature.

At dew point, the first droplet of liquid is formed from a superheated vapor.
The composition of liquid in the droplet must satisfy

inzl

Similarly, by definition, K; = y/x;, and since there is VLE with a known vapor
composition (not altered much by the first droplet formation), the dew point
condition is

-

Hydrocarbon 1 | Hydrocarbon 2 | Hydrocarbon 3 | Sum
Zi 0.25 0.55 0.20
K;at93 °C 2.3 0.95 0.42
% (to find dew pt, z; =y;) | 0.109 0.579 0.476 1.16 > 1

The result of ,y<— > 1 means that the temperature of 93 °C is lower than the dew
point temperature. Since K; represents equilibrium for an endothermic (vapori-
zation) process, therefore K;~7. And it follows that a greater value of [y<—l than
1 (for dew point) means K; is smaller than is required for dew point, and hence
the temperature of 93 °C is lower than the dew point temperature.

Let us consider our system in the simple diagram below.
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Vapor stream
V,vi

— »

)

Feed T=93°C
Fei stream P=1.8bar

E——
N — T~

~—
L

Liquid stream
L, Xi

To find the fraction of feed that is evaporated, we can begin with mass

balance equations.

F=V+L
Fzi = Vy; + Lx;
Fzi = V(Kix;) + (F = V)x; = x;(VK; + F - V)
v Fz; _ % %
CVKi+F-V o (YK +1- (Y %(K —1)+1

We know that > x; = > y; = 1 is always true. Therefore,
i

055(1-095) =~ 02(1-042) _

0.25(1 —2.3)
V042 - 1)+ 1

+
V23—1)+1 %095—1)+1

4 =0.52
F
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Therefore the fraction of feed that is evaporated is 0.52 and the compositions

of the product streams at 93 °C and 1.8 bar are as follows.

Liquid stream:

Hydrocarbon 1

Hydrocarbon 2

Hydrocarbon 3

Zi 0.25 0.55 0.20
K; 2.3 0.95 0.42
0.15 0.56 0.29

—
Xi = 052K, 1)+

Vapor stream:

Hydrocarbon 1

Hydrocarbon 2

Hydrocarbon 3

Zi 0.25 0.55 0.20
K; 23 0.95 0.42
0.34 0.54 0.12

— Kizi
Yi = 032K~ 1)+1

(b) Nitrogen blankets are used as they are inert and also do not dissolve readily into
the liquid phase of the mixture. Therefore, we can assume that nitrogen only
features in the vapor composition and not the liquid composition.

Pyt = Py + P> + P3 + Pyy = Puc + Pyo

We have the following liquid feed composition, which we can use to find the
vapor molar composition y; = Kx;.

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3 Nitrogen
X; 0.25 0.55 0.20 0
K; at 25 °C, 1.8 bar 0.32 0.10 0.028 -
v = Kix; 0.08 0.055 0.0056 0.86

Z}’izl

yna =1 —0.08 — 0.055 — 0.0056 = 0.86
PN2 = yNZPtOtal = 086(18) = 1.55 bar
Pyc = 0.14(1.8) = 0.25 bar
(c) We assume that water and hydrocarbon phases do not mix. Hence the liquid
composition we are considering here is for the hydrocarbon phase. To determine
bubble point, we need the condition below to be met for the hydrocarbon phase

at the bubble point temperature. K; values for hydrocarbons are defined at a
specific temperature and pressure from a nomogram.

ZK,-xiHC = ZyiHC =1
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A nomogram is also called a DePriester chart which looks like the following.
On the left-hand side, we have a vertical axis of pressure values, and on the right-
hand side, we have a vertical axis of temperature values. The K; value of a
hydrocarbon can be found by drawing a straight line connecting the relevant
temperature and pressure values, and reading the K; value corresponding to the
specific hydrocarbon of interest. The example below is shown for methane at
T = 60°F, P = 100 psia.

bl
| FTEREe F
NI % 2 A
el A ETAVRY] |
iz T 1 »
| ‘Bjm " | ; _ : ;
- »
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Also at the bubble point, the following pressure condition will be fulfilled
whereby Py, 0 is the partial pressure of water and Py is the partial pressure of
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the hydrocarbons. Note that since the liquid water phase is immiscible with the
hydrocarbon phase, it is separately exerting its full saturated vapor pressure. The
saturated vapor pressure of water can be found from steam tables for a specified
temperature.

AW N =

Puc + Pu,0 = Piora = 1.8 bar

We know that P = 1.8 bar. Therefore, we need to follow the below steps:

. Guess a bubble point temperature, Tgyess.

. From steam tables, determine the corresponding Py,0 at Tgyegs-

. We can then determine Py since Pyc = 1.8 bar — Py, (from step 2).

. With knowledge of Pyc and Tyuess, we can find K; values for the

hydrocarbons.

. We know that the hydrocarbon phase feed has the same molar composition as

in part a shown below. Therefore we can find K;x/'C using the K; values
obtained from step 4. If the result of Y ,K;xF € > 1, then we need to reduce
Tyuess and vice versa. We iterate until we obtain the bubble point temperature
when > KixHC =1

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3

HC

0.25 0.55 0.20

. We can then find the corresponding Py,o at that temperature from steam

tables. We can then obtain Pyc = 1.8 bar — Py,o. The partial pressures of
each hydrocarbon component can be found using yHCPyc = PHC, where
HC _ g HC
v =Kix"~.
To find dew point, the condition to be met is as follows.

e
-

(d) For dew point calculation, we similarly guess a temperature value and find K; at

that temperature for the hydrocarbons. We then calculate the value of

e
i K;

using the feed composition below, and iterate until we get the dew point

HC
temperature when 21}? - 1.

Hydrocarbon 1 Hydrocarbon 2 Hydrocarbon 3

HC

0.25 0.55 0.20
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This time, since we start with a vapor phase as we go towards dew point, the
vapor phase starts off with miscible vapors of water and hydrocarbons, and the
vapor compositions and partial pressures will therefore be as follows:

yHC = 0.8, y0 =022
Pi,0 = Y2°Pyia = 0.2(1.8 bar) = 0.36 bar
PHC = 1.8 bar — PHZO = 1.44 bar

If the hydrocarbon phase condenses first, it means that at the dew point
temperature, the saturated vapor pressure of water (which can be found from
steam tables) should be >0.36 bar.

Problem 14

A mixture of 70 kmol of hydrocarbon A, 5 kmol of water, and 10 kmol of
nitrogen occupies a container of volume 90 m® at 130 °C. Find the number of
phases present and determine the pressure in the container and the composition
in each phase. List any other assumptions made.

You are given the saturated vapor pressure of hydrocarbon A at
130 °C = 5.2 bar, liquid density = 750 kg/m>, and molecular weight = 84 kg/
kmol.

Solution 14
Worked Solution

First, we will assume that the vapor phase is an ideal gas, i.e., intermolecular
interactions are negligible. Also, we may assume that nitrogen gas is immiscible in
the liquid phase. The liquid phases include a liquid hydrocarbon phase and liquid
water phase which are immiscible with each other.

To find the number of phases present, we can first guess that there is a single
vapor phase (and no liquid phase), at a total system pressure denoted as P,. For 1 mol
of an ideal gas, we can assume that it occupies a volume of 24 dm® at room
temperature and pressure of 298 K and 1 bar. This is equivalent to 24 m’ for
1 kmol. Using the ideal gas relationship, we have

PV PV,

T, T,

Therefore we can find the volume of 1 kmol of vapor at 130 °C (or 403.15 K),
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_P\VITy  1(24)(403.15) 325

1% = =
2T RT, P>(298) Py

If the total volume of the system is 90 m’, then V, = Vg, We can find the total

system pressure P, = P, as follows, where ny denotes the total number of kmols of
gas.

325

nr) =90
Ptolal ( T)
32.5(70+5+ 10
Piotal = ( ) ) = 30.7 bar

If our assumption was correct, then we can calculate the partial pressures of the
hydrocarbon and water phases. For water, we can find the saturated vapor pressure at
130 °C using the steam table.

5
Pu,0 = Yu,0Pr0tal = %5 (30.7) = 1.8 bar < saturated vap pr at 2.7 bar

This means that water still exists as a vapor, and there is no liquid phase for water.

70
Puc = yucProl = 35 (30.7) = 25.3 bar >> saturated vap pr at 5.2 bar

This means that some of the hydrocarbon has already condensed into liquid, i.e.,
there is a vapor phase and a liquid phase for the hydrocarbon. It follows that we can
now guess that we have 1 vapor phase (containing both water and hydrocarbon) and
1 liquid phase (containing hydrocarbon only). Therefore, the total number of kmols
in the vapor phase is

vap vap

ny :nHC+5+10:nIYI%p+15

Since the liquid phase is pure hydrocarbon, the partial pressure of hydrocarbon is

also the saturated vapor pressure of hydrocarbon, 5.2 bar, at the same temperature of
130 °C.

va
nP

Pyc = —-2€ _ p o= 5.2 bar
HC f’lI‘_/;(i-I; + ]5 total

5.2(nye + 15
Protal :% (1)
"He

32.5 70 — nye) (84
Viotal = Vvapor phase + Vliquid phase — (njv"ap) + %

P total
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325 (70 — nyt) (84)
90 = e+ 15) e 2
Ptotal (nHC + ) + 750 ( )

We can solve the pair of simultaneous Egs. (1) and (2), to find

Piotar = 11.03 bar

nIYIan = 13.4 kmol

We can now check if our assumption of phases was correct.

(11.03) = 1.94 bar < saturated vap pr at 2.7 bar

5
Pu,0 = yHgOPtotal = m

This means that water still exists as a vapor, and there is no liquid phase for water.

(70 — 13.4)(84)

_ 3
750 =63m

Vliquid phase —

The volume of liquid phase is 0 m® < 6.3 m® < 90 m®, which is reasonable. The
vapor phase compositions are therefore,

13.4
Yuc = m = 047, PHC = 047(1103) = 5.2 bar = saturated vap pr
5
S
Yo =371 15 018
10
0.35

THC T 3415

Consider 1 kmol of a hydrocarbon feed mixture with the following composition,
which is flashed at 60 °C, 8 bar. Find the quantity and composition of the final
liquid.

Component Zi K; at 60 °C, 8 bar
1 29.90 20.9

2 7.05 4.5

3 5.13 1.7

4 5.05 0.57

5 4.80 0.31

6 4.32 0.081

7 471 0.025

8 4.68 0.011

Involatile bottoms 34.36 0.000
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Worked Solution

Vapor stream
V,yi
>

T=60°C

Feed stream p=8bar

F,z
—_

~——

—>
Liquid stream
L, Xi

F=V+L
Fz; = Vy, + Lx;
Fz; = V(Kixi) + (F - V)xi = .X,‘(VKi + F— V)

_ Fz; _ i
VKi+F -V ¥Ki—1)+1

Xi
We know that Eixi = 1 is always true. Therefore,
. —

i
Z.:%(Ki -1+1

We know the values of z; and K;; therefore, we can start with an initial guess for%.

K; at 60 °C, z; in mole Z
Component Zi 8 bar fraction Xi = HKi—1)+1
1 29.90 |20.9 0.299 0.035
2 7.05 |45 0.0705 0.030
3 5.13 | 1.7 0.0513 0.040
4 505 |0.57 0.0505 0.060
5 4.80 031 0.048 0.065

(continued)
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K; at 60 °C, z; in mole N
Component Zi 8 bar fraction Y= TR
6 4.32  0.081 0.0432 0.070
7 4.71 0.025 0.0471 0.075
8 4.68 |0.011 0.0468 0.075
Involatile 34.36 | 0.000 0.3436 0.55
bottoms
> x; when %is 0.38 = 1.00
K =0.38
F

Given that F = 1 kmol, V = 0.38 kmol and therefore the quantity of resulting
liquid is as follows with the mole fractions x; as shown in the table above.

L=1-0.38=0.62kmol

Hydrocarbon A is to be separated from hydrocarbon B by distillation, with a
partial condenser at the top of the column. The separation requirement is that
the vapor distillate should contain mole fraction of A, y4 , = 0.95. The outlet
temperature from the partial condenser is 45°C. The K values for A and B at
45°C and various pressures are given below.

Pressure/bar K K
10 1.33 0.25
11 1.21 0.23
12 1.10 0.20
13 1.015 0.185

(a) Find the pressure at the top of the column and the composition of the liquid
reflux. You may assume negligible pressure drop between the condenser
and the top of the column.

(b) A liquid bottoms product from a distillation column has the following
component flow rates and K values at 710 kPa and varying temperatures.
If the pressure at the bottom of the column is 710 kPa, find the temperature
of the bottoms product.

Flow rate [kmol/ | K; at 710 kPa, K; at 710 kPa, K; at 710 kPa,
Component | h] 63 °C 68 °C 73 °C
1 10 1.08 1.35 1.69
2 230 0.9 1.1 1.35
3 24 0.35 0.5 0.72
4 15 0.27 0.43 0.71




284 Separation Processes

(c) The stream in part b is subsequently flashed to 120 kPa and
15°C. Determine if the feed remains liquid? Describe briefly how you
would find out the enthalpy required to be added or removed in this process
if the identities of the components are known hydrocarbons.

Component K; at 120 kPa, 15 °C
1 2.05
2 1.54
3 0.48
4 0.38

Solution 16
Worked Solution

(a) Let us illustrate a simple diagram for our setup.

Partial
Condenser
Distillate
vapor, yip
Vapor stream
Vr, ¥it
—
Feed stream
F,z
—
—  J
Bottom liquid
—>
Ls, Xip

We note that the separation objective in the vapor distillate is y4 p = 0.95, and
hence yp p = 0.05. In the partial condenser, the temperature will be at dew point;
therefore the following is satisfied. When 11}? > 1, we need to increase K;

which will be at a lower pressure if temperature remains the same.
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Mole K; at 45 °C, = Vi K; at 45 °C, = Vi
Component | fraction y;, |12 bar " Ki(12bar) |11 bar " K;(11 bar)
. . 0.95 . .
A 0.95 1.10 = — 0.864 1.21 0.785
B 0.05 0.20 0.250 0.23 0.217
> =1.11 >x; = 1.00

Therefore the pressure at the top of the column is 11 bar, where the dew point
condition is met in the condenser.

The composition of the liquid reflux is given by x; = m, and is there-
fore, x4 r = 0.785 and xp r = 0.217 as calculated in the table above.

(b) We have a liquid bottoms product, which means that we have a partial reboiler at
the bottom, since it has to generate vapor that feeds back into the column, and
produce a liquid bottom stream that is removed as product.

In the partial reboiler, the mixture is at bubble point temperature and hence

Ziyi = ZiKixi =1

We can find the mole fractions from the flow rates,

Component Flow rate [kmol/h] Mole fraction x; 5
1 10 % =0.036
2 230 0.824
3 24 0.086
4 15 0.054
YiLig =279 Yixip=1
Mole
fraction x; | K; at y;i = Kix;at | K; at vi = Kix;at | K; at v; = Kix; at
Component | 63°C |63°C 68 °C |68 °C 73°C |73°C
1 0.036 1.08 0.04 1.35 0.05 1.69 0.06
2 0.824 0.9 0.74 1.1 0.91 1.35 1.11
3 0.086 0.35 0.03 0.5 0.04 0.72 0.06
4 0.054 0.27 0.02 0.43 0.02 0.71 0.04
>ivi=0.83 Yyi=1.02 Y= 127

We can see that the bubble point condition is met at a temperature of

approximately 68 °C. Therefore the temperature of the bottoms product is 68 °C.

(c) The liquid bottom stream in part b becomes the feed to the flash unit for this part.

Therefore the molar composition of the feed, z;, is as shown below added to the
table of K values provided.
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Component K; at 120 kPa, 15 °C Z; Kz =

1 2.05 0.036 0.07 0.02

2 1.54 0.824 1.27 0.54

3 0.48 0.086 0.04 0.18

4 0.38 0.054 0.02 0.14
YKai=14>1 | 32=088<1

Since ) ;K;z; > 1, it means that the temperature of 15 °C at 120 kPa is above
the bubble point. Therefore some of the feed is vaporized. In order to find out if
all of the liquid is vaporized, we need to check against dew point.

For dew point, ) & = 1. Since we have ) & < 1, it means that our K values

are higher than if they were at dew point temperature. This means that the
temperature of 15 °C is higher than the dew point temperature at 120 kPa.
Therefore, we can conclude that all of the liquid in the feed is vaporized, and
none remains as liquid.

The enthalpy required to be added to the flash unit, g, is found from an energy
balance around the unit, where h;, denotes the enthalpy of the saturated liquid
feed at 68 °C, h,, denotes the enthalpy of the exit vapor stream at 15 °C and
120 kPa. Enthalpies can be found from data booklets for known hydrocarbons
based on specified operating conditions such as temperature and pressure.

hin_houl+q =0

Problem 17

A hydrocarbon feed has the following composition.

Component 1 2 3 4 Involatiles

Mole fraction 30 29 20 11 10

A distillation column operating at 1 bar is used to separate the components,

consisting of a total condenser and a partial reboiler. The separation objective is
to have a distillate of x3 , = 0.02 and bottoms product with x, g = 0.006.

(a) Determine the molar composition of the product streams.
(b) Check if the temperatures at the top plate and the reboiler are set appro-

priately at 25 °C and 89 °C, respectively. You are provided with the
following K values

Component 1 2 3 4 Involatiles
K at 1 bar, 89 °C - 3.7 1.65 0.76 -
K at 1 bar, 25 °C 2.3 0.70 0.2 - -

(c) By using the Fenske equation, find the number of theoretical plates needed

for total reflux.
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Solution 17
Worked Solution

(a) Before we solve this problem, let us revisit some basic concepts in
multicomponent distillation of volatiles.

We may encounter the terms, “Light Non-Key (LNK),” “Light Key (LK),”
“Heavy Key (HK),” and “Heavy Non-Key (HNK) ,” representing 4 components
of adjacent volatilities with the most volatile to least volatile in the order
LNK — LK — HK — HNK.

* The feed entry point separates the column into a top rectifying section and a
bottom stripping section.

¢ LNK is the most volatile, and its concentration decreases down the column
(pink line).

e HNK is the least volatile, and its concentration increases down the column
(orange line).

* The intermediate species, such as HK and LK, experience maxima in their
concentrations, where this maxima occurs at the top section for the LK (green
line), and the bottom section for the HK (yellow line).

Plate
A

Top
Rectifying
section

Feed

—>.
Stripping
section

Bottom

In this problem, we have component 2 as our LK, and component 3 as our
HK. Assuming 100 kmol of feed we have the following, where P and Q are amounts
of LK and HK in the bottoms and tops products, respectively:

Component |1 2 (LK) 3 (HK) 4 Involatiles | Total/kmol

Mole 0.3 [0.29 0.2 0.11 |0.10 1

fraction

Feed/kmol |30 |29 20 11 10 100

Tops/kmol |30 |29 — P=28.76 | O =1.2 0 0 59 — P+ Q =59.96
Bottoms/ 0 P=0.24 20— Q=188 |11 10 41 + P — Q = 40.04
kmol
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The required LK concentration in the bottoms product is

P

The required HK concentration in the tops product is

0

2 _o0m
so-pro 0

Solving the simultaneous equations, we have P = 0.24 and Q = 1.2.

(b) The mole fractions in the tops product is

2 3 Total/
Component 1 (LK) |[(HK) |4 Involatiles | kmol
Mole fraction in tops, Xiops 30/ 048 [0.02 |0 0 1
59.96 = 0.500
Mole fraction in bottoms, 0 0.006 |0.469 |0.275 |0.25 1
Xbottoms

Since we have a total condenser, Xyps = Y7, Where yy is the vapor mole
fraction exiting the top plate. To find out if the top plate temperature should be
25 °C, we need to verify if it coincides with the dew point temperature. For dew
point, the following condition holds. From the calculations in the table below, it
is shown that the dew point condition is fulfilled, hence the top plate temperature
is correctly set at 25 °C.

S

1

Component 1 2 (LK) |3 (HK) |4 |Involatiles

Mole fraction in tops, yr | 0.500 0.48 0.02 0 |0

K at 1 bar, 25 °C 2.3 0.70 0.2 - |-

’% 0.5/2.3 =0.22 |0.69 0.1 - |- % ~1

Similarly, for the reboiler, we need to check if the temperature of 89 °C is the
bubble point temperature for the liquid bottoms composition. For bubble point,
the following condition holds; therefore, the temperature of the reboiler is
correctly set at 89 °C.

ZKI'.X,' =1
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3
Component 1 |2 (LK) (HK) |4 Involatiles
Mole fraction in Bottoms, |0 |0.006 0.469 | 0.275 0.25
XB
K at 1 bar, 89 °C - 137 1.65 0.76 |-
Kx; - 3.7 0.77 021 |- SKixi=1
(0.006) = 0.022 !

(c) The Fenske equation has the general form as follows for a binary mixture, where
N denotes the number of theoretical plates where the reboiler is considered a
plate, a is the relative volatility of the more volatile component to less volatile
component, and xp, and xp are the mole fractions of the more volatile component
in the tops and bottoms product streams, respectively.

() ()

loga

When we have a multicomponent mixture, we can express the Fenske
equation in the form below, where the more volatile and less volatile components
are the LK and HK, respectively. When we have total reflux, N is the minimum,

ie., N,,.
o), (),
N_ Og XHK /) p \"LK / B

o l0gaye

When a is not a constant across the height of column, a mean value can be
used whereby a,,, is averaged across the height of column using

Ravg = \/ (aLk—nK, D) (ALK-HK,B)-

JLK
a (XLK) Kix
LK-HK = =
(m) Knk

XHK

At the top of the column at 25 °C,

u _ Kix 07 35
LK-HK,D = 75— =_—=23.
Kuk |y 0.2
At the bottom of the column at 89 °C
Kix 3.7
OLK— == =——=224
HREHED T Kk lgge 1165
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Therefore, the average relative volatility can be found as follows.

aavg = \/(aLKfHK,D)(aLKfHK,B) = \/(35)(224) = 28

Under total reflux, the minimum number of theoretical plates is 6, since the
value of N,, includes the partial reboiler as one of the stages.

(35) ()
N, — 0.02/ \0.006

log2.8
0.48\ /0.469
28V = () () =187
8 <0.02) (0.006) 876
logl
, = 0el876 _ ;. 4
log2.8

Problem 18

The Fenske’s equation is given as follows. «;; is the relative volatility of compo-
nent i to component j.
(o)
Xj,D

log 7(%. .
)
N, = Js
" loga;;

Consider a liquid feed at its bubble point into a distillation column with the
following composition.

Component 1 2 3 4 5 6
Mole fraction 0.14 0.11 0.22 0.28 0.06 0.19
Relative volatility a;, 3.21 2.20 1.83 1.00 0.612 0.399

(a) If we require the recovery of component 3 in the distillate to be 98.5% of its
amount in the feed and the recovery of component 4 in the bottoms stream
to be 97.5% of its amount in the feed, what is the minimum number of
equilibrium stages required to achieve these targets.

(b) Find the compositions of the distillate and bottoms streams assuming that
the light non-keys end up in the distillate stream only, and the heavy
non-keys end up in the bottoms stream only. Determine also, the distribu-
tion of the non-keys.

(c) Given Underwood’s equations as follows, determine the minimum reflux
ratio R,, and value of 6.
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Q@ XiF
21—

Q; Xip
=1+R,,
P R

i

(d) If the actual reflux ratio R = 1.2R,,,, find N using an appropriate equation
from Gilliland’s correlation as shown below. Comment on other methods to
determine N using this correlation.

For (R _R'") €[0,0.01],

R+1
N=Nn_10- 18.57(R_R’”)

N+1 R+1

For (%7%x)c[0.01,0.9]

N—Ny
N-+1

R+1 (M)
R+1

For (RR_:f'") €[0.9,1],

N—Ny,
N+1

R—R,
=0.1659 — 0.1659
(o)
Solution 18
Worked Solution

(a) Let us assume that we have 100 kmol of feed for easy computation. Applying the
below principles, we are able to derive the values in bold in the table below.

* From the separation objectives, we can define component 3 as the Light Key
(LK) and component 4 as the Heavy Key (HK). The implication of this is that:

Distillate

— There will be none of components 5 and 6 (i.e., heavier than HK) in the
distillate stream.

— Components 1 and 2 (i.e., lighter than LK) will have no change in amount
from the feed.

Bottoms

— There will be none of components 1 and 2 (i.e., lighter than LK) in the
bottoms stream.
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— Components 5 and 6 (i.e., heavier than HK) will have no change in amount
from the feed.

* The requirement of x5 p, = 0.985 and x4 5 = 0.975 are used to compute 7; in
the distillate and bottoms streams, respectively.
* Finally for the same component, we note that mass balance has to apply;

therefore n; feeqa = Mip + Nip.

Component i | 1 2 3 (LK) 4 (HK) 5 6 Sum

Mole fraction |0.14 0.11 [0.22 0.28 0.06 |0.19 |> z=1

in feed, z; i

Amount in 0.14(100) |11 22 28 6 19 > feea=100
feed, ni,feed/ =14 i

kmol

Relative vola- | 3.21 220 | 1.83 1.0 0.612 |0.399

tility, oy

Amountin |14 11 | 0.985 28-273= |0 0 Snip =474
distillate, r; ,,/ (22)=21.7 (0.7 i

kmol

Amount in 0 0 22 -21.7 0.975(28) = | 6 19 > nip =526
bottoms, n; p/ =03 27.3 i

kmol

Mole frac- 14/47.4 = | 0.23 | 0.46 0.015 0 0 Sxip=1
tion in distil- | 0.30 i

late, x; p

Mole frac- 0 0 0.3/52.6 = |0.52 011 (036 |> x;p=1
tion in bot- 4.0057 i

toms, x; p

We are given the following Fenske’s equation, which we can apply to compo-
nents 3 and 4, i.e., the LK and HK.

Xj.D

log
Xi,B X3,DX4,B
log | ———
_ Xj,B X3,BX4,D
N, = =
logay; logasy

We are told that recovery of component 3 in the distillate is 98.5% of its
amount in the feed.

0.985 =

DX3,D
Fz;3

(1)
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1-0985 =B Don_Bos
Fz3 Fz3

Equation (2) divided by Eq. (1) gives:

Dxsp 0985
Brsp 1—0.985

3)

Similarly, we are told that the recovery of component 4 in the bottoms stream
18 97.5% of its amount in the feed.

Bxy p
0.975 = :
Fzy
10975 = = Bus  Drp
24 Fzy
BX4’B 0.975

Dup 1-00975 “)

The product of Egs. (3) and (4) gives

Dxsp\ (Bug) [ 0985 0.975
Bxss)\Dxsp) \1—0985)\1—-0975

log [ma] jog (L0888 ) (10518 ]
N = =

logarss log1.83
N, =1299 = 13

Therefore, the minimum number of equilibrium stages required is 13.

(b) Before we solve this problem, let us revisit some related concepts in
multicomponent distillation of volatiles with non-keys.
Non-key profiles are characterized by long sections where mole fraction
x does not change much. Assume the case when we have an intermediate
non-key component between the LK (green line) and HK (yellow line) as
shown in the diagram below, its destination in the distillate or bottoms is
unimportant. In section AB near the bottom of column, separation is between
NK and HK, and the mole fraction of LK does not change much. In the
remaining section BC, both LK/NK and LK/HK separation occurs. The mole
fraction of NK can reach an appreciable value (purple line).
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Plate
A C
T
op LK
Feed LK/HK & LK/NK
— separation
B
NK/HK separation
Bottom A
> X

In our problem, we have a heavy non-key (less volatile than HK) and a light
non-key (more volatile than LK). We can modify our Fenske equation, such that
p represents the recovery fraction of component i in the distillate relative to its
amount in the feed.

bi 0.975
B log KW) (2057

10ga,~4

)} =12.99 > 13

m

B = Dx;p  nip
= -
Fz; N feed

s (B 0975 \ [ B
= (1 —ﬂ,) (1 —0-975) - (1 —ﬂ,) (39)

13
Qi4

- 39 + a,-413

Bi

We can determine the values of bold, as shown in the table below. The
compositions of the distillate and bottoms streams, and the distribution of non-
keys are evaluated. It can also be verified that the light non-keys end up mainly
in the distillate and heavy non-keys end up mainly in the bottoms stream.

Component i | 1 (LNK) 2 (LNK) |3 (LK) |4 (HK)|5 (HNK) | 6 (HNK) | Sum
Relative vola- |3.21 2.20 1.83 1.0 0.612  |0.399
tility, a
Bi 3.21%(39 [0.999 |0.985 |0.025 |4.33E-05 1.67E-07
+3.21'%) =
1.00
Amount in 14 11 22 28 6 19 S N feed = 100
feed, n; [‘eed/ i
kmol

(continued)
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Componenti |1 (LNK) |2 (LNK)|3 (LK) |4 (HK)| 5 (HNK) | 6 (HNK) | Sum
Amount in dis- | 1.00(14) = | 11.0 21.7 0.7 2.60E-04 | 3.17E-06 Zn,;p ~474
tillate, n; 5,/ 14.0 i

kmol

Amount in 14-14.0=0.0 0.3 27.3  |6.00 19.0 >n,p =526
bottoms, n; g/ | 0.0 i

kmol

Mole fraction | 14.0/47.4 =| 0.232 0.458 | 0.0148 | 5.49E-06 | 6.69E-08 | > "x; p =1
in distillate, | 0.295 i

Xi,p

Mole fraction | 0.0/52.6 = | 0.0 0.00570| 0.519 |0.114 0.361 Sxip=1
in bottoms, |0 i

Xi,B

(c) The Underwood’s equations can be obtained from the data booklet. They are
also provided in our problem as shown:

Z(Ziimgzl_q

i

In distillation, g denotes the fraction of liquid phase in the feed. Conversely,
the fraction of vapor phase in the feed is 1 — g. In our problem, we have a feed at
bubble point; therefore g = 1.

a; XiF
0
A14X1,F A4 X2 F A34X3, F QA44X4, F A54X5, F A64X6, F
ay— 0 a—0 au—0 au—0 asy—0 ag—0
3.21(0.14) 1 2.20(0.11) 1.83(0.22)  1.0(0.28) = 0.612(0.06) 0.399(0.19)

321-6 220-6 1.83-6 1.0-6 0.612—-6 0.399—-6
0 =1.265

=0

We can substitute this value of € into the equation below to find R,,

a;ixip
E L — 1 +R,
7 a; — 0

Q14X1,p | Q24X2,D | X34X3 D =~ Q44X4,p = O54X5 D | (64X6,D

=1+R,
aiy—0 au—0 as—0 ou—0 asy—0 s —0 *
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3.21(0.296)  2.20(0.232)  1.83(0.458)  1.0(0.0148) 0.612(5.52E — 6)
+ + + +

3211265 220—1.265 ' 1.83—1.265 1.0—1265 0612 — 1265
0.399(6.74E — 8)

0.399 — 1.265

—1+R,
Ry = 1.459

(d) Gilliland established a method that empirically correlates the number of stages
N at a finite reflux ratio R to the minimum number of stages N,, (which occurs at
total reflux) and the minimum reflux ratio R,,, (which occurs at infinite number of
stages). To develop this correlation, a series of empirical calculations were
made and a correlation was found between the function NN_ +N{" and %. The
correlation can be presented in the form of equations as given in the problem,
and the equation to use depends on the value of RRjﬁ'”.

We often use Gilliland’s correlation to find out the number of stages, N, using
values previously calculated from the Fenske and Underwood equations (i.e.,
N,,, R, and R,,). Note that the Gilliland correlation is empirical and useful for
rough estimates, but does not provide exact solutions.

We can determine the specific Gilliland correlation equation to use by

calculating the value as follows.

R—Ry _12(1459) 1459
R+1 1.2(1.459) + 1

Therefore we use the following equation to determine N.

N—N,,
N+1

R—R 00274

=0.5458 — 0.5914 ")+ 0.002743
R+1 (RRlem>

+

Given that the actual reflux ratio R = 1.2R,,, we compute the value of N as
follows

N —12.99 0.002743
S 05458 — 0.5914(0.1061) + ———>
N = 0-5458 — 0.5914(0.1061) + —=e

N ~ 28

The Gilliland correlation can also be presented in a plot where the value of
N can be read off as shown below.
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oo stages 1
N—-N,,
N+1
Min stages 0
0 1
in refl 2B Total refl
Min reflux R+1 otal reflux

Problem 19

In multicomponent distillation comprising more than 3 components, it is often
required to use rigorous programming methods to perform rating calculations
that help determine specific compositions of distillate and bottom streams. This
is necessary for production plants to ensure that the distillation process meets
product specification requirements. These rigorous programming methods
require data inputs such as operating conditions (e.g., flow rates of inlet and
outlet streams) as well as initial estimates for key distillation parameters (e.g.,
number of stages, reflux ratio). The programming method then performs
subsequent iterations using this initial data set, to converge to specific output
values of product stream compositions.

Shortcut methods have been developed to find estimates for these data
inputs, and they include the combined use of the Fenske’s equation, Under-
wood’s equations, and Gilliland’s correlation.

(a) Discuss the use of the alternative form of the Fenske’s equation given below
for multicomponent distillation calculations, where N,, is the minimum
number of stages at total reflux, a; is the relative volatility of a certain
component i to another component j. (@;j)geom ave iS the geometric average
for a; and x;p and x; refer to the mole fractions of component i in the
distillate and bottoms streams, respectively (same for component j). Com-
ment also on the choice of components i and j, as well as the use of a
geometric average for a;;.

In |:xiD/ij]
xiB/ij
Ny=—++"""—""
In (aij )geom avg
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(b) A saturated liquid feed with a flow rate of 100 kmol/h and the following
composition enters a column operated at 1 atm. Using the Fenske’s equation
from part a, find the minimum number of stages to achieve a light key
composition in the bottom stream x;z = 0.01 and a heavy key composition in
the distillate stream x;;;, = 0.015. You may assume that (&;)gcom avg = 2.4

Component i j k
Feed mole fraction 0.4 0.3 0.3
Number of carbon atoms in molecule 6 7 8

(c) Underwood’s equations are useful in estimating the minimum reflux ratio
R,, for multicomponent distillations. Explain the terms used in Under-
wood’s First and Second equations shown below and state any assumptions
made when using these equations.

a;l;
=1- 1
zi:a,-—O q (1)

Q; Xip
=1+R 2
Zai_a +m ()

(d) Using the distillation example in part b, and assuming that (at;)geom ave = 0.3,
find the minimum reflux ratio R, using Underwood’s equations.

(e) Following from the example in part b, if the operating reflux ratio is 1.2
times of the minimum R,,,, explain how Gilliland’s empirical correlation in
the graphical form as shown below (taken from “Separation Process Prin-
ciples—Chemical and Biochemical Operations” by Seader, Henley and
Roper) can be used to estimate the total number of equilibrium stages N
needed for the separation example in part b.

Infinite
stages ! | I |

0.8 =

0.6 -

'
min

N+1

N=-N

04 —

Min 0 | | | 1
stages 0 0.2 0.4 0.6 0.8 1.0

Min R - Ruin Total

reflux “R+1 reflux




Separation Processes 299

Solution 19
Worked Solution

(a) Shortcut methods have been developed to find estimates for the number of stages
N required for specified separation objectives. A common method is the com-
bined use of the Fenske equation, Underwood’s equations, and Gilliland’s
empirical correlation.

The Fenske equation is used in binary distillations to estimate the minimum
number of stages at total reflux. An alternative form of the equation was also
developed for multicomponent distillations to obtain estimates for the minimum
number of stages at total reflux N,, by defining a most volatile component as the
“Light Key (LK)” and a least volatile component as the “Heavy Key (HK)”.

In |:XiD/-7f jD:|

Xi /X jp

Ny=——"—"
In (aij)geom avg

In the equation, the LK is component i and the HK is component j. The choice
of the LK and HK is usually done by identifying two components whose
compositions in the outlet streams are good indicators of the effectiveness of
the separation process, i.e., the separation achieves a good split between the two
keys. These two key components are typically adjacent in order of volatility. The
more volatile LK ends up mostly in the distillate stream, while the less volatile
HK ends up mostly in the bottom stream. Components lighter than the LK are
referred to as Light Light Keys (LLK) or Light Non-Keys (LNK), and end up
almost exclusively in the distillate stream. Components heavier than the HK (i.e.,
Heavy Heavy Keys (HHK), or Heavy Non-Keys (HNK)) end up almost exclu-
sively in the bottom stream.

aj = Ki/K;
(aij>geom avg = \/W

When we use the Fenske’s equation, we assume a constant value for a;;.
However, we note that volatilities are not constant along the column since
temperature varies. Pressure also changes slightly along the column but this is
a minor variation unless the column operates under significant vacuum. The use
of a geometric average is an attempt to account for this temperature effect,
although not fully, by taking the average value for a;; using ;;p where temper-
ature Ty, occurs at the top end of the column (total condenser) and a;;3 where
temperature Tpoom Occurs at the bottom end (partial reboiler) of the column.

For a known component, if we define a temperature and pressure, we can find
the corresponding Vapor—Liquid equilibrium constant K using diagrams such as
the DePriester Chart (for simple hydrocarbons).
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We can find T, (through a series of iterative guesses) such that the dew point
condition is met at the total condenser. We do so by first assuming a guess value
for Top. Using this initial guess and the known operating pressure P, we can find
K from a data chart. Then, using known values for the distillate composition y;p,
we check if the condition is met. If the condition is not met, we adjust our guess
value for T, until the condition is satisfied.

Dew Point condition at temperature Ty, and pressure P:

ST

=1

Note that since the top end is almost pure in the lighter component, it is
reasonable to assume that temperature also remains fairly constant at Ty,

This method provides us with the values of K; and K; for the light and heavy
keys, respectively, at the top of the column, which we can use to find (a;j)op.

K.
(@5)p =
Y/ top Kj Teo

Similarly at the bottom of the column, we can find Ty through a series of
iterations such that the bubble point condition is met at the partial reboiler.
Again, we first guess a value for Tyoom at the known operating pressure P to find
the corresponding K from a data chart. Using known values for the bottoms
composition x;5, we check if the bubble point condition is met. If the condition is
not met, we adjust our guess value for Ti,oyon Until the condition is satisfied.

Bubble Point condition at temperature Tyo¢om and pressure P:

Z}’,‘B = ZKiniB =1
7 f

This gives us with the values of K; and K; for the light and heavy keys,
respectively, at the bottom of the column, which we can use to find (@;))bottom-

K.
(aij)bottom = K_;

Thottom

With these two values (a;)iop and (@;)porom, We can find a geometric average
for a; as an attempt to account for the temperature variation along the column.

(al]) geom avg = \% aUDaUB = (aij)top (aij)bnttom
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(b) We can illustrate our setup in the diagram below.

T:ap
Total
Condenser
VaporTop Distillate D
> Di=40-a
Di=b
—_— Liquid 4
Reflux D=0
F =100 kmol/h
—_—
Xip = 0.4
Xjp = 0.3
Xpr = 0.3
Reboiled vapor || Liquid Bottom
Bottoms B
Thottom Bi=a
Partial
A ‘; '_T B =30-b
eboiler By = 30

We note that the separation objectives are defined by components i and j.
From the table provided, we also note that component j is a larger carbon chain
than component i, so it is reasonable to identify component i as less volatile than
component j and define our light and heavy keys as i and j, respectively. It
follows that component k is the Heavy Non-Key. The LK component i will be
found mainly in the distillate while the HK component j will be found mainly in
the bottoms stream.

For ease of reference, let us denote the molar flow rate (in kmol/h) of LK
component i in the bottom stream as a, and the molar flow rate of HK component
Jj in the distillate as b.

We are told that x;z = 0.01 and x;, = 0.015. Since component k is a HNK, it
collects almost exclusively in the bottom stream and we can deduce that the
distillate stream comprises mainly of i and j; hence x;p = 1 — 0.015 = 0.985 and
Xp 22 0.

We can tabulate the respective compositions and flow rates as shown:

Component i Component j Component
(LK) (HK) k (HNK)
Feed flowrate, F' [kmol/h] F; =0.4(100) = 40 30 30
Bottom flowrate, B [kmol/h] |a 30—-»b 30
Distillate flowrate, D [kmol/h]| 40 — a b 0
Xp Xip = m =0.01|? ?
Xp X —40-a_ — ().985 0

iD = @0—a)+b

)C_/'D = m =0.015
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We can solve for a and b, using the compositions x;p and x;z to form two
simultaneous equations for the two unknowns.

40 —
(40 —a)+b

Xip =

4 0985

XiB

T a+ (30—

=0.01
» 130 0

From Eq. (1), we obtain an expression for a

0.6 = 0.015a + 0.985h

a=40 —

65.667b

From Eq. (2), we have the following,

0.6 =0.99a + 0.01b

Substituting Eq. (3) into the above result, we get

0.6 = 0.99(40 — 65.667b) + 0.01b

b =

0.6

a =40 —65.667b = 0.6

(1)

We can now use the values of a and b to find x;z and x;5. These values are
updated in the table below in bold.

Component i (LK) Component j (HK) Component k£ (HNK)
Feed flowrate, 40 30 30
F [kmol/h]
Bottom flowrate, a 30—-b 30
B [kmol/h]
Distillate flowrate, |40 — a b 0
D [kmol/h]
5 Yip = o pia = 001 | Xjp= iy =049 | Y=o =05
XD Xip = (432% =0.985 Xjp = m =0.015 0

Therefore, we can find N, as follows using values determined in the table

above. Note that the partial reboiler is also an equilibrium stage; therefore,
N,, = 9.23 is equivalent to 1 partial reboiler and 8.23 (round up to 9) stages in
the column.
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In x,-D/ij In 0985/0015
N, — xiB/ij 001/049
" In2.4

In (aU)geom avg

N, =923

(c) When reflux ratio is at its minimum for a binary distillation, we have a pinch
point at the feed location. For multicomponent distillations, pinches also occur,
but they are not necessarily at the feed location, and may appear in the rectifi-
cation (above the feed) and stripping (below the feed) sections of the column.

The key assumptions made in Underwood’s analysis include:

* Constant molar overflow (i.e., constant liquid and vapor molar flow rates in
the rectifying section and stripping section are constant (but need not be the
same flow rates in these two sections)).

* Constant relative volatility a; between pinch points. If the values of a;
significantly differ in the rectifying and stripping sections of the column,
you may use a geometric average as explained in part a.

* High recovery of keys (i.e., a sharp separation)

* No other components with a values close to that of the keys.

Underwood’s First and Second equations are given as shown:

a;Z;
T 1
I . 0

a; Xip
=14+R, 2
D=l @)

%

a; typically refers to the relative volatility of component i with respect to the
component identified as the heavy key. z; is the feed composition for compo-
nent i. ¢ describes the nature of the feed, whereby ¢ = 1 for a saturated liquid
feed (i.e., at bubble point) and ¢ = 0 for a saturated vapor feed (i.e., at dew
point). 8 is an unknown parameter to be determined.

Note that mathematically, there are multiple solutions for 8 to Eq. (1). We
solve Eq. (1) iteratively until we obtain the only valid solution, whereby 6 lies
between the relative volatilities for the light and heavy keys as shown below.

agk < 0 < o

With @ value found from Eq. (1), we substitute into Eq. (2) to obtain R,,,.

(d) We start with Underwood’s First equation as given below

Qi
=1- 1
Zai—e q (1)

i
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To use (1), we need to first find the relative volatilities for each component
with respect to the heavy key j. It is given that a; = 2.4 and o; = 0.3. It is
straightforward to note that a; = 1. [Note that we are using the geometric
average for a, averaged between the top and bottom ends of the column to
account partially for the temperature variation of a along the column.]

From the problem statement, we know that z; = 0.4, z; = 0.3, and z; = 0.3. For
a saturated liquid feed, g = 1.

Az Xz @iz A2k
7 ai—G a,j—H (,ljj—e (ij—e

2.4(04) 1(0.3)  0.3(0.3)

24-0 1-0703-0

096 03 = 009 _

0—24 6—-1 6—-03

0.96(6 — 1)(6 — 0.3) +0.3(0 — 2.4)(0 — 0.3) + 0.09(0 — 2.4)(6 — 1)
6 —2.4)(0—1)(0—0.23)

=1-1=0

0

=0

(0.966° — 1.2480+0.288) + (0.360° — 0.810+0.216) + (0.096” — 0.3060 +0.216) =0

1.3560> —2.3640 + 0.72 =0

—(—2.364) + \/(—2.364)2 —4(1.35)(0.72)
0= 2(135) =1.36 or 0.39

The valid root is 1.36 since it meets the following condition.

apgk < 0 < ark
ajj<9<a,»j
1<0<24

Using this value of 8 = 1.36, and the distillate compositions found in part b,
we substitute into Underwood’s Second Eq. (2)

a; Xip
2 g R @
R, = —1+ QjXip | QXD | OkiXkD

a,jfﬁ (ij*g akij
2.4(0.985) N 1(0.015) N 0.3(0)
24—-136 1-136 03-1.36
R, =123

Ry=—1+
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(e) Given that the operating reflux ratio R = 1.2R,, = 1.2(1.23) = 1.48, we can look
up Gilliland’s correlation chart by calculating the required value on the horizon-
tal axis as shown below

R—R, 148123

= =0.101
R+1 148 +1

The corresponding value on the vertical axis can be read off Gilliland’s
correlation chart for % =0.101

N —N,

~ 0.52
N+1

We obtained N,, = 9.23 from Fenske’s equation in part b. Therefore we can
calculate N

N_9'23:O.52
N+1
N=203~=21

The total number of equilibrium stages required is 21, or 20 stages with
1 partial reboiler.

Problem 20

In distillation, we often use a g-line to find the locus of intersection of operating
lines for the rectifying and stripping sections.

_ q x— ZF
Y qg—1 q—1

Explain the g-line and show how the following equation is derived where ¢ is
defined as the heat required to convert 1 mol of feed from its initial enthalpy to a
saturated vapor, divided by the molal latent heat. Comment on the usefulness of
this equation.

Solution 20

Worked Solution

The introduction of feed changes the slope of operating lines, by triggering a switch
between the stripping section (below feed and closer to bottoms) and the rectifying
section (above feed and closer to tops).

The diagram below shows the key vapor and liquid streams at the feed stage.
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Ln+1 Vn
HL,n+1 Hun
Iy
Feed
£ 2r He 3z Stage n
Iy
v
Ly Vi1
HL‘n HV,nfl

The quantities of the liquid and vapor streams change when the feed is introduced
as it may consist of a liquid, vapor, or both. For example, if the feed is a saturated
liquid, the liquid stream will exceed its initial flow rate by the amount of added feed.
This can be shown in the following general mass balance equation.

F+Ly+Vea=V,+ L,
Vn—l - Vn _ Ln _Ln+l

= -1
F F

The energy balance is also shown below.
FHF + Ln+1HL,n+1 + anlHV,nfl = VnHV,n + LnHL,n
The vapor and liquid inside the distillation column are saturated, and the molal
enthalpies of all the saturated vapors and liquid over one tray are almost equivalent
due to almost similar temperature and compositions. So we may assume that H; ,,,; =
H;,=H;and Hy, = Hy,_, = Hy and the equation simplifies to the following.

FHF + (anl - Vn)HV - (Ln - Ln+l)HL

We can combine this energy balance with the earlier mass balance equation.

Vn—l - Vn Ln - Ln+l
H S ")Hy=(2—"T"\H
F+( 7 ) 1% ( F ) L

ﬂ_’_ Ln_Ln-H 1= Ln_Ln+l ﬂ
Hy F F Hy

Hp

1 ——F
L,— L, Hy Hy—Hp
P - H g, g 9 (1)
1__L y — g
Hy

We can observe from the above that ¢ is the amount of heat energy required to
convert 1 mole of feed from its initial enthalpy H to the enthalpy of the saturated
vapor Hy at stage n, divided by the molal latent heat (Hy — Hj).
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The feed can take on a range of different conditions, from being a subcooled
liquid, saturated liquid, partial liquid partial vapor, saturated vapor to a superheated
vapor. These different types of feed can be characterized by their respective g values.

Var = Va=Flg—1) 2)

The mass balances around the top rectifying section (excluding feed) and bottom
stripping section (excluding feed) give:

YVu = Lys1x+ Dxp
yanl + Bxg = Lyx

Combining both equations give us
(Va1 = Vi)y = (Ly — Lot1)x — (Bxg + Dxp) 3)
An overall mass balance around the entire column is
Fzr = Dxp + Bxp (4)

Combining Eqgs. (1), (2), (3), and (4), we can derive the given equation. Starting
with Eq. (1):

(Ln _Ln-H) =Fq
(Ly — Ly+1)x — (Bxg + Dxp) = Fgx — Dxp — Bxp

Substituting Eq. (3), we get

One of the key features of this equation is the value of the slope % which can
help us determine the state of the feed (e.g., saturated liquid or saturated vapor)
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State of feed # q

Subcooled liquid >1.0 >1.0

Saturated liquid 00 1.0

Partial liquid partial vapor For F = Vg + Lp, 0<g<1.0
ﬁ = LFLiF

Saturated vapor 0 0

Superheated vapor 0< qf—l <1.0 <0

Vapor mole

fraction,
raction.y VLE curve Sat'urated

liquid

Superhgat’ed
vasor

’
.
.
’

Subcooled
liquid

Liquid mole
fraction, x

Reflux ratio is a common parameter encountered in distillation column design.
It is a ratio between the amount of reflux that goes back into the column to the
amount of reflux that is collected as distillate. Explain the terms minimum

reflux and maximum reflux.

Worked Solution

Consider a simple column shown in the diagram where the reflux ratio is defined as

follows.
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When there is total reflux, the reflux ratio R = oo and there

Vapor
V1, Yiv
Feed
F, zi¢
Partial
Reboiler

Condenser

Distillate D, Xip

Reflux Ly, xir

Bottoms B, ;s
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is no distillate

collected in the receiver as all of the material is returned back into the column. In
order to achieve mass balance for the overall column, when there is no distillate
collected, we will also need to reboil all of the bottoms product. Total reflux also
means infinite reboiler heat and condenser cooling capacities.

At maximum or total reflux, V; = L. In terms of the McCabe-Thiele construc-
tion, the operating lines of both the rectifying and stripping sections of the column
coincide with the y = x diagonal line. At this maximum reflux, the number of stages
is the minimum. Below is a sample diagram showing distillation at maximum reflux,
with the “steps” corresponding to the theoretical stages, for a hypothetical scenario
with defined mole fractions of the feed, distillate and bottoms.

Y1
1

09 1

08

0.7 4

06

05 <

04 |

=

i

#
.
P
’
.
- I | I I
e Top and bottom
F

05

06 07 08 09 - |

operating lines

VLEdata

y=x (reference)
Feed

Distillate

Bottoms
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The operating lines move closer to the equilibrium curve as we decrease the reflux
ratio. Consequently, at the minimum reflux ratio, we arrive at the maximum number
of stages to achieve the desired separation. This also means minimum reboiler heat
and condenser cooling capacities. The operating lines for the top rectifying section
and bottom stripping section intersect with the feed line. The top operating line is
further constrained by the required distillate composition, while the bottom operat-
ing line is constrained by the bottoms composition. Below is an example with a
subcooled liquid feed, where we included operating lines at a minimum reflux ratio.

Y1

1
,
’l
'l
09 - 1°
—— "'
I,’
08 - q
0.7 \
Top operating
line
06 + [ —t— V/LE data
----- y=x (reference)
5 1
0 Feed
Distillate
04 +
——— Bottoms
0.3 1
Bottom
operating line
Xy

03 04 05 0.6 0.7 08 09 1

The minimum reflux ratio depends on the shape of the VLE curve, as its curvature
can constrain its value. An example is shown below for a saturated liquid feed, where
the slope of the top operating line cannot be any less steep, otherwise it will cross
over the VLE curve above the point marked with a cross which is not physically
possible.



Separation Processes 311

¥1

09 -
Top operating line

08 1

07 1

06 +

~—VLE data

—— y=x (reference)

93 1 — Distillate
Bottoms

0.4 4 —— Feed

03 1

0.2 1

Bottom

operating line
01 + -p g_

Problem 22

Consider a stripping column comprising countercurrent flows of water and
clean air. Volatile hydrocarbon compounds are removed from the water source
at 25 °C and 1 bar, with the purification objective to remove 99.95% of
compound 1. The compounds present and their K values (molar basis) at
25 °C and 1 bar are shown below.

Compound | K Concentration (mass basis) in water [kg/m3] Molecular weight [kg/mol]
1 260 |0.182 0.078
2 251 | 0.065 0.092
3 280 |0.047 0.106

(a) Determine the volumetric ratio of flow rate of air to water if the air flow rate
is 3 times the minimum required to achieve the purification objective for
compound 1.

(b) List the assumptions that allow multicomponent absorption processes to be
modeled using the analytical Kremser—Souders—-Brown procedure and the
key results of this analysis.
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(c) Assuming that our system is sufficiently dilute and may be modeled using
the Kremser-Souders—-Brown equation for a stripping column as shown
below, find the number of plates required for an overall efficiency of 10%.
x5, denotes the hypothetical equilibrium value for liquid mole fraction at the
bottom of the column, L and G denote the liquid and gas molar flow rates,
respectively, and K values (molar basis) are as provided in the above.

1 1\N+1
XT — XB Z_(Z i L
. LN whereA—G—K

|
S
S— |

(d) Determine the concentrations (mass basis) of the compounds in the water at
its exit from the column.

Solution 22
Worked Solution

(a) We can illustrate our system as shown.

A

Water stream

’\

\ |_—e Volatile compounds

/ stripped from water
\t Air stream

A 4

As the clean air stream rises, it is increasingly enriched with the volatile
compounds from the water stream; hence, the driving force for compounds to
move into the air stream is largest at the bottom part of the column. Conversely,
at the top of the column, we can assume equilibrium between the vapor and
liquid streams.

We are given K values on a molar basis, which means that K; = y;/x;, where y;
and x; are the mole fractions of component i in the vapor phase and liquid phase,
respectively.
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We can first convert the mass concentration to molar concentration.

kg 0.182 | mol mol
=0.182 = =233 | ———
P [m3 water} 0.078 {m3 water] {m3 water]

We know that pyaer = 1000 kg/m3 and molecular weight is 0.018 kg/mol.
Therefore 1 m® of water has an equivalent molar amount of
% = 5.55 x 10* mol. Therefore the mole fraction of compound 1 in water,

X1, is as follows.

2.33

-5
:m:42 x 10 = X1,Top

X1

x; calculated above represents incoming compound 1 mole fraction at the top
of the column. Equilibrium is reached near the top, so the vapor mole fraction of
compound 1 at the top is,

Yi1op = K11, 1op = 260(4.2 x 107°) = 0.0109

We require the following to be true based on the purification objective for
compound 1, and also noting that incoming air at the bottom is clean.

X1,Bottom _ 1 —-0.9995 = (0.0005

X1, Top 1

yl,Boltom = 0

We can construct a mass balance for compound 1 around the stripping
column, where L and G are the molar flow rates for the liquid and gas streams,
respectively.

Lx1,top + GY1 Bottom = LX1,Bottom + GY1 Top

G
X1,Top = X1,Bottom + z (00109)

G _ X1,Top — X1,Botom __ (42X 107°)(1 —0.0005) _ 3855 103 = G
L 0.0109 0.0109

min

The value of % above is the minimum required to meet the purification
objective. It is stated that the operating G = 3G,;,. Therefore the operating (—L;
is as follows, on a molar basis.

g =3(3.85x107%) = 0.01155

molar
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We can convert the molar ratio into a volumetric ratio as follows:

<p m, Water)
molar \ P m, air

We can find the molar density of air p,, i, [mol/m’] using the ideal gas law

g . nair/pm,ajr _ Mair (pm,water) :g
L

volume Nwater / P m, water Rwater P m, air

P 10°
Pmir = RT = §31a(208) 036 mol/m
pwaler 1000

A et 1 3
pm, water MWWater 0018 mo /m

Therefore, putting our results together, we have the operating volumetric ratio
as follows:

G

1000
7 =0.01155 (&> =159

40.36

volume

(b) As a general overview, design calculations for multicomponent absorption
processes can be performed by the McCabe-Thiele method or the analytical
Kremser—Souders—Brown (KSB) procedure. In the KSB procedure, both the
equilibrium and operating lines are assumed straight. This can be extended to
multicomponent problems if the following are assumed:

* System is dilute—The total flow rates of the gas and liquid streams, G and L,
respectively, are constant over the column. Moreover, the partition of any
solute between the two phases is independent of the other solutes present.

» There is a constant temperature and pressure from plate to plate. This means
constant K values (linear equilibrium) throughout the column can be assumed
and no complications from variations of pressure and/or significant heats of
absorption.

In this case, a pseudo single-component calculation for each component can
be done for the mixture. It is common to focus on a particular component, called
the “key component” which is referenced to when separation objectives are
specified. For example, the key component has to achieve a specified minimum
level of removal from the liquid stream (absorbed into the gas phase) in a
stripping column.

Analysis for this key component, for example, component i, can be done
assuming it was a single component.

Operating Line from Mass Balance (purple outline): y, ; = éx,,ﬂ,,' —yr.i
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Equilibrium Relationships (for all components): y,; = Kix,,;

/ Lyxr; Gyri \
Typically =0 _l___{

Key component

purity specified

Lxg; G,ygi

The purpose of the KSB analysis is to arrive at the number of stages

N required to meet the purification objective. The key results of this analysis

are as follows where A = £

For stripping column:

For rectifying column:

ye—yr A — AN

ys—yy 1—AVH

(c) Using component 1, we can first calculate the value of A,

L 1

A = =
"7 GK,  0.01155(260)

=0.33

Note that xj, is the hypothetical equilibrium mole fraction at the bottom of the
column; however, in reality, equilibrium is not reached at the bottom for a
stripping column. This parameter is used in the KSB equation as a hypothetical
reference state.

We note that clean air enters the bottom, hence y; 5 = 0 and given that by
definition, K g = y1 p/x; p at equilibrium, x; = 0 at equilibrium, and x] 5 = 0.
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Substituting values into the KSB equation, we have
1 N\N+1
AT —XB A (K)
=5 1 ()
1 1 \N+1
Xi,r —X 3 — om
1,T 1,B — 09995 — 0.33 (0.333\[
1 +1
o ﬁ)

xl,T — 0
N=5.6

Given that the overall efficiency is 10%, the number of plates required will be 56.

5.6
N=—=56
0.1

(d) Now that we have found the value of N, we can back-calculate the compositions
of the other compounds using the KSB equation.
For compound 1, the concentration (mass basis) is more straightforward as it

is defined by the purification objective.
p1 = (1 =0.9995)p; ;e = 0.0005(0.182) = 9.1 x 1077 kg/m’

We can calculate the A values for compounds 2 and 3,

L 1
Ay=— = =0.345
7 GK, 0.01155(251)
L 1
=0.309

A = =
7 GK;  0.01155(280)

Substituting into the KSB equation for compounds 2 and 3, we have

| 1 \3:6+1
nr—%p_gws— (@s) 0.99822
Xor 0 1— (;)5.6+1 :
0.345
Py = (1 —0.99822)p; jp1er = (1 —0.99822)0.065 = 1.16 x 10~* kg/m’?
5.6+1
X317 — X3 _ 030 ~ (o) = 0.99898
1— (#)5.6+1
0.309

X317 — 0
p3 = (1 —0.99898)p5 i1 = (1 —0.99898)0.047 = 4.80 x 1077 kg/m’
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Problem 23

(a) Derive the following operating line equation for an arbitrary stage » in an
absorption column with N number of stages in total (1 <n < N). Let L' and
V' denote the molar flow rates of solute-free liquid absorbent and vapor
streams, respectively. The mole fractions of solute to solute-free liquid
absorbent and vapor stream are denoted as x and y, respectively.

r L
Yn+1=%n % Y1 — Xo %

(b) Plot operating lines for the following 3 cases for L'. Also include in your plot
a sketch of the equilibrium curve and explain the relative positions of the
plots.

G L =L,
(i) Ly, <L'<oo
(iii) L' = oo

(c) An air feed stream containing 1.8 vol % of impurity Z is to be scrubbed with
pure water in a column packed with ceramic rings at atmospheric condi-
tions. The absorption requirement is to achieve an outlet concentration of
solute Z, y,,« = 0.0045. If the total vapor and liquid flow rates are
V = 0.065 kmol/s and L = 2.5 kmol/s, respectively, and the equilibrium
correlation between the vapor mole fraction (y.qm) and liquid mole fraction
(Xeqm) for solute Z is as follows,

Yeqm = 42’xeqm

¢ Using results from part a, show that the required liquid stream flow rate
L needs to be twice the value of L/ . for the desired separation in this
problem.

¢ State any assumptions made in your solution to this problem.

Solution 23
Worked Solution

(a) Let us perform a general mass balance around a section of an absorber that has a
total number of N stages as shown in the diagram below. The mass balance
denoted by dotted line starts from the top end of the tower (i.e., stage 1) and ends
at an arbitrary equilibrium stage n (where n < N). The mass balance equation
gives us the operating line equation for absorption.
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(b)
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Xo, L'y, V'

~d -

| |

I

I n

~ _T _l_ —
Yni1  Xn

N

[

Yz, V xn, L

- —

The mass balance equation can therefore be written as follows

xoL +y, .V = x,L' + y V'

L L
Yut1 = Xn (V’) +y1 —Xo (V’)

Note that by convention, the subscript for mole fraction x (and similarly for y)
refers to the stage from which the stream leaves; therefore, the inlet feed (liquid)
mole fraction has a subscript 0 instead of 1 at the point on the graph that refers to
stage 1. This convention also explains why the point corresponding to stage N in
the graph has a vapor mole fraction of yy,, where the subscript is N + 1 instead
of N.

For absorption, the operating line is drawn above the equilibrium curve since
for a specific solute concentration in the liquid absorbent stream, the solute
concentration in the vapor stream is always greater than the equilibrium value,
otherwise no absorption can take place. This difference in concentration between
the liquid and vapor streams creates a driving force for mass transfer.

The two extreme cases whereby the liquid absorbent flow rate L' = L/ .= and
oo set the limits of the straight line plot for this absorption. At L; . . there is
equilibrium between the vapor and liquid phases at stage N; hence, the line
touches the equilibrium curve at the bottom of the column (or top right of the
plot). This occurs when we have an infinite number of stages.

As L' increases to a value L, < L' < oo, the gradient of the operating line
increases until it approaches a vertical line whereby L' = oo (number of stages
required is zero).
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We note that as L' increases, the required number of stages decreases. This
shows a trade-off between building a taller column (increased material cost) and
increasing L’ (increased energy cost). Only one of the two factors can be cost-
optimized at one time to achieve a desired separation.

gas in at bottom, y Operating Line (L' = o)

stage N \ i “ Operating Line (L' jpin < L' < )

Operating Line (L' = L' i)

gas out at top,

stage 1 \ Equilibrium Curve
v :

-
Xp XN
liquid in at top liquid out at

bottom, stage N

(c) () At L' =L ., we reach equilibrium between the liquid absorbent stream
leaving the bottom of the column (n = N) and the vapor feed stream entering
the bottom of the column. The corresponding solute concentrations in the liquid
stream at stage N and feed gas are therefore xy and yy, ;. Note that it takes an
infinite number of stages to achieve this equilibrium.

An expression for L . at stage N can be obtained from the operating line

equation derived in part a

L. L.
YN+1 XN( ‘r/n;n> +Y1—Xo (%)

o V/(yN+1 —y1)
‘min XN — Xo

L

We substitute the equilibrium condition at stage N, xy = yn.1/Ky to obtain

!
I = \% ()’N+1 _)’1)
min IN+L
Ky — X0

Since the liquid absorbent entering the column is pure water and has not yet
absorbed any solute Z, xy = 0,

V' (Wit — W Yne1 — V1
L:mnzi( y;_ﬂ ) ZV’(+ >KN (1)
Ky YN+1
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We observe that the quantity in brackets, %, represents the fraction of
+

solute Z absorbed by the column. We can calculate this fraction from the values
given in the problem. We start with an inlet vapor feed containing air and 1.8 vol%
of solute Z. We can compute V', i.e., the solute-free molar flow rate for the vapor
stream

V' =V(1-0.018) = 0.065(1 — 0.018) = 0.064 kmol/s
The molar flow rate of solute Z at the inlet of the column is therefore
Vz.inet = V(0.018) = 0.065(0.018) = 0.0012 kmol/s
We know that the mole fraction of solute Z in the vapor stream exiting the
column, y,, = 0.0045. This means that the mole fraction of solute-free vapor in
the vapor stream at the outlet of the column is 1 — y, = 0.9955.

The molar flow rate of solute Z at the outlet of the column is therefore

VZ, outlet  Your 0.0045

% 1 — Yo 0.9955
0.0045
VZ,outlet = 0.064 (m) = 0.00029 kmol/s

Since the liquid absorbent entering the column was pure water that is solute-
free, all of the solute Z that was removed from the vapor stream entered the liquid
stream. Hence the molar flow rate of Z in the liquid stream at the outlet of the
column, Lz, can be calculated as follows

Lz outet = Vzintet — Vzoutet = 0.0012 — 0.00029 = 0.00091 kmol/s

Fraction of solute Z absorbed can also be found,

Lzouet _ 0.00091 076 — YN+ =N
Vzinee  0.0012 Ynt1

We now return to Eq. (1) to substitute the fraction of solute absorbed into the
expression. We note that K = 42 as given in the problem; therefore

!
Lmin

—y (M) Ky = 0.064(0.76)(42) = 1.22
IN+1

Finally we arrive at the required condition for the liquid flow rate in order to
achieve the absorption objective
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L 25
T T 1A 2
L, 122

(i1) Assumptions and important points to note for absorption are as follows:

* Continuous and steady-state operation.

* Vapor-liquid phase equilibrium is assumed between the vapor and
liquid streams leaving each tray (in countercurrent directions in this
problem).

* Only solute Z is transferred from one phase to another, no other mass
transfers occur between the countercurrent streams.

 The values of L’ and V' are assumed constant throughout the column.

— We assume no vaporization of liquid absorbent into the vapor
stream and no absorption of vapor from the vapor stream by the
liquid.

— The vapor feed mixture is dilute (in solute Z) such that the mass
transfer of Z as a result of absorption from the vapor to liquid
stream does not alter the values of L' and V' significantly.

Problem 24

Absorption towers are often used in industrial plants to remove air pollutants
from gaseous process streams before the “cleaned” air is released into the
atmosphere. One example of such a pollutant is sulfur dioxide or SO,, which
is easily absorbed by water.

Consider the case where SO, is to be removed from an air-SO, mixture by
contacting a feed gas with pure water in a packed tower at 30 °C and 1 atm.
SO,-free water enters the tower at the top with a flow rate of 420 kg/h. The
liquid stream leaving the tower at the bottom contains 0.5 g SO, per 100 g
water. As for the gas stream leaving the top of the tower, there is a partial
pressure of SO, measuring 30 mmHg and a mole ratio of water to air (SO,-free)
equivalent to 20:1. You may assume that the system is dilute.

(a) Determine the percentage of SO, in the feed gas that is absorbed by the
tower.
(b) Find the partial pressure of SO, in the feed gas stream.

Solution 24
Worked Solution

(a) We know that the molecular weight of water is 18, so we can convert the mass
flow rate of the incoming liquid absorbent stream (i.e., pure water) at the top of
the tower to molar flow rate as follows
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420
Lysop = g = 233 kmol/h

We are also told that at the top of the tower, the mole ratio of water to air
(SO,-free) is 20:1. In this case, water refers to the liquid absorbent stream
entering the top, while air refers to the vapor stream exiting the top. Using this
information, we can calculate the molar flow rate of air (SO,-free) leaving the
tower at the top

L,
Vair,top = Zg)p =1.165 kIIlOl/h

We know that the tower is operating at 1 atm, which is equivalent to
760 mmHg. Since the partial pressure of SO, in the vapor stream at the top,
Ds, 18 30 mmHg, the resulting partial pressure of air (SO,-free) in this vapor
stream, p,;;, can be found

Psiop = 30 mmHg
Pairtop = 760 — 30 = 730 mmHg

The molar flow rate of SO, in the vapor stream exiting the top is therefore

p s,top

30
V.f,top = Vair,top( > =1.165 (m) = 0.0479 kmol/h

air,top

We know that the molecular weight of SO, is 64 and the liquid stream leaving
the tower at the bottom contains 0.5 g SO, per 100 g water. We also note that the
system is dilute such that the amount of SO, absorbed into the liquid stream as
the liquid flows down the tower has no impact on the mass flow rate of the liquid
stream. Hence, the mass flow rate of water (i.e., 420 kg/h) entering the top of the
tower is the same as that leaving the bottom of the tower (although enriched with
S0O,). We can compute the molar flow rate of SO, in the effluent liquid stream at
the bottom

0.5(139)

64

= 0.0328 kmol/h

L.v,bot[om -

We can perform a simple mass balance around the tower for SO, as illustrated
below. This gives us the molar flow rate of SO, entering the tower in the feed gas
at the bottom.
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Vs,mp Ls,tnp

-

Vs,bottom Ls,bottam

In—Out=0

Ls,lop + Vs,bollom — L bottom — Vs,lop =0

We know that the liquid absorbent stream is pure water that is free of SO,;
therefore L, (o, = 0. Substituting values found from earlier, we get

Vs,botlom = Ls,bonom + Vs,top

Vs pottom = 0.0328 4 0.0479 = 0.0807 kmol /h
The percentage of SO, absorbed is therefore

Vito 0.047
SP o 100% = ?

_ 5P ! N
Vs,bottom 0.0807 X 00% 59%

(b) We note that air is just a carrier medium for the gaseous SO, in the vapor stream
and is not affected by the absorption process; hence, the molar flow rate of air in
the vapor stream is constant throughout the tower

Vair,bollom = Vair,top = 1.165 kmOl/ h

The partial pressure of SO, in the vapor feed stream at the bottom is therefore

Vs,bottom 0.0807

_ — = 0.065 atm
Ps.bottom Vsbottom + Vairpottom  0.0807 + 1.165
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Problem 25

Consider a column packed with rings that is used to strip a solute Q from liquid
water using air (gas stream) as illustrated below. G and L denote gas and liquid
streams, and the mole fraction of solute Q in the liquid stream entering the top is
given as x,p, = 0.015. The required mole fraction of Q in the outlet liquid stream
is xg = 0.0015. You may assume that the inlet gas stream is solute-free.

GYiop LiXiop

!

'« Solute Q

i

G,yo Lxo

It is given that at vapor-liquid equilibrium for solute Q, the following
correlation between the mole fraction in the vapor (air) phase, y, and that in
the liquid (water) phase holds true

Yeqm = 8.2xeqm

The rate of mass transfer of solute Q is also assumed to be controlled by the
liquid side’s resistance such that the overall mass-transfer coefficient based on
the liquid phase, K,, can be approximated as the liquid side coefficient, k;, as
shown below, where a denotes the interfacial area per unit volume.

K,.a~kia

If the liquid stream enters at a flow rate per unit area of L = 6000 mol/(m? h),
and the stripping column has a height / = 30 m and operates at 30 °C and 1 atm,

(a) Find the minimum flow rate of air, G ;.

(b) Sketch a graph of y against x for solute Q for the scenario in part a. Include
in your plot, the equilibrium curve.

(c) If the operating flow rate of air G is 2.5 times that of G,,;,, determine the
value of y,. Plot the operating line for this scenario.

(d) Given the following expressions for the number of overall liquid phase
transfer units, No;, and height of an overall transfer unit based on the
liquid phase, H(;, show that the value of k;a ~ 640 mol/(m3 .h.Ax).
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“Ybottom dx
N, OL — J -

Xop Xeqm —X

(e) A faulty valve was found to occur at a position measuring 10 m from the
base of the tower, causing gas leakage such that the gas flow rate in the
section of the column above the valve to be reduced to 50 % of the value of G
(as found in part c). The gas flow rate in the bottom section of the column
remains unaffected. If the mole fraction of solute Q in the liquid stream
leaving the tower is found to increase to xo = 0.0018, determine the mole
fraction of Q in the gas stream at the position of the valve, yyaive position- Plot
the operating line for this faulty mode of operation. You may assume that
the faulty valve does not affect the liquid stream.

Solution 25
Worked Solution

(a) We will get the minimum flow rate of air if we set the condition whereby vapor—
liquid equilibrium for solute Q is just reached at the top of the column.

We can construct a mass balance for solute Q as shown in dotted line below
which cuts the column at an arbitrary position between the top and bottom of the
column. This method is useful in deriving an operating equation for the stripping
process in the column.

G! ytop L! xtop

1

G,y Lx

g N

| « | Solute Q
| T_ l' |
G,yo L,xo
In—Out=0

Lx+Gyy—Gy—Lxy =0
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We note that the inlet air is solute-free; this means y, = 0. Dividing by
G throughout, we get the operating line.

y:£(xfx0)

G
At minimum G, equilibrium is just reached at the top of the tower. We are also
told that xo = 0.0015 and x,, = 0.015. Using the equilibrium correlation
provided, and the operating line equation (specified at the top of the column)
found above, we have

Yiep = 8- 2x10p = 8.2(0.015) = 0.123

L
Yiop = G—

min

(xtop - xO)

L Yy 0123

= = =9.1
Gmin  Xop — X0 0.015—0.0015

The problem states that the liquid stream enters at a rate (per unit area) of
6000 mol/(m>.h); hence substituting L = 6000, we obtain G,y;, = 660 mol/(m?>.h).

(b) Part b examines the graphical significance of the results in part a. Note that when
equilibrium is reached at the top of the column, we may also refer to this point as
the “pinch point” where the operating line intersects the equilibrium curve.

Since &= is equivalent to L
operating line in the plot below. Hence the scenario in part a occurs when we
have a pinch point at the top of the column and when the operating line is the
steepest possible given the specified mole fractions at the top and bottom of the

column.

. The ratio é represents the gradient of the

y Pinch point

L\

Vtop |eeeeecererom—igpeacaacaaanas-
Equilibrium
Curve |
Operating Line (Gpin)
Yo=0 > X

Xp xtop
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(c) We found the value of G, in part a; therefore, we can compute the operating
flow rate of air

G =2.5 X Gpin = 2.5 X 660 = 1650

Performing a mass balance around the entire column, we have

G, Yiop L, Xtop

1t

Solute Q
e _T_ _l_ _a?
G,yo L,XQ
In—Out=0

thOP + GyO - Gytop —Lxp=0

Again, we note that the inlet air is solute-free; this means y, = 0. Dividing by
G throughout, we get

L 6000
Yop = g (xop = x0) = 725 (0015 — 0.0015) = 0.049

We can plot the operating line as shown below, where the driving force for
mass transfer is due to the difference between equilibrium and operating condi-
tions as shown in the red arrow.

‘): /- Equilibrium Curve
B/ T R o S—
Driving Force
Operating Line (G = 2.5Gin)
Yo=0 — > X

Xo Xtop
= 0.0015 =0.015
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(d) We are given the following definition for Ny, since solute Q is stripped from the
liquid phase (water) and is highly soluble in the air stream. The resistance to
mass transfer is expected to be in the liquid film.

“Ybottom dx
Nor = J

Xop Yeqgm — X

In simplifying this integral, we can use the logarithmic mean (LM) average as
shown below, since the relationship is non-linear. Note that on the contrary,
arithmetic average is better used for linear correlations.

Xop Xeqm T X (xeqm - x) M
Xbottom — Xtop 1 (-xeqm - .X) bottom
= n
(xeqm - x) bottom (xeqm - )C) top (xeqm - x) top
To determine the value of Np;, we need to find x.qm at the top and bottom of

the column using the equilibrium relationship. We note that it is given in the
problem that y, = 0 and K = 8.2, we also found the value of y,, in part c.

"Xt
N dx _ Xbottom — Xtop
NoL =

7ybottom:&7£:0

(xeqm)botlom K K 8.2

 Yp 0049
(xeqm)top = ? = W = 0006

Substituting these values back into the expression for Ny, and noting from
the problem that xyo40m = Xo = 0.0015 and x;,p, = 0.015, we have

Nop =

0.0015 — 0.015 0 —0.0015
n =32
(0 —0.0015) — (0.006 — 0.015) 0.006 — 0.015

Given that the packed column height is 30 m, we can determine Hop,,

I 30
Hop=——=—--=94
oL No. 32

Using the expression for Hy,; provided in the problem, we can find k;a as
shown below

L L 6000

K.a - kia  ka

Hop = 9.4
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kra = 640 mol/(m’.h.Ax)

(e) We note from the following expression that the height of the column / is
proportional to Ny;. The value of Hy,; is dependent on the properties of the
liquid stream, which is unaffected by the leaky valve and remains constant
throughout the column.

I=HoNoL

lOCNOL

Since the valve is located 10 m from the base of the tower which has a total
height of 30 m, the value of Noy potom fOr the bottom section of the tower can be
determined.

Nor 32
NOL,botlom = T =—=1.1

N B Xbottom — Xvalve position 1 (xeqm - x) bottom
OL,bottom — ( n (x

Xeqm — x) bottom (xeqm - )C) valve position eqm x) valve position

Equating the value of Noppowom, and noting that this time, Xpouom =
xo = 0.0018, we have

1.1= 0.0018 —Xvaive position In [ ( (xeqm B 00018) botlom) ‘|
(xeqm —0.001 8) bottom (xeqm X ) valve position (xeqm - x) valve position

(1)

We can find the corresponding Xeqm at the two ends of the bottom section of
the column using the equilibrium relationship. It is given that y, = 0 and
K = 8.2; therefore Eq. (1) simplifies to the following

()C ) _ybottom _}ﬁ_i_
€m/pottom g T K 8.2 -

0.0018 — valve position —0.001
. Fualve posi " 0.0018 W
—0.0018 — (Xegm — ) (eqm —

- N
valve position valve position

0

Using the equilibrium relationship at the valve position, we can express
(xeqm)valve position in terms of Yvalve position

_ Yvalve position Yvalve position

(xeqm) valve position K o 8.2 (2)




330 Separation Processes

We also obtained a general operating line equation from part a which we can
apply to the column section below the valve as shown. The gas stream flow rate
is only reduced in the top section of the column, so Gyoyom = G- This helps us to
EXPIess Xyaive position in terms of Yvalve position*

L L
y= 6 (x - xO) — Yvalve position — Grottom (xvalve position — 0.001 8)
Gb() om
Xvalve position = ( lllt >yvalve position T 0.0018
1650
Xvalve position = (m) Yvalve position + 0.0018 (3)

Substituting Eqgs. (2) and (3) into Eq. (1), we obtain an equation that we can
solve for Yvalve position

1650
6000 —0.0018
M==7"70\ " || > 1650
valve position
82 + (m) 82 (6000) Wvalve position — 0-0018
18I —0.0018
_O'lsyvalve position 0.0018

Yvalve position — 0.0101
Now we can plot the operating line for the faulty mode of operation. To do so,
we can analyze the top section (above the faulty valve) and bottom section

(below the valve) separately.
Above the valve, the gas flow rate is reduced by 50%. We can perform a mass
balance as follows following the control volume marked in dotted line.

0.56G, Ytop L, Xtop

S
-
e

Solute Q

o mm--
—-----

0.5G,y L, x

In—Out=0
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Lxiop + (0.5G)y — (0.5G)y,pp — Lx =0

L
Y =55 (¥ ¥op) + Y
6000
r= m <x N xlop) + ytop = 73(.X - xlOP) + ytop

The above equation can be referred to as the Upper Operating Line (UOL),
and it is a straight line with a gradient (or slope) of 7.3.

Next, we move on to the section below the valve, to find a similar equation for
the Lower Operating Line (LOL). Below the valve, the gas flow rate is not
affected. We perform a mass balance as marked in dotted line.

_----.
D

»

o

c

-

™

S

In—Out=0
Ix+Gyy—Gy—Lxy =0

It is given that y, = 0 and xo = 0.0018; therefore the equation simplifies to

L
y= G (x —xo)
6000
y= 1650 (x — 0.0018) = 3.6(x — 0.0018)

The above equation describes the LOL, and it is a straight line with a gradient
(or slope) of 3.6.

We observe that the slope of the UOL is steeper than that of the LOL. We
also note key points in the plot, i.e., the mole fractions at the bottom end of
the column (xy = 0.0018 and y, = 0) and the intersection point between the
two operating lines where the faulty valve is located has a value for y of
Yvalve posiion = 0.0101 as found earlier.
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Upper Operating Line
/"’_ (Gtop = 0.5G above valve)

- Lower Operating Line
Yvalve position

— 0.0101 ~ (Gpottom = G below valve)

—» Io
Xop
= 0.0018

Problem 26

A stream of polluted water is processed in a stripping column with the aim of
removing a volatile organic compound A from the liquid water stream via
contact with an air stream at 298 K and pressure of 1.8 bar. The inlet mole
fraction of solute A in the liquid stream is 15 ppm by weight, while the required
outlet mole fraction of A is 0.003 ppm. As for the air stream, it is assumed to
enter the column solute-free. The volumetric mass-transfer coefficients for the
liquid and gaseous phases for solute A are given as k;a = 0.061 s—' and
kga = 0.84 s, respectively. The equilibrium constant K of solute A is also
given as K = 149.

(a) Discuss the use of a volumetric mass-transfer coefficient and explain what a
means.

(b) Using an appropriate diagram, discuss the two-film mass transfer theory for
the stripping column and explain how the following equation comes about,
where r refers to the rate of mass transfer of solute A across the liquid and
vapor phases. State any assumptions clearly.

r=kcaCq(y, —y;) =kraCr(x; —xp) =KgaCq(y, —y*)

(c) Determine the value of K;a with units clearly indicated, if we base it on a

(i) Concentration driving force
(ii) Partial pressure driving force

Solution 26
Worked Solution

(a) Volumetric mass-transfer coefficients of the form k;a for the liquid phase and
kga for the vapor phase are useful for packed bed operations such as in a packed
column. This is because the surface area for mass transfer in a packed bed is
difficult to measure easily and hence determine accurately. Therefore it is
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convenient to adopt volumetric mass-transfer coefficients which use a volume
(rather than area) basis. The additional parameter a which is defined as the mass
transfer area per unit volume of packed bed helps to convert from an area basis to
a volume basis.

(b) Upon examination of the expression, we notice that it essentially equates the rate
of mass transfer of solute A in the liquid phase (as denoted by subscript “L”) and
the gas phase (as denoted by subscript “G”).

This equation originates from Fick’s law of diffusion, which helps explain
mass transfer phenomena that are largely caused by Brownian motion of mole-
cules. In this case, the mass transfer rate is determined by a chemical potential
difference, which is translated into either a concentration or pressure gradient.
This gradient drives the movement of molecules from an area of higher concen-
tration to lower concentration. [Note that diffusion is opposed to bulk motion of
fluids which can work against a concentration or pressure gradient due to
convective effects.]

In this example of a stripping column, we have a gas (air) phase and a liquid
(water) phase. Under the two-film theory, we assume there is a gas film and a
liquid film on both sides of the gas—liquid interface. It is also assumed that the
bulk liquid and bulk gas are perfectly mixed. Under steady-state conditions and
assuming no chemical reactions occur, the rate of mass transfer in gas film equals
that in the liquid film. This system is illustrated in the diagram below.

Interface

Bulk Liquid l Bulk Gas

+—9 *——>r
Liquid | Gas
Film 4 Film
Well- | Well-
mixed mixed
Diffusion

Using Fick's law, we arrive at the equation given:

r=kcaCes(y, — ;) = kraCr(x; — xp)

In the expression above, Cg and C, are the total gas and liquid phase
concentrations, respectively. r can be expressed in terms of the mole fraction
driving force in either the liquid or gas phase, whereby the partial pressure
driving force is used if the basis was the gas phase (note that Cg is related to
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pressure via the ideal gas law where Ci; = P/RT), while the concentration
driving force is used if the basis was the liquid phase.

The rate expression can be re-expressed in terms of an overall mass transfer
coefficient K; which is defined in terms of an overall driving force. The reason
for this is because solute compositions at the interface between the gas and liquid
films are, in practice, difficult to determine. So we refer to an overall driving
force, and we make use of the equilibrium constant K for the solute to create an
“imaginary” mole fraction, y* in this case, which is the gas phase mole fraction
of A in equilibrium with the mole fraction of A in the bulk liquid, x,. The two
mole fractions are related in terms of y* = Kx,,. In addition to using an overall
mass transfer coefficient, we note that the controlling resistance to mass transfer
is in the gas film (and not the liquid film); hence K instead of K is used.

r=KgaCs(y, —y")

We can annotate the two-film theory diagram with mole fractions and con-
centrations for a stripping column example as shown below:

Interface

Bulk Liquid i Bulk Gas
—

(c) (i) We are given the rate equation and phase equilibrium relationship as follows.
We further note that we can express the mole fractions at the interface using the
equilibrium constant K; therefore, we have a system of simultaneous equations
as follows. Note that the rate equation in (1) is such that the overall volumetric
mass transfer coefficient, Ksa, is based on a concentration driving force.

r=KgaCg(y, —y") (1)
Y = Kx, (2)
v; = Kx; (3)
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Our objective is to determine Ksa so we can substitute Egs. (2) and (3) into
Eq. (1) in a way that helps simplify the expression and single out this parameter
such that it can be solved using known values provided. One useful trick is to
create the useful pairs of (y, — y;) and (y* — y;) which are quantities relative to the
interface mole fraction y;.

! :yh_y*:(yb_yi)_(y*_yi)
KgaCg r r
W =i Jim Y
r r
_ _yi+K(xi — Xp)
r r

We can now substitute the other expressions for mass transfer rate
r =kgaCgs(y, — y;) = kraCr(x; — x,,) into the equation above. This substitution
is useful since we are given values for the liquid and gas phase mass transfer
coefficients; hence, we should try to incorporate these parameters into the
expression.

yb—yi+K(x,~—x;,)_ 1 n K 1
r r " kgaCs  kiaCp  KgaCg

1 1 KCg

KGCZ - kGa kLaCL

Total gas concentration C; can be determined using the ideal gas law as
follows

P 180,000

C6 = RT ~ 8314 x 298

= 72.7 mol/m?

Total gas concentration C; can be determined using the known properties of
liquid water, which are the density p; and molecular weight M;.

pu 1,000,000

C =
LM, 18

=5.56 x 10* mol/m’

Finally we can put together all known parameters and solve for Ksa for a
concentration driving force.

1 1
1 KC; 1 149(72.7)

=0.23s""!

KGa =

kea = kpaCr 0.84  0.061(5.56 x 10*)
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(ii) For a partial pressure driving force, we have included the expression on
(X34

the right with subscript “p” in the term K|, to indicate this, and the use of total
pressure P instead of total concentration Cg

r=KgaCq(y, — ") = Kgl,aP(y, — y")

KG|pa = KGG?

We can express Cg in terms of pressure using the ideal gas law.

Substituting the expression for Cg into the mass transfer rate equation, and
using our earlier result for Kga from part c(i), we obtain the overall volumetric
mass transfer coefficient based on a partial pressure driving force as follows.

CG KGa 0.23
KG|,a:KGa—:—: 3
! P RT 8.314 x 107> x 298

= 0.093 mol/ (kPa.m’.s)

Problem 27

Show that for a binary gas mixture containing components A and B, the if the
permeate side pressure is assumed to be small relative to feed side pressure, the
mole fraction of component A on the permeate side, y, may be expressed as
follows, where x4 denotes the mole fraction of component A on the feed side, and
a represents selectivity ratio for membrane coefficients where a = K,, 4/K,, p.
Describe any assumptions made in the analysis.

A I (@ = 1)xs

Solution 27
Worked Solution

Before we solve this problem, let us revisit some basic concepts.

The general equation for flux of component i across a membrane from feed side
to permeate side is as follows, where Cyr; and C,; are the feed side and permeate
side concentrations, respectively. In gas systems, we typically use partial pressures
or mole fractions in place of concentration:

N! =K;(Cy;i— Cpi)
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In gas separation, K; may be approximated to the membrane coefficient K,,, ; as it
dominates over mass transfer effects on K;, and it is further assumed that K,, ;
(different for different components) is based on partial pressures.

Let us now consider the following diagram for a general binary mixture
containing components A and B. p;a and p;p are the partial pressures of A and
B on the feed side. p,, o and p,, g are the partial pressures of A and B on the permeate
side. Prand P, are the total pressures on the feed and permeate sides, respectively.

Feed XA Pra, Pra Py
Membrane
Permeate A Poa Pog Py

In general, analysis can be done as follows for component A:
Nj = K. (pf,A _pp,A)
Ny = Kpa(Prxa — Ppy,)
Similarly, for component B:
Ng = Km,B(Pf,B - pp,B)
Ng = Kns(Pr(1 —xa) — Pp(1 = yy))
Let the pressure ratio be # = P,/Pswhere 0 < # < 1, and selectivity ratio is defined

as a = K, o/K,,, p.
Substituting g into the equation, we have

Ny = K aPr(xa — Bya)
Ng = KusPr((1 —xa) = B(1 = y,))

The amount of component A on the permeate side can be expressed as

N/ Kon,aPr(xa — Pya)

" Ny NG KuaPr(xa — Pya) + K gPr (1 — xa) — B(1 = y,))

YA

Substituting a into the equation, we have the following quadratic equation in y,.

Y4 = Xa — PBya
A (o= Bya) + (1/a) (1 —xa) = B(1 — y,))
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One useful simplification is to consider when # — 0, then the equation can be
approximated to

axp

yA:l+(a—1)xA

Problem 28

An industrial gas stream containing 55% by volume of hydrogen, 40% of
propane, 5% ethane needs to be separated into a pure hydrogen product stream
and the remaining hydrocarbon stream using a membrane separation process.
The membrane selectivity for hydrogen-propane is 120. The feed is at a pres-
sure of 28 bar and the gas may be assumed as a pseudo-binary mixture.

(a) Determine the mole fraction of hydrogen in the permeate at the inlet if the
permeate pressure is 2 bar, 7 bar, and 15 bar.

(b) Find the permeate pressure necessary to have an initial permeate concen-
tration of 97 % hydrogen.

(c) If the permeate pressure is 2 bar, and the gas mixture leaves the unit with a
hydrogen concentration of 3% by volume, use the arithmetic average
(across length of separator from inlet to outlet) of permeate mole fraction
to determine the recovery R of permeate and the fraction of hydrogen
recovered in the permeate. R is defined as follows whereby O, is the
volumetric flow rate of permeate (across membrane) and @, is the volu-
metric flow rate of feed into the separator at the inlet (parallel to
membrane).

_ %

R =
Qin

(d) Using a logarithmic mean average for the volume fluxes at the two ends
of the separation unit, find the surface area of membrane necessary to
achieve the required purification, if the permeability of hydrogen is
4.5 x 10> Nm*/m’.s.bar and the feed flow rate is 0.15 Norm™/s.

Solution 28
Worked Solution

(a) Let us illustrate our system as shown below.

Feed Xh P, Peps Pre P¢ = 28bar

Membrane

v
Permeate Vi Po.H: Pp,ps Poe Py
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Assuming ideal gas behavior, the volume ratio is equivalent to molar ratio for
a constant temperature and pressure. PV = nRT — V~n. We have in this
problem xz = 0.55, xp = 0.40, and xz = 0.05. We can construct the volume
flux equations for propane and hydrogen, assuming that we have a pseudo binary
mixture of hydrogen and the main other component propane. Therefore,
xpr 1l —xgandyp~1 — yy.

N}y =Kt (Pret — Pp.ir)
N}y = Kot (Prxe — Ppyy)
Np = Kup(prp —Ppp)
Np =K p(Pr(1 —xy) — Pp(1 — yy))

Let the pressure ratio be P,/P;, where Py = 28 bar and selectivity ratio

[,2”7’,’; = 120. Substituting f into the equation, we have

Ny = K uPr(xu — Pyy)
Np = K pPr((1 —xu) — p(1 — yy))

The amount of hydrogen on the permeate side can be expressed as

Yy = Ny Ko, uPr(x — Pyu)
"UNGENp KunPr (i = fyg) + KnpPr(1—xu) = (1= yy))
Substituting selectivity ratio o = I;’”:’ = 120 into the equation, we have the
following quadratic equation in yg.
Xu — Pyu

B (e — Byw) + (1/120) (1 — xa1) — BT — )

_ 120(xy — Byy)
120(xy — Byy) + (1 —xm) — B(1 — yp)

YH

We have the following permeate pressures, P, = 2 bar, 7 bar, and 15 bar, to

determine the corresponding y;; values. This means f = 22—8, 27—8, and %
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2
vy = 0.992, when f = = 00714

7
vy = 0.988, when = 72 = 0.250

15
vy = 0.935, when f = 22 = 0.536

(b) Now we need to find P, to have an initial permeate concentration of 97%
hydrogen, yz; = 0.97. We can substitute this back into the earlier quadratic
equation in yg and solve for f.

120(0.55 — 0.97p)
120(0.55 — 0.978) + (1 — 0.55) — B(1 — 0.97)
B =044
P, = (28)f = 12.4 bar

0.97 =

(c)

Qin) X1in —p| Feed ' Pr=28bar —Qout, X,out
E dap Membrane

Po=2bar —Qp

< »
< L

Permeate

Note that the mole fractions of the gas mixture components vary along the
length of membrane from inlet to outlet, therefore we can use an average such as
the arithmetic or logarithmic mean average to approximate the permeate side
mole fraction.

In this problem, we have xg i, = 0.55 and xg oy = 0.03.

P, 2
P =5 =18
B 120(0.55 — 0.0714yy, ;,)
yI‘I,ll’l - 120(055 _ 0-0714yH,in) =+ (] — 055) — 00714(1 - yH,in)

Yiin = 0.992

B 120(0.03 — 0.0714yy ou)
YHo 120 (0.03 — 0.07 14y ) + (1 — 0.03) — 0.0714(1 — o)

Vitou = 0359
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¥ = =(0.992 4 0.359) = 0.676

N =

In order to relate to recovery R, we can construct a mass balance using
volumetric flow rates

prH + QoutxH,nut = Qin XH,in

(%i) Yy + (QQL::) XH,out = XH.in

Since Qout = Oin — Qp and R = %, therefore,
RyH + (1 - R)xH,out = XH.,in
R= XH,in — XH,out 0.55 -0.03

Vi — XHow  0.676 —0.03

=0.806

The fraction of hydrogen recovered in the permeate is

0,5 0.676
P 0.806( ——— | = 0.945
Oun Xit.1m 0.55

(d) Note that permeability K,, ; is expressed in units of Nm’/m?. s. bar whereby
Nm? refers to volume measured at normal conditions of 1 bar and 25 °C.

N}y = K nPy(Xmin — Bygin) = (4.5 x 1077)(28)(0.55 — (0.0714)0.992)
N} = 6.04 x 107* Nm® /m’* s

N oue = K iPy (Xtrou — By ow) = (4.5 x 107°)(28)(0.03 — (0.0714)0.359)
N}y o = 550 x 107° Nm® /m* s

Note that typically if 57~ > 2, we can use a logarithmic mean to find an
H,out

appropriate average. The logarithmic mean volume flux is calculated as follows:

Nfjin —Nfow  6.04 x 107 —5.50 x 107°

N}y = = — =1.27 x 107* Nm®/m*.s
Nl n (6.04 x 10 )
Il 550 x 10

The area of membrane A required is as follows, where



342 Separation Processes
Y, Q — RQin —
Ny = XPYH A YH
~0.806(0.15)
A
A=6435m’

1.27 x 1074 0.676

Problem 29

An air separation unit is used to process a binary feed containing components A

and B, with 25% by volume of component A. The membrane has a selectivity

ratio given by a = % =4.6 and the permeability of component A, K,, 4 =
1.6 x 107> Nm*/m?s.bar. The unit operates in a cocurrent flow mode, and the

retentate contains 97.5% by volume of component B.

(a) Determine the permeate composition and the fraction of feed obtained as
permeate if the pressure at feed side is 13 bar and the pressure at permeate
side is 1 bar.

(b) Find the area of the membrane needed to treat a feed of 1.4 Nm>/s using
numerical integration with step size of 0.025 (you may use a spreadsheet).

You may use the following expression for local value of permeate mole
fraction y; without derivation, where g is the ratio of permeate side pressure
to feed side pressure:

_ x; — Py;
xi — pyi+(1/a)[(1 —x;) — (1 —y;)]

Yi

Solution 29
Worked Solution

(a) Let us illustrate our system as shown below.

Feed — Retentate
Qy, Xir —» 1 X, P¢=13bar [— Qg Xir
E : dap Membrane
B
WYai Pp=1bar —»Qp, xp
< > Permeate
Va

Let us establish some known values from the problem statement. « and f are
assumed constant along the length of the membrane.
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o= =46
Km,B
PP
=—+=—=0.07
B 7 =13 0.0769

We assume ideal gas at constant P and T; therefore, volume fraction is the
same as mole fraction.

Xar =1 —0.975=0.025, x4,r = 0.25
We can find the local values of y, using the expression given:

XA, F — ﬁyA,F

y =
i Xa.F = Pyar+ (1/a) [(1 —XaF) *ﬂ(l - )’A,Fﬂ
Ya,r = 0.5695
XA,R — ﬂYA,R
YA,R

"k —Piar+ ([ —xar) — B0 —yar)]
yag = 0.08562

(b) To find the area of membrane required using manual numerical integration, we
can tabulate data on a spreadsheet. To help us get there, let us establish some
principles:

* Interval size is given as 0.025. Therefore Ax, = 0.025 as we step along the
membrane from inlet (first row of table) to outlet (last row of table).

¢ We can find the corresponding local y, for each specified local x, using the
equation provided

_ XA — Pya
X4 — Pya+ (1/a)[(1 —x4) — (1 —y,)]

YA

* We can perform a mass balance to find differential expression to find
recovery R.

Qlvxa—» — Qlr+anxs4dxy

1 dQ, ya Membrane

B Z
T
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(01)xa = (Qlirar) (a +dxa) — (dQ,)ya = 0
(Ql)xa = (Ql, + dQ) (xa + dxa) = (dQ))ys =0
[QF(1 = R)|xa — (Qr(1 — R) — QpdR)(xa + dxa) — (QrdR)y, = 0
(1 =R)xga — (1 =R —dR)(xa +dxs) —y,dR =0

Ignoring higher order terms (i.e., dRdx,4) due to their small value, we have

(1 — R)dxA — XAdR + yAdR =0
dR dXA

1—R x4—y,

g
—1n(1—R(x))=J _tu
xar YA T VA

The above continuous integral can be discretized into the following form
for an interval with interval end points from 1 to 2 (see diagram below).

~n(1-R(ul)= ¥ _Ax 3 Xalp — x4,
2 - — — =
intervals "4 T YA intervals (XAh;xA‘Z) _ ()’A|1;YA|2)

1 2

— xA|1j? T\ Xal2

AXA

¢ From a differential element mass balance, we can deduce that differential
volume flux isd (N{A) = y,dQ,, where y, and N’} are both local values. For a
constant membrane coefficient and constant feed side and permeate side
pressures, N'; is constant along the membrane length. Therefore the equation
may be expressed as

NdA = y,dQ, — NydA = y,dQ,

In a manual numerical integration using defined step sizes, we will approx-
imate the local values y4 and N/{ using mean values over the interval. It
therefore follows that the smaller the step, the closer we get to the local value.

outlet outlet Vs
A= J dA = J 2A 40
et Ny 7

inlet
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The above continuous integral can be discretized into the following form:
outlet B outlet yA
Zinlet Zmlet N” p

We know further that we can define recovery as R = Q,/Qp. Therefore
dQ,, = QpdR. Therefore we can express dA in terms of dR:

OFYa OrYa
N,/ de N dR — ==2"AR
outlet
A= J O 4
inlet N

Again, the above continuous integral can be discretized into the following
form:

_ outlet QFyA
A= Zmlel N" 4R

¢ We can find the mean volume flux over the interval, ]VX. Considering an
interval with interval end points from 1 to 2 (refer to earlier diagram above)

X|2 = K aPr (X4 — Bys)

(1.6 x 107)(13) [(M) — (0.0769) (Ll eryA|2)]

Applying the points described above, we obtain the data of values shown in
the table below.

== mr— 0.225-0.25 0.149929 — 0.076495
0.569533 + 0.533775 [U.zb v 0.225) ru.b_b‘ib_l.\ ) 533?-’5] — = irthlB’H-'-'N.‘
z 7 it 7 e A
1 I| x 3 f [ I
.\ | Mean over ] z XA [ Il Mean vol ]
Local 1y Local ¥y interval kl A o7l | R AR I| flux N’ | a4 | 2 A
* 0.5 0569533 || - - : - | i 1 2
0.225 0.533775_|V0.551654 | Yo.079573 | 0.079579 | [ow7s49s | o.07e4ss] [aos73seos] [1as6.07s | 14s6.07s
0.2 0494675 | 0.514235 | 0.082857 |,0.162436 | '0.145929 | 0.073434' |[3.597246-05 | "1469.643 | 42925.718
0.175 0.45179 0.473233 0087494 |' 0.24993 0.221145 0.071215 IJ.IGJSBE-D‘J 1501.263 | |4426.981
0.15 0.404748 0.428269 0.094067 | 0.343997 0.291069 0.069924 |/2.69477E-05 1555.784 | |5982.764
0125 0.352984 | 0.378866 | 0.103577 || 0.447574 | 0.360823 | 0.069754 | 2.253B1E-05 | 1641596 | | 7624.36
0.1 0.295914 0.324449 0117953 F 0565527 0.431939 0.071116 1.820B8E-0 1774.031 | |9398.391
0.075 0.232768 | 064341 | 0.14137 || 0.J06896 | 0.506828 | 0.074889] | 1.397056-05 | 1983.786 | |11382.18
0.05 0.16296 | 0.197864 | 0.184687 || 0891584 | 0.589994 | 0.083166] | 9.83418E-06 | 2342638 | |13724.81
0.025 0.085621 0.124291 0.288049 J 1179633 0.692608 0.102614 5.81135E-06 3072.543 | |16797.36
1 I
0.079579 + 0.082857 025+ 0.225 1456075 + 1469643
(1.6x107*)(13) r e ) [I]!."n’(,‘i][lJ.hﬁ!hh-'-!l

, Xa— f¥a
A x— By + (a1 - ) — B0 - W]

Finally, we can determine the membrane area required, which is 16,797 m2.
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Problem 30

Key factors affecting the rate of transport of a component through a membrane
include a driving force and a resistance to mass transfer.

(a) Comment on this statement, and explain the following general equation for
overall permeability of a membrane separation system for component i.

1 _LI 1 1
Koverall,i kf,i II(m,i kp,i

(b) Explain the difference between membrane separation for liquid and gas
phase systems and describe the phenomenon of concentration polarization.
Show this expression, in the case of a steady state between back diffusion
caused by concentration polarization and convective transport of solute
across the membrane, where J, is solvent volumetric flux, k;; is the mass
transfer coefficient on the feed side, and Cy l,, Cr,;, and Cp; are the solute
concentrations at the wall on the feed side, on the feed side, and on the
permeate side.

J m? solvent —kpiln CF,i|w —Cp;
mz.s ’ CF,,‘ - Cp,i

Solution 30
Worked Solution

(a) Driving force for mass transport through a membrane is analogous to the
difference in fugacities of a component between each side of the membrane.
This fugacity difference may be approximated as a concentration difference,
AC,, or a difference in partial pressure for gases, Ap;.

In liquid separation systems, we have a bulk flow of solvent through the
membrane, driven by a pressure difference between each side of the membrane,
i.e., the feed side (also called the retentate side at the downstream position), and
the permeate side. Below is a simple diagram showing a cocurrent flow mem-
brane separation system where the pressure difference is Py — P, and the mole
fractions of species i on the feed side and permeate side are x; and y;, respectively.

Feed | —» xi, Pr Retentate

—> yi, P,  Permeate
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We may find this concept similar in the molar flux equation derived from
Fick’s law of diffusion as shown below for species i. @; denotes the diffusion
coefficient, VC; is the concentration gradient, and 6g; = x, — x; is the boundary
layer width over which mass transfer driving force exists.

Molar Flux in x direction:

" _ dci\ __ C"XQ_C"‘Xl _ D; _ D
N = —oi(q) = —@i(W = 5 \Cily = Cily ) = 5,/4Ci

5% is analogous to the overall permeability or mass
transfer coefficient in a membrane separation system.

The transport of component A through a membrane in the direction shown in
the diagram below can be modeled via a series of mass transfer resistances. op
and dr denote the mass transfer fluid films on the permeate side and feed side,
respectively. The feed film resistance is characterized by the mass transfer
coefficient, kg similarly the permeate side film resistance is characterized by
the mass transfer coefficient k,. The concentrations of solute at the walls of the
membrane in the membrane are C},W and C},’W on the feed side and permeate
side, respectively. These corresponding wall concentrations in the free fluid are
Cr.,, and Cp,,, respectively. In this diagram, C,, # C,, whereby the difference is
measured by a solubility factor. When the solute dissolves fully in the mem-
brane, then C:v = C,,. The concentration gradient within the membrane is almost

linear, indicating a constant value for membrane permeability, K,,,.

In this equation, the term

Solute
1 6.‘7 6P '
L [—"
I (o ;
Bulk Cr N N kyp
N G|
ECF.w Y E
" 4 H
: P Cow
! k;’ K : Bulk Cp
i Membrane !
Feed side Permeate side

The flux of solute i is given by N7 = Koyerani(Cr; — Cp;), where Koyeran.i
denotes the overall permeability of the system. It is a sum of a series of
resistances,
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1 1 1 1

-+
Koverall,i kf,i Km,i k[’si

(b) In gas systems, it is typical for the membrane coefficient component to dominate
(i.e., mass transfer effects are negligible when k;; and k,; > K, ,); hence the
above may be simplified to:

1 1

~

—_— R
K overall,i K m,i

In liquid systems, concentration polarization may occur, i.e., kg; is small.
Concentration polarization is a phenomenon whereby the flux through the
membrane is controlled by the film mass transfer resistance on the feed side,
rather than the resistance of the membrane, K, ;.

1 1

~

Koverall,i kf,i

Concentration polarization arises because a solute is selectively retained by
the membrane, and accumulates at the wall of the membrane, generating a mass
transfer resistance for the solute in its mass transport. The flux of solute and
solvent towards the membrane convects solute to the wall of the membrane
where it becomes “stranded” in the stagnant boundary layer (width of §) at the
wall. At steady state, this is balanced by a back diffusion (in the reverse direction
of desired mass transport direction, i.e., back into bulk feed fluid) of the solute
down the concentration gradient created by this accumulation of solute at the
membrane wall.

Solute back diffusion

" mol solute
N/ -
i,back m2.s
| ——
1 P
! m? solvent
| Io |—F—
E Cril, me.s
| — >
i solvent vol flux
Bulk Cpr !
: Cr,i
i
! ,, |mol solute mol solute
i ! Co
! L m2s P m3 solvent
«——» Membrane ?
! s solute molar flux
i <
1
z 4 L

Feed side Permeate side
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At steady state in the +z direction, we have the molar fluxes on the permeate
side equivalent to that on the feed side.

N{|, =N/|,
_JileP,i = _Ji;/CF,i + N;fback
dCr;
—J:)/Cp,,‘ = —J/V,CF,i - @iTZl
dCrp;
J(Cpi — Cp;) = —D; & .
B Cr,i —Q;
J//dz = J 71 dC [
Jo Y cri|, Cri—Cpi e
Cril — Cp
J’v/5 =®;1n <7F’l|w P’l>
Cri—Cp,

D; Cril, — Cp; Cril, —Cp;
J'="TIn <7F’ L P’) = kyiIn <—F’ L P’)
6 Cri—Cp, ' Cri—Cp;

The above equation describes the concentration polarization effect, where &;;
denotes the mass transfer coefficient across the stagnant film on the feed side. It
is noted that the solvent flux, J”, depends greatly on the solution concentration
profile. For a larger solvent flux, the higher the solute concentration due to wall
accumulation, Cr,|,. To decrease back Cr,, ks; needs to be increased by
methods such as increasing the rate of bulk flow parallel to the surface of the
membrane (tangential to surface of membrane).

This trend of an increasing J with increasing Cr,,, as implied by the
equation, however, is not indefinite in reality because of the following factors
which work to decrease back the solvent flux as Cr|,, increases.

* Increased local osmotic pressure will decrease the solvent flux.

* The formation of a solute gel (gel effect) which is a high viscosity structured
liquid through which the solute cannot penetrate and poses resistance to the
solvent flux. Then Cp; = 0 and Cr,|,, = C F,eel,i and a limiting flux J’v’ limit is
reached. We can increase solvent flux by increasing the pressure difference
between feed and permeate side; however, this is only temporary before a

thicker gel forms to decrease back the flux to a limiting value.

Crgeli
1" _ Jgel,i
T e = K I (C—)

F,i
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Problem 31

A membrane separation unit used to remove salt from seawater contains hollow
tubes of outer diameter D, = 2 x 10™* m and inner diameter D; = 1 x
10~* m. The volume flux of water J/ is 3.9 x 10~ ® m*/m’.s. The feed contains
salt concentration of Cr; = 1.5 x 10~ mol/m® at room temperature of 25 °C,
and flows perpendicular to the outside of the tubes at velocity of 0.006 m/s with
an apparent solute retention ratio R,,, = 0.98. Comment on whether concen-
tration polarization is significant.

You may assume that the solute has the same properties as water, and D,
=1.5x10"° m? /s. Note that flow that is perpendicular to a cylinder can be
described by the correlation Sh = 0.6 Re®>Sc">. The kinematic viscosity of
water at 25 °C is v = 8.93 x 10~ m*s. You may use the following expression
without derivation, where J; is solvent volumetric flux, k;; is the mass transfer
coefficient on the feed side, and Cr|,, Cr,, and Cp; are the solute concentra-
tions at the wall on the feed side, on the feed side, and on the permeate side.

Cr,i| —Cp,
" el *lw »
Iy £l ( Cr;i—Cp; )

Solution 31
Worked Solution

Before we solve this problem, let us revisit some concepts. Apparent solute retention
ratio, R,p,, is defined as follows where C; p and C; - are the solute concentrations on
the permeate side and feed side, respectively. This is an apparent value as the true
value is based on wall concentration on the feed side. Note that solute retention ratio
is the same as solute rejection ratio.

Cp,

—1 Cp,
app — L Cri
N

R -
Cr,

s, Ripwe =1

wall

In our system, we have a cross flow pattern across tubular membranes, which is
common in commercial operations. This can help remove fouling, and facilitate
semicontinuous operations instead of batch mode. Hollow tubular membranes are
typically asymmetric membranes that are specially prepared such that the membrane
is composite in nature, being supported by a highly porous layer capable of with-
standing pressure drops while offering little resistance to flow. This supporting layer
allows the membrane itself to remain thin (to maximize flux) while ensuring
structural integrity. Some examples of membrane separation in commercial pro-
cesses include desalination via reverse osmosis, ultrafiltration for macromolecular
concentration, hydrogen recovery in gas separation, and ion separation in
electrodialysis.
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Looking at this problem, we can first calculate the dimensionless quantities that
describe the flow.

The Reynolds number is commonly used in fluid analysis and represents the ratio
of inertial forces to viscous forces. It can be used to determine if flow is laminar or
turbulent.

VD 0.006) (2 x 1074
Re = YDz _ (0:006)( = ) _ 134
v 8.93 x 10

The Schmidt number represents the ratio of momentum diffusivity (kinematic
viscosity) and mass diffusivity, and is used for fluid flows where there are both
momentum and mass diffusion convection processes.

GV _893x 1077

= =595
D 15x107°

The Sherwood number represents the ratio of the convective mass transfer to the
rate of diffusive mass transport.

Sh = kf—gz = 0.6Re”Sc"? = 0.6(1.34°7) (595°7) = 4.72

. 4.72(1.5 x 107?)

-5
’ > % 107 =35x10" m/s

We can find the solute concentration on the permeate side, Cp ;.

Cp,

F,i

Cpi=(1-0.98)(1.5 x 107*) =3 x 10~° mol/m’

Rupp =098 = 1 —

To find out whether concentration polarization is significant, we can determine
the solute concentration at the wall on the feed side and compare it with the
concentration in the free fluid on the feed side.

Cril, — Cp;
J// :k ll SLlw 5
v =R ( Cri—Cp,;

J//
Cr,l,, = (Cr; — Cpj)exp (ﬁ) + Cp;

3.9 x 107

=(15%x107* =3 x 10 %)exp| ———
( ) p<3.5><105

>+3>< 107°
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Cr,l, = 1.66 x 10~* mol /m’

Cril, — Cri _ 1.66 x 1074 — 1;5 x 1074 —0.106 > 0.1
Cr, 1.5x 1074
This means that the solute concentration at the wall due to concentration polar-
ization just exceeds about 10% accumulation, which is just about significant.
We were given the apparent retention ratio, R,,, = 0.98. We can also find the true
retention ratio to observe the difference. We find that Ry, is slightly greater than
Ripp-

; 10°¢
R 1 Cri __ 3x10

Crilar 166 x 107

Determine the osmotic pressure difference between pure water and an aqueous
solution containing the following molar compositions of an ideal solute at 298 K.

(a) 1.5 mol%
(b) 2.5 mol%

Worked Solution

=0.982

(a) The system can be illustrated as shown below:

Water Aqueous
() solution
(1
py, = 8, (T, P°) (1)
u!' =g, (T,P) +RTInx,
b4 0 0g 0
Hy :gW(T,P)Jrﬁ (P—P") +RTlnux, (2)
T

The chemical potentials of water in (/) and (/I) are equivalent at equilib-

rium. Also, we know that dg = vdP — sdT = vdP or %‘ = v at constant 7.
T

Therefore,
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8w (T, P°) = 8, (T, P°) + %8 (P —P°) +RTInx,
oP|,

0=v(P—P°) +RTlx,

—RTInx,,
v

=P-P’ =4l

The density of water is 1000 kg/m, and its molecular weight is 0.018 kg/mol,
hence the molar volume of water is

0,018

3
— 20 I
1000 ™ /mo

Therefore we can find the osmotic pressure differences at the two different
solute molar compositions.

—(8.314)(298) In (1 — 0.015)

Al 5 o, = (M) =2.08 x 10° Pa

1000
(b) The same method is used to find the osmotic pressure difference at 2.5 mol% of
solute.
—(8.314)(298) In (1 — 0.025)

A17|245 mol% (M) = 3.48 x 106 Pa

1000
Problem 33

A reverse osmosis system is used to remove a solute X from water containing
35 g/L of X. The pressure on the feed side is 65 barg while that at the permeate
side is at atmospheric pressure. The osmotic pressure in the solution can be
expressed as II[bar] = 0.75C [g/L], where C refers to concentration of solute in
the solution. The apparent solute rejection factor and permeability of the
membrane are R,,, = 0.997 and K,,, = 3.8 x 10> m*/m”.h.bar. We are required
to process a feed of flow rate Oy = 10 m’/day.

(a) Determine the maximum recovery S,,.x if S remains constant and concen-
tration polarization effects may be ignored.

(b) If the operating value of recovery, S = 0.5S,,ax, find the membrane area
required and the concentration of solute in the permeate. Arithmetic mean
values may be used.

(c) If concentration polarization effects are significant, the expression below
holds whereby C4,, is the solute concentration at the membrane wall. Find
C/|,, at the inlet if the mass transfer coefficient k; = 1.2 x 10~* m/s.
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Worked Solution

(a) Let us start with an illustration of our reverse osmosis system. As the feed
solution flows along membrane, water is removed from it and it becomes more
concentrated in X as it reaches the tail end of the feed side (i.e., retentate side).
The permeate side will contain water with the desired purity.

35g/L of solute X
Qr= 10m3/day

Pf = 65barg Water Feed side K. =38x 10_3m3/m2 hr.bar

R, =0.
Permeate side app = 0.997

At maximum recovery S, osmotic pressure is equivalent to pressure difference
across the membrane.

AIl = AP
Hf,W_ P:Pf_Pp:(65+Patm)_Patm:65

When concentration polarization effects are ignored, then Cy,, = Crand 11y,
w = Iy Therefore,

Iy —1I, =65 (1)
We note that by definition, R,,, = 1 — C,/Cy therefore R,p,Cr= Cr— C,
Iy —1,=0.75(C; — C,) = 0.75(RappCy) = 0.75(0.997)C;

Substituting this result into Eq. (1), we have the following equation at
maximum S.

0.75(0.997)Cys|, =65

Crly =86.927g/L
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Recovery S is the ratio of volumetric flow rate across the membrane to the
feed side flow rate. We can perform a mass balance to find a differential
expression for S.

—Pp x

(), C)—> > Q(ckdx), C,(x) +dC;

Q/(x)C(x) — Qf(x + dx) (Cr(x) +dCy) — (de)C,, =0
Qr(x)Cr(x) — (Qf(x) +dQy) (Cs(x) +dCy) — (dQ,)C, =0
Let Qfx = 0) = Qj, therefore Q/x) = Qi(1 — )
[0in(1 = 9)ICr(x) = (Qun(1 = S) = QindS) (Cr(x) +dCy) — (QindS)C, =0
(1=8)Cr(x) = (1 =8 —dS)(Cy(x) +dCy) — CpdS =0
Ignoring higher order terms (i.e., dSdCy) due to their small value, we have
(1 —S)dCf — Cde+ deS:O

ds dc;

1-S Cr—C,

Cr() dC
fln(lfS(x)):J - _fC
Cf(x:O) f P

In our problem, we know that C/(x = 0) = 35 g/L, and we found earlier that
Crlg  =86.927 g/L; therefore,

809278/l 4C, 1 <86.927)

1 (1 = Spay) = _
n (1 = Sma) Lsg/L RupCr 0997 "\ 35

Smax = 0.59846

(b) We are told that the operating recovery is 0.55,.x, and let us define the solute
concentration at the outlet on the feed side be Cy oy

S =0.5(0.59846) = 0.299

1 Cou
—In(1—0.299) 0997111( g; ‘>
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Crou = 49.875g/L
Therefore the concentration of solute in the permeate C,, oy is

Cpout = Crou(l —R) =49.875(1 — 0.997) = 0.1496 g/L
Cp,in = Cf,in(1 - R) = 35(1 - 0997) =0.105 g/L
To find the area of membrane required, we can relate to the volume flux of

solvent (i.e., water) across the membrane averaged over the length of the unit
from inlet to outlet, J ’v’ . We are also told that Q= 10 m3/day.

JiA = Oy (2)
0, = S(Qy) = 0.299(10) (2—14> =0.1246 m’ /h

J' = J/V/|inlet + J(),}outlet — K [(AP B AH)inlet + (AP B AH)

v 2 2
= 3.8 x 107°{[60 — 0.75(Cn — Cpin)] + [60 — 0.75(C.out — Cpou)] }

v

outlet]

2

~, 3.8 x 1073{[60 — 0.75(35 — 0.105)] + [60 — 0.75(49.875 — 0.1496)] }
J! = 5

=0.107 m*/m*.h

Combining our results in Eq. (2), we have

0.107A = 0.1246
A=1.16 m?

(c) If concentration polarization effects are significant, then to find Cy;yl,,, we can
use the equation

" _ Cf’i“‘w B Cx”’i“
Ty|., =ksln Con—Com

J'|. = Kn(AP — AIT), = K, [AP ~0.75 (cf,m}w - Cp?in)}
3.8x10°°
J:’,|in = W |:60 — 075 (Rappcf,in|w):|
38x107°

00— |00 —075(0997C . )|
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Combining the expressions for solvent volume flux at the inlet, we have the
following given that ks = 1.2 x 10™* m/s,

3.8 %1073 Crin|,, — Cpin
S RN 60—0.75(0.997C - )} = (12 x 1074) In [ ZLinhe = Zpin
3600 [ il (1.2 )In Crin — Cpjin

3.8x1073
3600

0.997C finl,,
35— (1-0.997)Cpa|

[60-0.75(0.997C ], )| = (1:2107)In

w,

0.997Cr |,
60 — 0.74775Cy |, = 113.681n W
— Y. fin|,,

Crin|, =443 ¢g/L

w

Problem 34

An ultrafiltration unit uses a membrane to concentrate a solution from a feed of
solute concentration 70 g/L to a product of 300 g/L. The solute has a rejection
ratio of R = 1 by the membrane. At high solute concentrations exceeding 390 g/L,
a gel layer forms. A single stage membrane is used with a recycle of retentate. The
recycle stream flow rate Qp is much greater than the inlet feed flow rate at
Or= 60 m’/h. Changes in osmotic pressure and concentrations along the mem-
brane are assumed negligible. Given that the membrane permeability to water is
8.2 x 10~ % m/s.bar, and the mass transfer coefficient ks is 2.5 x 10>(V***)mys.

(a) Determine the minimum membrane surface area required to process a
process stream at V = 1.5 m/s and 4 m/s.

(b) If two units are placed in series, find the area required for the same
velocities (as indicated in part a) of process streams passing through both
units.

Solution 34
Worked Solution

(a) Let us illustrate a diagram for our ultrafiltration unit.

<
<

Qr
Q= 60m3/hr > » Qfout
Crout=300g/L
Cr=70g/L Water
=700/ | o Kunwater =82 X 10°m/s.bar

Cf,in Qp Cf,G = 3909/L
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To relate to membrane area, we can start with the expression for volume flux
of solvent (i.e., water in this case). Note that a constant mean flux f’v’ across the
length of membrane is used here, since we are told that variations in concentra-
tions and osmotic pressure may be ignored along the membrane length. For the
minimum area, we will require maximum flux, therefore

I o
Jv,maXAmin - Qp

In order to find Q,, we can construct a simple mass balance. Maximum
volume flux occurs when we reach the limiting solute concentration on feed
side at the membrane wall, Cyy. = Cr. We are told that R = 1. By definition,
RC; = Cr— C,,; therefore C,, = 0.

Qfo - Qpcp + Qf,outcf,out

60
320579 = ©5(0) + Q0 (300)

Qfow = 3889 x 1077 m’ /s

60 -3 3
Q= Of ~ Qrou = 3¢5 — 3889 x 1077 = 001278 m’ /s

J!  Amin = 0.01278

v,max

TN
We can also express J|, .

concentrations for the concentration polarization effect. Note that since Qg > Oy,
therefore Cyj, & Crou = 300 g/L (and not Cy= 60 g/L).

in terms of mass transfer coefficient k; and solute

- Crwan —C _ Crg—0
]// =k, frwal Py 25 10 5 V().68 1 /s
o = ki (L) = (25107 (v m (L2

Note that k¢is a function of flow velocity; therefore, we have the following
fluxes at each velocity

_ 390
-5 0.68 -6 .3 2
Danaxlyy 5 mys = (25 % 107°) (15°%) In (ﬁ> =8.641 x 107 m®/m’.s
0.01278 )
Aminlv=15ms = gt 106~ A0
J! = (2.5 x 1077) (4%68) 390N _ 1.684 x 107> m* /m?
v,maxv:4m/s_(' X ) (4°°%) In 300 = 1084 % m’/m-.s
0.01278
Aminly—g mss = ——————s = 759 m*
Iyt mys 1.684 x 1073
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(b)
Qr1 B Qr2
Qf = 60m3/hr_,, Qf,aut,l =| Unit 2 Qf,uut,z
Cf=70g/L / Cf,out,z=3009/L
+ C in,2 +
Crint Qp1 fiim, Qp,2

We know that Oy = 60 m’/h. From part a, we obtained Qo = 3.889 x 1073 m%/s
which will be equivalent to Qo> since we are constrained by the same feed
entering the two-unit system.

O oua = 3.889 x 1077 m’ /s

Furthermore, since the two units are the same, we have Q,, ; + Q,,» =0.01278 m’/s
(Q,, from part a) whereby O, ; = Q,, »; therefore

0,1 =Q,,=05(0.01278) = 6.39 x 107> m’ /s
We can perform a mass balance around unit 1 to find Cyoy

Qf = Qp,l + Qf,out,l

60 -3
3600~ 6.39 x 107 4+ Q ou1

Qf,out,l =0.010277 m3/s
Qfo - Qp’l Cpat Qf,out,l Crout = QPJ (0) + Qf,out,l Croutl

05(70)

9.010277 — 133 e/L

Cf,out,l =

We can also perform a mass balance around both units,

Qfo = Qp,lcp,l + Qp,ch,2 + Qf,out,ZCf,out,2

60

3600 (70) = 0,1 (0) + 0,2(0) + Q.0u2(300)

O oun =3.889 x 10 m?/s
Now we can find the membrane areas required for each unit, starting with unit 1.

74
‘]v,max,l

Amin,] - Q[,’l =6.39 x 1073 m3/s
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Similar to part a, note that since Qg ; and Q, are large, therefore Crin; ~
Crou,1 (and not Cp) and Cpinn = Crourz (and not Cyoy,1)

_ Crwanl — Cpi1 - Cre =0
7 —kiIn M) = (2.5 x107%) (V*%¥) In (7
vomax.| ! (Cf,in,l —Cp ( >< ) Crou1 =0

- 390
- 0.68 5 3, 2
J://,max,l V=15 m/s = (25 x 10 5)(15 )ln (m) =4.0655 x 10 Sm /m .S
6.39 x 10° s
Avinilv=rs ms = 30655 5 1075~ 107
7" = (2.5 x 107°)(4%98) 1 390 =7.921 x 107> m*/m?
Pl g e = (25 1079) (4%) In (55 ) =7.920 5107 m/ms
6.39 x 10~ 5
Amin,l|V:4 m/s = m = 80.67 m

Repeating the steps for unit 2, we have

T ax2Aming = Qpa = 6.39 x 1077 m*/s

v, max,2’

_ CwaH*CZ - CfGiO
7 =ksn <¥> = (2.5x107°) (V") In (7)
vomax2 = B Cring — Cp2 ( ) ) Crouz =0
N = (25x107°)(1.5°%) In 20N _ 8,641 x 1076 m /s
vomax,2[y=1.5m/s ~ \7" ’ 300) '

6.39 x 1073 )
Amin,2|V:1.5 m/s — m =739m
Y —5) (40.68 390 - m’/m?
T imaxaly—y mys = (2.5 x 107°)(4°%) In 300) = 1.684 x 107> m’ /m?*.s
6.39 x 1073 )
Amnzly—emis = g0 1075 =270

Therefore the total areas required for the two flow velocities are

Aninly—1 5 mjs = 157 + 739 = 896 m”

Aninly—4 mys = 80.67 4 379.5 = 460 m”



Separation Processes 361

Problem 35

Consider a solution containing a solute A in solvent B. Explain the origin of
osmotic pressure IT and how reverse osmosis can occur, using chemical poten-
tial and activity of solvent B in your explanation. Show that a dilute and ideal
solution has an osmotic pressure given by the following expression, if 1 mol of
salt at concentration C, dissociates to give a mols of solute A, where « is a
positive integer.

e (XRTCA

Solution 35
Worked Solution

It is a natural occurrence for a solvent to diffuse down its (i.e., solvent) concentration
gradient, from a region of lower solute concentration to a region of higher solute
concentration. When there is a membrane separating two regions of differing
concentrations, this diffusion process occurs from one side to the other side of the
membrane, as shown by the arrow in the diagram below left, where we assume that
the membrane rejection for A is R = 1 (i.e., permeable to B but impermeable to A).

Reverse Osmosis
Osmosis (P> Py)

B B

Pure Solution Pure Solution
solvent B of Ain B solvent B of Ain B

(1) (1) (1) (D)

This diffusion process continues until equilibrium is reached when the activity of
the solvent is the same on both sides. We can make this happen artificially by
increasing pressure on the solution side (i.e., region II), and this increased pressure
can cause solvent to move in the reverse direction from II to I (diagram above right).
This is called reverse osmosis which is applied in commercial processes of ultrafil-
tration and hyperfiltration for macromolecular concentration and desalination of
seawater.

The concentration of B in region [/ is higher than that in II. If the pressure of both
regions were equivalent, the difference in chemical potential of B will be as shown
below.

o

° i Oup
ug(P) = pup +RTInag + —— | dpP
» \OP /),

Activity of a species ¢; is, to a real solution, what “concentration” is to an ideal
solution. Unlike ideal solutions, real solutions mean that interactions between
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species in the solution are significant. Activity is related to the mole fraction, x;, via
the activity coefficient, y;, and this is commonly expressed as a; = yx;.

Recall the thermodynamic relationship as shown below where G;is a partial molar
gibbs free energy (contribution by species i in a mixture).

0G 0G _
dG = (ﬁ) P’nidT + (ﬁ> ) n.dP + Z Gidn;

51

When there is no change in composition, dn; = 0, the equation should match the
following thermodynamic relationship dG = — SdT + VdP. Therefore for our
mixture, and at equilibrium when dG = 0. Note also that an equivalent notation
for G; is ;.

0 = —SdT + VdP + Z Gdn;

G\ _ o (96 _,
oT)p,  \OP);,
0T ) p,, OT ) p.o " \oP T OP ). !

Therefore, going back to our earlier equation for our system, we can deduce that

(%) . vg, Where vg is the molar volume of B [m3/mol]. Since B is a liquid, it can

be assumed constant.

P

ug(P) = /4; +RTlnag + J . vpdP
P

Region/:  pp,(P;) = py + RTInag +vp(P; — P)
ap = 1 in region I since it is pure solvent B. Therefore,
ﬂB,l(Pl) = /4;3 + "B<Pl - Po)

As for region /1, we have the following where ap ;< 1 and the term “RT In ap ;”
is a negative value

Region I : g, (Py) = pg + RTInagy + vg(Py — P)

The above analysis is for the case where P; = Py, hence pp ;> pip ;y will cause the
diffusion of solvent B from I to Il to increase iz in a normal osmosis scenario.

This direction of transport of B can be reversed if we apply pressure /7 to region 11
so that we increase back yp, j artificially until it reverses the inequality pig; < pip 1.
Let us denote this new increased pressure in region Il as Py pew = Py + I1.
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#p,1(P1) = g 11 (Pir,new)

,U; + VB(PI - Po) = ﬂ;; + RTlnag i1 + VB(PH,new - PO)
0 =RTInag ; + vg(l)

_RTlnaB,”

VB

11 =

This increment in pressure /7 is known as osmotic pressure and drives the dilution
of the solution.

Taking this into account, our expression for solvent volume flux becomes as
shown, where 1y, is the osmotic pressure with respect to the concentration on feed
side at the wall (Cran), and 11, is with respect to the concentration on the permeate
side (C,). Note that if rejection factor of membrane R = 1, then /1, = 0 since C,, = 0.

J! = Ku(AP — AIT) = K, [AP — (I a1 — 11,)]

If we have a dilute solution, then yz 5 ~ 1 as the solution behaves close to pure
solvent.

ap.r = yp e = V(1 —xam) =1 —xan
When both sides of the membrane are in equilibrium, then we have

7RT1H(1 _xA,II)

VB

I =

Since the solution is dilute, x4 ; is small, we know that the power series expansion
of the function In (1 —x) = —x — % — % + ... which can be approximated to In
(1 — x) = — x for small values of x. Applying this to our equation, we have the

following, where n4 and np are the number of moles of A and B in the solution.

RT RT ( na >
II=—xppg=—|—"
VB v \na + np

For a dilute solution, we may approximate n, + ng ~ ng and Vg =~ V, where V is
the total volume of the solution. Finally we have a simplified expression

~
~

Vg Vv

RT RTn, RT
n~XT ("_A) _Rlny  RTn,

Ve \IB

For 1 mole of salt at concentration C, that dissociates to produce a moles of
solutes (for example, 1 mole of NaCl gives 2 moles of solutes since it dissociates into

Na* and Cl7), we have "—\;‘ = aCy,; therefore, we arrive at the expression:

I = aRTCA
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Problem 36

The drying of solids by thermal vaporization is usually the final step in indus-
trial processing when we require liquid to be removed before the material is fed
into a heated drier.

(a) Describe the main types of driers and comment on the differences between
adiabatic driers and non-adiabatic driers.

(b) Derive general expressions for the rate of liquid removal from the material
for adiabatic drying in a cross-circulation drier, considering both the con-
stant rate period and the falling rate period.

Solution 36
Worked Solution

(a) There are various types of driers to cater for different needs. Wet solids may exist
in the form of crystals, granules, powders, or continuous sheets. The liquid to be
removed may be on the surface of the solid, or inside the solid, or both. Driers
may operate in continuous or batch mode, and may be with or without agitation
of the solids, and be operated under vacuum for cases that require reduced drying
temperatures.

The main types of driers are adiabatic (or direct) driers and non-adiabatic
(or indirect) driers.

In direct driers, the wet solids are exposed directly to a heated gas. This can be
done by passing hot gas over the solid surface in cross-circulation drying.
Alternatively, the hot gas can be blown through a bed of solids in through
circulation drying. In the latter, the solid bed may be a moving bed, whereby
there is a downward movement of particles through a gas stream, or entrainment
of particles in a high velocity gas stream.

In indirect driers, the only gas involved is the vaporized liquid. Heat is
transferred to the wet solids via contact with a hot surface or via radiant/
microwave energy. The solids may be spread across a heated surface or travel
over the surface by a conveyor or agitator.

(b) We can obtain the rate of liquid removal/evaporation from wet solids via batch
experiments. Let us consider an adiabatic drier, whereby a gas of constant
temperature and humidity is passed over the solids, and the variation in the
solids’ liquid content is measured against time.

dw

dt

[ kg liquid
v kg bone dry material
A

time

; Constant rate
we / Falling rate period \ period
*~ Falling rate period

/ > t » W

Critical wetness we

Constant rate period
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During the constant rate period, the liquid content is high (w > w,) and the
drying rate is independent of w. Drying rate is only a function of humidity
driving force defined by AH = H — H*, whereby H has units of mass of bone
dry air per mass of bone dry material assuming the use of hot air for drying.
During this phase, the surface of the solid is completely wet, and therefore the
surface is at the wet bulb temperature Ty of the gas.

fdd—v: =N'a=k(H—-H")a

. dw: kg liquid removed : : m? interfacial area
The units of dar 18 |:kg bone dry material.s | * the units of a is kg bone dry material | * and

the units for N” is [%] k is the mass transfer coefficient, and the
value of ka can be obtained experimentally, when we measure the drying rates
for different values of imposed humidity difference, AH.

During the falling rate period, the liquid content has dropped to w < w,.. There is
now insufficient liquid to completely wet the surface of the material, and the
material may not be at its wet bulb temperature, Ty, The rate of mass transfer of
liquid from the interiors of the solid to the surface is limiting and the drying rate
becomes a function of both the humidity driving force and the liquid content or
wetness w.

Problem 37

Consider the drying of a wet sheet that has a water content of 0.97 kg water/kg
bone dry sheet, whereby the drying rates are given below:

— 4w —8.249¢ [h~'] in the constant rate period and

— 2 —0.4w [h~'] in the falling rate period

We are provided with a countercurrent adiabatic drier and the required
final product has to achieve w = 0.09 kg water/kg bone dry sheet. Air is supplied
at 45°C which has a wet bulb temperature of 22°C. Determine the time required

to dry the wet sheet as required, if the air flow rate is 1.3 times of the minimum.

Solution 37
Worked Solution
Let us illustrate our system.
W, H,, Ty = 45°C
«— He—— ——— Air
Wet sheet ———» —_—w L

wy=0.97 w,=10.09
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Let m,;, denote the air flow rate with units of mass of bone dry air per mass of
bone dry sheet. A mass balance around the drier on water gives us the following,
assuming 1 kg of bone dry sheet.

Maie(H1 — Ha) = w1 —ws

There are two common assumptions in this case that we can make to simplify the
analysis:

¢ The adiabatic saturation temperature 7, remains constant as air moves through the
dryer.

* For an air/water system, the wet bulb temperature T, remains constant and this is
at the value that occurs at the inlet, which is 22 °C in this problem.

* For an air/water system, the specific enthalpy lines and the wet bulb temperature
lines (diagonals running from left top to right bottom) coincide.

¢ At the left most part of the diagram, we have the bold line indicating the saturation
wet bulb temperature where relative humidity is 100%.

We can find out the value of specific humidity H if have a specified value of
temperature 7 using a psychrometric chart. A simplified sketch of the air/water
psychrometric chart is shown below. [Note that the vertical axis (on the right) is
used for both specific humidity and specific enthalpy, but in this case, only specific
humidity is shown for a simplified view.]

Wet bulb {saturaiion]
temper

Specific Humidity
? kg water ]
kg dry air

— Wet bulb temperature [*C]
— Specific enthalpy
[kj/kg dry air]

— Specific volume [m® /kg]

—  Relatp hormadity [%)

Dry bulb temperature [°C]
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Take, for example, that we need to determine H, at a temperature 7, = 45°C and
wet bulb temperature of 22°C. We can first find the point on the wet bulb saturation
curve at this wet bulb temperature of 22°C. We then follow the wet bulb temperature
diagonal line down towards the right until it crosses the desired dry bulb temperature
of T, = 45°C. At this point, we read off the specific humidity H, from the vertical
axis on the right.

Hy = 0.0066, T =45 C,  Hy =0.0165,Ty =22 C

The minimum air flow rate my;, ,;; oOccurs when the air at the outlet has reached
equilibrium with the incoming wet sheet. This means that saturation occurs at the
outlet and ‘H; = Hwy = 0.0165.

Miinair (H1 — H2) = w1 — wy
e w1 — Wwp - 0.97 — 0.09
T —Hy  0.0165 — 0.0066

Myir = 1.3mmin,air = 13(889) =115.56

= 88.9 kg BD air/kg BD sheet

The operating line for this drier is shown below, where H and w are values at any
point within the drier. Also note that Hy is assumed constant, and we define

AH =Hw —H.
mair(H — Hz) =W =Wy

mair(AHz — AH) =W —WwWp

—0.09
AH = (0.0165 — 0.0066) — Wﬂﬁ = 0.01068 — 0.00865w

We can find the critical wetness which occurs at the transition point between the
constant rate period and falling rate period.

—d—w = 8.2AH = 0.4w,
dt

8.2(0.01068 — 0.00865w,) = 0.4w,
w, = 0.186 kg water/kg BD sheet

The time required to dry the sheet to the required wetness can be found by
summing the time spent in the constant rate period and falling rate periods.

—CZ—V: = 8.2AH = 8.2(0.01068 — 0.00865w)

Z—V: —0.07093w = —0.0876
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To solve this differential equation, we can use an integrating factor of the form
/(007093 _ ¢=0.070931 - 3¢ an integration constant.

e 0070931 _ Je*°'°7°93’(—0.()876)dt

0.070931 e—0A07093l
—00m093 _ € (_ 0876
e ~0.07093 ¢ )+e
_ 00876 0.07093r __ 0.07093¢
W—0.07093 e =1.235 + ce

Whent=0,w=w; =0.97,so c = — 0.265. Therefore the wetness profile for the
constant rate period is as follows.

w = 1.235 — 0.265¢%07093

When w = w,. = 0.186, tcrp = 19.4 h. We can now similarly solve the differential
equation for the falling rate period.

dw
04
d v
670.4t
— — 2 —0.4¢
W= o4 T 20e

When w = wp, = 0.09, + = 831 h. When w = w. = 0.186, t = 6.50 h.
trrp = 8.31 — 650 =1.81h
Total time spent to dry the wet cloth to required water content is 21.2 h.

t=tcgp +trrp = 19.4 +1.81 =21.2h

Problem 38

A humidification unit is used to increase the moisture content of air. A feed
stream of air at 18 °C and wet bulb temperature of 12.5 °C is heated to 48 °C
and enters the unit. The outlet air is fully saturated. Determine the following:

(a) The dew point of the inlet air

(b) The humidity of the inlet air

(c) The percentage humidity of the inlet air
(d) The heat supplied per kg of dry air

(e) The water evaporated per kg of dry air
(f) The temperature of the exit air
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Worked Solution

(a) This problem is good for understanding the basic terms and concepts on humid-
ity and drying. Below is a simple diagram showing our system.

Hot Air
Inlet Air T=48°C [ Humidification Fully
T=18°C Unit > saturated
Tw=12.5°C

Dew point occurs at the temperature when saturation is reached. We can find
the dew point by following these steps, and as shown by arrows in the psychro-
metric chart below.

1. On the horizontal axis of dry bulb temperature, draw a vertical line at the wet
bulb temperature of 12.5 °C.

2. When this vertical line hits the saturation curve, follow the diagonal down
towards the right until we reach the corresponding dry bulb temperature of
18 °C.

3. From the point identified from step 2, move horizontally to the left until we
reach the saturation curve, and read off the temperature value at this point
from the horizontal axis of dry bulb temperature. We find that dew point is
8 °C.

Wet bulbi(saturation) / )&
temperature [°C] /
B2V
/ /
2o
e
e

5°C 18°C

.

Specific Humidity
kg water
[kg dryal'r]

— Wet bulb temperature [°C]
— Specific enthalpy

[k} /kg dry air]
—  Specific volume [m® fkg]
— Relative humidity [%]

/ NACSIN
oe
AVl WS

WAVR:
AN\ X

1N

s

8

(2]

Dry bulb temperature [°C]
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(b) The humidity of the inlet air at 18 °C at wet bulb temperature of 12.5 °C can be
found by reading off the corresponding specific humidity J€ value from the
vertical axis on the right. In this case, € = 0.0065 kg water/kg dry air.

]

%

)

/

et bulb
temper,

(saturat
ature [°

ion)
cl

A

/

Va
A

%

Y

rx/

Y

v
X

0065

=

/LN

Specific Humidity

kg water

. [kg dry m'r']

— Wet bulb temperature [°C]

Specific enthalpy
[kf/kg dry air]

JIANRAVAN

[}

18°C

Dry bulb temperature [°C]

(c) The percentage of humidity is measured as relative humidity [%] and can be read
off from the curved lines (indicated in green below). For our specific case of
T = 18 °C at wet bulb temperature of T,, = 12.5 °C, the RH is 49%.

/

/

P~

Yy

et bulb
temper

(saturat
ature [

tion)
Cl

/,

/

“

AN AT

1N

AZANLYAVAN

=

aVN

/ NACSIN [

ABa W GaS

Specific Humidity

[:'g water ]

g dry air

— Wet bulb temperature [°C]
Specific enthalpy
[kf/kg dry air]

me [m? /kg]
ty [%]

Dry bulb temperature [°C]
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(d) The heat supplied per kg of dry air is related to enthalpy. We can find the specific
enthalpies corresponding to the dry bulb temperature 7 = 18 °C and wet bulb
temperature 7,, = 12.5 °C, which are 35 and 65 kJ/kg, respectively. Therefore
the enthalpy required to heat the air is Ak = 65 — 35 = 30 klJ/kg dry air.

AL

Wet bulbi(saturation)
temper C]

Specific Humidity

[ kg water ]
............................................................. kg dry air

(/‘

% ”
— Wet bulb temperature [°C]

> — Specific enthalpy

| [kf/kg dry air]

><5 — - fity [%6]

12.5°C

Dry bulb temperature [°C]

(e) To find amount of water removed per kg of dry air, we need to find the difference
in specific humidities between the inlet and outlet. The specific humidity at the
inlet is € = 0.0065 kg water/dry air, which is at the point where T = 48 °C as
shown in part b. We know that air at the outlet is fully saturated. To meet this
condition, we move up the adiabatic saturation lines (diagonals in maroon) from
the inlet point (i.e., at T = 48 °C and J€ = 0.0065 kg water/dry air) until we hit
the saturation curve (100% RH). This point has specific humidity,
Jf = 0.0172 kg water/dry air, and amount of water to be evaporated is AH
= 0.0172 — 0.0065 = 0.0107 kg water/dry air.
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-

y
-

N Y
£
Pk ™

Wet bulb (saturation) /
temperature [°C]/4
D7’
K
=ane

(f) The exit temperature is the dry bulb temperature that corresponds to the exit
point, i.e., at #€ = 0.0172 kg water/dry air. This value is T = 22.5 °C as read off
from the horizontal axis.

/
Wet bulbi(saturation)
temperature [°C] / )& 74 y\/

y = O.C\?‘ 9}-"9} Specific Humidity
//

N
N

Specific Humidity

> [:.'g wal‘e.r ]
g dry air

/

AV.NVAN

— Wet bulb temperature [*C]

}
AKX

\

— Specific enthalpy
[k /kg dry air]

ume [m? fkg]

— Specific

<
<&3€ = 0.0065 kg/kg
Y

™~

A

1N

— Relative humidity [%)]

A
//\

22.5°C 48°C

Dry bulb temperature [°C]

N
\.

[ kg water ]
kg dry air

— Wet bulb temperature [°C]

— Specific enthalpy
[kf/kg dry air]

P L
=

Consider 30,000 kg/h of dry air with a dry bulb temperature of 25 °C and wet
bulb temperature of 15 °C. It is heated to 50 °C before passing over wet slabs.
The slabs are to be dried from an initial water content of 0.85 kg water/kg bone
dry slab to 0.02 kg water/kg bone dry slab.

22.5°C 48°C

Dry bulb temperature [°C]
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(a) Determine the heat required to heat the air, and find the wet bulb temper-
ature and dew point of the heated air.

(b) Determine the maximum mass of slab that can be dried if an adiabatic
countercurrent drier is used.

(c) If the actual mass of slabs that is dried is 70% of the maximum, find the
temperature and humidity of the exit air. Determine also the total drying
time if the following apply to this scenario.

d
—7‘: = 12A%[h"'] in the constant rate period;
dw 17 » . .
- 0.5w [h™'] in the falling rate period.
Worked Solution

(a) To find the amount of heat required to heat the air, we consider enthalpy change
from its initial temperature (dry bulb) of 7= 25 °C to T = 50 °C. This can be
found from the psychrometric chart as shown below. The amount of heat
required is Ah = 68 — 42 = 26 kl/kg dry air. The dry air flow rate is
30,000 kg/h; therefore, the power required [kW] is 217 kW. We can also find
the specific humidity for inlet air which is J€ = 0.0066 kg/kg.

26(30, 000)

3600 =217kW

Power =

Wet bulb é(saturaf_icm]
............................. temperature [C]
Specific Humidity

; [ kg water I
kg dry air

-><
X

|- h = 68 kjfkg
— Wet bulb temperature [*C]

........ /h//?é _ "l i 6kg /kg — Specific enthalpy

//'_/ r ! \ [k} /kg dry air]

"""5:::/ ] ! — Relative humidity [3%]
y

15°C 50°C

Dry bulb temperature [°C]
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For the wet bulb temperature, we follow the line of constant wet bulb
temperature going diagonally left-up, until we reach the saturation curve at
100% relative humidity. The wet bulb temperature is read from the horizontal
axis, and has a value of 23 °C at a specific humidity of 0.0178 kg/kg. The dew
point of the heated air can be found by following the horizontal line and going
leftwards until we reach the saturation curve at 100% relative humidity. The dew
point temperature is read from the horizontal axis and has a value of 8§ °C.

Specific Humidity
q [ kg water ]
kg dry air

/

Wet bulb|(saturation)
temperature [°C] /

M 3, = 0.0178 kg /kg

/!
/ \ L constant T,,
\/ / — Wet bulb temperature [°C]
//I‘*-. /J( > — Specific enthalpy
constang [kt / kg dry air]
:j_// é < o i
ﬁ ] -‘...:' :\ Relative humidity [%]
8°C 23°C 50°C
Dry bulb temperature [°C]
(b) Let us illustrate our drier operation as shown below.
i, H,, Ty = 50°C
«—] H —— l—— Air
Wet slab ——» — W L
wy=0.85 w, =0.02

The maximum number of slabs that can be dried can be found by setting the
condition whereby the air exiting the drier is at saturation, i.e., 100% relative
humidity when H; = H,,. This scenario also corresponds to the minimum air
flow rate.

We have found from part a that the saturation humidity H,, = 0.0178 kg
water/kg dry air and the specific humidity of the inlet air
H, = 0.0066 kg water /kg dry air.
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H; = 0.0178 kg water/kg dry air, w; = 0.85 kg water/kg dry slab

H, = 0.0066 kg water/kg dry air, w, = 0.02 kg water/kg dry slab

A mass balance around the drier on water gives us the following, assuming
1 kg of bone dry slab, and where the air flow rate is m,;[kg dry air/kg dry slab].

Mair.min (M1 — Ha) = w1 — ws
Mair.min (0.0178 — 0.0066) = 0.85 — 0.02
Mair,min = 74.1 kg/kg

Maximum mass of slab = 1/74.1 = 0.0135 kg dry slab/kg dry air.

(c) Given that the actual mass of slabs dried is 70% of the maximum, we have actual
mass of slabs = 0.009446 kg dry slab/kg dry air. Substituting this value into the
mass balance, we can find the new value of H;,

Hi — Hy = 0.009446(w; — ws)
H; — 0.0066 = 0.009446(0.85 — 0.02)
H, =0.0144

The humidity of the exit air is 0.0144 kg water/kg dry air. From the psychro-
metric chart, we can find the temperature 7', = 31°C.

Wet bulbj(saturation)
temperature [°C] /.

Specific Humidity
W [ kg water ]

/] V% -

H,, = 0.0178 kg /kg

;\

/ — 2 a6, = 0.0144 kg kg
.............. P / ) / ﬁ
/ < — Waet bulb temperature [°C]
/h/%é - [ =>< 4 =] = Sabilicarthalon
.//’:‘/ 3 : \ [kf/kg dry air]
ﬁ l \ J | Reative humidicy (%]

Dry bulb temperature [°C]
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To find the total drying time, we can find the sum of the drying time in the
constant rate period and falling rate period. The critical wetness w,. needs to be
determined to find out the transition point between the two periods. We found
from earlier that H,, = 0.0178.

At critical wetness,

12AH = 0.5w,
12(H,, — H) = 12(0.0178 — H) = 0.5w,

The operating line is as follows, where the humidity and wetness at the air
outlet is now a variable.

H — H, = 0.009446(w — wy)
H — 0.0066 = 0.009446(w — 0.02)
H = 0.009446w + 0.00641

Combining the results, we have

12(0.0178 — 0.009446w,. — 0.00641) = 0.5w,
we = 0.222

For the constant rate period, we have

d
g 12AH = 12(0.0178 — 0.009446w — 0.00641) = 0.137 — 0.113w

dt
0.222 - forp
——————dw = J dt
JO.SS 0137—0113W 0

1 | 0.137 — 0.113(0.222)
0.113 0.137 — 0.113(0.85)

Icrp = } =89h

For the falling rate period, we have

1 0.222
IFRP = ﬁ In (W) =48h
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The total drying time is therefore

t=tcrp +trrp = 8.9 +4.8 =13.7h

Problem 40

The drying of filter cakes can occur during a constant rate period and a falling
rate period. Starting from the general equation for drying flux, R"[%%;] as
shown below, where X represents free moisture content [% dry basis], mg
represents the mass of bone dry solid, and A represents the surface area over

which drying occurs.

mgdX
R”:_isi
A dt

Derive expressions for the following cases:

(a) Drying time in the phase of the constant rate period, if X; and X, represent
the initial and final free moisture contents, respectively.

(b) Drying time in the phase of the falling rate period if the rate is a linear
function of X whereby R” =k, k>0 when X = 0. You may assume again
that X; and X, represent the initial and final free moisture contents,
respectively.

(c) Drying time for the falling rate period if the rate is a linear function of X and
R” = 0 when X = 0. You may assume again that X; and X, represent the
initial and final free moisture contents, respectively.

Solution 40
Worked Solution

(a) Before we derive the expressions, here are some key distinctions between the
constant rate and falling rate periods.

The constant rate period occurs at the beginning of the drying process, when
the surface of the solid is very wet and a continuous film exists on the drying
surface. This water in the film is entirely unbound and acts as if the solid is not
present. Therefore evaporation rate is independent of the solid and occurs from
the free liquid surface. The constant rate period will last for as long as there is
water supplied to the surface as fast as it is evaporated.

The constant rate period eventually transitions into the falling rate period
when the free moisture content drops to a critical value X.. There is now
insufficient water to maintain a continuous wet film on the drying surface, and
the wetted area decreases until completely dry.
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The rate is constant, therefore R” can be taken out of the integral as shown
below. Note that X, > X_..

ICRP X2
J dt = —s J dx
0 R A X,

my
R'A

fcrp = (X1 —X2)

(b) In the falling rate period, note that X, < X,.. If R” is linear with respect to X as
described, then it can be expressed as follows where a is the slope of this linear
function.

R'=aX+k
dR" = adX

Therefore we can evaluate the integral, noting that R” is no longer a constant
with respect to X

X, R// - A

/!
IFRP = ™ n Ry
Aa R}

We can derive an expression for a as follows:

sz my rz dx  m, rl dx  m JR’/ dR"

dr =" @ M
0 A X, R” Aa R’Z’ R”

Rl =aX,+k, R)=aX,+k
a:R’;—Rg
Xi — X,

Substituting this result into our earlier expression, we eliminate a from the
expression for fggp as shown.

IFrRp =

ms(Xl —Xz) 111 (R,l,)

AR R "R

(c) This part is similar to part b, except that the linear function is now as follows,
where R” = 0 when X = 0.

R’ =aX
dR" = adX
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We evaluate the integral like in part b, again noting that R” is no longer a
constant with respect to X

sz g s JXZ dX  m, JX dX  m, r’l’d 4
- X, R’ - A X, R’ _Aa % R

0 A
t s Ry
= — In —_—
FRP = - R

This time, the expression for a can be found by applying the fact that the
falling rate period starts from the upper limit moisture content X,. and falls to zero
where R” also becomes zero. This means that R{ = R”, X; = X, and R =0,
X, = 0. The expression for a becomes simplified to:

R_Z
X,

a =

Substituting this result into our earlier expression, we eliminate a from the
expression for frrp as shown.

, meX, ! RZ myX, | X,
= —— 1N —_— = —— 1N e
AR \RY) T AR T \X

Forany 0 < R < RI, R = R! ().

Problem 41

We are required to dry slabs of wet filter cake that fill rectangular trays
measuring 90 cm (length) by 85 c¢cm (width) by 2 cm (depth). Drying air is
passed over the top surface of the filter cake, and drying may be assumed to
occur at the top surface only. Drying air is maintained at 160 °C and 1 bar, with
a wet bulb temperature of 60 °C and passes over the cake surface at a velocity of
4 m/s.

The specific humidity F of air at 160 °C can be obtained from a high
humidity psychrometric chart and is given as 0.10 kg water/kg dry air. The
heat of vaporization of water at 60 °C obtained from steam tables is 2400 kJ/kg.

The properties of the filter cake are as follows:

« Bone-dry density = 2500 kg/m’®

 Initial free moisture content, X; = 105% (dry basis)
¢ Critical free moisture content, X, = 65% (dry basis)
* Final free moisture content X, = 4% (dry basis)
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The drying times in hours during the constant rate period (CRP) and falling
rate period (FRP) may be modeled using the following equations:

tCRP:ﬁ(Xl -X), X <X<Xp
mX, X
tszﬁjnn<7”), 0<X<X.

R’ [hl.{ng*lz} denotes drying flux, m; denotes mass of bone dry solid, A represents
the surface area over which drying occurs, X denotes free moisture content at
time ¢ with X; and X, representing initial and critical values, respectively, R/
denotes drying flux at X_.

(a) Determine the drying time in the constant rate period.
(b) Determine the drying time in the falling rate period.

Worked Solution

(a) We can first illustrate our system as shown below. Note that we assume that all
heat is used to evaporate liquid (i.e., latent heat), and not to raise the temperature
of the evaporated moisture (i.e., sensible heat ignored).

Drying air at 4m/s, ]
T4,=160°C, T,,,=60°C, 1 bar Slab of wet filter
> cake in tray

v

~-0.02m

—-

< L

0.9m

We can construct an energy balance as shown below
(Mass flux of water) x (heat absorbed per kg water evaporated) = (heat
transfer coefficient) x (AT)

(R”) (AHVaP Teolid Surfm) = h(Tair — Tsolid surface)
g = T = Tow) )
AH g | -

For parallel flow of air to the solid surface, the heat transfer coefficient 4 [mTWK]
may be modeled by the following correlation in terms of G[%], where p and

u denote density [X5] and velocity [] of air, respectively.

N
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h = 0.0204G%8, G = 3600 pu

Assuming ideal gas behavior P = pRT and molecular weight of air is
0.029 kg/mol.

101325(0.029) X
- — 08k
P = 8314160 + 273) g/m

However, this is the density of dry air, and we need to correct for moisture
in air.
We know that in 1 kg of dry air, we have 0.10 kg water.

Rmoist arRT  8.314(160 +273) [ 1 0.1
V moist air = = =14
' P 101325 0.029 * 0.018

P 0.8
Pmoist air — ﬁ = ﬁ =0.6

Therefore, we can evaluate 4 as follows,
h = 0.0204(9000)™* = 30, G = 3600(0.6)(4) = 9000
For CRP,
R'(4)(At) = my(AX) 2)
Combining Egs. (1) and (2), we have

mSAXAHvap‘TWb

IRP = —— 22
RP hA(Tap — Twpy)

The bone dry density of solid is 2500 kg/m3. Tray volume is (0.9)(0.85)
(0.02) = 0.015 m>. Therefore, mass of solid in one tray m, is 2500
(0.015) = 38 kg. Drying area A is tray area (0.9)(0.85) = 0.8 m’.

(38)(1.05 — 0.65) (2400 x 10°)
30(0.8)(160 — 60)

Icrp = =15,200s =4.2h

(b) For FRP,

R/(A)(Ar) = m,X, In (}XT> 3)

f
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Combining Eqgs. (1) and (3), we have

e mXcAHvap| ;. i (X _ (38)(0:65) (2400 x 107) (995 _ 60000 s
hA(Tap — Typ)  \X 30(0.8)(160 — 60) 0.04
=19h
Problem 42

Consider a wet solid that takes 6 h to dry from 40 wt% to 8 wt% on a dry basis.
The critical and equilibrium moisture contents are 17 wt% and 2 wt% on a dry
basis, respectively. Find the drying time for the same wet solid from 50 wt% to
6 wt% on a dry basis. You may assume a linear falling rate period.

Solution 42
Worked Solution

We know that the transition point from constant rate period to falling rate period is at
the critical moisture content, X.. Therefore, we have the total drying time as shown
below.

my meX, X
t = tcrp + trre = 55+ (X1 — Xc) +—1Il< )

R(; //A RC//A X_f

We know that it takes 6 h to reach X, = 0.17 — 0.02 = 0.15 from an initial
X; = 0.40 — 0.02 = 0.38. So we can use that to find z75.
g

6=z

(0.38 — 0.15)

mg 6 B
RA ™ 038-0.15

26

Substituting this result back into our earlier equation, and with the new conditions
of an initial X; = 0.50 — 0.02 = 0.48 and final X;= 0.06 — 0.02 = 0.04, we can find
the total drying time.

0.15
— 26/ (0.48 — 0.15) + 0.15In (=2} | = 13.7h
! ( ) +0.15In (0.04)]
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Problem 43

We have trays measuring 1.8 m by 1 m by 0.2 m which contain a wet solid of
initial total moisture content of 120 wt% on a dry basis. The final total moisture
content is 10 wt% dry basis. Drying air at 33 °C is blown over the wet solids at
1 bar and a relative humidity (RH) of 15%. The equilibrium moisture content is
3 wt% on a dry basis.

Data of total moisture content (dry basis) against time in minutes is provided
below.

Time [min] 0 100 | 200 |300 |400 |500 |600 |700 |800 |900 |950 |1000

Total moisture | 120 |93 |65 |44.5 |32 [235 |17 |135 |11 |10 |9.1 |87
content, dry
basis [%]

Find the drying time required for the test case of reducing from total
moisture content of 110 wt% to 5 wt% if air of 52 °C and 20 % relative humidity
is used instead.

From data obtained from the psychrometric chart and steam table at 1 bar,
the wet bulb temperatures are 7',; (T4 = 33 °C, RH = 15%) = 16 °C and T,
Ty =52°C,RH = 20%) = 29 °C, while the heat of vaporizations at these wet
bulb temperatures are AH,,,(T,;, = 16°C) = 2800 kJ/kg and AH,,,(T,; =
29°C) = 2400 kJ/kg.

Solution 43
Worked Solution

We can plot the data provided on a chart, and calculate the free moisture content
which is the difference between total moisture content and equilibrium moisture
content of 3 wt%.

Time [min] 0 100 | 200 (300 |400 [500 |600 |700 |800 |900 | 950 |1000
Total moisture | 120 (93 |65 |[44.5 |32 235 |17 135 |11 10 9.1 |87
content, dry
basis [%]
Free moisture 117 |90 |62 |415 (29 (205 14 105 |8 7 6.1 |57
content, dry
basis [%]
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Moisture content, dry basis [%]

140

120

—#— Total moisture content

~—8- Free moisture content

100 -

80

60

" \\

%"“HH__‘

""'0-—1=
0 Time [mins]
] 100 200 300 400 500 600 700 800 900 1000 1100

We can observe from the plot that the critical moisture content where the linear
region (constant rate period) transitions into a non-linear region (falling rate period)
is approximately at 210 min, where free moisture content is 59 wt% (or total
moisture content of 62 wt%).

We can find the constant drying rate using the slope of the initial linear region.
For CRP: R" = "2X "where m, denotes mass of bone dry solid.

T AAr
R'A  AX
= —— = constant
mg t
AX 1.20-0.62 Sy
N a0 o 0.00276 kg water/kg dry solid.min

From an energy balance, we can relate drying rate to enthalpy of vaporization at
the wet bulb temperature as shown below.

h(Tdb — wa) _ msAX

R —
AH AAt

vap \ T
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Al‘(Tdh — TW;,) _my

= — = constant
AXAH Ah

vap | Ty

We can equate the constant between the two known cases:

At(Tdb - Twh)‘| _ [Al(Tdb - TW;,)‘|
case 1 case 2

AXAH,p|, | AXAH |,
210(33 — 16) (AN e 2 (52 —29)
(120 — 62)(2800 x 10°) (110 — 62)(2400 x 10°)
(A1) yse » = 110 min

385

Therefore, the drying time during the constant rate period is 110 min for the test
case. Now we need to find the drying time during the falling rate period. For the

falling rate period,
X
R!(A)(Ar) = mgX.In (—)
X

h(Ta, — Tp)
AHy,,

R// —

Twp

Combining Egs. (1) and (2), we have

MyXAH yqp | -

At =———"2
hA(Tdb — wa)

=]
Yomey
kalls
~—

(At)case L (Tdh — wa) Xf case 1
(A1) ase 2 %1 (&)
(Tdh - TWb) Xf case 2
200 100 (62
900 — 210 | (33 — 16) 10
(At)caseZ - M In Q
(52 —29) 5

(Af) pe » = 603 min

case
Therefore the total drying time for the test case is

tease 2 = 1104+ 603 = 713 min

()



386 Separation Processes

Problem 44

Explain the difference between bound moisture and unbound moisture in a wet
solid with a simple sketch of total moisture content [kg water/kg dry solid]
against relative humidity [%].

Solution 44
Worked Solution

There are two main types of moisture in a wet solid. It is useful to know the
difference in considering drying problems.

1. Bound moisture: moisture that is adsorbed into the material’s cell walls, capil-
laries, or surfaces. Bound water in wet solid exerts a vapor pressure that is less
than the partial pressure of water at the same temperature.

2. Free moisture: moisture in excess of the equilibrium moisture content. This
excess, unbound water is held in the voids of the solid.

Let us visualize some of these concepts in the following diagrams (at constant
temperature and pressure).

Equilibrium moisture content decreases with increasing temperature, and
increases with increasing relative humidity. It varies with material type. The equi-
librium content occurs at the point when the moisture content is at 100% relative
humidity. Any moisture content above the equilibrium value will be free moisture.
Different curves are shown for different materials.

Equilibrium moisture content
[kg water/kg dry solid]
4 100%
i
Bound water

A

[ ]
(]
i
Different materials, !
1
1

Bound water

1
1
1
1
1
1
i
1 Bound water
1
1
1
1
1
1
1

5 Relative humidity [%]
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Total moisture content
[kg water/kg dry solid]

A

Unbound moisture

Xfree = XT —X*

Xr Bound moisture

| g

»Y Relative humidity [%]
100%

Problem 45

Describe the different phases in a drying process of a wet solid, and show how
the drying flux varies with free moisture content and with time, highlighting
any key features.

Solution 45
Worked Solution

At time ¢ = 0, the initial free moisture content is indicated by point A (far right). In
the beginning, the solid is usually at a temperature lower than its ultimate temper-
ature and the evaporation rate will be higher due to a larger temperature difference. If
the solid was hot to start with, the rate may start at point A’.

At point B, the surface temperature increases to an equilibrium value. From B to
C, the phase of drying is known as the constant rate period (CRP). This phase is
characterized by the fact that the solid surface is very wet and a continuous film
exists on the drying surface. This water film is completely unbound and water
behaves as if the solid was not there. Therefore, during the CRP, the evaporation
rate is independent of the solid as evaporation occurs from the free liquid surface.
The duration of the CRP depends on how long water can be supplied to the surface at
least as fast as it evaporates.

At point C the CRP ends and we enter into the falling rate period (FRP). This
occurs when the free moisture content reaches a critical value, typically denoted as
X... From point C onwards, there is insufficient water to maintain a continuous film
and the solid surface is no longer entirely wetted. The wetted area starts to decrease
with time, until the solid is completely dry at point D.
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From point D onwards, we enter into a second falling rate period when the plane
of evaporation recedes from surface inwards into the interior of the solid. Vaporized
water moves through the solid into the air stream outside. At a given relative
humidity, drying can only remove water until the free moisture content is zero,
i.e., when total moisture content is equivalent to equilibrium moisture content.

Drying Flux, R”
[kg water/mZ.hr]
A
i i i P
29ERP LItRRP D CRP | Brleflnma!
! ! ! unsteady period
i | |
) 1 1
) 1 1
) 1 1
i i i ,
| c! B! A
i | | A
| 1 1
] 1 )
1 1 1
1 1 )
D} : !
i | |
E : 1 : Free moisture content, Xree
” [kg water/kg dry solid]

Free moisture Brief initial

content, Xeee unsteady period 2"¢FRP

[kg water/kg

dry solid] A
» Time [hr]
Problem 46

In a psychrometric chart, we can find diagonals running down towards the
bottom right which indicate enthalpy values. Explain what these lines are, and
show how they relate to physical properties of an air—water system. Also
explain the terms adiabatic saturation temperature and adiabatic saturation
humidity.



Separation Processes 389

Worked Solution

The enthalpy of a gas—vapor mixture comprises the enthalpy of the bone dry gas and
the enthalpy of the vapor. [Note that over here, vapor refers to moisture, for example,
water vapor in dry air]. We can therefore define enthalpy £ for a mixture of specific
humidity H as shown below, where 4 is the enthalpy of vaporization (or latent heat of
vaporization) at temperature 7.

h = Cpgas(T — To) + H[Cpgas(T — To) + 4]

Let us define a new variable, s, which simplifies the above equation. This is a
useful quantity and is also known as humid heat, which is also the effective heat
capacity of the gas—vapor mixture. Humid heat varies with specific humidity, H.

h=s(T —To) + HA
§ = Cp,gas + Hcp,vapor

In a psychrometric chart, the enthalpy of a gas—vapor mixture can be read from
lines of constant enthalpy. An example is shown below for an air—water mixture at
40 °C and specific humidity of 0.0345 kg/kg. The corresponding enthalpy line at this
point is at 120 kJ/kg.

/M X / Specific Humidity
7 W [ o
Wet bulbj(saturation)
temperature [°C] / /& 7Q y\/
/ >2< /)/
A
/ // \/& y)nr:o.cms

lllllllll A A . \\\

v P - /‘X
| SR
—— J

Dry bulb temperature [°C]
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Lines of constant enthalpy are also known as adiabatic saturation lines. And this
term can be better understood by considering the following scenario. We have
mixing of a gas—vapor mixture with more liquid. The mixture is allowed to reach
equilibrium under adiabatic conditions.

Gas-vapor mixture

hy, Hyy Ty —> Gas-vapor mixture
Adiabatic Mixer —
hs, H3, T3

Liquid, T, ——»|

The mass of liquid added per kg of bone dry gas = #£3 — I . An energy balance
can be done for the liquid, where T, denotes a reference temperature.

hy — hy = (H3 — H1)Cpyig(T2 — To)

The enthalpy of the liquid added, h = s(T — Ty) — AH. Therefore we can sub-
stitute this expression into the above equation to obtain

[S(T3 — T()) + H3/ﬂ — [S(Tl - T()) + Hlll] = (H3 — Hl)Cp,liq(Tz — To)
S(T3 — T1) = —(H3 — Hl) V. + Cp,liq(Tz — To)]

Note that the amount of sensible heat to raise temperature of the liquid from 7, to
T, is assumed negligible as compared to latent heat of vaporization 4. And we can
derive the equation of the adiabatic saturation line as follows, which relates specific
humidity H to temperature 7. Note that the line has a slope of —3.

H3—H]__£

T3 - T, A

By observing the form of the equation, we may note that as more liquid is added,
humidity increases but temperature falls. This is because enthalpy is used to vaporize
the added liquid adiabatically. As we add even more liquid, the mixture eventually
becomes saturated and the temperature and humidity at this point are also known as
the adiabatic saturation temperature 7° and adiabatic saturation humidity °.
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Specific Humidity
aqp [ kg water
Hl.kg d’rynir]
Wet bulbi(saturati
temperature [
J{‘

s
=

— Wet bulb temperature [°C]

— Specific enthalpy
[kf/ kg dry air]

— Relati

Dry bulb temperature [°C]

The understanding of crystallization processes, especially at the molecular level,
is important in biological and industrial applications. Good control of the
crystallization process is key in obtaining desired crystalline particles. Discuss
the factors that influence the following aspects of crystallization:

(a) Crystal growth rate
(b) Particle size distribution
(c) Crystal shape

Worked Solution

(a) Crystallization involves the creation of a new daughter phase from a bulk parent
phase and nucleation refers to the first step in the formation of this new phase
through molecular self-assembly. The growth rate of crystals is largely depen-
dent on nucleation conditions.

The nucleation step can be categorized into primary or secondary, and
heterogeneous or homogeneous. Primary nucleation occurs without requiring
pre-existing crystals to be present, while secondary nucleation produces new
crystals from pre-existing crystals. Primary nucleation can be avoided by
maintaining low levels of supersaturation. In industrial applications, secondary
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nucleation is the common mode of crystallization and can be enhanced by
agitation. Pre-existing crystals in supersaturated solution can be initiated by
fluid shear forces acting along crystal surfaces in a crystallizer, sweeping away
nuclei as a result. Collisions between crystals, as well as with vessel surfaces or
agitator blades also contribute to the generation of pre-existing crystal nuclei.

As for heterogeneous nucleation, it occurs when nucleation sites are on
surfaces, while homogeneous nucleation occurs from the interior of a uniform
substance. Heterogenous nucleation is more common and requires supersatura-
tion. Homogeneous nucleation typically requires superheating or supercooling
and occurs randomly and spontaneously.

Crystal growth is influenced by kinetic and thermodynamic factors.

Thermodynamic Effects

The total overall Gibbs free energy of formation of small crystal units in
solution, AGy is the sum of the surface free energy change, AG, and the bulk
free energy associated with the movement of small crystal units from solution
into the bulk solid crystal phase (or lattice free energy), AG,. These units can be
ions, atoms, or molecules.

AGf = AG, + AG,

AG; arises due to the creation of an interface between the new solid phase and
the solution phase. This quantity is always a positive value and works against
crystallization as it increases the overall Gibbs free energy AGy. AG; is repre-
sentative of a surface tension, and is therefore proportional to the surface area of
the new crystal forming.

AG, is influenced by the degree of supersaturation S of the solution which
relates to the difference in chemical potential of the crystal pirysa and the
solution of its ions p;ons. Using the example of a spherical crystal, AG,, can be
expressed in terms Ay as shown below, whereby k is the Boltzmann constant,
T is temperature, ¢ is the concentration of ions in the solution, ceqm is the
equilibrium concentration of ions in a saturated solution, r is the radius of the
crystal cluster being formed, and a is the size of individual units making up the
crystal cluster.

4 3
AGy, = ——n(z) Ap
3 \a

AU = Hions — Herystal = kT InS = kT In ( < )
Ceqm

For ¢ > Ceqms Hions > Herysta> it then follows that AG,, is always negative. We
can see that it is the competition between AG,; and AG, that determines the
overall thermodynamic conditions for crystal growth. To visualize this better, we
can sketch the following diagram.
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AG
r 3
Small crystal units form Crystal growth beyond critical
and grow (embryo) size (nucleus) is spontaneous
> 2
Surface free energy, |
0 » T

Bulk lattice free energy,

Free energy of crystal formation,
AG, <0

AG; = AG; + AG,

We note that the free energy of crystal formation AG;y increases initially;
hence, this part of the process is thermodynamically challenging due to the need
to overcome the dominating surface tension effect (AG, > 0) when crystal units
are small. However, as the crystal grows further, the competing effect from bulk
lattice free energy (AG, > 0) starts to dominate, and this makes it more
thermodynamically favorable for crystal growth. There is a point in the process
whereby the crystal size reaches a critical value, r... This is also the point when

the crystal is referred to as a nucleus. Mathematically, this point is a maximum

point defined by (% = 0), and a further increase in size from r. decreases

overall Gibbs free energy and is therefore spontaneous.

Kinetic Effects

Kinetic factors refer more to mass transfer aspects, such as the adsorption rate
of molecules into the crystal lattice, or diffusion to surfaces, etc.

Using the example of a pure ionic crystal with a cubic lattice structure, and
assuming heterogenous nucleation, crystals grow as small crystal units deposit
on a crystal surface. Prior to deposition, the units are transported to the surface,
and are adsorbed. They may then diffuse to a site that is most energetically
favorable. As the crystal grows, more surface sites are filled, and we eventually
obtain a flat surface. Further growth results in the formation of new layers, and
this layered structure gives rise to a two-dimensional island disc shape, charac-
teristic of heterogenous nucleation. A high degree of supersaturation is kineti-
cally favorable for this process. On the other hand, homogenous nucleation is
more often characterized by three-dimensional shapes.
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(b) The particle size distribution (PSD) can be considered at two levels, macroscopic
and molecular. At the molecular level, PSD is influenced by the competition
between different growth mechanisms, temperature effects, local concentrations,
and presence of impurities in solution.

At the macroscopic level, we refer to aggregation and attrition of particles that
commonly occur within industrial-scale mixers and growth chambers, and which
affect crystal size. Intense mixing typically lead to smaller particles.

(c) The smallest repeating unit in a crystal is called a unit cell. Crystal shape is
affected by the geometry and packing parameters of the unit cell. In reality
however, we do not often have perfect shapes and/or repetitions of atoms in the
crystal lattice due to the presence of impurities which distort crystal lattice
structures.

The type of nucleation (e.g., homogeneous or heterogenous) and the relative
rates of growth on the various crystal planes also influence overall shape. Other
factors that affect crystal shape and morphology include temperature, the degree
of supersaturation, and kinetic effects. Thermodynamic effects are relatively less
prominent, and typically affect only smaller particle sizes.

Problem 48

(a) Explain briefly the use of seed crystals in industrial applications, and
common methods to minimize the degree of nucleation.

(b) Consider the batch crystallization of a spherical hydrated salt (X.rH,0)
from a seeded aqueous solution at atmospheric pressure. A heat exchanger
is used to maintain the operating temperature at 30 °C throughout the
crystallization process. The crystallizer was initially filled with 2000 kg of
saturated aqueous solution and inoculated with 1 kg of crystal seeds
(hydrated salt X.rnH,0). The crystal seeds have radii measuring 20 pm
and it is assumed that crystallization occurs predominantly from the
seeds. The final desired size of the hydrated crystal salt is 350 pm in
diameter. If the average crystal growth rate is 8 x 10~® m/s measured
from the crystal plane and supersaturation level is 0.02 g crystal/g solution,
determine the following:

(i) Final mass of hydrate crystals in the crystallizer.

(ii) Number of crystals in the seed inoculum.

(iii) Mass of water evaporated.

(iv) Time taken to reach the desired crystal size.

(v) Explain how supersaturation affects crystal size distribution in solu-
tion crystallization.

(vi) Given the following correlation for surface-averaged Sherwood num-
ber for mass transfer, determine if crystal growth is controlled by
mass transfer or surface reactions.
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Sh =2 + 0.6Re"3Sc"3

The following table is provided for reference.

Molecular weight of X. nH,O 220
Molecular weight of X 100
Solubility of X in aqueous solution [weight %] 25
Density of X. nH,O [kg/m”] 1700
Density of aqueous solution [kg/m®] 1300
Viscosity of aqueous solution [g/cm.s] 0.07
Diffusivity of X in aqueous solution [cm?/s] 1.05 x 107>
Solution velocity past crystal surface [m/s] 0.04
Solution 48
Worked Solution

(a) Crystal growth is relatively easier compared to nucleation. Because nucleation is
a random process that occurs at the molecular level, it is difficult to control and
predict and this is a disadvantage for large-scale industrial processes requiring
precise control and monitoring. It is challenging to detect crystal nuclei at atomic
dimensions especially at initial stages of nucleation and a quantitative treatment
for the nucleation of salts is therefore difficult. However, nucleation conditions
have significant impact on the size and size distribution of crystal particles. In
order to have reproducible results, efforts are made to get around the randomness
of the nucleation phase, and one way is to use well-characterized seed crystals. A
seed crystal is the first small piece of crystal that you use to grow into a larger
crystal of desired specifications. For most electrolytes, there is a relatively well-
defined critical supersaturation value, below which a stable supersaturated
solution can be maintained for long periods without spontaneous crystallization
occurring. By controlling experimental conditions within this range, the rate of
growth of crystals is more reproducible and can be more easily studied from
microscopic examinations and observed kinetics. In order to minimize primary
nucleation events, we can alter supersaturation to sufficiently low levels. We can
also adopt milder agitation to avoid secondary nucleation.

(b) (1) The initial crystal seeds have radii measuring 20 pm, this translates to a
diameter of 40 pum = 4 x 10> m. The final desired crystal has a diameter of
350 pm = 3.5 x 10~* m. We know the initial mass of crystal seeds, and we need
to find the final mass of crystals after the crystallization process.

It helps to first find a correlation between mass and length scale (e.g.,
diameter) for a spherical particle. In general, the mass M of a spherical particle
is related to its diameter D, volume V, and density p as follows:

4 /D\* D3
M=pV=r\37\3) | =776
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M ~ D?
M, M,

(D)’ (Do)

We know that M; = 1 kg, D; =4 x 107> m, and D, = 3.5 x 1074 m;
therefore, the final mass of the hydrate salt crystals is approximately 670 kg.

D> 35 x 1074\’
MZ—M1<2) —1<X5) — 670 kg
D, 4% 107

(ii) Given the density of the hydrated salt crystal is 1700 kg/m’, we can
calculate the mass of a single crystal in the seed inoculum.

D} 4% 1075
m =p(”61 ) - 1700(%) — 57 %10 ke

We can now find the number of crystals 7y in the seed inoculum

M, 1

_ _ 10
m 57 %1071 1.8 > 10

Nerystal =

(iii) To find the mass of water evaporated, we can start with a mass balance on
water between the initial and final stages. The initial mass of water in the
saturated solution m,, ;a1 Should be equivalent to the sum of (1) the mass of
water left in the solution at the final stage m,, final som» (2) the mass of water
entrapped in the newly formed hydrated crystals, m,, ,1,0, and (3) the mass of
water evaporated m,, evaporated-

My initial = My final soln + Myw,nH,0 1 My evaporated (1)
We need to determine m,,, evaporated; therefore, we can focus on first deter-
mining My, initials mwﬁnal soln» and My, nH,0-
To determine m,, ;yitiq1:
We are told that the mass of the initial saturated solution is 2000 kg, and that
solute X is at 25 wt% in solution. We can use this information to find out the
initial mass of water and X, respectively, in the saturated solution.
My initial = 0.25 X 2000 = 500 kg
My initial = 2000 — 500 = 1500 kg



Separation Processes 397

To determine m,, ,u,0:

We know that we have 1 kg of crystal seeds added to the saturated solution at the
initial stage, and from part a we note that the total final mass of hydrate crystals
(seeds + newly formed) is 670 kg. The mass of crystals ey crystals that were
newly formed is therefore

Mpew crystals = 670 — 1 = 669 kg

Given that the molecular weights of X and X.nH,O are 100 and 220, respec-
tively, we can calculate the corresponding weight of the hydration portion (i.e.,
nH,0) of the crystal relative to one molar unit of crystal (X.nH,0) as follows

MW 1,0 = MW x a0 — MWy = 220 — 100 = 120

We can now find the mass of water entrapped in the hydrated crystals that
were newly formed, m,, ,u,0. For one molar unit of crystal, we have

My, nH,O0  Mnew crystals
MW,n,0 MWxan,0

669
My, nH,0 = 120 (ﬂ) = 365 kg

To determine m,, fina soin’

Finally let us find out the mass of water left in solution. We know from earlier
that My crysials = 669 kg. We also found that within these newly formed
crystals, the hydration mass is m,, ,u,0 = 365 kg. Therefore, we know that the
portion of the newly formed crystals that comprises X only has the following
mass

My, new crystals — Mnew crystals — 7w, nH,0

= 669 — 365 = 304 kg

The initial mass of X in solution, m, jniia, Was found earlier to be 500 kg.
Some of the X went into the crystals as 1, new crystals- Hence the remaining mass
of X in the final solution is

My, final soln = My initial — Mlx,new crystals — 500 — 304 = 196 kg
We know that temperature and pressure are maintained throughout the

process; hence, solubility of X in the aqueous solution can also be reasonably
assumed to be maintained at 25 wt% of X.

75 75
My, final soln = My, final soln (25> =196 (25> = 588 kg
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Putting together our intermediate results into Eq. (1):

My, initial = My, final soln T M, nH,0 + My, evaporated

My, evaporated = 1500 — 588 — 365 = 547 kg

Hence the mass of water evaporated is 547 kg.

(iv) The growth rate from one plane of the crystal is 8 x 10~° m/s. Since we
have a spherical crystal, this growth rate extends the diameter on both sides and
the diameter therefore grows at twice the value of 8 X 1078 m/s, which is
equivalent to 1.6 x 10~ m/s.

From earlier, we obtained the initial crystal seed diameter of
40 pm = 4 x 107 m and final crystal diameter of 350 pm = 3.5 x 10~* m.

(35x107%) = (4x107)
1= — =19375s
1.6 x 10

The time taken is about 1937.5 s or 32 min.

(v) In solution crystallization, supersaturation is a key driving force and is
equivalent to the difference between the actual concentration and the solubility
concentration at a given temperature. Supersaturation is often controlled to avoid
undesirable nucleation.

The solubility curve is an important aspect to consider when deciding the
preferred method for crystallization. The effect of temperature on solubility
varies between different types of compounds (e.g., organic vs. inorganic), and
this determines the best method for controlling supersaturation levels. For
compounds whereby solubilities decrease only slightly with large drops in
temperature (e.g., systems of most inorganic salts in water), cooling the crystal-
lizer unit by evaporation is preferred. As for compounds that have solubilities
decrease significantly with decrease in temperature, crystallization by cooling
(e.g., heat removal using heat exchanger) can be used. A general solubility curve
is illustrated below where Ac determines supersaturation levels. The solubilities
of most inorganic compounds increase with temperature.

Concentration
A

Solubility

Ac

» Temperature
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Supersaturation is a key driving force for crystal nucleation and growth.
Nucleation refers to the creation of new crystal nuclei, while crystal growth refers
to the enlargement of crystal size as solute is deposited from solution. Nucleation
can be either primary (spontaneously occurs from solution) or secondary (pre-
existing crystals). The importance of recognizing these two processes is in noting
that the competition between these two processes at different supersaturation
levels significantly influences the final crystal size distribution.

The rates of both processes r can be denoted using a general form of the rate
equation as shown below whereby £ is the growth (or nucleation) constant, # is
the growth (or nucleation) order:

r=k(Ac)"

We can observe that supersaturation which is indicated by Ac has an expo-
nential correlation with the order of the reaction. Therefore, for systems whereby
growth order is much smaller than nucleation order (e.g., organic systems), then
at low supersaturation, crystal growth dominates as it is faster than nucleation
and we have more large crystals. Conversely, at high supersaturation, nucleation
is much faster than crystal growth and we end up with smaller crystals. Other
than controlling supersaturation levels, mechanical agitation can also give rise to
smaller crystals that are also higher in purity, more uniformly sized, and pro-
duced faster. Both supersaturation levels and uniformity of crystal sizes can be
controlled by careful consideration of circulation between the crystallizing zone
and the supersaturation zone. The use of vertical baffles promotes uniform
mixing.

(vi) The surface-averaged Sherwood number is given in the problem as
follows:

Sh = 2 + 0.6Re®Sc%3

It is worth noting that this correlation is valid for the range of approximately
0 < Re <200, and 0 < Sc < 250. At very low Re, Sh tends to a value of 2 and
this considers the molecular diffusion from a sphere into a large volume of
stagnant fluid.

From data booklets, we can find the definitions of the 3 dimensionless
numbers, namely the Sherwood number (Sh), Reynolds number (Re), and
Schmidt number (Sc).

Sherwood Number

The Sherwood number represents the ratio of convection rate to diffusion rate in
mass transfer. Mathematically it can be expressed as follows whereby k is the
convective mass transfer coefficient, ® is the mass diffusivity (or molecular
diffusion coefficient of solute in solution), and L is the characteristic length. In
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the case of a spherical particle in this problem, L can be approximated as particle
diameter D,,. In our problem, we note that ® =1.05 x 1073 cm?/s.

k k kD,

Sh = = -
®/L  ®/D, 1.05x107°

Schmidt Number

The Schmidt number Sc describes the ratio of momentum diffusivity to mass
diffusivity. Mathematically, it is equivalent to the ratio of the kinematic viscosity
of the fluid v to diffusivity ®@. v can be further expressed in terms of dynamic
viscosity u and fluid density p;. In our problem, we note that u = 0.07 g/(cm.s)
and p; = 1300 kg/m® = 1.3 g/em’.

07
se=to 00T sy
© Dp; (1.05%x107°)1.3

Reynolds Number

Lastly, the Reynolds number Re is useful in understanding flow patterns, and
specifically it indicates whether fluid flow is steady or turbulent. Mathematically
it is expressed as follows whereby V is fluid velocity, L is the characteristic
length which is approximated as particle diameter D,, in this problem, and r is the
crystal radius. In our problem, we note that V = 0.04 m/s = 4 cm/s:

VL VpD, 4(13)D,
¢ v u 0.07 P "

To solve the problem, let us first consider the case where mass transfer is the
controlling mechanism. We can express the growth rate of the crystals as a
differential equation with respect to time ¢ and in terms of a mass transfer
coefficient and a concentration driving force. In the equation below, n denotes
the molar amount of hydrate crystals, A, refers to the surface area of the crystals,
k denotes the growth (assumed dominated by mass transfer) constant, and Ac is a
concentration difference that is correlated to supersaturation.

dn

— = Ak(A
dt k(Ac)

Since we have spherical crystals, we know that A, = 471>

fl—'; = 4ar’*k(Ac) (1)
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We can also relate n to molar density p,, of the crystal and this is useful since
pm can be calculated easily from the given mass density (p = 1.7 g/em?) of the
crystal.

P 1.7 3
=———=—=10.0077 mol
Pm MWX.ann 220 me /Cm

The volume of a sphere is known to be Volume = (4/3)7r. Therefore, the
number of moles of spherical crystal is written as

n= 771'r3pm

3

Substituting the above expression for # into Eq. (1), we have

dn _d (4
dt  dt

§7rr3pm> = 4ar’k(Ac)

The left-hand side of the equation can be simplified as follows

d (4 , 4 dir’) 4 ndr , dr
dr (3”””") 3Py = 3 Br) g =4y,

Equating the above with the right-hand side of the equation, we now have a
differential equation representative of the growth rate of the crystal in terms of its
size (i.e., radius)

d
4Jrr2pmd—: = 4ar’k(Ac)

dr _k(Ac) _ k(Ac)

= 2
i~ p, 00077 @)

We can now make use of the given correlation for the Sherwood number in
the problem and equate it to the definition of the Sherwood number.

he_ KDy
1.05 x 1073

k(2r)
1.05 x 1073

=2+ 0.6Re’’Sc"
=2+ 0.6(148r)"7(5128)"?

The initial and final sizes of the crystal are r; = 2 x 10 >cm and
r, = 1.75 % 10_20m, respectively. We can therefore calculate the values of
k for the initial and final stages to examine the effect of mass transfer on crystal
growth rate.
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The initial and final values of mass transfer coefficient k; and &, can be found
as follows

(1.05 x 1079) (2 + 0.6(148r1)0‘5(5128)0'3)

ki = o =0.016 cm/s

(1.05 x 107%) (24 0.6(1482)(5128)°)

ky = n = 0.004 cm/s

We observe that the mass transfer coefficient decreases as the crystal grows.
Going back to our differential Eq. (2), we can examine how the different values
of k affect growth rate 4.

dr _ k(Ac)
dt— 0.0077

The concentration driving force Ac for the above equation is in molar units,
and this can be obtained from the known value of supersaturation (mass basis) of
0.02 g X.nH,O per g of solution as follows.

0.02 0.02(1.3
Ao 002(p) _ 0.02(13)

= = = 0.00012 mol /cm*
MWt 20 0.00012 mol/cm

Therefore the initial and final growth rates are:

dr|  ki(Ac)  0.016(0.00012) »

dr|, ~ 0.0077 0.0077 X 107 em/s
dr|  ka(Ac)  0.004(0.00012) B

dri _ . —62% 10

dr|,  0.0077 0.0077 X 107 em/s

We compare the above growth rates (assuming mass-transfer dominated)
with the given observed average growth rate of 8 x 10~® cm/s and notice that
even for the slower growth rate (assuming mass-transfer dominated) of
% , = 6.2 x 1075 cm /s, it is still much faster than the observed growth rate.

Therefore, we conclude that crystal growth in this case is not controlled by
mass transfer, but by surface integration reactions instead.

Problem 49

Plot a graph showing the effect of temperature and solute concentration on
solubility and explain the following phenomena and terms using the graph:

(a) No crystals are observed when a solution is undersaturated.
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(b) Clouds at high altitude do not form ice although they are at temperatures
below freezing point.

(c) “Supersaturation temperature difference,” “supersaturation,” and ‘rela-
tive supersaturation”.

(d) Spontaneous nucleation can give rise to very small crystals under certain
conditions, although these crystals are invisible to the naked eye (less than
about 20 pm).

(e) “Metastable region” and ‘“metastable limiting solubility”.

Solution 49
Worked Solution

(a) The plot below is an example of a solubility curve, which correlates the
concentration of solute with temperature. In most cases, solubility increases
with increasing temperature. No crystals are observed when a solution is under-
saturated; this can be represented by the point (marked in red) as shown in the
plot below. As the point lies below the solubility curve, it is in the “undersatu-
rated” region where crystals of all sizes dissolve. No crystals form unless we
increase concentration of solute or reduce temperature (as shown in gray arrows)
such that the point is sufficiently moved out of this “undersaturated” region.

Solute
concentration, ¢

A

Increase c Solubility, cs

Decrease T

———-'-"‘-/

— .v\Undersaturated
below curve

» Temperature, T

(b) Clouds are essentially a mass of tiny water droplets. These water droplets do no
freeze into ice even though temperature may be below freezing point at high
altitudes (assuming there are no pre-existing ice crystals that serve as seed
crystals to trigger crystallization). This phenomenon can be explained in the
diagram below, where we exist in the region as marked by red, below the
metastable limit (represented by the c¢* curve) and the solubility curve. Along
the solubility curve, ¢ = ¢, and equilibrium exists between the crystal (visible)
and saturated solution. At the point marked in red, ¢, < ¢ < ¢* and crystals can
grow but no spontaneous nucleation occurs since ¢ < ¢*. In the absence of pre-
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existing seed crystals, if no nucleation occurs then no new crystals can form
(Note: If pre-existing crystals are present, these crystals can grow).

Solute
concentration, ¢

A
Metastable limit, c*

Solubility, cs

No nucleation

» Temperature, T

(c) Supersaturation temperature difference is shown by the horizontal gray arrow
and represents the difference in temperature between a point above the solubility
curve and a point on the solubility curve at constant solute concentration.
Supersaturation Ac is defined as the difference between actual solute concentra-
tion and solubility concentration. It can be represented by the vertical gray arrow
between a point above the solubility curve and a point on the solubility curve at
constant temperature.

Ac=c—c
Relative supersaturation s is an alternate form of measuring the degree of
supersaturation and is typically defined as follows, where we may find the use of

a supersaturation ratio, S = £
s

c—cy

=S 1=5-1
Cg Cg

S =

Solute

concentration, c
A

Supersaturation

temperature difference
Solubility, cs

Supersaturation

» Temperature, T
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(d) Spontaneous nucleation can give rise to the creation of new and very small
crystals (invisible to the naked eye), even if there are no pre-existing crystals
present. This occurs when we are located on the metastable limit curve c* as
marked in red below.

Solute
concentration, ¢

» Metastable limit, c*
;
-/‘
Spontaneous e
nucleation /,'"' Solubility, cs
e A

» Temperature, T

(e) The term metastable limiting solubility refers to the value of ¢*, whereby the ¢
curve is simply a continuous plot of metastable liming solubility values over a
temperature range. The metastable region is the region “sandwiched” between
the metastable limit curve ¢* and the solubility curve c¢,. We can also define a
“limit of the supersaturation temperature difference” as shown below by the
horizontal gray arrow, as well as a limiting supersaturation as shown by the
vertical gray arrow (Ac™ = ¢* — c,).

Solute

concentration, c

» c*

Limit of supersaturation ," Metastable region
temperature differencg_«" ‘/Cs
ol
Limiting
superkaturation

» Temperature, T

Problem 50

Other than temperature, solubility is also influenced by crystal size. In general,
there is greater solubility with smaller crystals. The equation below is used to
model the relationship between crystal size and solubility of a particular
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inorganic compound A (assumed hydrate-free) in water at temperature 7. In
this equation, ¢ denotes actual concentration of solute A, ¢, denotes the solubil-
ity of hydrate-free A at infinite dilution, 6 denotes interphase surface tension
between solid and liquid phases, p,, denotes molar density of crystals of A, ¢
denotes the number of ions dissociated from one solute molecule of A, D, refers
to the diameter of the crystal particle, and R refers to the gas constant.

c 40
In([—) = ————
Cs Pm4RTDy
It is given that the molecular weight, density, and g value for A are
75, 2000 kg/m3, and 2, respectively, and at a temperature of 30 °C, it was
found that the values of ¢, and & for A are 37 g/100 g H,O and 0.03 J/m?,
respectively.

Show how crystal size affects solubility of A and comment on any key
observations.

Solution 50
Worked Solution

The equation that is given in this problem originates from the Kelvin equation, which
is used to study solubility of small particles. In its general form, the Kelvin equation
models the change in the vapor pressure of a liquid or the solubility of a solid due to
the curvature of the interface between adjacent phases (e.g., liquid—vapor interface or
solid-liquid interface). In this problem, we have a solid-liquid interface when solid
crystals of A dissolve in liquid water.

We are told that the solubility of A at infinite dilution and at 30 °C is 37 g/100 g
water on a hydrate-free basis. For systems comprising soluble organic or inorganic
compounds in water, extensive data is available for solubility as a function of
temperature. (Note: The heat of solution at infinite dilution at room temperature
can also be found from such published data.)

The ¢ value of A is given as 2. Solutes such as sodium chloride (NaCl) and
potassium chloride (KCl) are examples of salts with this dissociation number since
one molecule of NaCl (for example) dissociates into two ions Na* and CI” in water.

We know that R = 8314 J/(kmol. K), and can substitute the given values for
A into the equation as follows:

p 2000 3
=——=——=26.7 kmol
P = 3w = 75 6.7 kmol/m

c 4c
In <C_v> - PmqRTD,,
() 4(0.03)
n (E) ~ (26.7)(2)(8314)(273 + 30)D,
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We can obtain a function of actual solute concentration ¢ with respect to size of
particle D,,.

9.12 x 1071° 9.12 x 107*
¢ [gA/100 g HO] = 37exp (D—[m]) = 37exp <W)
P P

After tabulating values of ¢ for an arbitrary range of D,, we notice that the
solubility of crystal A increases as size starts to decrease from about 0.01 pm.
However, beyond a size of about 0.1 um, the size of crystal A does not affect
solubility much and solute concentration remains at around 37 g A per 100 g water.

c [g A/100 g H,O] D, [pm]
92.10396 0.001
67.95991 0.0015
53.28836 0.0025
44.40348 0.005
40.53306 0.01
38.37468 0.025
37.68107 0.05
37.33898 0.1
37.03376 1
37.00337 10
37.00034 100

A graph can be plotted to better visualize this trend, note that the horizontal axis is
plotted on a log10 scale.

Effect of crystal size on solubility
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Understanding the impact of crystal size on solubility helps better design crys-
tallization conditions. For example, for small crystals where solubility is sufficiently
high, supersaturation can occur without agitation, especially if the cooling rate
is slow.

Problem 51

The Mixed Suspension, Mixed Product Removal (MSMPR) model is a useful
mathematical model developed to study a particular type of crystallizer known
as the draft-tube baffled (DTB) crystallizer. It is useful for characterizing size
distributions of crystals as experimental data can be easily obtained in the lab to
determine useful parameters such as crystal nucleation rate and growth rate.
Such parameters can then be applied in the design of industrial-scale crystal-
lizer units.

(a) Explain what is meant by a particle size distribution and how it relates to
the distribution function of the population. Plot the cumulative distribution
for an arbitrary population to show how its distribution function relates to
particle size and concentration of particles.

(b) One of the useful results from the MSMPR model is the population density
function given as follows. Explain what the symbols in this equation mean
and show how it is derived. Include in your derivation any key assumptions

made.
n = npexp| —
T

(c) Nucleation rate B is sometimes expressed as follows, whereby G denotes
crystal growth rate. Show how this expression can be derived from the
population density function 7.

B() = Gn()

Solution 51
Worked Solution

(a) A distribution function helps us determine properties of interest for a population
of particulates. An example of such properties is the particle concentration (i.e.,
number of particles of defined size or size range per unit volume).

The distribution function given in this problem is also referred to as “number
density” or “population density” and can be denoted as n(L). It represents the
distribution of population about a size L (assuming a linear length scale for size)
and can be expressed mathematically as the number of crystal particles (N) per
unit size of crystal (L) per unit volume of mother liquor (V,,;). [Note: Mother
liquor refers to the solids-free liquid in a solid-liquid crystallization system.]



Separation Processes 409

dN/Vyr) 1 dN
L = =
n(L) dL Vo dL

It follows that the number of particles of size L to L + dL in volume V,,; of
liquid (solids-free) is therefore

We can determine cumulative distribution properties such as the total con-
centration of particles over a defined size range as follows, by integrating the
population density function.

For the concentration (number per unit volume of mother liquor) of particles
of size from L, to L,, we have:

n(L)dL =

JLZ N(Ly,Ly)
L Vmr

We can also find the cumulative concentration, representing the number of
particles per unit volume of mother liquor below a size L

The total concentration of particles in our system can be determined by
integrating over the limits of L, from O to the largest crystal in the population
of size, e.g., Liax:

L
‘max N
J n(L)dL = ——
0 Ve

Graphically, we can see the significance of population density n as the
gradient of the graph of the cumulative number of particles per unit volume of
mother liquor N/V,,; against crystal size L.

. ’ N
Cumulative Concentration, —
VL

Crystal size, L
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(b) One key assumption in the MSMPR model is that the crystal growth rate is the
same for crystals of all sizes. Therefore, the growth rate G can be simplified as a
constant value.

dL AL
- == 1
dr At (1)

Another important assumption for the MSMPR model is perfect mixing
conditions such that the mixtures inside the crystallizer and in the exiting fluid
are identical, uniform, and homogeneous in composition at all times. As such,
the concentration of particles in the crystallizer can be expressed as equivalent to
the concentration of particles in the product stream that is withdrawn as follows.

N crystallizer N withdrawn

VML,crystallizer VML,wiLhdrawn

VML,wilhdrawn _ N withdrawn

VML,crystallizer N crystallizer

We assume a continuous, steady-state operations; hence, with a constant
volumetric flow rate Q,,; for the withdrawn product stream, we have

dVML,withdrawn _ Q
dt ML

5]

VML,withdrawn = J QMLdt = QMLAt

n

Substituting back into the expression earlier, and noting the negative sign due
to a decrease in the number of crystals left in the crystallizer upon withdrawal of
crystals over time

Ou At . N yithdrawn . Nyithdrawn - —An
VML,cryslallizer N crystallizer N crystallizer n
15} 14
Substituting expression (1) to replace Az, we have
QMLAL —An
GVML,cryslallizer n
An Omn dn Omn

= limitof AL >0 — = ——_<MLT
AL GVML,crystallizer - dL GVML,Crystallizer
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(©)

The residence time 7 is the time taken to completely exchange the contents of

the crystallizer and is defined as follows. It is also referred to as turnover time or
flushing time.

= VML,crystallizer

QML
dn _ _n
dL~ Gt

Integrating the above using the lower limit of n = ny when L = 0, we obtain a

function of n with respect to L.

n(L) = noexp (_ é)

The time taken for crystals to grow to size L can be further defined and
denoted by ¢;. t; may also be referred to as a “residence time,” although this
residence time is different from z. Instead it refers to “age” of particles in the
crystallizer of size L; in other words, it represents the time spent by crystals of
size L in the crystallizer. Assuming a constant growth rate G as shown in Eq. (1),
we can also express number density in terms of #;.

L
[LZE

L
n= noexp(——)
T

ng refers to the concentration (number per volume of mother liquor per size/

length of crystal) of crystals of zero length (i.e., the nuclei) and it is also called

the “zero size population density” or “nuclei population density”. Therefore, the

rate of formation of nuclei per unit volume of mother liquor B, can be deter-
mined by taking the limit of crystal size tends to zero.

1 . dN 1 . [dNdL

Bo= g I = Vo I (ZE)

We know that growth rate can be expressed as follows, and assuming that it is
a constant under the MSMPR model, it can be taken out of the differential.
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dL
G=—
dt

Therefore, we re-express nucleation rate as such,

B _ S lim N
O_VML L—0 \ dL

We know from earlier that by definition, we have

1 dN

L) =—>""
n(L) Vo dL

We now set the condition when L = 0, n = ny

Substituting this result back into the earlier expression for B, we obtain the
given expression.

G
By = — (Vwno) = Gny
Ve

Problem 52

In a DTB crystallizer, crystals of a particular monohydrate salt are to be
produced at an operating temperature of 30 °C. The MSMPR model was
used to study this process, whereby the population density function was given
as follows:

n(L) = noexp< _ é)

(a) Using a suitable dimensionless quantity for crystal size, derive an expression
representing the fraction of crystals of size L and below out of the total
number of crystals in the crystallizer. Using your result, plot the cumulative
crystal population distribution and the differential population distribution
functions against the dimensionless size.

(b) The numbers fraction found in part a is also referred to as the zeroth
moment for the population density function n. The form of this fraction
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can be further generalized for a k™ moment as shown in the expression
below, where z refers to dimensionless size.

Jz nZtdz

0

0

Xk =

Using the expression given above, determine the corresponding cumula-
tive function x; and differential function dx,/dz for the first moment (i.e.,
k=1).
(c) Given that the second and third moment equations for n are as follows, plot
the first, second, and third moment functions in the same diagram as the
plots in part a and comment on any key features.

ZZ
x2=1- (1+Z+E>6’_z

2 3
x3=1- <1+z+%+%)e_"’

(d) The predominant (or modal) crystal size L; is a commonly used quantity
that can be calculated using the expression shown below. This quantity is
particularly useful in the design of crystallizers. Show how this expression
may be derived from the mass distribution function.

Ld = 3Gt

Solution 52
Worked Solution

(a) The population distribution function is given as follows:

o) = oo L)

To derive the said fraction, x, we have in the numerator an integral (summa-
tion over) from L = 0 to L which represents the number of crystals of size L and
smaller, per unit volume of mother liquor. Similarly, by setting limits of inte-
gration from L = 0 to oo, we have the denominator representing the total number
of crystals for all sizes per unit volume of mother liquor.
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L L L
——|dL
Jo n(L)dL - Jo noexp< Gr>
00 oo L
J n(L)dL J npexp (— —) dL
0 0 Gt

We can also apply some useful results of integrals of exponential functions as
shown below as Egs. (1) and (2):

X =

1
ey = — ™ 1
[lemax— m
> —ax 1
e “dx=- (2)
0 a
Using result (1) for the numerator, where a = fé we have,

LL noexp <_ ér) dL = ny {(—Gr)exp <— GLfﬂ OL
o [(_GT)GXP <_ é) T GT:| = nOGT(l — exp (— é))

Using result (2) for the denominator, where a = é we have,

0 L
L npexp (— a) dL = nyGrt

Therefore, we have the fraction as follows

L
x=1 —exp(—a>

We can non-dimensionalize crystal size, L by dividing it over a characteristic
length, L* = Gz to obtain a dimensionless crystal size z as follows

_ L - L
T T Gr
n(z) = npe™*

We arrive at the following cumulative number distribution and differential
distribution.
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x=1-—¢7*
dx
=2 e
dz

—Z

By plotting x against z, we have the cumulative numbers distribution shown
below.

AN
1 4+

Cumulative distribution, x
o
=Y

©
o

v

0 t t t
0 1 2 3 4 5
Dimensionless size, z

By plotting Z—’Z‘ against z, we have the differential numbers distribution shown
below.

iy

0.8

0.6

Differential distribution, dx/dz

0.4
0.2
0 >
0 1 2 3 4 5

Dimensionless size, z
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(b) Let us determine the first moment equation x; knowing that the population
density function expressed in terms of dimensionless size is n(z) = npe™*

Zz Zz z
J nz dz J (npe™*)zdz J ze " dz
0 0 0

X1 = 730 = 7% = T
J nz dz J (npe™%)zdz J e Cdz
0 0 0

We can use integration by parts to simplify the numerator. Recall that

Judv: uy — Jvdu

We set u = z and dv = e “dz, then applying the earlier results for integrals of
exponential functions, we have

J: ze iz = [z — JZ (—e™%)dz

=—ze -l =—ze " —e"—1]=1—(1+ze"

For the denominator of the fraction x;, we follow the same steps above but
adjust to the new limits of integration

J:C ze tdz = [—ze ) — J:C (—e%)dz =0 — EO (—e~)dz = JOO edz

Applying result (2) from part a, we have

o0
J e ‘dz=1
0

Therefore we derive the first moment equations (cumulative and differential)
as follows.

x=1- (1 —‘rZ)e_Z

d.X1

—=—(1 —e ) +e ¥(=1)=12ze7"

= Ut g=e) +er(-) =z

(c) We are given the following moment equations. Upon examining the four
moment equations, i.e., for k =0, 1, 2, 3, we notice that these equations represent

crystal size distributions in increasing dimension.
The numbers distribution function is obtained when k = 0.
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— — —Z
X0 = Xnumber = I—e

dxo _
dz

e*Z

When k& = 1, we obtain the size distribution in the linear form, i.e., length
distribution.

X1 = Xlength = 1 - (1 + Z)eiz

da _
dz

e ¢

By extension, it follows that the given expressions for the second and third
moments represent the area (size in quadratic terms) distribution function and
volume/mass (size in cubic terms) distribution function.

ZZ
X2 = Xgrea = 1 — (1—&—z+5)e_Z
2 3
Z Z _
X3 = Xyolume/mass — 1 - (1 +Z+E+€)e ‘

We can find the differential forms for x, and x5 as follows

dxy 2 -z -z 7Z2 -z
dz_—(1+z+2>(—e ) +e (—l—z)—Ee
dx 2 2 2\ 2
S (1 AT A4 el S [ T B
& ( tat ot (—e™) +e S g

The cumulative and differential functions for the first, second, and third
moments are added to the plot in part a (zeroth moment) as follows.

N
1 4
=
5 08 -
=
=
£
& 06 A ——x0
-: ——1x1
2
£ 04 1 —e—x2
=
E x3
=
o

0.2 1

v

Dimensionless size, z
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—@— dx0/dz
—8—dx1/dz
—8—dx2/dz

dx3/dz

Differential distribution, dx/dz

Dimensionless size, z

We notice that for the differential plots, the length, area, and volume/mass
distributions experience a peak value. The peak value for the volume/mass
distribution can give us insights on the predominant crystal size, and mathemat-
ically determined by setting the condition for the gradient of the differential plot
to be equal to zero. This is also referred to as the predominant crystal size.

(d) The third moment for the population density function n represents a volume or
mass distribution. The predominant crystal size (or modal) crystal size L, occurs
at the maximum point of the mass distribution (differential) function. To find this
maximum point, we set the condition of gradient (i.e., derivative) equal to zero.

dz
d(%e’z) 3 2
— _ 2 azZ I > —
= "6 e +te (2) 0
z=3

We know from part a that the dimensionless length z can be expressed in
terms of growth rate G and residence (or turnover) time 7; therefore, we derive
the given expression for predominant crystal size.

7L7 L

Z7L*7G4:
Ly
= _ 3
Gt
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Check for
updates

Problem 1

Using suitable examples, explain the rate of reaction r, rate law, and order
of reaction.

Solution 1
Worked Solution

First we need to understand what this notation r for rate of reaction means. Take for
example the following reaction where 1 mole of reactant A is converted to 1 mole of
product B.

A— B

Rate of reaction r = rp, where r > 0, which refers to the rate of formation of
product species B and r has units of mol m—> s~

It follows that rz = —r, since rate of production of species B is equal to the rate of
disappearance of species A. Note that the stoichiometric ratios may not always be 1:1
between A and B; therefore, if we have a reaction that is described by the expression
shown below, it should be noted that the rate of reaction is given by the expression,

r=rp= —%rA.

2A — B

The rate of reaction r can also be expressed in terms of “per unit volume” such as
in a CSTR and PFR, or in terms of “per unit mass of catalyst” such as in PBR, or “per
unit area of reaction surface” such as for catalytic membranes. The specific choice
depends on which parameter contributes to the rate of reaction. In a PBR, solid
catalysts are packed in a tubular reactor and catalyze the reactions within. Hence, the
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mass of catalyst directly affects the rate of reaction, and it is logical that the rate of
reaction is expressed per unit mass catalyst. In a CSTR, the volume of reactor
contains the liquid reagents; hence, the volume that the CSTR can hold directly
affects the rate of reaction and r is therefore expressed per unit volume.

The rate law is a rate equation whereby r is expressed as a product of reaction rate
constant (k) and concentration of species (C;). The specific correlation of species
concentration to r may be determined experimentally, and this correlation can be
zeroth order, first order, second order, and up to nth order.

In a zeroth-order reaction, the rate of reaction is independent of species concen-

tration, and is therefore simply the reaction rate constant. k has units of molm > s™".

r==k

In a first-order reaction, the rate law for the example reaction below is as shown,
and k has units of s ' Note that there can exist reactants other than A under this rate
law; this is the case when these other reactants are zero order with respect to rate of
reaction.

A— B
}’:kCA

In a second-order reaction, the overall rate law equation will have concentration
of species raised to power of 2. This may be from the second-order relationship with
a single reactant species, or first-order relationship with respect to each of the two
reactant species, as shown for the reaction below.

A+B—C
r =kC4Cg or kCs>

Problem 2

There are three main types of continuous flow reactors, the Continuous Stirred
Tank Reactor (CSTR), the Plug Flow Reactor (PFR), and the Packed Bed
Reactor (PBR).

(a) Derive the design equation for each type of reactor.

(b) Assuming we have a PFR containing a first-order reaction where species
A reacts to form species B. What is the reactor volume required to achieve
a conversion of 90%, if the volumetric flow rate is constant at a value of

0 =0.3 m’/s and the reaction rate constant k = 0.05 s,
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Solution 2
Worked Solution

(a) Design equations help us size the reactors for the reactions that we desire. Let us
illustrate a simple CSTR.

FAO

ra, Ca E
A

F 4 denotes flow rate at the reactor inlet, F, denotes flow rate at the outlet, and
r = —ry is the rate of reaction. It is assumed that the concentration of species A in
the tank is the same as that in the outlet stream; hence, it follows that 4 = CAQ
[mol sfl]. We assume no spatial variations of r within the volume; hence, a
constant V is multiplied to 7.

The mass balance for species A is as shown, note that 74 < 0:

dNy
Fa —F V=—=
A0 At ra dr

Fao — Fa 4+ raV = 0 (steady state)

Therefore the design equation for CSTR is as follows, where X is conversion.

[Note that for batch reactors, there are no inflows or outflows, therefore r, V = d%]

_ Fypo— Fa _ FyX
—TIA —TrA

1%

Let us proceed to tubular reactors. A simple PFR (below left) and PBR (below
right) are shown here.

Ax AW

<> <>
Fao 4%) )_> Fa Fao —{)A Fa
4@ Fa(x) = |AV Fa(x+AX) }—> 4‘ Fa(W) W}-’ FA(W+AW) }_’

Tubular reactors are typically cylindrical with turbulent flow contained
within, and we assume no spatial variation (in radial direction) of species
concentrations under plug flow. However, species concentrations change in the
axial direction as reactions proceed as the reagents flow along the axial direction.

For the PFR:

The mass balance for species A in a differential volume element is below, note
that r, < O:
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dN.
Fa(x) = Fa(x + Ax) + r4V = d—;‘

Fa(x) — Fo(x + Ax) + r,AV = 0 (steady state)
raAAx = Fy(x 4+ Ax) — Fa(x)

A=—"21
ra dx

Therefore the design equation for the PFR is as follows,

_dF,
T av

rA

As for a PBR, there is a solid catalyst, so rate of reaction rg is defined per unit
mass of catalyst instead of per unit volume.
Therefore the design equation for the PBR is as follows,

_dF,
T dw

!
Ta

(b) Given that the reaction A — B is first order, we can express the rate law equation
as follows

—rpy = kCA

Then, we apply the design equation for PFR which is derived from the mass
balance for species A:

. _dF,  d(CAQ)
ATav T av
. dCy
0T A ke
de A
Q dC,
_ETA v
k Ca

We can integrate this differential equation using boundary conditions. We
know that species A is progressively converted to B as it flows through the PFR
(i.e., with increasing V); therefore, at the inlet when V = 0, C4 = Cyo.
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~ Cy d |4
_QJ &:J dv
k Je, Ca 0

0 Cxp O 1 03 1
VL g 0 g L 3
K" C, kK MT—x 005 "01

The reactor volume required is 13.8 m°.

Problem 3

Consider a gas phase reaction A — B + C which occurs in a batch reactor of
constant volume V = 3 m® and temperature. An initial amount of A = 30 moles
was added.

(a) Assuming the reaction is first order with respect to A, find the time taken for
999% conversion to be reached. Assume that the rate constant k = 0.67 s '

(b) Assuming the reaction is now second order with respect to A, find the time
taken to deplete 27 moles of A, given that k = 0.00035 m> mol ' s,

(c) Determine the final pressure when reaction is completed, if initial temper-
ature is 105 °C.

Solution 3
Worked Solution

(a) Let us first state the rate law equation: —r4 = kC4. We can apply the design

equation for a batch reactor: % =r,V. Combining both we have:
d($) _ ac
— = A = —kCy.
dc
e
Ca
1. C 1
t=—In—2=—In(1-X)
k Cao
1
t=——-In(1-0.99) =69
067 )

The time taken for 99% conversion to be achieved is 6.9 s.
(b) Let us again state the rate law equation: —ry = kC,>. Again, we can apply the

design equation for a batch reactor: d% = r4 V. Combining both we have,

dX2) dc,
dt dt
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A

L,
Ca® Cap®

—kt
0
Cyo = — = 10 mol m>
Cy == —9molm™
3
Therefore the time taken to deplete 27 moles of A can be found as follows

t= ! ! + ! = ! 1_|_ !
T k\C2 Ch?)  0.00035\ 92 102

t=6.7s

(c) When reaction goes to completion, we will have 30 moles each of B and C.
Therefore using the ideal gas equation,

60 x 8.314 x (105 + 273)

3 =0.63 x 10°Pa

P

Problem 4

Consider a reversible gas phase reaction that is carried out in a CSTR. The
equilibrium constant for the reaction K = 120. At 298 K, the Ak = — 50 kJ mol !
and the Ac, =7 mol ' K™! (assume Ac, is not temperature dependent). The
forward and backward reactions follow first-order Kinetics.

P—Q

(a) Determine the maximum conversion that can be achieved at a temperature
of 298 K and 500 K if we assume equilibrium is reached.

(b) Show that the below expression is true if we assume the rate constant obeys
the Arrhenius equation of Korwara =A exp( — 5%) where A = 150 s ' and
E, =18 kJ mol :

1

- rP:kforwardCPO l:l - XP (1+E):|
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(c) The inlet volumetric flow rate into the CSTR of volume V = 8 m’ is
1.5 m® s~'. Determine the conversion of P that would be practically
achieved, at 298 K and 500 K under isothermal conditions.

Solution 4
Worked Solution

(a) We can find conversion X at 298 K directly at equilibrium,

C
k=CSea_ X __
Creg 1-X
X=——099
S 1+1/K T

Note that Ak is temperature dependent. We can express Ah as a function of
T to determine its value for 7= 500 K.

AR(T) = Ah(298 K) + Ac, (T —298)
= —50,000 + 7(T —298) = —52,086 4 7T J mol !
We recall a useful result from thermodynamics,
Ag,, = —RTInK

A xn
dnk 4 (%)
ar dr

We can differentiate the right-hand side using chain rule

dan _ Agrxn 1 dAgrxn _ Agrxn Asrxn

dT ~ RT*> RT dT ~ RT®> RT

Finally we apply the relationship of Ag,x, = Ahxn, — TAs,, using the values at
298 K as our lower limit of integration.

dinK _ Ah
dT  RT?
1 (52,086 + 7T 1 (52,086 7
Jdan:—J’iﬁdT:—J—’2+—dT
R T R T T

K 1 1 1 T
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At T =500 K,

1 11 500
K=120exp]———[52,086( = — —— ) +7In2~| b = 0.04
e""{53.314{ ’ <500 298> * n298]}

X =0.04

(b)
P—Q

We can define the rate equation of this reversible reaction as follows

r=—rp= kforward CP - kbackwardCQ
= kforward CPO(l -X ) - kbackwardCPOX
Kbackwa
—rp = kforwardCP() (1 - X) - dedeIdX

forward
At equilibrium, forward reaction rate is equal to backward reaction rate.

kforward CP, eq — kbackwardCQ, eq

C Kforws
K= Q,eq _ "forward

Cp, eq kbackward

Therefore we can substitute back into the reaction rate equation

1
—rp = kforward Cpo |:(1 - X) - EX:|

1
= kforwardeO |:1 — XP (] + f)]

(c) Based on the Arrhenius equation, we have

18,000
Kforward = 150 exp( ! )

RT
We know that the design equation for CSTR is as follows

_ FroXp
\%

—rp
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Substituting our results from part b,

1 FpoXp
k orwar 1-X 1 - =
forward C PO [ P( + K)} v

1)} _ (Fpo/Cpo)Xp _ (Qin)Xp

k 1—-Xpl14+—=
forward[ P( +K % %

Substituting parameters of the Arrhenius equation into kgywaq and using
known values of Q;, and V,

18,000 1 1.5)X

1
8 oo 18000\ T
15x150) “P\g31ax T K

At T =298 K, K = 120 and at 7T = 500 K, K = 0.04 the conversions are
Xp(T =298 K) = 0.02 and Xp(T = 500 K) = 0.03.

Xp =

Problem 5

Residence time distributions (RTDs) are useful in estimating the conversion in
reactors that have non-ideal flow. The mean residence time 7 is the time
required to process one reactor volume of fluid based on entrance conditions.

Using Laplace transforms, and assuming 2 reactor vessels connected in
series,

(a) Show that the overall RTD is independent of the order of the vessels. Define
the transfer function for vessel 2.

(b) We can define the nth moment for a RTD as pu,= [|* #"E(t)dt. The zeroth
moment is defined as follows:

J E(t)dt=py=1
0

and the first moment which is also the mean residence time is defined as
follows:

T=p,= J tE(t)dt
0

Show that the mean residence time 7 for the vessels in series is additive.
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(c) Given that variance is defined as o*= [;° (t—7)’E(t)dt, show that

6% = p» — p1°. Show further that the variance o for the vessels in series is
additive.

Solution 5
Worked Solution

(a) Before we begin, let us recall the concept of a residence time distribution.

Background Concepts

Residence Time Distribution (RTD) is a distribution of times spent by fluid
elements taking different routes through the reactor and hence taking different
times to exit the vessel. The distribution of these times for a specific stream of
fluid (e.g., a delta pulse) is called the exit age distribution or RTD, or E with units
of s~'. E is defined as [;° E(t)dt = 1 and it is normalized.

E

Total area under curve =

JTE(t)dt=1
Area under curve from O to t; = &1 E(t) dt =

Fraction of exit stream that has spent a

time of t; or less in the reactor b
A
t

t1

Separately it is useful to also recall the definition of a Laplace transform,
which states that for a function E(?), its transform E(s) is defined as follows
0

E(s) = L{E(r)} = J e E(t)dt

Now let us consider a system of vessels connected in series as shown below, and
assume that we introduce a §-pulse of tracer into vessel 1 at t = 0. At a certain
time ¢ = t;, a fraction of tracer leaves vessel 1 and enters vessel 2, and this
fraction is denoted by E(#,). At time t, the fraction of tracer in exit stream of
vessel 2 is denoted by E»(1—t).
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Vessel 1

Vessel 2

Vessel 3

Since the fraction of vessel 2 is calculated using the exit fraction from vessel
1 as a basis, therefore the fractions multiply in the integral. This is mathemati-
cally shown as

o0

E;(t) = L: Ei((t1)Ex(t — t1)dt = L Ei(t1)Ex(t — 11)dn

Since there is fixed amount of tracer injected in a d-pulse, extending the upper
limit of time integral makes no difference to the value.
After performing Laplace transform on E5(¢), and substituting the integral for

E5(1)

E3(S) = J e_StE3(l)dl = JO e dt JO E, (tl)Ez(t — ll)dll

:J e*s’Ez(t—tl)dtJ E\(t))dt
0 0

Let us define a new variable ¥ =t — ¢,
Es(s) = J e’s(”*")Ez(t')dt’J E\(t)dn,
1 0

Note that [~ SUHEy(¢)dl = [} e 1 E, (')df because E(f') = 0 for
7 <0.

Es(s) = JOO e Ey(f)dl' JOO E\(t))e*"dt; = E\(s)Ex(s)

0 0

The overall RTD of two vessels in series is the convolution of the individual
RTDs. Therefore, the order of vessels does not affect the overall RTD. The
transfer function of vessel 2 is defined as G(s) such that
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(b) From the definition of a Laplace transform, we can take % of E(s) as follows

E(s) = J:O e E(t)dt

d _ 00
—E - _ —SZE
7 (s) tJo e E(t)dt

For a derivative of kth order with respect to s, we have the general form
dk i k > k _—st
—E(s) =(-1) t*e " E(t)dt
ds 0

When we take the limit of s — 0, we obtain the kth moment

limd—kE(s) = (-1 r *E(t)dr
s—0ds o 0

k

d* _ 00
~)¥lim=—E(s) = | #E(r)dt =
(=1)"lim—E(s) L (t)dt =

In our problem, E3(s) = E;(s) x Ex(s), and taking first moment (since it is

equal to 7)
= (1) lim & Ey(s) = (~1) lim & (£, (9)E(s)
Hivessel 3 — \— sl—I%ds 308) = (— sl—{%ds[ 1(8)L2ls ]
Using product rule to evaluate the differential,
- . — dEQ(S) — dE] (S)
s = (D)l | B 20 4 Ba(5) ]

. = dEz(S) — dEl(S)

= lim | —-E B () 251
sg% [ 1) ds 2(s) ds

Since we know that lim E(s) = lim [,* e E(t)dr = [;° E(t)dt = 1

s—0 s—0

/’ll,vessel 3= lim
s—0

[_ dEs(s)  dE, (s)}

- (_1)}%%5@) + (= 1) lim ~-Eq (s)
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/’tl,vessel 3= ﬂl,vessel 2 + ”l,vessel 1

Tyessel 3 = Tvessel 2 T Tvessel 1

(©

0 0
— | " Bt~ 20()
=+ =20 =7
o’ =K _ﬂ12

Now we proceed to show that ¢® is additive. In our problem,
E5(s) = Ei(s) x Ea(s), and taking second moment this time round

2 de B

d
M2 vessel 3 — ( 1) III%EE3( ) }E%E[ (S)E2(S)]

Using the product rule to evaluate the derivative,

dEz (S)
ds

+ Ez (S)

s—0ds ds

dE, (S)}

Lod |
M2 vessel 3 = lim — |:El (S)

. — dzE"z(s) dE] (S) dEz(S) — d2E1 (S) dEl (S) dEz(S)
=1 E E
YE%|: 1(s) ds? + ds ds + (s ds? + ds ds
. [= dEy(s) | dEi(s) dEy(s) - d’Ei(s)
- }Lmo [El (s) ds? +2 ds ds + Ex(s) ds?

We know that lim E(s) = lim Jo e ™ME(t)dt = [, E(t)dr = 1

s — i { n d2§§2<s> s (_ dEC; <>> (_ dE; ()) +(1) dzfs'z(s)}

= ﬂ2,vessel 2 + 2<ﬂl,vessel l) (ﬂl,vessel 2) + /’tz,vessel 1

2 2
M2 vessel 3 — H1vessel 3= = H2,vessel 2 + 2(”1,\/23‘&61 1) (:ul,vessel 2) + M2 vessel 1 — M1 vessel 3

We know from the earlier part that 1) vessel 3 = H1.vessel 1 + M1 vessel 2 and we
have also shown earlier that 6 = p, — u,; therefore
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2 2
Ovyessel 3 — /’tZ,vessel 2 + 2(ﬂl,vessel l) (ﬂl,vessel 2) + ﬂ2,vessel 1= (ﬂl,vessel 1 + ﬂl,vessel 2)
_ 2 2
= K2 vessel 2 + Hovessel 1 — Mlvessel 1 — M1 vessel 2

2 2
= Ovessel 1+ Ovessel 2

Problem 6

Given a CSTR and a PFR, there are two possible ways to arrange them in
series. Option 1 was to have the CSTR placed before the PFR, and Option 2 was
to have the PFR placed before the CSTR. The reaction to be carried out is
second order. We are provided with the mean residence time for the CSTR
which is 2 min, while that of the PFR is 1.5 min. The reaction rate constant
k=3 x 107* m® mol! s and the initial concentration of reactant is
1200 mol m .

(a) Assuming all reactors are well mixed, explain which option should be
chosen for maximum conversion.
(b) If the reaction was first order, how would your choice in part a change?

Solution 6
Worked Solution

(a) Let the reactant that is first order to reaction rate be A. Then we have the same
rate law for both reactors as follows: —r4 = kCAZ.
For CSTR, —r,V = F,9 — F4, we have the following equation, knowing that

kCA2V = FAO — FA = Q(CAO - CA)
kCAZT = CA() — CA

For PFR, r,dV = dF,, similarly, we have the equation:

—kC4%dV = dF, = QdC,4

Vik I | 1 1
J fdvzj ———5dCy = — — —
0 0 o Ca Ca Cypo
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Option 1: CSTR Followed by PFR

“”4{)

Fao,cstr = Fa,per

In the CSTR, we substitute the given values, C4o = 1200 mol m73,
k=3x10*m’mol™'s™!, 7=120s.

kCAZT = (CA() — CA)
(3 x 107*)C4%(120) = (1200 — C4)
0.036C4> + C4 — 1200 = 0

—14 /1 —4(0.036)(—1200)

=169 mol m~?
2(0.036) moetm

Cy =

In the PFR, at V. = 0, Cyo = 169 mol m>. 7 = 90 s and
k=3x10"*m?>mol ! s,

1 1
kt=———
Cs Cyo
1 1
3IX1074%x90=———
x x Ci 169

Ci = 30.4mol m™3

Cao—Ca 1200 —304

= =0.975
Cao 1200

Xoption 1=

Option 2: PFR Followed by CSTR

FAU

Faoprr = Facstr

: Faprr

In the PER, at V = 0, Cyo = 1200 mol m>. T:Q¥:9O sand k = 3 X
L1

10~* m® mol ™
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Vo1
O Ca Ca
1 1
3IXx1074%x90=—— ——
% x Ca 1200

Ciy=359mol m>

In the CSTR, we substitute the given values, C49 = 35.9 mol m > k=3 x

107*m® mol ! s7! T=F V. — 120s.

kC,? <K) = (Cao — Cy)

(3 x 107%)C4%(120) = (35.9 — Ca)
0.036C4> +C4 —359=0

—14 /1 —4(0.036)(—35.9)

Cy = =20.6 mol m~>
A 2(0.036) motm
Cao— Ca 1200 —20.6
Xontion 2 = - —=0.983
option 2 Cao 1200

In this case, there is higher conversion when the CSTR is placed after the
PFR. Note that the order of the vessels affect the overall conversion but the order
does not affect the overall residence time distribution since the overall RTD of
two vessels in series is the convolution of the individual RTDs and
Eovemn(s) = E1 (S) X EQ(S) = Ez(S) X E1 (S)
(b) If reaction was first order, then —r, = kCj,.

In the CSTR,

kCpt = Cypo — Cy

C 1
kr = C—AAO =y

In the PFR,

—kCxdV = QdC,4

\4 Cy 1
Jo _gdv_JcAoadc lng_fi)

—kr =1In (1 — X)
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In both cases, the conversion becomes only a function of z. Since overall
RTD is the same regardless of order of vessel, the same conversion will be
achieved regardless of the option chosen.

Problem 7

Describe methods for measuring residence time distributions and provide some
examples of reactor RTDs.

Solution 7

Worked Solution

Residence time distributions can be measured using an inert tracer in a pulse
experiment or a step function experiment.

Pulse Input:

E(t)

The ideal & function is of infinite height: E(t) = &(t - 7).
Practically, we get a peak with finite height h . For width w, h = %/

Area under the function is 1.

A typical setup comprises a syringe that instantaneously injects a d-pulse of tracer
into a reactor. The concentration of tracer is plotted against time elapsed. The tracer
concentration profile is the same as residence time distribution E, where
Jo  E(t)dr =1 = [;° C(r)dt. In this setup we assume closed vessel, i.e., no varia-
tions introduced at the boundaries of the system (i.e., vessel inlet/outlet) for the
length of time concerned. Note that the concentration response at the reactor exit is
normalized, and that the Laplace transform of a 6 function is 1.

Unit Step Function Input:

F(t)

A step function of unit size is introduced at ¢ = 0, and the fraction of tracer in the
outlet stream at time ¢ can be measured as concentration, and this will provide the
fraction of fluid that has an age <r. This fraction is equivalent to the cumulative
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distribution of this tracer up to time ¢, F(¢) = fot E(2)dt. To derive the residence time
E from this fraction, we can use E(1) = %. Note that E(#)dt represents the fraction of

fluid elements leaving between ¢ and dt. Note that the Laplace transform of a unit
step function is 1/s.

Typical Reactor RTDs

In ideal reactors, we can formulate simple expressions for the mean residence time =
from the RTD profiles, where t = V/ Q . In an ideal PFR, E(t) = 6(t — t), while in an
ideal CSTR, E(¢t) = %e”/ ?. For a CSTR, the E(r) and F(f) graphs are exponential.

E(t) F(t)

Problem 8

The “mixed cup” method is sometimes used in measuring RTD to remove the
flow variations near the boundaries of the reactor. Two identical CSTRs are
placed upstream and downstream of the test reactor each, as shown in the
configuration below. A 6-function pulse is introduced into the first CSTR at
t = 0 and the RTD functions are recorded at points marked with X. The plotted
data points are fit into a best fit curve, and it was found that after the first
CSTR, the distribution correlated to e *, while at the end of the series of
reactors, it was 1 [4(e~i—e~’)] —te~". Using Laplace transform, determine

the second and third moments of the RTD of the test reactor.

d pulse 4>E>>/|—X—> Test Reactor H@—X—l

Solution 8

Worked Solution

Before we begin the solution, let us revisit some key related concepts.
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Background Concepts

A ¢ pulse and step function pulse are in reality, difficult to administer because they
require an instantaneous shot of tracer. However, there will be time lag and velocity
gradients at the reactor inlet; this problem repeats itself at the outlet of the reactor,
and is more apparent with a J pulse function. To get over this, CSTRs are placed
before and after the test reactor, and the analysis of the test reactor can be done by
deconvolution of the series. The “imperfections” present in the CSTRs before and
after the test reactor become well defined, and hence acceptable as they can be
measured and eliminated from subsequent consideration.

Let us label the vessels as shown below.

& pulse 4@» Test Reactor H@—X—l

Vessel 1 Vessel 2 Vessel 3

We know that for this system of vessels in series, individual RTDs convolute.
For the first point of measurement,

E\(t) =E;(t) =¢™!

For the second point of measurement,

E\(t) % Ex(t) % E3(t) = E(¢) % Ex(t) % E1 (1) :% [‘3‘(64 - ef)] — e

Let us convert the RTDs into Laplace forms. By definition, Laplace transform is
defined as

o]

E(s) = L{E(1)} = J eV E(t)dt

0

E E g ' = (s+1)t g SR 1
= = —Sle™ = -5 = =
0 =Bl = | eear= e S, S
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JOC i(e—(ﬁ—%)l _ ef(erl)t) _ tef(erl)t dt
0 3

_1 i _ 1 7(s+l)t 1 —(s+1)t h 1 1 —(s+1)t h

3[3( s—|—%e ' +(s—|—1)e o +(s+1) s+1° 0

4l L 1|4 2 R
313\s+1 (s+1) (s+1)? 33\ (s+D)(s+1) (s+1)°

1
) - FOEOEE) 4661’
TR IE'(;E(; - 1 A(s+1)

(s+1)°

We need to find the second and third moments of the RTD for the test reactor, we
will first define kth moment of an RTD, y, as follows
d*
= (=1)*lim—E
Hi ( ) SLHS dsk (S )

First moment is also the mean residence time,

d - 1
= (—=1)lim—E =(-Dlim|—5| =4
i = (=1 lim & Ex(s) = ( un[ T et
The second moment can be derived as follows
d*
py = (—1)*lim—— Es(s) = lim [———| =325
s—0ds s—0 4(S+%)
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And finally the third moment is derived as follows

3
iy = (—1)° 1imd—E2(s) = (—1)lim

s—0ds3 s—0 [—4(S+i)4 = 384s

Problem 9

Consider a tubular reactor packed with non-reactive solid particles, and oper-
ating at constant temperature. The packed bed reactor is 16.5 cm in length, and
particles have radius of 7.5 mm. A liquid phase reaction of first order occurs in
the reactor, and it was advised that this packed bed reactor be modeled using a
cascade of CSTRs model. The mean residence time of the packed bed reactor is
7 = 120 s and the reaction rate constant k = 0.04 s .

(a) Describe the cascade of N CSTRs model and using Laplace transform,
derive the transfer function of the cascade.

(b) Determine the conversion achieved in the packed bed reactor.

(c) Comment on how your answer in part a would change if it was a PFR.

(d) Derive the first and second moments of the RTD for the cascade of CSTRs
model.

(e) Tracer experiments produced data showing that the variance of E(¢) for the
packed bed reactor is 3600 s>. How does the conversion based on the
experimental data compare with the value found in part b.

Solution 9
Worked Solution

(a) In the modeling of non-ideal flow in real reactors, we seldom see the exact
behavior as in a CSTR or PFR which are ideal models. Actual reactors operate
between limits defined in the ideal situation. Therefore, we can model real
reactors as combinations of ideal reactors. One model is assuming a cascade of
N CSTRs. In this model, N identical CSTRs are connected in series.

- o
Cn

1% Tank (n-1)" Tank n™ Tank (n+1)" Tank N™ Tank

6 pulse
att=0

O

Let V denote the total volume of the N tanks, and Q denote the volumetric

flow rate. Therefore the mean residence time for the entire cascade, 7 = V/ Q,
and the mean residence time per tank is .
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Assuming that we inject a o pulse of tracer at # = 0, let us analyze its behavior
by taking a mass balance around the nth tank.
. . VvV dc,
Cho1 —Q0C, =—
QC1 —0Q N dr
T dC,
Cooy —Cp=——
! N dt

The boundary condition for this differential equation is such that at t < 0,
C,, = 0. The solution to this equation is as follows, where it is normalized.

N" n—1
C,(t) = = 1)!1'”[ exp ( T>

Expanding to the another cascade, we can obtain the residence time E(f) of the

cascade,

N
E(t) = Cw(r) = (Nithw exp (- %)

We can take Laplace transform of the differential equation in ¢ to find the

transfer function of one tank, and of the whole cascade.

o) +1] = G 9)

The transfer function across one tank is found as follows

C, -1
Cals) _ (S_T N 1)
Cnfl(s) N
The transfer function across N tanks is therefore:
C C C -N
7N(S) _ 71(3) % 72(5)___ _ (S_T+ 1)
C()(S) Co(s) C1 (S) N

As N — oo, the CSTR cascade will be closer to the PFR, whereby at each
point along the length of the PFR is an instantaneous CSTR (perfect mixing

across the circular cross section)
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Flow into
PFR IR . CSTR

(b) In a PBR, we can assume that the void space between each layer of solid
particles is a CSTR. We can also assume that the size of the gap between
particles is approximately equivalent to the characteristic diameter of the solid
particle. This hypothetical CSTR is assumed to be well mixed and this can be
ensured by maintaining a high superficial velocity (high Re) in the PBR to allow
good mixing in the gaps.

Therefore, the number of CSTRs required for the cascade model in this
problem is:

yo_ 165
T (075x2)

The mass balance around the nth CSTR in the cascade gives for species A,
where V is the total volume of the N reactors in the cascade model and 7 = V/N is
the mean residence time for the whole cascade:

Vv

. . vV dcC
QCA,n—l _QCA,n+rA (_) = A

TN dt

= 0 (steady stat
N (steady state)

The rate law for a first-order reaction is —ry = kCj, ,; therefore
) . Vv
Q CA,n—l - QCA,n + (_kCA,n) (N> =0

. . V
QCA,n—I - QCA,n = k<ﬁ) CA,n

Tk
Cap-1 = CA,n(_ + 1)

N
Can 1
Can1 %41

Extrapolating this result to the whole cascade, we have

Can 1

Cro ™ 5+ 1)

Conversion achieved by the whole cascade (i.e., the packed bed reactor) can
be expressed as
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1
- =0.981

442
C 1
X:1_CA’N:1_ X v =1~ oo 1
A0 &+1) (P52 +1)
(c) If the reactor was a PFR, we can use the design equation for a PFR for the

)

analysis.
dv dv
—kCy = Q CZ%
) [(C
V= —% In (C:o

—tk=1In(l — X)
X=1-e%=1-¢'2000) _ 099

(d) To find the first and second moments, we can first assume that we introduce a &
function tracer into the cascade at r = 0. A mass balance around the nth CSTR

gave us this result from part a,

Ecascade(s) = Co(s)

e

First moment is defined as follows
od - d | /st -N . d ST
”l:<—1>1£?@Ecascade<s)*“”1&?@{(ﬁ“) }4—”11?@{‘7(&“
Second moment can be derived as follows
—-N -1 -N-2 2(N +1
) (1) ] _ %

Vo d
limiEcascade (S) = %E}%

2
s—0 dSz N N

Hy = (1)
(e) Variance 62 is defined as Ho — /412. From the experimental data, we have a

120%

variance of 3600 s%; therefore

, T(N+1)

o
N

, T
—7°=—=3600 - N = =
‘ 73600
This means that the number of particles corresponding to one hypothetical

CSTR in the cascade of CSTRs is
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1 165
Number of particles per CSTR = Zm

=275

Typically, for liquids at low Re, the liquid phase is not turbulent to ensure
ideal mixing in the inter-particle spaces if only one particle diameter space is
available. It requires approximately 4 cavities per CSTR for optimum mixing, in
this case it is about 3, which is close to the ideal 4. Note that the conversion
achieved with a cascade of 2.75 CSTRs, instead of the earlier 11, is lower as
shown below.

X:I—CA’N:I—;N
Cao (T—k + 1)
N
X=1- ! =0.938
120 x 0.04 275
(e

Problem 10

The residence time distribution of a series of N CSTRs in series is given as
follows where 7 denotes the residence time for the entire cascade and ¢ is time:

E(l‘):mtj\'_1 exp( —%)

In the form of Laplace transform, it is given that

E(s)=[3+1] -

lim [% + 1} s exp( — s7)

N—oo

(a) Identify the extreme types of reactors described by this distribution, and
explain how this equation can be applied to model a real reactor.

(b) For a given reactor of volume 4 m>, given that the overall residence time for
the cascade is 2 min and that the inlet flow rate is 0.025 m>/s, propose a
model comprising of a combination of reactors which would provide the
RTD as shown below. Comment on the presence/absence of any dead
volumes.
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E(t)

Area=A;

Ar= 0.5A

As=0.25A;

: : : > t/s

(c) Given that the variance of the first peak is 8 x 1075, find the number of
CSTRs that should be used to model each of the reactors in part b.

Solution 10
Worked Solution

(a) When N = 1, we have the residence time distribution of a CSTR.

E(t) = exp(f E)

T

When N — oo, we have a Plug Flow Reactor (PFR), we observe from the
Laplace expression given above that:

. ST -N
i 1] "= onto

The RTD of a PFR is a delta function which is of value 0 everywhere except
atr=r.

E(t)=6(t—1)
For an arbitrary function, y(#), its Laplace transform y(s) is defined as follows.

315) = [ stoexp(-sia

Therefore the Laplace expression for a PFR is:

J:C 5(t — )exp(—st)dt = exp(—st) = E(s)],_.
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CSTRs and PFRs are extreme cases of real reactors. The CSTR is assumed
perfectly mixed, while the PFR is assumed to have perfect radial mixing but no
axial mixing. Therefore the PFR is in fact a cascade of infinite number of CSTRs
in series.

(b) We can represent the given reactor using a configuration of 2 PFRs with a
recycle loop. Each peak in the graph (also called an RTD “fingerprint”) is
observed to be sharp and this corresponds to the feature of a plug flow. Let Q
denote volumetric flowrate and R denote recycle ratio which is the ratio of
recycled fluid to fluid removed from the reactor.

. 14 R)0 .
— O

A, 1 R
e = R=1
Al 2 R+1
Ay [ R\ 1
A \R+1 4
11
A]:—:—
R+1 2

Let ¢, denote the time at the nth peak,

At=t)—ti =t3— 1, =965

1%
4 =245
(1+R)Q
Vv, s
L 4y, =12
1+10025 7 m
1% 1%
t= L 1+ 72 _o96
(1+R)Q RO
24+L=96—>V2=1.8m3
1(0.025)

Active volume =V, +V,=12+4+18=3 m® < Total volume of 4 m?

Therefore there is dead volume of 1 m®.

(c) For N CSTR tanks in series, variance is related to mean residence time as
follows:
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Variance of the first peak, 012, is given as 8 X 10~7s%. The mean residence
time for the first peak, 7, can be found as follows.

S A B Y
(1+R)Q

Combining the results, we can find Ny, the number of CSTRs that should be
used to model the first reactor of volume V; in part b.

2

612 :l
Ny
247
Ny=—"——5=9x10"
(8x1077)
Vs 1.8 " 5
Ny=—N;=--(9x10") =1.4x10
2=y N =15 (9% 10%) %

It follows that the number of CSTRs to model the second reactor of volume
V,is 1.4 x 10",

Problem 11

Consider a plug flow reactor as shown in the diagram below. The PFR has
volume V and recycle feed with a recycle ratio R.

(1+R)Q.Cun

Q:CAO 7 :m > Q,CA

RO,Ca

(a) Derive the design equation for this PFR with recycle such that it correlates
the residence time in the PFR section to conversion.

(b) Sketch the residence time distributions for this reactor system at various
values of recycle ratio, R = 0,1,5 and oc.

Solution 11
Worked Solution

(a) Consider the mass balance for a typical PFR without recycle feed, except that the
volumetric flow rate instead of the typical Q is replaced by Q e, = (1 + R)Q.
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So the mass balance around this PFR is as follows, where F, denotes the

molar flow rate and x is in the axial direction of flow.

dN.
Fa(x) — Falx+ Ax) 4+ r4V = d—;‘

Fa(x) — Fo(x + Ax) + r,AV = 0 (steady state)
rAAV:FA(x+Ax) —FA(X)

For small values of Ax and AV

dﬂ _ d(CAQnew>
v av

CA = CA()(l *X) — dCA = 7CA0dX

rpa =

0 1ewCaodX = —radV
(1 +R)Q CpodX = —radV

We can integrate this differential equation using boundary conditions. Let the

conversion achieved be denoted by X, and z represents the residence time.

(14+R)Q CpodX = —rsV

V___ Cw(l+R) JX X

— =7

Q —7a

X

By conservation of mass for species A, we deduce that

Cupo+ RCy
=R
I

Cao Cao
c
L _R(-&)
"1 4R

Therefore, putting the results together,

1-&

1+R) (¥ R( T)
T = M J dx,where Xl — 76‘0

—ra X, 1+R
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(b) At R = 0, the residence time distribution is that of a perfect PFR, which is an
infinite delta pulse at ¢t = 7. As recycle ratio R increases, the number of peaks
increase until the other extreme at R — o0, the reactor’s residence time distri-
bution becomes equivalent to that of a perfect CSTR.

E(t) E(t)

A A

A

E(t)

H||l|||=t

T
T

Problem 12

Experiments were conducted to determine the rate of reaction for a first-order
reaction occurring in catalytic particles shaped as rectangular slabs. The half-
width L of the catalytic particles were varied and the corresponding reaction
rates per unit area are shown below. Both faces of the slab particles are exposed
to surrounding reactant fluid of concentration 12000 mol m >, which is equiv-
alent to the concentration of reactant A at the surface of the slabs (i.e., external
mass transfer effects may be ignored). Determine the reaction rate constant per
unit volume %, and effective diffusivity 9.

L[m] 0.0002 0.0008 0.0012 0.015 0.05 0.15 0.25 0.35

—r,”[mol m~?2 sfl] 1.3 2.1 3.0 40.1 56.0 61.5 64.8 64.9
Solution 12

Worked Solution

Observe from the data that as L tends to a large size, the reaction rate tapers off to a
constant value of around —r,” = 64.9 mol m s~ '. This extreme corresponds to the
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case when internal mass transfer effect is limiting. This also means that reaction rate
is much faster than internal mass transfer rate and the overall rate of reaction is
determined largely by the rate of internal mass transfer of reactant within the catalyst
particle.

We can also consider the other extreme, which is at the smallest particle size of
L =0.0002 m, whereby we may assume that the rate-limiting process is reaction rate.
This means that the internal mass transfer rate is much faster than chemical reaction
rate at the active sites of the catalytic particles, and therefore overall rate of reaction
is largely a reflection of chemical reaction rate. This is also denoted by the ideal rate
which is the maximum possible rate achievable without mass transfer effects.

Ideal rate = —r,V = k,Cy (2LA)
_rAV frg _rA”A = 13A
kaA,K(ZLA) =13A

We know that L = 0.0002 m, C,, ; = 12000 mol m*3; therefore,

1.3

=0.27s7!
2(12000)(0.0002) ~ 27

k, =

We can relate the observed rate under mass transfer limitation to the ideal rate
using effectiveness factor # at large particle sizes when n~1/@.

1 Observed rate|; g 35,

"= 37 ldeal rate|; o35 m

Ideal ratel, o002 m ,, 35 — 1750 x 1.34

Ideal rate|, 35, =

0.0002
Observed rate|; 35, = —74"A = 64.9A
1 64.9A

G- T50x134 2=

By definition, we know that for a slab, @ = L kT

35 :0.35\/g
D

D®=27x%x10" m?s~!
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Problem 13

We have a CSTR of volume V = 25 m’ that contains a liquid phase reaction that
is experimentally shown to obey the following rate law equation, where k; refers
to the reaction rate constant of the forward reaction and K is the equilibrium

constant. Given that K = 0.012 m® mol !, Q =02 m’, ky = 0.89 s~ 1, and
C,0 = 1800 mol m 3
A—B
kiCy
(I—I—KCA)Z

(a) Derive the solutions for C, at steady-state conditions.
(b) Using suitable plots, determine the value of C, that gives the most stable
steady state.

Solution 13
Worked Solution

(a) Let us start with the mass balance equation using the rate law information
provided,

) . dac
QCao—QCa+rV=V=—=2=0 (steady state)

dt
QCao— QCy :%
ngf(CAO = Ca) :U—&—C‘TACA)Z
%(1800* Ca) @Jr().c(flzc,y

Ca

0.009(1800 — C,) o 0.012CA)2

An easy way to solve this equation is to plot a straight line (for left-hand side
of equation) and the curve (right-hand side of equation) using a series of
hypothetical C4 values starting from the C,( value, and observing the intersec-
tion points which represent the solutions to the equation. A plot is shown below
and the solutions (i.e., steady state) occur at C, = 180, 380, 1250 mol m_3, as
marked by black crosses.
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(b) The value of C, = 180 mol m > gives the most stable steady state, because when

Ca _
Trooincyy| < 10-009(1800 — Cy)

that the rate of consumption of A via the reaction will be less than the net inflow
rate of species A into the tank, this serves to replenish the decrease in A, and
bring up the C, value, in a direction back to its steady-state position of
C, = 180 mol m . The other value of C, = 1250 mol m > behaves similarly
but is not as stable as compared to the point at C4 = 180 mol m >,

C, is reduced from this value, , this means

y
A

y = 0.009(1800 — C,)

Y= +0.012C,)2

0 » CA
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Problem 14

We have an exothermic reaction A — B with the enthalpy of reaction A%,
given as —39560 J mol . The reactants are in the liquid phase and the reaction
obeys first-order Kinetics. The reaction rate constant k is represented by the
Arrhenius equation where the pre-exponential factor is 107 and the activation
energy is 58200 J mol ~'. You may assume that the rate of backward reaction is
negligible. If the mean residence time in the reactor is 100 s,

(a) Express conversion X as a function of temperature 7.

(b) To ensure isothermal conditions at 298 K, a coolant is introduced whereby
the overall heat transfer coefficient between the inside of reactor and the
coolant U = 2500 J s ' m 2 K ! and the heat transfer area A = 68 m”. The
inlet flow of pure reactant into the reactor is at 298 K and at a flow rate of
450 mol s~ '. The reaction mixture has an average C, of 70 J mol ' K.
Using an energy balance, find a correlation between conversion X and
temperature.

(c) Based on the results in earlier parts and a suitable plot, explain why the
reactor can operate at about 310 K and 377 K but not at 325 K.
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Solution 14
Worked Solution
(a) Let us first perform mass balance on reactant A, and combine it with the rate law
equation.
Fao — F4 + raV = 0 (steady state)
Fao—Fa+ (—kCa)V =0
FaoX = kC4V = kVCyo(1 — X)

From the Arrhenius equation, we derive an expression for reaction rate

“E, 58,200
k=A exp( RT ) = 1O7exp<T>

V_GoV 00

0 Fao

constant,

T =
Combining the expressions we have,

Fa0X = kVCypo(1 — X)

X = kt(1 — X)

X —58,200
=107z exp| ——
1—X RT
1 —58,200

=107(100 2
=10 >exp< 5 )

1
X =
107° exp (SSI’QZTOO) +1

(b) We can construct a heat balance equation in [J s_l] as follows

Rate of heat generated from reaction = (— Ay, )Fa0X = 39560(450)X
= 17,802, 000X

Rate of heat removal by coolant = UAAT = 2500(68)(T — 298)
= 170,000(T — 298)
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©

Rate of net heat inflow = Heat inflow — Heat outflow™.

“Note that because this is an irreversible reaction of A — B with a 1:1
stoichiometric conversion, due to conservation of mass, the outlet stream is
also at the same molar flow rate of 450 mol s ' = F 4.

Rate of net heat inflow = Fyc,(298) — Faoc,(T) = 450(70)(298 — T
= 31500(298 — 7))

Combining the expressions, we have the overall heat balance equation as
shown below:

17,802, 000X + 31,500(298 — T) — 170,000(T — 298) = 0

y  170,000(7 —298) +31,500(7 — 298)
- 17,802,000

= 0.0113(T — 298)

We can construct two simple plots, one for heat generation and the other for heat
removal. For the function representing heat generation, we have the following,
note that gas constant R = 8.314 J mol ' K.

17,802,000

9 58,200
10 eXp(8.3]4T) +1

Heat removed per unit time = 31,500(7 — 298) + 170,000(T — 298)
= 201, 500(T — 298)

Heat generated per unit time = 17, 802, 000X =

Heat per time
A
20000000
Heat removal

18000000
16000000 -
Heat generation
14000000
12000000
10000000
8000000
6000000

4000000

2000000

0 » T/K
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The reactor achieves heat balance at the three intersection points of the heat
generation and heat removal plots. However the point at T = 325 K is unstable
since any slight deviation from the point will cause a further deviation. For
example, a small temperature increase from 325 K will move the point to the
right where heat generation is greater than removal and the temperature increases
further (hence unstable). The heat balances at 310 K and 377 K are more stable
since any slight deviation will be corrected. For example, any slight increase in
temperature above 377 K will cause heat removal to be faster than heat gener-
ation, and this will bring the temperature back down to 377 K.

Problem 15

In reaction kinetics, we may sometimes model heterogeneous non-catalytic
reactions occurring in spherical particles using the Shrinking Core Model
(SCM). State the assumptions of the SCM.

Solution 15
Worked Solution

For heterogeneous non-catalytic reactions, we can adopt the SCM assuming the
following:

e The spherical particle itself (e.g., solid B) is one of the reactants of the reaction,
with the other reactant (e.g., gas A) occurring in the surrounding bulk fluid.

e The spherical particle B is non-porous (impervious) to the reactant A in its
surrounding.

* Reaction proceeds only at the surface boundary of the unreacted core of B, and
this boundary is also termed the “reaction front”.

e The reaction front moves radially inwards with time as the unreacted core
shrinks in size as reaction proceeds to consume (and hence ‘“shrink™) the
unreacted core.

*  The overall size of the particle may or may not reduce. It may not change in size
if the product of reaction is a solid that collects at the surface of the particle,
restoring the shrinkage of the unreacted core. Conversely, the overall size of the
particle will reduce if the solid product falls off easily, or the product of reaction
is gaseous.

e Reaction is assumed to go to completion at the front, i.e., complete conversion.

Problem 16

In heterogeneous reactor systems, we have different phases present which may
consist of a fluid (liquid or gas) and a solid. In non-catalytic cases, the solid
particle does not change in size throughout the reaction; however, the compo-
sition of the solid particle changes as the unreacted core of the solid reduces in
size as reaction progresses. The overall size of the particle remains unchanged
as the volume previously occupied by the unreacted core is replaced by solid
products (e.g., ash) of reaction.
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(a) With the help of a diagram, describe the sequence of events that occur as
reaction progresses for a shrinking core model, whereby the size of particle
remains unchanged. You may assume that a solid spherical particle of
radius R reacts with a gas A in the reaction below and R, is the radius of
the unreacted core of B.

A(g)+bB (s)—cC(g)+dD(s)

(b) Under steady-state conditions, if diffusion through the gas film surrounding
the solid particle is the rate-controlling step, derive an expression that
shows how the radius of the unreacted core changes with time. Show further
that the fractional time to complete conversion is equivalent to the frac-
tional conversion of solid reactant B. Let 7 denote the time taken for
complete conversion, and assume that the reaction is almost irreversible.

(c) Repeat part b assuming diffusion through the ash layer is the rate-
controlling step.

(d) Repeat part b assuming chemical reaction at » = R, is the rate-controlling
step. You may assume that the reaction is first order with respect to A, with
a reaction rate constant per area denoted as k,”.

Solution 16
Worked Solution

(a) We have the following reaction whereby gas A reacts with a solid B, at the
interface area between the solid particle and surrounding gas. The reaction
produces a gas C and a solid ash by-product D.

A(g) + bB (s) — ¢C(g) + dD(s)

This process can be described in a series of steps as summarized below,
corresponding to the diagram below:

1. Bulk gas A at concentration C, ; diffuses to a region near to the solid particle
surface (B).

2. At a small distance 8 from the solid particle surface, i.e., between r = R and
r = R + 8, a gas film forms whereby reactant gas A diffuses through (this
distance 9) to reach the surface of the solid. The concentration of A decreases
from C4; to C4 at the solid surface. The rate of diffusion through the gas
film is dependent on the concentration gradient across &, which is propor-
tional to C4 1 — Cap.

3. At the surface of the solid particle, i.e., r = R, there is by-product solid ash
(D). Reactant gas A has to diffuse through this ash layer in order to react with
B which is in the inner core of the particle. The diffusion of gas A through this
ash layer is driven by a concentration gradient proportional to C4, — Ca 3,
between C, 5 at r = R and C, 3 at the surface of the unreacted core r = R,..
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4. Gas A passes through the ash layer and reaches the interface with the

unreacted core. Gas A reacts with solid B, as per the reaction equation, to
produce gas C and solid ash D. Ash D collects on the surface of the unreacted
core to keep the particle size constant by replacing the lost volume of solid
B that is consumed by the reaction.

. The gaseous product C is produced at the surface of the unreacted core, r = R,
and starts to diffuse outwards through the ash layer. This diffusion is driven
by a concentration gradient proportional to Cc3 — Ccp, between Cc3 at
r = R, at the surface of the unreacted core and C, at the surface of the solid
particle r = R.

. After diffusion through the ash layer, gas product C reaches the surface of the
solid particle where it starts to diffuse through the same gas film layer
(of thickness &) as encountered at step 2, into the bulk gas region. The
diffusion through this gas film is driven by a concentration gradient propor-
tional to Cc, — Cc.1, between Cc at r = R at the surface of the solid particle
and C; at the outer boundary of the gas film at r = R + 4.

» Time

Reaction occurs Solid ash (D)  Unreacted core (B)
only at interface

Concentration of

reactant B(s)

Concentration of
reactant A(g) and
product C(g)
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(b) Note that in a shrinking core model, due to the processes that occur in series,
either one of them can be the rate-limiting or rate-controlling step. Recall that we
have the following reaction.

A(g) + bB (s) — cC(g) + dD(s)

Consider the case whereby diffusion through the gas film is the rate-limiting
step, as shown in yellow highlighted. Hence all of the concentration gradient
occurs in the gas film layer, and with an irreversible reaction, C4, = 0.

Gas film (A)
Solid ash (D) _J/_ Unreacted core (B)

Concentration of
reactant A(g)

<
~

b m—— A=

Y

=

It follows from a mass balance on species B that the rate of loss of B(s) per
unit surface area of the particle is

1 dNg 1 dNpg
Rate of 1 f B =7 __
ate of loss of B per area A 1R di

A mass balance on species A gives the following, where k is the mass transfer
coefficient for the diffusion through the gas film. C, ; is the concentration of A
(g) in the bulk gas, and C,4, is the concentration of A(g) at the solid particle
surface (r = R). When diffusion through the gas film is rate limiting, there
is no accumulation of A(g) at the surface of the particle at steady state; therefore
CA’Q - 0

The rate of loss of A(g) per unit surface area of the particle is

Lav,
47R* dt

Rate of loss of A per area = — =k(Caq — Caz) = kCy,

By reaction stoichiometry, dNy = bdN,. We can therefore convert the rate of
loss of B(s) to rate of loss of A(g) as follows

1 dNyg b dN,
47R2 dr ~  4zR® dr

= bkCy,
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The amount of B present in the particle is given by Ng = py(37Rc?). The loss
of B(s), —dNp, can be further expressed as:

4
—dNp = —ppdV = —ppd (gﬂRC3> = —4npyRc*dRc

Substituting back into the mass balance equation, we have

1 dNg  4apgRc* dRc  pgRc? dRc

_ - _ _ = — = bkC
AzR? dt 4zR*  dt R dt Al
p Rc t
—% J RczdRc = bkCy J dt

R Jr " Jo

pp (RS — R PsR Rc ’

= )= - (= = bkCy 1t
R ( 3 3 R Al

f— PR
3bkCy,

3
R
11— (2¢€
R
This gives us the profile of R with respect to time. 7 is the time taken for
complete conversion, which means that at t = 7z, Rc = 0.

r— PR
3bkCy

And the function R(f) can be expressed in terms of the fractional time for
complete conversion:
3
t R
Io1— (C>
T R

The fractional conversion X for the solid reactant B (which forms the
unreacted core at time ) is such that

| xRS _ (Re)’
R’ R

t
X =-
T

Therefore it is shown that the fractional time to complete conversion is the
same as the fractional conversion of solid reactant B.
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(©)
A(g) + bB (s) — cC(g) + dD(s)

Consider the case whereby diffusion through the ash layer is now the rate-
limiting step, as shown in yellow highlighted. Hence all of the concentration
gradient occurs in the ash layer, and with an irreversible reaction, C4 3 = 0. Note
that there is actually a small concentration gradient for the diffusion across the
gas film (A) from r = R to r = R + §; however, as diffusion through the gas film is
not rate controlling , it is assumed to be fast and hence the concentration gradient
is negligible; therefore, Cy, = Cy ;.

Gas film (A)
Solid ash (D) __\L Unreacted core (B)

Concentration of

reactantA(g)

Ca1=Ca2

Let ¢"(r) denote the molar flux of gas A in the radial direction towards the core
of the particle at a certain » whereby R < r < Rc. By mass conservation, it
follows that

dNa tant at
— —— = constant at any r
dt y
dN, . ] .
B 7 :']//(r = R)Aslr:R :]//(r)Aé"r:r :]//(RC)Aslr:RC
_dNa .,

TR j"(r = R)4zR* = j"(r)4nr* = j" (Rc)4nRc>

By Fick’s Law, we can relate mass flux j”(r) to concentration gradient via
diffusivity ©

dC,
Y/ — @
J"(r) 5
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Therefore the rate of loss of A(g) can be expressed as

Ny _
dt

dN, JRC 1

dcC
drr Q)—A = constant
dr
Ca3=0

dr —47r®J dCy

dt Ca,1=Cap

R T

dNy4 I 1
— | 5+ ) =42DC
7 < Re + R> TDC A1

To arrive at the time-dependent profile of R, we will try to express dN, in
terms of R,

4
bdN,y = dNg = ppdV = pyd (gnR&) = 4npzRcdR¢

Therefore, we have the following equation only in terms of R and time,

(4”PBRC )dRC ( |

dt Rc

Re 1 1 " bDC
J (—— + >Rc2dRc - J AL gt
R Rc o PB

[RCZ RCTC_ RZ RS R Rz_beCA,lt

1
+ E) = 477,'@CA,1

- 4= =

R 2 3R 2 3 PB

R’ 3(Re 2+2 Re +1

6 R R
Rc\? Rc\’

1-3(=< 2(=¢

7 is the time taken for complete conversion, which means thatat =z, Rc = 0.

b@CA 1
PB

_ PR’
B 6b@CA,|

And the function R(f) can be expressed in terms of the fractional time for

complete conversion:
t R¢ 2 Rc¢ 3
-=1-31— 2 —
o) (%)
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The fractional conversion for the solid reactant B (which forms the unreacted
core at time t), X is such that

1 X — %ﬂRC3 o Rc 3
IR S R
3

L1301 — %) 1201 - x)

T

Therefore we have derived the fractional time to complete conversion in
terms of the fractional conversion of solid reactant B.
(d)
A(g) + bB (s) — cC(g) +dD(s)

Consider the case whereby reaction at the surface of the unreacted core is now
the rate-limiting step, as shown by the yellow line. Assuming an irreversible
reaction, concentration of A at the reaction surface, i.e., C4 3 = 0. Note that there
is actually a small concentration gradient for the diffusion across the gas film
from r = R to r = R + 9, and through the ash layer from r = R to r = R, however
as diffusion through the gas film and ash layer are not rate controlling, they are
assumed to be fast and hence the concentration gradients are negligible all the
way to the reaction surface where it assumed to instantaneously deplete to zero.

Gas film (A)
Solid ash (D) _J/_ Unreacted core (B)

Concentration of
reactant A(g) A

Ca1=Cap=Cags

The rate law for this reaction is as follows, noting that reaction occurs at
r=R,

" " "
—1a =k, Cas =k, "Ca,1

1 dNy ” 1 1\ dNg
—————s—— =k Cs1 = —— —
4zRc”  dt 4rRc dt

b
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1 ppd(3nRc?) 1 4zpgRc2dRc "
5 = > = bk, Ca,
47Rc dt 47Rc dt

Rc t
—pBJ dRc = bkr//CAyl J dt
R 0

pB<R — Rc) = bkr”CA’ll‘
_ p(R—Rc)
bk," Ca,

7 is the time taken for complete conversion, which means that at t = 7,
RC == 0

= PR
bk,"Ca.

And the function R(f) can be expressed in terms of the fractional time for
complete conversion:

The fractional conversion for the solid reactant B (which forms the unreacted
core at time 7), X is such that

1_X7%7TRC37 & 3
C 4R \R

1 1/3
t=1-(1-X
Loi-(-x)

Therefore we have derived the fractional time to complete conversion in
terms of the fractional conversion of solid reactant B.

Problem 17

Consider the following experimental data obtained for a heterogeneous
non-catalytic reaction occurring in spherical particles, where 7 = 500 s and
represents the fractional time to complete conversion, X represents conversion,
and R represents the radius of unreacted core. The particles do not change in
size as reaction proceeds due to the deposition of solid product ash at the
surface, and the particles remain at a size of radius R = 1.2 mm. However, it
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is expected that the size of unreacted core shrinks with progress of reaction and
hence the shrinking core analysis may be used to model this system. What is the
rate-controlling step (e.g., diffusion through gas film, or reaction or diffusion
through solid ash layer) for this reaction and explain.

t/s 50 150 250 350 450
Rc/m 0.00108 0.00084 0.00060 0.00036 0.00012

Solution 17
Worked Solution

Based on the shrinking core model, we know that the overall reaction rate is limited
by a particular reaction step if they display the characteristic correlations between
fractional time to conversion #7 and conversion X.

* Diffusion across gas film: £ = X

*  Chemical reaction: £ =1 — (1 — X)l/3

*  Diffusion across ash layer: L =1 — 3(1 — X)*? +2(1 - X)

We can use the experimental data provided to calculate values of conversion X,
knowing that R = 0.0012 m and = = 500 s. Regardless of which is the rate-limiting
step, the following is true:

l_X_%ﬂRC3_ & 3
RS \R

We can therefore obtain the following table of values, where we note that the
experimental data fits with the correlation that shows that the overall reaction is
limited by chemical reaction as shown below.

t
Chemical reaction limited: — = 1 — (1 — X)"/?
T

f[s] 50 150 250 350 450
tt 0.1 0.3 0.5 0.7 0.9
Rc[m] 0.00108 0.00084 0.00060 0.00036 0.00012
1-X 0.729 0.343 0.125 0.027 0.001
1-a1-x'» 0.1 0.3 0.5 0.7 0.9
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Problem 18

Consider a reaction as follows, whereby the reactant solid particle (B) shrinks
as reaction progresses.

A(g) +bB (s) — cC(g) +dD(s)

The particle of B is also in a free fall whereby Re < 1 and inertial effects are
negligible. The mass transfer coefficient for the particle is described by k = %,
where 9 is diffusivity and R is the radius of the particle at time ¢. Assuming
diffusion across the gas film surrounding the solid particle is the rate-limiting
step,

(a) Derive an expression showing how particle radius R changes with time.
The radius of the particle is R, at time ¢ = 0. The molar density of solid
particle B is pp and the bulk concentration of reactant gas A is C4 puk-

(b) Express the fractional time for complete conversion as a function of con-
version X, if 7 is defined as the time taken for complete conversion.

Solution 18
Worked Solution

(a) It follows from a mass balance on species B that the rate of disappearance of solid
reactant B per unit surface area of particle is

1 dNg 1 dNg

A, dt  4AzR® dt

Since diffusion through the gas film is rate limiting, therefore we assume that
Cal,—r =0, as all of the concentration gradient occurs within the gas film.

1\ 1 dNg
\3)amz ar = K(Cavui = Cal—p) = kC
(b> 4zR? dt ( A, bulk A|r:R) A, bulk

We can express dNp in terms of dR,
4 3 2
dNp = ppdV = ppd gﬂR = 4mpgR-dR

Substituting this result back into the earlier mass balance equation and
integrating, we have

_(1) 1 4zpzR*dR

D
- = kCppuk =—C
AZR? di Abulk = o CA bulk

b
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R t
bDC
fJ RdR:J A gy

Ri 0 PB
R? R* b(DCA,bulkt
2 2 g

f— PRI’ | R\?
 2bDC puik R,

(b) 7 is the time taken for complete conversion, which means that at t =z, R = 0.

r— peRi 2
2bDCy puik

The fractional time for complete conversion is therefore:

t R\’
T l - (_>
T R]

The conversion X is defined as follows,

7R R\?
I_XzéﬂR3: R,
3 1 1

Problem 19

In heterogeneous reactions, we may encounter adsorption systems, and one of
the types is physical adsorption due to attractive Van der Waals interactions. It
is common in physisorption that multilayer adsorption occurs.

(a) Explain how physical adsorption works using the example of nitrogen gas
as adsorbate for an adsorbent surface of material X. State your assumptions
and show how the following expression can be obtained for the nth layer
where k,, is the rate of adsorption to form the nth layer and k _,, is the rate of
desorption from the nth layer. 0, is the fraction of total number of sites N
occupied by n adsorbed molecules and P is the pressure of gas above the
surface.
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kn kn—l kn—2 ) (kl )
(k-,,) <k—(n—l)> <k—(n—z) koy)?

(b) How can we determine the surface area of X from experimental data given
the following BET model equation? V is the volume of nitrogen gas
adsorbed at pressure P, P** is the saturated vapor pressure of nitrogen
gas, V,, is the volume of a monolayer of gas molecules adsorbed onto the
surface, C is a constant, and cross-sectional area of one nitrogen molecule
Ac is 0.16 nm?.

P Cc-1p 1

V(P —P)  CV, P CV,

Solution 19
Worked Solution

(a) Since multilayer adsorption is possible, it means that more than one nitrogen
molecule can adsorb to each site of the surface. It is worth noting the following
assumptions for this analysis:

Ideal gas behavior of nitrogen

Monolayer adsorption is possible as each adsorbed molecule provides a site
for adsorption of molecule in the layer above it

All sites on the surface of adsorbent is identical

There are no interactions between adsorbates (i.e., between nitrogen
molecules)

Adsorbed molecules are stationary.

The layers of nitrogen molecules from the second layer and above are liquid
like; therefore, adsorption energy of higher layers are determined by enthalpy
of vaporization, AH, .

We have below an illustration of the surface of material X, where a circle
represents one nitrogen molecule. 8, is the fraction of total number of sites
N (N = 11 in this example) occupied by n adsorbed molecules. For our
example, we have 6y = %,6; = &,60, = 15,03 = %,04 = {1 k, denotes rate
of adsorption to form the nth layer and k_,, is the rate of desorption from the
nth layer.

Pressure P above
surface

1 site



Reactor Kinetics 467

At equilibrium, ddit = Fads — rdaes = 0 for all n, which means rate of

adsorption = rate of desorption.
Where n = 0, i.e., for surface sites with no adsorbed molecules

k_1(61N) — k1 (6oN)P = 0

6, =P—06

Similarly for surface sites with 1 adsorbed molecule,

k_3(0:N) + ki (0oN)P — ky(01N)P — k_ (0;N) = 0
k_5(6:N) — ka(01N)P = 0
k_20, = k0, P

k2 k2 k 1 k2 k 1
(7 — 0, =P— (P—6) | = — 6
2 =P k2<k10 k,2 ki)°
We can repeat the process for the further layers, and obtain the following
general expression for the nth layer

kn Ky )( kn_2 ) <k1>
9,, =P .. 0,
(k”> (k—(n—]) k—(n—z) k*l 0

(b) We can experimentally determine values of P and V upon contacting the solid
surface with a known volume of gas. P is obtained by measuring the pressure of
gas in equilibrium, and V is obtained by measuring volume change on adsorption
assuming ideal gas behavior. Hence, we can plot an adsorption isotherm using

the BET model equation, using values of W as the vertical axis and% as the

horizontal axis.

P _Col(PY_ 1
V(P —P)  CV, \P*)  CV,

The vertical axis intercept will give the value of C‘l, while the gradient will
give & cv L. We can then obtain values of V,, and C by reading off the plot. If Ny

denotes the total number of nitrogen molecules forming the monolayer on the
surface of X, and V', denotes the volume of a single nitrogen molecule, then

Vi
Vi,

Nr =

Surface area of material X = Nr(Ac)
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Problem 20

Consider the heterogeneous reaction P + Q — R whereby all the molecules
involved, i.e., P, Q, and R adsorb onto the catalyst surface.

(a) Explain the key concepts and assumptions in the Langmuir-Hinshelwood
model for adsorption with reaction.

(b) Show that the rate equation can be expressed as shown below, using the
Langmuir-Hinshelwood model, where £, is the reaction rate constant and K;
is the adsorption equilibrium constant for species i:

k,KpPpK Py
S
(14 KpPp + KoPg + KgPr)®

(c) How would your result in part b change if P is strongly adsorbed but Q and
R are weakly adsorbed?

Solution 20
Worked Solution

(a) The Langmuir-Hinshelwood model is a further development from the Langmuir
model. In chemisorptions, a chemical bond is formed between the adsorbate and
adsorbent surface; therefore, the enthalpy of adsorption for chemisorption is
typically higher than that for physisorption, as the latter involves weaker Van der
Waals interactions between the adsorbate and adsorbent.

The Langmuir model has the following key assumptions:

* One molecule is specifically adsorbed to one site; hence, the maximum
adsorption is a monolayer of molecules. [The Langmuir model is unsuitable
if molecules vary significantly in size, as there may be co-adsorption of
molecules of different sizes at single site.]

e The probability of adsorption is not site specific, the surface energy is
uniform. [Note that in reality, most surfaces will not achieve perfectly
uniform surface energy. This assumption is particularly unsuitable for larger
molecules as the adsorption of a large molecule at one site will more
significantly affect the adsorption probability of its adjacent sites.]

e Molecules do not interact with each other, i.e., negligible attractive or
repulsive inter-molecular forces [The Langmuir model is unsuitable if mol-
ecules are charged, due to the significant intermolecular ionic forces.]

Following from the Langmuir model, the Langmuir-Hinshelwood model applies
when there is a reaction occurring between adsorbed species. When multiple
species are present, they compete for adsorption sites. If there is a reaction
occurring between adsorbed species (e.g., P and Q), then the adsorbed species
must be sufficiently near to each other, i.e., adsorbed on adjacent sites, in order for
a reaction to take place and it follows that the rate of reaction is proportional to
0p0p, whereby 0p represents the fraction of total number of sites occupied by P.
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(b) We have the following reaction: P + Q — R
Let 8p, 0, and O denote the fractions of total number sites occupied by P, O,
and R, respectively. The total number of occupied sites 87 is such that
Or=0p+ 0y + 0Og
Then the reaction rate is given as shown, since species A and B must be
adsorbed on neighboring sites in order for reaction to occur.

—rp = kreng

Separately, by definition, the adsorption equilibrium constant for P is defined
as:

kads

K =
P kdes

The rate of adsorption for P is given by k.qsPp(1 — 67), while the rate of
desorption of P is kqes@p. Therefore, at equilibrium when rate of adsorption is
equivalent to the rate of desorption,

kagsPp(1 — O7) = kaesOp

_ kads
kdes

ep Pp(] _GT) = KpPp(l —9]")

We can repeat the same for species Q and R to obtain:

QQ :KQPQ(l —97')
QRZKRPR(I —97")
97" = Gp —|—9Q +9R = (KPPP +KQPQ +KRPR)(1 — 91")

1
::KPPP+KQPQ+KRPR
1

1-0r =
T 1+ KpPp + KoPg + KgPr

We can now substitute this result into the earlier rate law expression to arrive
at the given expression.

—rp = kreng
—rp =k, [KpPp(1 — 07)][KoPo(1 — 07r)]
kK pPpK oPy

—rp = .
(14 KpPp+ KoPg + KgrPg)
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(c) The definition of the adsorption equilibrium constant K is such that K = % It

follows that for strong adsorption, K is large and vice versa. If P is stroﬁgly
adsorbed, and Q and R are weakly adsorbed, then Kp is large, while K, and Kg

are small.
kKpPpKoPo
—rp =
(14 KpPp + KoPy + KzPg)*
_ kKpPpKoPy  k.KoPg
—rp 2 =
P (KPPP)2 KPPP
Problem 21

Consider a bimolecular reaction occurring at a catalyst surface between reac-
tants A and B, producing a desired product C and a by-product D.

A+B—C+D

(a) Discuss how we can obtain equilibrium constant for adsorption K, and
enthalpy of adsorption Ah,4s from experimental data.
(b) Show that the rate of reaction is given by:

kK ,P,KpPg
(1+K4P4 + KgPs + KcPc + KpPp)?

—ry =

(c) Based on experimental results, we find that the observed activation energy
of this reaction differs from the actual activation energy for this reaction.
We are also told that D is more strongly adsorbed as compared to the other
species. Assuming the observed activation energy is E4 ,p,, show that E4
can be expressed in terms of enthalpies of adsorption and the true activation
energy for the reaction, E, as shown below.

- EA, app — EA - Ahads,A - Ahads,B + 2'Ahads, D

Solution 21
Worked Solution

(a) Let us first define the equilibrium constant K, for adsorption of a single species
A onto a surface. Let 64 represent the fraction of surface sites occupied by A, and
N, represents the number of molecules of A. The rate of adsorption of A depends
on the fraction of empty sites, i.e., (I — 8,), as well as the partial pressure of A,
P4. It follows that the rate of adsorption is as follows:
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dNy

W :kads(l 76A)PA

ads

The rate of desorption depends on the fraction of occupied sites and therefore
this rate is as follows:

dNy

7 = kdesgA

des

At steady state, we have adsorption rate equivalent to desorption rate, and
therefore we have the following whereby the equilibrium constant for adsorption

is defined as K4 = fd—"
es

kads(l - 6A)PA = kdeseA
kadsPA
kadsPA + kdes
_ KuPy
KuP4+ 1
04 =2 K4P,4 (at low values of Py)

04 =

We are able to measure and plot values of 6, against P, and find the value of
K, from the initial gradient of the graph near to the limit where P, is small
(purple line).

04
A

1 1 RS e

Initial slope !\’A\ y
i/

» Py

In general, we can relate equilibrium constant K to thermodynamic properties,
since we know that:
Agon = —RTInK

 d(Agy,/RT) _dInkK
dT T dr

Applying chain rule, we can expand the left-hand side, and simplify further
knowing that this is true (%)P = —ASixn.
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1 dAgrxn Agrxn _ d ln K

RT dT RT? daTr
Asixn | Agn  dInK

RT  RT? dT

We know further that Ag.., = Ahn — TAsn; therefore

dInK  Ahy,
dT ~ RT?

For an adsorption process for species A, it follows the temperature depen-
dence of K, can be derived. C is a constant of integration.

dln KA o Ahads,A
dl RT?
KA =C exp(—Ahads,A/RT)

From this correlation, we can then derive values of K, at different tempera-
tures, to obtain Ah,gs 4. The gradient of a straight line plot of InK, against % is
— %. Ah,4s, 4 can be subsequently calculated since gas constant R is of known

value.

IIIKA =

Ahads, A 1
T

— InC
R }—!—n

(b) We have the following reaction: A + B — C + D
Let 8,4, 05, O¢, and 05, denote the fractions of total number sites occupied by
A, B, C, and D, respectively. The total number of occupied sites 67 is such that
Or =0, +0+0c+6p
Then the reaction rate is given as shown, since species A and B must be
adsorbed on neighboring sites in order for reaction to occur.

—rp = krgAQB
And by definition, the adsorption equilibrium constant is defined as:

kads

K =
kdes

The rate of adsorption for A is given by k.gsPs(1 — 67), while the rate of
desorption of A is k4.s04. Therefore, at equilibrium when rate of adsorption is
equivalent to the rate of desorption,
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kadsPA(1 - gT) == kdesgA

kads
Of = —
4 kdes

PA(l — 9]‘) = KAPA(l — 97‘)

We can repeat the same for species B, C, and D to obtain:

05 = KpPp(1 — 67)
6c = KcPc(1 — 6r)
0p = KpPp(1 — 07)
Or = 04 + O + Oc + Op = (KaPs + KgPs + KcPc + KpPp)(1 — 07)

1

I—IZKAPA + KgPp+ KcPc + KpPp

1
1+ KuPs + KpPp + KcPc + KpPp

1—-6r

We can now substitute this result into the earlier rate law expression to arrive
at the given expression.

—rp = krgAQB
= kr[KAPA(l — QT)}[KBPB(l - QT)]
k. KsPsKpPp
(1+ K4Ps + KgPp + KcPc + KpPp)?

(c) From part a, we have shown that in general for a species i, we have the following
relationship,

Kl' = C,‘ exp(—Ahads, l/RT)

Therefore, we can write down the equilibrium constants for the species in this
problem as follows:

Kp = Cy exp(—Ahags, a/RT)
(—Ahygs, 5/RT)
K¢ = Cc exp(—Ahygs, ¢/RT
(—

Ahygs, p/RT

KB = CB exp

)
)

Kp =Cpexp
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The reaction rate constant &, for the reaction is also temperature dependent
according to the Arrhenius equation, where E, is the activation energy:

k., = Aexp(—Es/RT)

We are told that D is strongly adsorbed but A, B, and C are only weakly
adsorbed. Therefore Kp and 6, are large, since 0, is related to K; as follows.

_ KP;
CKiPi+ 1

i
It follows that the rate of reaction found in part b can be approximated to

k KoPsKpPp k. KsPsKpPg
(14 KaPa+ KpPs + KcPc + KpPp)®  KpPp®
AC,Cp exp[(—Ex — Ahags, 4 — Ahags, ) /RT]
Cp? exp(—2Ahugs, p/RT)

_EA,app =—Ey — Ahads,A - Ahads, B+ 2Ahads, D

—ry =

A exp(—Ep,app/RT) ~

Problem 22

(a) Outline the main principles of the Langmuir-Hinshelwood mechanism
which is used to model adsorption of reactant species onto a catalytic
surface in a heterogeneous reaction.

(b) Explain how the Langmuir-Hinshelwood model differs from the Eley—
Rideal model.

Solution 22
Worked Solution

(a) The Langmuir-Hinshelwood mechanism is a progression from the Langmuir
model; hence, it follows from the assumptions and principles underlying the
Langmuir model.

The Langmuir model describes adsorption whereby the adsorbed species are
held to specific active sites on the surface of a catalytic solid. The surface sites
are equivalent, due to uniform surface energy across all sites and hence an equal
chance of adsorption between them. The maximum number of adsorbed species
occurs when a monolayer of molecules is formed, with one molecule taking up
one site (no sharing of sites, or single molecule occupying more than one site). It
is also assumed in the Langmuir model that adsorbed species do not interact with
each other, i.e., negligible attractive or repulsive forces.
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The Langmuir-Hinshelwood model further stipulates that for two or more
types of species, they will compete for adsorption at a fixed number of sites.
Also, chemical reaction rate is rate controlling, i.e., adsorption and desorption are
relatively much faster than reaction rate.

Some reactions that fit well with the Langmuir-Hinshelwood model are listed
below, note that the species involved are typically small and uncharged mole-
cules. Processes such as the catalytic cracking of long chain hydrocarbons, or
other reactions involving long chain alkanes and/or alkenes, are unlikely to be
well represented by the Langmuir-Hinshelwood model as the hydrocarbon chain
molecules involved are much bigger in size:

d N2 + 3H2 — 2NH3
e CO+ 2H2 — CH3OH

Let us consider the following illustration for an example reaction, A + B — product
P, where the reaction rate is first order with respect to A and first order with
respect to B (overall order 2). The adsorption process is fast, and each species
occupies one site. Similarly, desorption is assumed fast. Note that the activated
complex formed in the intermediate stage is a transition state complex that cannot
be isolated.

Adsorption Desorption

Reaction Product P

Active site A+B>P pd
Solid Catalytic Surface Solid Catalytic Surface

% '

Activated complex forms
(intermediate product)

®-®

Solid Catalytic Surface

Let the fraction of total sites which is occupied by species A be defined as 6,4.
Then the overall rate of reaction, which is also the chemical reaction rate (rate-
limiting step) is expressed as follows where k is the reaction rate constant:

r = kQAQB

(b) In the Eley—Rideal model, one of the reactants does not adsorb prior to reaction
(e.g., A). Instead it reacts directly in its gas phase with the adsorbed reactant
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(e.g., B). Alternatively, it can adsorb but it becomes inactive and does not
participate in the reaction. As such the reaction rate is as shown below:

r = k@BPA

Species B is adsorbed, while species A reacts directly with B in its gas phase.

Problem 23

Consider the reaction A + B — P whereby all the species A, B, and P are
adsorbed on a catalytic surface. Derive expressions for the rate of reaction for
the cases below, assuming the reaction is first order with respect to A and B:

(a) All three species compete for the same sites.
(b) A and B compete for different sites, while P adsorbs onto both types of sites.

Solution 23
Worked Solution

(a) For both cases, the rate law is the same as follows where k is the reaction rate
constant.

r = k6,0p

What differs when the adsorbed sites are different is the expression for
fraction of occupied sites. The occupied fractions of each species and fraction
of empty sites always sum to one, for scenario in (a) whereby all A, B, and
P compete for the same sites, we have the following:

1= 9A +QB ‘|‘9P +eempty

gempty =1- Zel

We assume that adsorption and desorption are fast, i.e., rate-limiting step is
the chemical reaction. Therefore adsorption equilibrium is reached for each
adsorbed species and is expressed as follows for species A (same equation
applies for other adsorbed species B and P), whereby k,qs and kg are the
adsorption and desorption rate constants, respectively, P, is the partial pressure
of A, and K, is the adsorption equilibrium constant for A:

kadsgemplyPA = kgesOa

_ kags
kdes

K
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Substituting K, into the equation, we have

KAkdesgemptyPA = kdesOa
04 = K4Pa (1 - Ze,-)
i

Similarly equation applies for species B and P:

0p = KpPp (1 - Ze,-)
Op = KPPP<1 - Ze,-)

We can express fraction of occupied sites as:
> 0, =04+ 05+ 0p = (1 - Ze,) (KoP4 + K5Pg + KpPp)
i i
Z 0; = (KoP4s + KpPg + KpPp) — (Z 9) K4Ps + KpPg + KpPp)

<29> [1 4 (KaPs + KpPp + KpPp)| = KsP4 + KpPp + KpPp

Z _ KaPy+ KpPy + KpPp
" 14 KP4 + KgPg + KpPp

=30 )= ‘
—~ "] 1+ KsPs+ KgPg + KpPp

The rate equation can be re-expressed as follows:

r = k0,0p = kKP4 <1 - Za,) KpPg (1 - Za,-)

B kKP4KpPpg
(1 + KsPa + KgPg + KpPp)®
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(b) For this second scenario whereby A and B compete for different sites, while
P adsorbs onto both types of sites, we have two types of sites (defined here as
type 1 and 2) and the following two equations:

1= HA + 9P + gempty,type 1
1 = 93 + 9P + eempty,type 2

1
For type 1 site: (1 — Zé’,) =1 T KiPr - KoPr

1
For type 2 site: (1 — Z 9,) =TT KoPp + KoPy

The rate equation can be expressed as follows:

r = k0,05 = kKP4 <1 — Ze,-)

kK PsKpPpg
(1 + KaPs + KpPp)(1 + KgPp + KpPp)

KpPp (1 — Z 9,-)

type 1 type 2

Problem 24

Consider the reaction A + B — P whereby all the species A, B, and P are
adsorbed on a catalytic surface and compete for the same sites. The general rate
equation for this scenario is provided as follows, where k is the reaction rate
constant, K; is the adsorption equilibrium constant for species i, and P; is the
partial pressure of species i:

kK ,P,KpPp
(14 KoP4 + KpPg + KpPp)?

Two different types of catalysts were tested using this reaction, and exper-
imental data showed that for catalyst 1, the reaction was first order with respect
to B, while for catalyst 2, the reaction was first order with respect to A and
negative order with respect to B. Explain how this is possible and the relative
adsorption strength of species B to the two types of catalysts.
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Solution 24
Worked Solution

For catalyst 1, the reaction rate equation can be expressed as follows based on
observed kinetics:

r:k/PB

This can be called a pseudo-first-order reaction whereby the reaction rate can be
approximated to depend only on concentration (or partial pressure for gaseous
species) of B, if P, and Pp remain relatively constant compared to Pp, for example,
if A and P are present in large excess and Pp is small. Therefore the rest of the terms
in the general rate equation provided in the question are absorbed into the pseudo-
first-order rate constant, k" as shown here.

For KgPp < 1,

B kK4PAK5Pp _ kKuPAKyPp
(1 + K4Ps + KgPg + KpPp)* (1 4+ K4Pa + KpPp)?
kK1P+Kp

r = k'Pg, where k' = 5
(1 + KAPy +KpPp)

As for catalyst 2, the reaction rate can be expressed as follows based on the
observed kinetics:

_kK'Py
-

In this case, we adjust the terms in the general rate equation that should be
absorbed into the pseudo-first-order rate constant, K, in order to fit with the
observed data.

For K P4, KpPp < 1, and KgzPp > 1,

B kK 4+P+K 3P _kKAP2KgPp _ KkK,Pa
(1 4+ K4P4 + KgPg + KpPp)? (KsPp)* KpPp
kP kK
r= P—BA,Where K = K—;

We can deduce that the reactant B is much more strongly adsorbed onto catalyst
2 than onto catalyst 1.
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Problem 25

(a) For non-porous solids with reactions occurring at the solid particle surface,
reaction rate may be affected by the rate of external mass transport of the
reactant from bulk fluid to the particle surface. Discuss the meaning of
effectiveness factor, 77, a dimensionless quantity that measures the deviation
of observed reaction kinetics from ideal kinetics. Show that n can be
expressed as shown below, whereby C,° is the concentration of reactant A
in bulk fluid, &, ; is the reaction rate constant at the surface of the particle,
and £ is the external mass transfer coefficient. You may assume first-order
reaction kinetics.

1

kr, SCAO

11:
1+ kC4°

(b) Explain the meaning of the Damkohler number Da in terms of the implica-
tions of its value, and how it is related to effectiveness factor, 7.

Solution 25
Worked Solution

(a) For non-porous solids with surface reactions, the observed rate of reaction, —ry,
depends on rate of mass transport of A from bulk fluid to the particle surface, r,,
and rate of reaction, r.,, at the particle surface. Under steady-state conditions,
where Cy  is the concentration of A at the particle surface, we have the following

—FA = Fmt = T'rxn
0
—TrA = k(CA - CA,S) = kr,sCA,s

1
k,.S.CAO (1)

CA,S =
1+

Consider the extreme (ideal case) where mass transfer rate was not at all
limiting, then C4 ;= C .2, and the observed rate of reaction will be the maximum
possible in the ideal case,

— 74 ideal = kr,sCAs"
However, when mass transfer effects are felt, then C4 ; # CAO, and the rate of

reaction will be &, ;C, ,, whereby C4 ;< C AO with the exact correlation as found
earlier in (1)
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The effectiveness factor # is a dimensionless quantity whereby value of
1 means reaction rate is ideal (highest possible) at the extreme when mass
transfer has no effect. # measures the ratio between the actual observed rate of
reaction to the ideal rate of reaction. As such, this ratio can be expressed as
follows:

 kyyCas 1 1

’1 0 k 0
] kr,sCa
krsCa L+ 1+ o

(b) Following from part a, we note that since the mass transport of reactant from
bulk to surface, and the reaction that occurs at the particle surface are processes
that happen “in series”, the slower of the two processes will be the rate-
determining (or rate-limiting or rate-controlling) step.

We introduce another dimensionless quantity known as the Damkohler
number or Da which measures the ratio of the ideal rate of reaction where
mass transfer effects are absent to the maximum rate of mass transfer to the
particle surface. This ratio is therefore a direct comparison between the influence
of reaction and mass transfer.

Da is defined as follows in general for a reaction of order n with respect to
reactant A:

on
kr,sCA

Da =
kC4°

For first-order kinetics, where n = 1,

krsCO krs
Da=— 18 =

kCy k

1 1
]’I: krv:

For cases where Da is small, i.e., <1, then k >> k, ;, the rate of mass transfer is
much larger than the rate of reaction; therefore, mass transfer has little effect on
the overall observed rate of reaction, and the overall rate will be largely
influenced by the slower rate of reaction (i.e., controlled by intrinsic chemical
reaction rate). As Da — 0, n — 1.

Conversely, when Da is large, mass transfer is dominating, hence the overall
rate of reaction is controlled by the rate of transport of reactant from bulk fluid to
the particle surface. When Da > 1, then k < k, s and  — ﬁ. The rate of mass
transfer is much smaller than the rate of reaction; therefore, rate of reaction has
little effect on the overall observed rate of reaction, and the overall rate will be
largely influenced by the slower mass transfer rate. The observed rate of reaction
will approximate to —ry = kC,".
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Problem 26

Consider a slab of porous material whereby a reaction occurs under isothermal
conditions within the entire porous structure of the slab. The reaction A — B is
first order with respect to A. You may assume that the active reaction sites are
distributed uniformly throughout the interior of the slab and the slab has a
thickness of 2H.

(a) Explain the effects of intra-particle mass transfer on the overall reaction
rate, and explain how the effectiveness factor # can be determined, where

_ Observed rate
" Ideal rate

(b) Show the derivation of the following differential equation which can be used
to find the concentration profile of reactant A within the slab. 9 is the
effective diffusivity which is assumed constant, C, is the concentration of
reactant A, k, is the reaction rate constant per unit volume, and x is the
distance measured from the axial center line of the slab.

d2
.(l) WC;A - kaA

(c) Using an appropriate substitution of variables, show that the differential
equation can be simplified to the following whereby C; is the concentration

at the surface of the slab and © is the Thiele modulus where @ = H \/’%

cosh (Q 1%)

Cy=C
A A5 osh@

(d) Find the effectiveness factor 7 for this solid slab.

Solution 26
Worked Solution

(a) When reaction occurs within the entire internal structure of a solid particle, there
must exist a concentration gradient within the particle material which serves as
the driving force for reactant to diffuse from the particle surface inwards, into the
interior of the particle. Fick’s law tells us that mass flux j”(x) is correlated to
concentration gradient via diffusivity, © as follows

dC,
i/ — (])
J"(x) I
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Due to the concentration gradient within the particle, C4 must therefore be
lower within the particle, than at the surface. Assuming first-order kinetics, this
leads to the fact that the rate of reaction will be lower in the interior than at the
surface. The effectiveness factor 7 is defined as follows

_ Observed rate
" Ideal rate

To find 5, we need to first determine the total rate of reaction (i.e., the
observed rate) within the particle. Since reaction rate varies with position within
the particle, we will need to then first derive an expression for the concentration
profile and hence reaction rate profile relative to position in the particle. This
expression can be integrated over the entire particle to obtain the total rate of
reaction as required.

As for the ideal rate of reaction, it simply assumes that throughout the
particle, the concentration is constant and equivalent to the concentration at
the surface, which means the extreme case where internal mass transfer effects
are absent.

(b) Let us first illustrate the system,

5 Cas
oL

< 77l

The inward diffusive flux of reactant A at positions x and x + dx is given
below, where A is the surface area of the slab,

d
Flux into slice (—x direction) = — [A (—Q) &> ]
dx x+0x

dcC
Flux out of slice (—x direction) = — [A (@d—A> ]
X X

Other than diffusive flux, there is also reaction occurring which serves to
reduce N,, assuming first-order kinetics, we have the following expression for
reaction rate
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By mass balance over the differential element of width dx at steady state, we

have
dcC dcC
(0%2), J-{b(0t2) ]} -
dx x+0x dx X.

dc, dc,

(ﬁ)xﬂﬁx B (d_xA)x _ ]&C =0
ox o A

For 6x — 0,
d*Cy Kk,
_c, =

a2 o 4

(c) Let us consider the boundary conditions for this second-order differential equa-

tion. When x = 0 at the centerline of the slab, % =0, whileatx =H, Cy = Cy.

A useful way to simplify the equation and its boundary conditions is to

introduce dimensionless variables. Let C4* = C4/Cy, and x* = x/H. Hence we
can re-express the earlier differential equation in terms of the new variables.

d*Cy  k,
dx? D
dx’ = H*dx*?; d*Cy = Cy,d*Cy*

Cy=0

DCy ¢ dZCA*
= — k,Cy s Ca* =0
H?> dx*? A A
&Cy Lk,
——H—C4 =0
dx*? o *

It is given that @ = H %; therefore,

d*C*
d)C*2

FCy =0

We can try a trial solution of exponential form based on our knowledge that
derivatives of the exponential function can give the same exponential function,
multiplied by a constant. Therefore, we can try a solution of the form
Cy" = ¢y exp (@x") + ¢, exp (—@x™), where ¢; and c, are constants to be
determined by applying boundary conditions. We know that when x* = 0,

4C4" — 0, and when x" = 1, C," = L.




Reactor Kinetics 485

[Note that another possible trial solution is C,* = c¢; cosh @x* + ¢, sinh @x*.]
p

dC,*
L= Gexp(O) — cxPexp(~ )
dC,*

A =@ —c0=0—c =0
dx* | .o

1 = cj exp@ + c; exp(—0D) = ¢ [e‘a + e—(z)]

1
Cl - e@ + e—g
Therefore, we obtain the expression,
Ca TP ie0° T@ieot
1 . .
Ca* = Dx —Ox _ ) h *
A 2cosh@ [e te ] 2cosh0[ cosh(x")]
. cosh(@x*)
Cpff =——~
cosh®
cosh (@ i)
Cy=Cy siH
> cosh@

(d) To find the effectiveness factor 5, we start with its definition.

B Observed rate
"~ Ideal rate

The observed rate of reaction at steady state will be equivalent to the rate at
which A diffuses into the slab at both of its faces (i.e., total area of 2A comprising
A atx = Hand A at x = —H). Therefore,

dC C S .
Observed rate = 2A —(D—A — _2AD |2 9 sinh (Q i)
dx |,_p Hcosh@ H/ | 4
2ADADC,
H

We know that the ideal (or maximum possible) rate is when mass transfer is
perfect, and therefore reaction rate operates only at the maximum concentration
of reactant throughout the slab, and this maximum concentration is the concen-
tration at the slab surface, Cy
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Ideal rate = —k,VCys, s = —k,2AHCy

Therefore substituting the expressions, and knowing @ = H %, we obtain

the effectiveness factor as follows:

— ZA@ZCA"‘ tanh@®

—k,2AHC .

_ tanh@®
9

]’l:

Problem 27

Consider a reaction that occurs within a porous rectangular slab of thickness
x = 2L. The active reaction sites are uniformly distributed within the slab, and
the reaction A — B is zero order. Assuming a Thiele modulus of the form as
shown below, where D is the effective diffusivity, C, , is the concentration of A
at the surface of the slab, and k, is the reaction rate constant per unit volume,
find the internal effectiveness factor # and comment on the result.

e k,L?
-(’)CA,S
Solution 27
Worked Solution
We have the following system:
«—t >
i s C
: X As
! 0/
< il
| x
—»

The boundary conditions are when x = O at the centerline of the slab, ddCAj‘ =0,
while at x = L, Cy = Cy .
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By mass balance over the differential element of width dx at steady state, we have:

dc
Flux into shell (—x direction) = — [A <—(DA) ]
X+6x.

dc
Flux out of shell (—x direction) = — [A (—@—A) }
X

dx
dc dc
(B2, - {2 -
dx X+0x. dx X
d A d A

(Qd_i)x+5x — (®d_€c)x — k. =0

ox ’

Where 6x — 0,

dx d
fﬁf& 0
dx? D

Let C4" = C4/Cp s and x* = x/L. And knowing that @ = q])‘gf -, We can re-express

the differential equation in terms of the new dimensionless variables and @.

Cas d°Ca*  ky
12 dx? O
d*C,*
dx*?

= @

The boundary conditions in terms of the new variables are when x* = 0, d‘g(é* =0,
and when x* = 1, C," = 1. We can integrate the differential equation and determine

the constants of integration.

dCy
dx*
@2)(*2 @2
= ) +cy— 0= 1-— 7
@2)6*2 @2 @2 5
- T R Y
R e e G

Fx +c; —c; =0

Cy"

Cy*
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CA @2 x2
=14+—|5—1

. .. . 2 . « .
Note that this solution is only valid where % < 1 since C4" cannot be negative.
For a zero-order reaction, reaction rate is a constant.
Effectiveness factor #, is defined as

_ Observed rate
"~ Ideal rate

The observed rate of reaction at steady state will be equivalent to the rate at which
A diffuses into the slab at both of its faces (i.e., total area of 2A comprising A atx = L
and A at x = —L). Therefore,

acy
dx

CA,SQZ

Observed rate = 2A (—@ ) = _2A®T

x=L

We know that for a zero-order reaction, the reaction rate is a constant equivalent
to the reaction rate constant, and is therefore independent of concentration of A,
hence

Ideal rate = —k,V = —k2AL

_ _kI?

=oc, We obtain the

Therefore substituting the expressions, and knowing 0*

effectiveness factor as follows:

Ca,, @
—2AD =5~

= £ -1
T Tk 2AL

This means that everywhere in the slab material, there is a uniform rate of reaction
at the highest possible, which is the same as the rate of reaction at the surface of the
slab where Cy = Cy .

Problem 28

The graph below is a plot of effectiveness factor 5 against the Thiele modulus &
using the log scale, for a first-order reaction within a porous catalytic slab with
internal mass transfer effects.

For a solid slab, the internal effectiveness factor is given by

__ tanh@
=g
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1.0

107+

-2
10 i i —> 0
0.1 1 10 100

(a) Explain the behavior of the plot, at extreme values of @.

(b) Explain the first generalization of the Thiele modulus in terms of how it
relates to different particle geometries. Does the above 7-@ plot that is
drawn for a slab of half width L (measured from centerline to edge) also
apply for different particle geometries?

(c) For a general reaction of order n, where n > 0, it can be shown that by
including a factor (n+1)/2 to the Thiele modulus @, we obtain the same trend
as shown in the plot above at large values of @. Show that for an nth order

n—1
reaction, 02 =17 {%} . k, is the reaction rate constant per unit

volume, P is the effective diffusivity, and C, is the concentration of
reactant A at the surface of the slab.

(d) Using information provided in the plot, explain the general method to
obtain the reduction factor for the mean particle size if we want to increase
the effectiveness of the catalyst from a value of 7 = 0.25 to 0.95? [Actual
calculations not required]

Solution 28
Worked Solution

(a) From the equation provided for effectiveness factor, we can observe that at large
values of @, tanh @ ~1 and 5 ~ % Therefore, the plot becomes a straight line
with constant gradient of value —1, and this region is dominated by mass transfer
effects. While at small values of @, it is reaction limited, and n~1.

n Reaction limited
A
1.0
Mass transfer
limited
10t
-2
10 | | >0

I
0.1 1 10 100
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(b) The first generalization of the Thiele modulus @J; is defined such that
@1 = Lepar ’%, where L, is the characteristic length for the particle geometry.

In general, Lcpoyr = %, where V is the volume of the particle and A is the external
surface area of the particle (i.e., the area exposed to mass transfer effects).

In the case of a rectangular slab:

‘ 2LA
< A Lchar=2A=L
L /‘
7 ky

D1 = Osiap = L 5
Pox
—>

@ In the case of a cylindrical particle:

TR2L R

Lenar =5 01 =3

— R |k, k,
§ @1 = E E,Whereby ®Cyl =R 5

_ (Dcyl

\_/ 01 = 2

=

In the case of a spherical particle:

§7rR3 R
Lchar 47TR2 = §
R |k, v
9, = 3 E,Whereby Dspn = R D
(bsph
0, = 3

The definition of the first Thiele modulus applies for any geometry, and the
n-@ plot does not vary significantly with particle geometry. Regardless of
geometry, the plot in part a follows the same general behavior that at small
values of @, the effectiveness factor # tends to 1. And at large values of @,

n tends to @i], and for different geometries, we have n — Q%b or n— (Z%l or
slal cy

n— @iph depending on which shape we have.
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(c) For a reaction of order n, the mass balance equation will result in the following
differential equation.

d*C,
D—2L = k,Cy"
dx? A

We can non-dimensionalize the variables by substituting C4 and x using
Ca" = CulCy and x* = x/L, where C,, is the concentration at the slab surface
atx = L.

Cas d*Cp* Ky
) - 7 C *I‘LC n
L* dx*? p A
dZCA* sz\;CA sn71 o
2 : Ca
dx* D

By analogy with the derivation for a first-order reaction, the dimensionless
group @ will be proportional to the group of parameters, @* ~ %
We find that in order to achieve the same trend for @ for any nth order of
reaction, whereby at large values of @, tanh @ ~1 and 7 Né and at small
values of @, n~1, we can add a factor of % to the Thiele modulus; therefore,

we arrive at the following second generalization of the Thiele modulus:

1\ L%k,Cy "}
02 = <n + ) A, , n 2 0

2 D

Except for the case where reaction order n = 0, the effectiveness factor #
behaves similarly at small and large values of phi for all reaction orders (n > 0),
and their plots on the same graph coincide.

(d) From the plot provided, we can first obtain values of @ for n = 0.25 and
n = 0.95. Say for example, we obtain values of @ = 3.5 for # = 0.25 and
@ = 0.55 for n = 0.95.

n

A

1.0
0.95

0.25
107! A
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Then we can find the reduction in particle size required to achieve the
increase in #:

k,
0|;7:0.25 =35= L|n:0.25 D
ky
®|r/:0495 =055= L|;7:0‘95 D

Hence reduction factor in mean particle size is given by:

L|,—o.95 _ 055 0.16
L|i]:025 3.5

Problem 29

Consider a spherical catalytic particle whereby a reaction occurs under iso-
thermal conditions within the entire porous structure of the particle. You may
assume that the active reaction sites are distributed uniformly throughout the
interior of the particle and the particle has a radius R.

(a) Show the following expression for a reaction of order n, where 9 is the
effective diffusivity assumed constant, C, is the concentration of reactant A,
k, is the reaction rate constant per unit volume, and r is the radial distance
measured from the center of the sphere.

d’Cy 2dC, k, .,
@ rar !

(b) Using an appropriate substitution of variables, show that the differential

equation can be simplified to the following dimensionless form, the Thiele

modulus for a reaction of order n is defined @, =R /% Cy "~ 1, Explain the
physical significance of @,,.

d’Cy* 2 dCy”

2 *N
—0,2C," =0
dr? o drr 0u"Ca

(c) Assuming first-order kinetics, solve the differential equation in part b, using
the substitution, e = C,*r", and show that the solution is as follows. Sketch a
plot of % against /R showing the effect of increasing @,.

Cs _ sinh[@,(r/R)]
Css  (r/R)sinh@;
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(d) Using the expression found in part ¢, show that the effectiveness factor for a
spherical particle is given by the following.

311
"lsph T o, (tanh@l @_1>

Solution 29
Worked Solution

(a) When reaction occurs within the entire internal structure of a particle, there must
exist a concentration gradient within the particle material which serves as the
driving force for reactant to diffuse from the particle surface inwards, into the
interior of the particle. Fick’s law tells us that mass flux j/(r) is correlated to
concentration gradient via diffusivity, ® as follows

dCy
-/ _ _@
J'(r) 5

Let us illustrate the system, and perform a mass balance for a differential
element in the radial direction.

The inward molar flux of reactant A at positions r and r + or is given below,
where A = 4772 is the surface area of the spherical shell at 7,

dc
Flux into shell (—r direction) = — [47[(1’ +6r)° <—®A> }
dr r+or

dcC
Flux out of shell (—r direction) = — [47rr2 (@ d—A> ]
r r

Other than diffusive flux, there is also reaction of order n occurring which
serves to reduce N4. Since 6r is small, we may assume that the differential
volume in the spherical shell is 4rcr26r, and the reaction rate expression is as
follows,
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dN,
A=V = —k,CA"V = —k,Cy"4nr25r
dr
By mass balance over the differential element of width 6r at steady state, we
have
dcC dc
—{4ﬂ(r+6r)2< @—A) } - {— [47”2( @—A> } } — kyCy"4nr*5r =0
dr r+or dr r

dc dcC
4 (r + 6r) (@ —A) Y (@—A> — k,Cp"4mr*6r = 0
dr r+or dr r

(r+6r)* (D), . — P (DG,
or

—k,C'PP =0

Where ér — 0,

d dC,

EJ( m)} K CA'P = 0
ch ,d*Cy
Dr
"ar dr?
d&’C, 2dC, k

A ____VCn:O
dr? +r ar o4

2D — k,Ca"* =0

(b) Let us consider the boundary conditions for this second-order differential equa-
tion. When r = 0 at the center of the sphere, < dCA =0, whileatx =R, Cy = Cy ;.

A useful way to simplify the equation and its boundary conditions is to introduce
dimensionless variables. Let C4* = Ca/Cs, and ¥* = r/R. Hence we can
re-express the earlier differential equation in terms of the new variables.

d*Cy 2dCy Kk,
@ e @ p =0

dr = Rdr*;dCy = CadCx*;dr* = R*dr**;d*Cy = Cy (d*Cy*
Cps d*Cy* N 2Cs, dCy*  k,
R dr® r R dr o
d’Cy* | 2dCy"  [KR®
dr**  r* drr D

CA,xnI:| CA*n -0

. . 2 —
It is given that @ - %C A 1. therefore,
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d*Cy* 2 dCy* )
—Z 4+ = - 0,°C4" =0
drr  r* dr Dn”Ca

There is physical significance in the Thiele modulus, @, as a ratio, of the
surface reaction rate to the rate of internal mass transfer of reactant into the
center of the particle. Therefore when @, is large, the rate-limiting (or slower)
process is mass transfer, and for small values of @,, surface reaction rate is

limiting.

k,Ca "R
2 MlAag
e

R

(¢) Using the substitution € = C,*r" or C4*

dC,y* 1 de €

dr-  redre 2

&Cyt 1 d*e 1 de 1 de 1 1 d’¢ 2 de 2
— 2_:_____4_?

dr+? e dr? P 2dre 2 drr r*

Combining the above with the differential equation, we have

dr® o+ dr

1 d* 2 de 2 2 /(1 de € 2
_—_ [ —_—— ] - nC*":O
7* dr*Z r*2 dr* r*3 7* <r* dr* r*2> Q A

1 d%

r* dr?

d*Cy* 2 dC,*
A A QnZCA*” -0

@nZCA*n -0

For first-order kinetics, n = 1; therefore

k,R?
@2 =
D
1 d’¢ kR*> .,
Fdr*2 D Ca” =0
d*e
m - ®128 =0

We can try a trial solution of the form below, where ¢, and ¢, are constants to
be determined using boundary conditions. When r* = 0, ¢ is finite; therefore

¢y =0 Whenr'=1,e=1.
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e = cicosh@r* + csinh@r* = c,sinh@; r*
1
= —r
2 sinh@,
_ sinh@;r*
~ sinh@,

Therefore converting dimensionless variables back to the original variables,
the solution for a spherical particle is:

(Ca/Cas)(r/R) = SEELETE

Ca  sinh[@(r/R)]
Cas  (r/R)sinh@®,

A sketch of % against % is such that at 5 =1, % = 1. The effect of

increasing @, is to go from surface reaction limited to becoming more diffusion-
limited. Therefore the plot will be as follows:

Small @4 - reaction limited

Large @1 - diffusion limited

(d) To find the effectiveness factor 7, we start with its definition.

_ Observed rate
" Ideal rate

The observed rate of reaction at steady state will be equivalent to the rate at
which A diffuses into the sphere at its surface. Therefore,

dcC 47R*DCy  d [sinh R
Observed rate = 4zR? (—@—A ) - _ ”. As @ [sm D (r/ )q
dr |,_g sinh@, dr (r/R) R
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axroc,, [(2)cosh[@1 ()] — fsinh [0 ()]

sinh@ (I_re) 2
r=R
= —47RDA, C ! !
- i 1™A4,s tanh@l Ql

We know that the ideal (or maximum possible) rate is when mass transfer is
perfect, and therefore reaction rate operates only at the maximum concentration
of reactant throughout the sphere, and this maximum concentration is the
concentration at the surface, Cy

4
Ideal rate = —k,VCy = —3 Rk, Cas

Therefore substituting the expressions, and knowing @; = R1/%, we obtain

the effectiveness factor for a spherical particle as follows:

—4TRDD,Cas (o —31) 3 ( 1 1)

= —4aRk,Ca ~ 0, \anh@, @,

Problem 30

Consider a heterogeneous reaction occurring within a spherical catalyst parti-
cle of radius R = 5 x 10> m. The reaction A — B is first order and irreversible.
Experimental data showed that the concentration of A at a distance of 0.6R
from the center of the particle is 0.1C, ;, where C ; is the reactant concentra-
tion at the particle surface. The bulk concentration of A is 2 x 102 mol m >,
and the diffusion coefficient D = 1.5x10~4 m? s~'. External mass transfer
effects may be ignored.

(a) Determine the concentration of A at r = 1 x 10> m. You may use without
derivation, the following concentration profile for a spherical particle with

first-order reaction, where @, :R\/%.

C4  sinh[@(r/R)]
Css  (r/R)sinh@®,

(b) What should the catalyst particle size be reduced to, in order to achieve an
effectiveness factor 77 of 0.9? You are to use without derivation the following
expression for the effectiveness factor of a spherical particle.



498 Reactor Kinetics

3
Hoph = <> (@1coth@; — 1)
O
Solution 30
Worked Solution

(a) The concentration profile of a spherical catalytic particle with internal mass
transfer effects and reaction of order 1 is as follows whereby the Thiele modulus

is defined as @, = R %

Cy  sinh[@(r/R)]
Cas  (r/R)sinh@;

The non-dimensional form of this concentration profile is as follows, where

r*=riRand Cy* = £

. 1 sinh@r*
A 7 sinh@,

Given that at ¥* = 0.6, C,* = 0.1, we substitute into the equation to obtain @;.

01 — 1 sinh(0.60:)
" 0.6 sinh@,

@, =17

Given that R = 5 x 107 m, ®=15x10"* m? s}, and Cus =
2 x 10~ mol m*3, we are required to determine C4 at r = 1 X 107 m.

1073
r* = 775 = 0.2
5% 10
1 sinh(7 x 0.2)
CA =02 simn7 0.017

Cy=2x10"?x0.017=3.5x 107" molm™>
(b) For a spherical particle, effectiveness factor is given as follows.

3
Nsph = W(Qlco'[h@l - 1)
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3
fn = 73 (TeothT — 1) = 037

The original effectiveness factor is 0.37. We can increase this to 0.9 by
reducing particle size.

09 = %(Qlcothﬂl — 1) g @1 = 132
1

Ql |17:0.37 _ R|r7:0.37
Ql ‘17:0.9 Rln:OD
7 5x107°

—— =" R =94x10°°
132" Rl =09 x0om

The reduced particle radius should be 9.4 x 10~® m to achieve an effective-
ness factor of 0.9.

Problem 31

Consider a cylindrical pore of total length 2L = 3 x 10> m which is coated with
platinum at its surface walls along the length of the pore. The coating provides
active sites for chemical reaction A — B to take place. The reaction is first order
with respect to A. Due to diffusive flux of A into the pore, a concentration
gradient develops along the axial length of the pore. The concentration of A at
the exposed surfaces of the pore C  is 2 x 107 % mol m .

(a) Determine the concentration profile for reactant A with respect to axial
length, z. Then show that the effectiveness factor 7 for this cylindrical
catalytic pore is given by:

_ tanh@
0

(b) At a distance z = L, the concentration of reactant A drops to 20% of C, ,.
Find the concentration of A at a distance of z = %

(c) A reduction in pore length is required to improve the effectiveness of this
cylindrical catalyst. Determine the new pore length that would achieve an
effectiveness factor of 0.9.
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Solution 31
Worked Solution

(a) Let us illustrate the system.

—> 2L

6z
z —
»> CA|2:2L=CA,S
Calz=0=Ca5 T
At
Diffusion —» [ ]__ - -4:-- - ——-__] «—Diffusion Flux in Flux out

; > <
Reaction at / 52 dC,
surface Tz

=0 (symmetry)
z=L
The inward molar flux of reactant A at positions z and z + 0z is given below,
where A = 7R is the cross-sectional area of a differential slice,

dcC
Flux into slice = zR> (—(D—A>
dz /,

Flux out of slice = zR? (—Q)@)
dz z+6z

Other than diffusive flux, there is also reaction of order 1 occurring at the
coating on the cylindrical surface area; this reaction acts to reduce N4. Note that
r4” has units of mol per area catalyst per time, and A is the surface area of the
cylindrical pore at which the reactions occur.

1 dNy " "
N e
A dt 4 A

By mass balance over the differential slice of width 7 at steady state, we have

dcC dcC
nR? <—@—A> — 7R? <—@—A> —k"Cx(27R8z) = 0
dz z Y

dCy — (4%
dz ) 152 dz /. 2k//CA —0
5z DR

Where 6z — O,

d’Cy  2K"Cy

0
dz> DR

We can convert k” into a reaction rate constant per unit volume,
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Note that k,V = K’A

ky(mR’L X 2)  k,R

(27RL x2) 2

"

Substituting the result, we have

d&’Cy k,
S P |
2 o A

We can non-dimensionalize this equation using the substitutions, z* = z/L,
Ca" = CulCay, and @)% = L.

CA,s dZCA* kaA,s

2 dz* D Ca” =0
d°Cy* kL,
T " p =0
d2C *
dz;; ~3°Ca* =0

We can use the trial solution of the form below, where ¢; and ¢, are constants
to be determined by applying boundary conditions.

Cp* = cjcosh@ 7" + cpsinh@ 7*
When 7 = 0, C,* = 1; therefore

1:C1

When 7* = 1, ddczé* = 0 due to symmetry; therefore

Cx* = cosh@,7* + c,sinh@, z*

d; = @ysinh@ 7" + 20 cosh@ 7
O = leinh®1 + C2®|COSh®1
. sinh@,;
cosh@,

We can now determine the concentration profile in the cylindrical pore,
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inh
C,* = cosh@ 7" — sinh@, sinh@,z*
cosh@,
_ cosh@ cosh@z* — sinh@,sinh@, z*
a cosh@,
_ cosh(@; — @:z")
N cosh@,
Cy cosh [@1 (1 — %ﬂ
a,s - cosh@,;

To find the effectiveness factor 7, we start with its definition as shown.

_ Observed rate
" Ideal rate

The observed rate of reaction at steady state will be equivalent to the rate at
which A diffuses into the pore through its cylindrical surface,

dc —DCy D .
Observed rate = zR> ((DA > = 7R? [AQI sinh [@1 (1 _ Z)H
dz |._, Lcosh@, L.,
—aR*DCy
= 7” L A" Ql tanhgl

We know that the ideal (or maximum possible) rate is when mass transfer is
perfect, and therefore it is the reaction rate at the maximum concentration of
reactant at the surface, C4 ;. Note that the volume to be used here is over half
length, i.e., zRL to match the basis of the preceding analysis.

Ideal rate = —k,VCy s = —k, (R*L)Cy

Therefore substituting the two reaction rates and knowing that @; = L\/%,

we obtain the effectiveness factor as follows:

—aR*DCy, D
fy tanh@l

—ky(TR*L)Cy,

}'I:

B tanh@®
9

(b) When z = L, C4 = 0.2C4 ; therefore, we can find @,
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1
2=——
cosh@,

D =23

At z = L/3, the concentration C4 can be found as follows, given that C, ; =
2x 10 °molm™2

Cy  cosh[23(1—9)]
2x107° cosh?2.3
Cy = 9.6 x 107 mol m>

(c) Note that effectiveness factor was found earlier to be given by:

_ tanh@®
9
tanh@,q tanh2.3
= = =043
nold Qold 2.3
tanhQ,,
p = 0.9 = WD o 58
QHCW
Since @, =L %, therefore,
Dold _ 2L
@new 2Ln€W
23 3x107°
= 5 2y = 7.6 X 107°
058 2Lpw mem

Therefore the pore length should be reduced from 3 x 10 > mto 7.6 x 10~°
m for the effectiveness factor to be 0.9.

Problem 32

Consider a first-order reaction A — B that occurs within the porous material of
a catalytic slab. The reaction sites are distributed uniformly within the slab. The
slab is of thickness 2 H in the z direction and of length L in the axial x direction
such that L >> H. There is a bulk fluid flowing along the axial direction of the
slab on its exterior and the concentration of reactant A in the bulk fluid is C4 .
The reactant concentration at the surface of the slab is C, ; where C4 ¢ # Ca
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due to the presence of external mass transfer effects. The reaction rate constant
per unit volume for the first-order reaction is k; and 9 is effective diffusivity.

Capo
CA,S
; e
M 6z

|(I)6z

|j " | out

(a) Derive an expression for the internal effectiveness factor 7 of the catalytic
slab.

(b) Show that the expression for the external effectiveness factor £ for the
catalytic slab is given by:

tanh©®
Q= 0@ ,where @; = H /
1 h
+ H tanh@®
Solution 32
Worked Solution

(a) We may assume that since L > H, variations in the x direction are negligible, and
only variations in the z direction need to be considered.
The inward diffusive flux of reactant A at positions z and z + 0z is given
below, where A is the surface area of the slab,

dcC
Flux into slice (—z direction) = — [A( @—A) }
dz / ys0

d
Flux out of slice (—z direction) = — {A( @%) }
z



Reactor Kinetics 505

Other than diffusive flux, there is also reaction occurring which serves to

reduce N,, assuming first-order kinetics, we have the following expression for
reaction rate

dN,
=V = kGl =~k CaA
By mass balance over the differential element of width 6z at steady state, we
have
dC dc
o), ] @) [} w0
dz z+6z dz Z
().~ (%),
dz dz
46z z 1
——C4 =0
0z o 4
For 6z — 0,
d’Cy kK
————C4 =0
2 o *

Let us consider the boundary conditions for this second-order differential
equation. When z = 0 at the centerline of the slab, dd% =0, while at z = H,
C A — C A,s+

A useful way to simplify the equation and its boundary conditions is to
introduce dimensionless variables. Let C4* = Ca/C4 ; and z° = z/H. Hence we
can re-express the earlier differential equation in terms of the new variables.

&Cy Kk
—2_ZCy=0
dz? o A

de = szZ*z;dZCA = CA’stCA*

DCy ¢ dZCA*
S A kiCay Ca* =0
H2 dZ*Z 1A, A
d*Cy* Lk
—H*l e =0
dz*? o 4

It is given that @, = H %; therefore,

dPCy*

a2 B> Ca" =0



506 Reactor Kinetics

We can try a trial solution of exponential form based on our knowledge that
derivatives of the exponential function can give the same exponential function,
multiplied by a constant. Therefore, we can try a solution of the form
Cy" = c; exp (D,2) + ¢ exp (—D,2"), where ¢; and ¢, are constants to be
determined by applying boundary conditions. We know that when z* = 0,
4Ci" = 0,and when z* = 1, C,* = 1.

[Note that another possible trial solution is C4,* = ¢; cosh @,7" +
¢, sinh @,z".]

dCy*
dz/: = c1@exp(D17°) — c2Pexp(—B17")
dCy*
it =@ —01=0—c1=0c
dz* |._

1 = ¢y exp@; + ¢, exp(—D) = ¢; [eg‘ + e’g‘]

1
Cl = CQI + e*@l
Therefore, we obtain the expression,
1 . 1 .
* D1z -0z
Cy = oo +e_@]e ! -l—e01 +e—®1e !
1 . .
Ci'=— [e27 +e 97 = ——[2cosh(@ 2"
A 7 2cosh@, [e te } 2cosh@1[ cosh(@12")]
. cosh(@z")
cosh@;
cosh(@l £)
Ca=Cpy—— A2
® cosh@,

To find the internal effectiveness factor #, we start with its definition.

_ Observed rate
" Ideal rate

The observed rate of reaction at steady state will be equivalent to the rate at
which A diffuses into the slab at both of its faces (i.e., total area of 2A comprising
A at z= H and A at z = —H). Therefore,

dCy Cas9O1 . z
= 24D |27 §inh(@, =
zH) (D[Hcosh@l o (Ql H)]

Observed rate = 2A ( —@d—
z

z=H
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_ 2ADD Cy ¢

h
H anh@,

We know that the ideal (or maximum possible) rate is when mass transfer is
perfect, and therefore reaction rate operates only at the maximum concentration
of reactant throughout the slab, and this maximum concentration is the concen-
tration at the slab surface, Cy

Ideal rate = —k;VCy ; = —k12AHC,

ki

Therefore substituting the expressions, and knowing @; = H /7, we obtain

the effectiveness factor as follows:

— XP0\Cs tanh@,  tanh@,
~k2AHC,, @

}’I:

(b)

2A ( —pda
dz
n=

)

—k1Cy,2AH

The ideal rate for £ is the rate of reaction when no external mass transfer
effects and hence the reaction operates at C4 ; = Ca

Ddc
2A (_ dZA |Z:H>
—kyCag2AH

Q=

Observed rate remains the same whether expressed in £2 or 7

)

Q(—kyCa02AH) = n(—k,Ca 2AH)
P o CA,S
n Cap

Observed rate = 24 (—@ddﬂ
z

We can also equate the mass flux due to mass conservation, using k. as the
external mass transfer coefficient,

dCy

—D—2| = —ke(Cap — Cas
dz y (A,O A,)
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We have earlier obtained the expression for left-hand side by differentiating
the concentration profile, using the result, we have

DD, C,
Mtanhﬂl = kc(CA,() — CA,s)
H
DO
CA,S |:1 + kCI‘Il tanh@l] = CA,()

Cos @ 1
Cao n 1+ f%‘tanh@l
@,

tanh!

k
:fil,where@l:H 2
1 4+ 22 tanh@, D

Problem 33

Consider a zero-order irreversible reaction A — B that occurs within a porous
rectangular catalytic slab. The slab is of thickness 2L in the y direction and of
length L in the axial x direction. There is a bulk fluid around the slab with a
concentration of reactant A denoted by C, . The reactant concentration at the
surface of the slab is C, ;. The reaction rate constant for the reaction is k with
units of s ! and 9 is effective diffusivity.

CA,O
CA,S
y f

Yoy

|] ”laut

(a) Determine the concentration profile of A where 002 = j')‘gLAzs.

(b) Determine the positions in the slab when C, = 0 for #,> = 2 and @,> = 9.

(c) Given that the effectiveness factor is defined as follows where A is the area of
the face of the slab normal to mass transport of A into the slab along the y-
axis. Determine expressions for the effectiveness factor for different values
of @,°. Plot a graph of 7 against 0.
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2 (J;)L - rAAdy)
2(—raAL)
(d) Sketch the concentration profiles for values of @y> <2, @> = 2 and @,> = 9.

]1:

Solution 33
Worked Solution
(a) If the reaction was zero order, then the reaction term in the mass balance of

A becomes,

dN
7;‘ = raV = —koV = —koAdy

Following through the same process of derivation via mass balance of A, we
will arrive at

d d
— A<—(D&> —< — A<—(D&> — koAdy =0
dy y+0y dy y
dCy _ (dca
() (), a0
2% D
For 6y — 0,
d*Cy ko
dy> O

We can apply boundary conditions to solve this equation. When y = 0 at the
centerline of the slab, % =0, while at z = L, C4 = Cy4,. This differential

equation is simple to integrate, hence dimensionless variables are not necessary.

dCy k

& "ol ta—a=0

k k
CA——y2+02—>C2—CAS——0L2
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ko 5 ko o, B> (N2 Do° ,  koL?
C=C5———L=CS1—(—)__,h -
A=l oY Tap as|(1H57(7) — | where @o” =2
Ca @02 W 2
IO
. T |k

(b) Substitute @02 =2 and C, = 0 into the concentration profile obtained in part a to

find the position y.
0 2 /y\2
SH(O
Con +2{ L ]

y = 0 (centerline of slab)

Next we can find the same for a different value of @,> = 9 where C, = 0,

2
y = —G— 1)L:0.88L

(c) We are given the expression for internal effectiveness factor as follows.

2 ( Ik —rAAdy)
= (T AL)

For a zero-order reaction, —r, = kg for C4 > 0, and —r4 = 0 for C, = 0.

For 002 <2, n =1 since C4 > 0 throughout the slab and therefore —r, =
—Fas = ko.

For B> > 2, n < 1 since C4 = 0 (i.e., is completely depleted) in the inner
region of the slab and —r4 = 0.

L %
Z(IO —rAAd)’) Jy —rady + J"yL —rady
1T AL Tl

[y 0dy + [ kody
B koL
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In general, the expression for y* can be found by setting C4 = 0 in the
concentration profile, assuming the region @, > 2.

S-Sy -]

@02 y* 2
O=14+—1|=) —1
+ 2 L
=L,/1 2
y = -~

3o’

Therefore the profile of 7 is:

n = 1 where @y> < 2

2
=1- l——zwhereQ()2>2
@o

A plot of 5 against the Thiele modulus for a zero-order reaction is as shown
below.

(d) The concentration profiles for values of B’ <2, By> =2, and @y> = 9 are shown
below.
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-Throughout the slab, internal mass
transfer is limiting.

- Reaction rate > Mass transfer rate

CA,ctr

[ AR S

y
0
Cy
c 'y
As -This represents incipient internal
mass transfer limitation,i.e.
maximum value of @, = 2 for
mass transfer to be limiting.
-Throughout the slab, internal mass
transfer is limiting.
-Reaction rate > Mass transfer rate
CA,ctr= 0
CA,S
- Internal mass transfer limiting for
y*<y<lL
- Reaction rate limiting for
0<y<y*
i
1
0 >y
0 +=0.88L L
y*=0.
Problem 34

Consider a CSTR that has a volume of V = 3 m®. The inlet stream
contains species A of concentration C, while the outlet stream contains species

A at concentration C;. The inlet and outlet flow rates are maintained at Q =
0.06 m®/s.
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(a) Derive a first-order differential equation that relates the outlet concentra-
tion of A to the inlet concentration.

(b) Assuming that at ¢t = 0, Cy = C; = 0, determine an expression for C(¢) in
terms of Laplace transform variables.

(c) Prior to ¢t = 0, the concentration of A in the inlet pipe is 80 units (measured
in normalized dimensionless units). In the initial duration of 0.5 s, i.e., from
t = 0 to 0.5 s, the inlet concentration is a constant value of 80 units after
which it is maintained at 15 units during the operation of the CSTR. The
concentration profile of A is as shown below.

i. Derive the Laplace expression for the outlet concentration of A, Cy(s).
ii. Find the outlet concentration profile of A, C,(f) and show it in a plot.

Co

A

80

»t/s

Solution 34
Worked Solution

(a) The CSTR is assumed well mixed, whereby the outlet concentration C; is
equivalent to the concentration in the tank at time f. We are told that the inlet
flow rate is equivalent to outlet flow rate, i.e., Q is constant. Therefore we can

perform a mass balance for species A as follows, where 7 is the mean residence
time in the CSTR:

Inflow — Outflow = Rate of accumulation

. . d(C,V)
Co—0C{ =——+=
0Cy—-0¢C i
VvV dcC, dC,
Co—-Ci=———-=7—+
0 : Q dt 4 dt

(b) Laplace transform converts the terms as functions of time ¢ to functions of
Laplace variable s. The Laplace transform of the first-order differential equation
in part a is:
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We know that C1(0) = 0; therefore,

1 - - 3
TS+IC()(S):CI(S),WhCI’GbyT: : :m:SOS

| <

Q

(1) Based on the description of the problem, we can come up with an expression
for a step-like function that depicts the changes in inlet concentration of A from
t = 0 s, where H(¢) denotes a Heaviside function.

Co(t) = 80H(t) — 65H(r — 0.5)

Since Cy(0) = 0, the Laplace transform of the inlet concentration expression
is as follows:

~ 80 65
C()(S) _ - _670.5

S
N N

The outlet concentration is related to the inlet concentration via our result in
part b, hence we can find out the Laplace expression for outlet concentration,

Cl (S)

_ 1 _
Ci5) = Cols)
_ 1 (8065 s,
Tas+1\s s
80 65 o055

B s(ts+1)  s(zs+ 1)

(i1) We can mathematically convert our result from (i) into partial fractions, to
help us with our inverse Laplace transform back to variable 7.

~ 1 T 1 T
Ci(s) =80( - — —65(-— 05
1) (s 75 + 1) (s 75 + 1>e
1 1 1 1
:80<;_S+l>_65<;e—0.5s_s+le—055>

We can break down the inverse Laplace transform into parts for clarity.
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[:_I (1) =1, ﬁ—l < il) — e—t/‘r
S Ky 1

L—l <%60.5 s) _ H(f . 05)

£t ( ! e 0 S) =H(t—-0.5) e (=05)/z

s+1
Combining our results, we have the following outlet concentration profile.
Ci() = 80(1 —e ) — 65H(1 — 0.5) ( 1- e—<f—°~5>/r)

We can now plot this profile, noting that there are two key time-periods,
t<05andr>0.5.Whent<05s,

Ci(t) = 80(1 - e*’/f)
At1=05s, C;(f) = 0.8. When 1 > 0.5 s,

Ci(t) = 80(1 - e”/r) — 65H(r — 0.5) (1 - e’(”°'5>/f>

—80 - 80e 65— 65¢ e = 15— e ¢(80 - 65¢7) wherer =+ = > — 505
O 0.06
—15-¢® (so . 65e%) — 15— 143¢ %
As t — o0, Ci() — 15.

G(t)

14 T

.
1 i

o E——

o

0|

02
0 : 5

o 05 1 18 2
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Problem 35

Consider the reaction A — B + 2C whereby the overall rate of reaction is limited

by external diffusion of bulk reactant A to the particle surface. The reaction

occurs in a packed bed reactor that contains spherical catalytic particles of

diameter D, = 0.007 m. Gaseous reactant A flows through the reactor in the

axial direction at a superficial molar average velocity V; = 5 m/s. The bed

porosity @ = 0.5 and it may be assumed that the surface area of catalyst per unit
6(1-9)

volume reactor, a = ~5—.
P

(a) By performing a mass balance, derive a differential equation for concen-
tration of A.

(b) Determine the profile of reaction rate in the axial direction. You may
assume that convective flux dominates axial diffusive flux.

(c) Determine the length of PBR required to achieve a conversion of 85%. The
mass transfer coefficient, k. = 1.2 m/s and = 40 m? cat m > reactor.

Solution 35
Worked Solution

(a) Let us start with a mole balance by referring to the PBR as shown below, where
bulk flow is in the axial direction (z direction).

Az
<>

FAO FA
4. FA(Z)—{)AV)—>FA(Z+AZ) )—>

A mole balance for species A in a differential element follows, note that
rpa < 0:

dN
FA(Z) _FA(Z+AZ)+rAVZd—:

Fa(z) — Fa(z+ Az) + raV = 0 (steady state)

Let A refer to the cross-sectional area of the packed bed reactor. r,” refers to
the reaction rate per unit surface area of catalyst particle with units of
mol s~' m~? cat, and a refers to the surface area of catalyst particle per unit
volume of reactor with units of m” cat m > reactor.

For packed beds, a is related to bed porosity @ and diameter of particle D,, by
the equation:

L_601-9)_6(1-05 .
D, 0.007
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Fa(2) = Fa(z + Az) + (ra" a)(AAz) = 0

Dividing throughout by AAz and taking the limit where Az — 0,

1\dF, ,
_<A> dZ —|—}"A (1—0

In the general form, we know that the molar flow rate of A in the axial
direction z is contributed by diffusion (or dispersion) in the axial direction
denoted here by j,.” and convection (or bulk flow) in the axial direction denoted
here by by4.”.

Fy
X = .]Az” + bAZ”

We often assume that b,.” > j,.” for packed bed reactors, as they are often
operated in turbulent regimes where bulk flow transport dominates.

Fy
— =bs" =V,C
A AA, A

Substituting this back into the differential equation, we have the following,
assuming V; is held constant.

dc
V24" a=0
dz

We can equate r,” [mol s~ ' m ™~ cat] which is the rate of disappearance of A at
the particle surface to the flux of A from the bulk fluid to particle surface, under
steady state. For the purpose of this, we define k. as the mass transfer coefficient
whereby k.[ms!] = % and @ represents diffusivity and & represents the
diffusion boundary layer around the particle surface.

—ra" = ke(Capux — Ca,s)

Therefore we substitute this back into the differential equation, note that C, is
the same as Cy pyx above.

dCy
—Vi—— =k (Cs —Cups)a=0
S dz (A A,‘)a

(b) In most cases where mass transfer is limiting, reaction rate is assumed much
faster so C4 = 0. Or in other words, Cy pux > Ca .
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dc
—V, A gk, Cy =0
dz

We can now integrate with the boundary condition that at z = 0, C4 = Cjyo.

dCA - ClkC

A e
dZ Vs A
ak,

Cy = Cyp exp (‘VSZ>

Therefore the rate of reaction varies along the z direction as follows

ke
_rA// = k.Cyo exp <— avZ)

(c) To find out the length of bed L required to achieve a specific conversion
X = 0.85, we can express conversion in terms of concentration

CaL
X=1———=0.2385
Cao

ak,
CAL = CAO exXp (—714)
N

C ke
In(ZAL) =1 - x)=-2<p
Cio %

40(1.2)
5

In(1-0.85) = —

L=0.198m

Problem 36

Consider a reactor of volume 6 m> whereby gas is fed and bubbled through it
from the bottom inlet and exits from the top. At the same time, liquid flows
through at a flow rate of 0.003 m>/s. A delta pulse tracer of total mass 120 g was
injected at the liquid inlet to study the residence time distribution and flow
pattern in the tank. The following plot was drawn from the measured outlet
concentration of the tracer.
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Ci [g/L]

A

Area =A;=0.0333
0.08 +

A;=0.5A;

A;=0.25A;

} } } » t/min
1.5 3 4.5

(a) Verify the soundness of the experimental results obtained by applying mass
balance on the mass of tracer injected.
(b) Determine the vapor fraction in the reactor.

Solution 36
Worked Solution

(a) We are told that the total mass of tracer injected is 120 g at 3 L/s. Based on this,
we should expect the total area under the curve of all the tracer peaks to add up to

120
Area [gminL™'] = 3060) ~ 0.0666

From the peaks, we observe the pattern as follows, where A, refers to area
under the nth peak:

A =0.0333

We note that the areas of the peaks converge to a specific value:

1 /1 /1’
2+<2) +(2> ...=2gminL"!

1/ /1’
Total area = A + Ay +A3... = A <1+§+ <§) + (E) +> = 0.0333(2)

Total area = 0.0666 (verified)
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We verify that the experimental results are sound since total area adds up to
0.0666.

(b)
; JtC,dt
e
- 1.5(0.0333) + 3 ! (0.0333) + 4.5 ! 2(00333)
T0.0666 | TN 2/ “\2 '
_ 02 3 min
0.0666

The liquid flow rate is 3 L/s or 1800 L/min. Therefore, the total liquid volume
in one minute of flow is

V; = 3(1800) = 5400 L

The volume of gas and gas fraction are therefore

V, = 6000 — 5400 = 600 L

600
fraction = —— = 0.1 1
Vapor fraction 5000 0.1 or 10%

Problem 37

(a) Explain what it means by homogeneous and heterogeneous reactions and
list some of the advantages and disadvantages of each.

(b) Describe the structure of a zeolite, and explain their applications for com-
mercial use.

Solution 37
Worked Solution

(a) = Homogeneous reactions are reactions whereby the catalyst and reactants are
in the same phase, for example, both gases or both liquids. An example of a
homogeneous reaction is the industrial liquid phase process for producing
isobutyl aldehyde using a cobalt complex.

* Conversely, heterogeneous reactions are reactions whereby catalyst and
reactant are in different phases, it is commonly the case that the catalyst is
a solid, while the reactant and products are in gas or liquid state. An example
of a heterogeneous reaction is the hydrogenation of vegetable oils into
saturated fats over nickel metal mounted on an inert solid support. The
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(b)

metal is dispersed on the support to maximize its exposed surface area to
optimize contact with the reactants. Other heterogeneous reactions that occur
in catalytic industrial processes include dehydrogenation of alkanes into
alkenes, steam reforming, oxidation of carbon monoxide and hydrocarbons
and zeolitic hydrocracking.

The advantages of homogeneous reactions include high selectivity which is
favorable for achieving optimal conversion in batch reactions. However
homogeneous reactions are expensive and its process conditions may be
difficult to maintain. Separation and purification processes after the reaction
is complete may be tedious due to the need to separate substances in the same
phase.

The advantages of heterogeneous reactions include being inexpensive and
process conditions are relatively robust and hence easier to manage. Post-
reaction purification techniques required are more straightforward. However,
these reactions tend to have lower selectivity as compared to homogeneous
reactions since the latter allows better mixing and contact between reactants
and catalyst.

Zeolites are a specific type of crystalline aluminosilicate catalyst, with
stacked alumina and silica tetrahedra. Structurally, they are open, three-
dimensional honeycomb shaped with a negative charge within their pores.
This negative charge is neutralized by positive cations (e.g., Na* or H* ions
which are interchangeable via ion exchange).

The specific shape of its pores allows selectivity at the molecular level, and
its charge provides it with acid activity.

The shape selectivity allows differentiation even between isomers. Hence,
the choice of zeolites can reduce feed purification steps as its specific shape
filters out “unsuitably sized” substances in the feed. Furthermore, product
separation steps can also be minimized as they can help inhibit the production
of certain undesirable intermediates in the reaction that they catalyze.

Problem 38

Pulse tracer experiments are useful in studying the flow patterns within reac-
tors and may help us diagnose and resolve undesirable flow characteristics.
Describe some examples of undesirable flow patterns for the PFR and CSTR,
via simple plots of their tracer concentration profiles.

Solution 38

Worked Solution

Pulse tracer experiments can provide us with insights on the residence time distri-
bution of reactors, and are sometimes termed “RTD fingerprints”.

Here are some examples of the pulse tracer response curves of an ideal PFR and

“misbehaving” PFRs. Let 7 = Ql
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Ce

A

A

A
I
ly

Ce

h

i

Relatively sharp defined peak at
t = 7, implies good flow in PFR.

Early peak with a lingering ‘tail’,
implies stagnant zones in PFR.

Several peaks at regular intervals
with peak height decaying with
time. Implies internal recirculation.

Twin peaks imply channeling,
whereby there is a channel of faster
fluid stream (earlier peak) and
another slower stream (later peak).

T

v
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Here are some examples of the pulse tracer response curves of an ideal CSTR and

“misbehaving” CSTRs. Let 7 = g
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Ce

Exponential decay witht =1
occurring at where the decay is

about 1/e. Implies good flow in
CSTR.

Time lag before tracer response
implies that plug flow in series
prior to mixed flow region. Could
imply presence of a long pipe
upstream.

>

Exponential decay but decay
occurs prematurely, implies
stagnant zone present. If peak is
very sharp and very early, implies
short-circuiting from inlet to

outlet.

>

General exponential decay but
comprise of several peaks. Implies
zones of poor, non-uniform
mixing.

v
-

Problem 39

Consider a packed bed tubular vessel with a voidage of 0.4, with a circular cross
section of radius R = 0.7 m, and length of bed L = 15 m. Gas is bubbled through
the reactor from the bottom inlet, at a volumetric flow rate of 0.35 m*/s. Liquid
enters from the top and flows through at a flow rate of 0.05 m*/s. A pulse of inert
tracer was injected, and the tracer response curves are shown below for the
liquid and gas, respectively. Determine the vapor and liquid fractions in the
tubular vessel, and comment on whether there are ‘“dead” volumes.
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Solution 39
Worked Solution
The mean residence time for the gas is calculated as follows

_XiC_05h(7-4)(6) +05h(14-7)(93) _
LA STl (14— 4)0.5h -8

The mean residence time for the liquid is obtained directly from the plot
11=235s
Therefore, we can find the volumes of gas phase and liquid phase
V,=1,0,=283(035) =29m’
V=10, =35(0.05) = 1.75 m®
We can calculate the total volume and void volume of the packed bed vessel.
Volume = zR’L = (0.7%)(15) = 23 m’
Void volume = 0.4(23) = 9.2 m’
Gas fraction = ;—3 = 0.32 or 32%

1.75
Liquid fraction = o3 = 0.19 or 19%

Dead volume (stagnant) fraction = 0.49 or 49%

There is significant dead volume, hence this setup is poorly designed as there are
large stagnant zones which represents poor mixing and contact between gas and
liquid. One of the ways to reduce the fraction of stagnant volume is to increase the
gas and liquid flow rates.
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Problem 40

Consider a homogeneous reaction in the gas phase A — 3B that occurs at 490 K
and 3 bar in a PFR. The feed consists of 50% A and 50% of inert.

(a) Show that for this reaction of varying volume, the concentration of A can be
expressed as follows, where Cy4, is the inlet feed concentration, X is the
conversion, and ¢ is the fractional change in volume of the system between

X=0and X =1.
1-X
Ca=Cyo <1+3X>

(b) Find the space time z needed for X = 0.90 if C4o = 5.4 x 10> mol m >. The
rate equation is given as follows in units of mol m > s,

—ry =0.015C,"

Solution 40
Worked Solution

(a) For varying volume batch reactor systems, the volume as reaction progresses
changes with conversion. We can express this as follows, where V, is the initial
volume.

V =Vy(l +€X)

Therefore, we can express concentration of A as follows,

co N _Na(l=-X) _ . (1-X
YTV v +ex) \T+ex

(b) € represents the fractional change in volume of the system between X = 0 and
X = 1. For our reaction, the volume at X = 0 consists of one part inert and one
part A, hence a total of 2 parts of gas in the total volume. Separately, the volume
at X = 1 consists of 1 part inert and 3 parts B, hence a total of 4 parts of gas in the
total volume. Putting together these results into the equation, we have € = 1.

Space time 7 is defined as the time required to process one reactor volume of
feed, and is also called mean residence time. 7 = QL/, and it is usually measured

using the inlet conditions. For a PFR, we can derive an expression for space time
7 starting from a mass balance on A.
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Fyin — Fajou +1adV =0
—dF4 +radV =0
—d[Fao(1 — X)) + radV =0
FpodX + rsdV =0

14 X
—VAJ dv = CA()Q J 170,4
0 0

4 X dx
f:T:CAQJ‘ —
0

0 —Ta

We know the rate law for this reaction which we can substitute into the
equation above.

c Jx dx
T = ———————¢
4015 0.015C,03

X X
dx dx
7=Cao J o5 = Cao J 05
° 0,015 Cao (1) | © 0.015Cs"* (12)

17X
We are told that Cyo = 5.4 x 107> mol m > and we require X = 0.90;
therefore,

C(54x107)% (99 14 x "
T 0015 o \I—x

To solve this integral, we can apply Simpson’s rule, for an even number, n of
equally spaced intervals. We can create 4 equally spaced intervals of 0.225 each,
ie,n=4

X (E9*
0 1

0.225 1.257
0.45 1.624
0.675 2.270
0.90 4.359

Then, using Simpson’s rule, we can evaluate the integral as follows.

ng (%)Osdx%of(%)op(l) +4(1.257) +2(1.624) + 4(2.270) + 1(4.359)] = 1.7
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54 % 10°%)"
i :%“7)

7=0.83s

Hence, the space time for the required conversion is 0.83 s.

Problem 41

In a batch culture of bacterial cells, fresh nutrient medium is inoculated with an
initial population of cells and incubated over a period of time. A characteristic
growth pattern can then be observed by taking periodic measurements of cell
count and plotting this data to obtain the bacterial growth curve.

(a) Plot a typical bacteria growth curve assuming a constant growth rate and
describe key aspects of each phase. Explain what is meant by the term
‘“‘doubling time”.

(b) Briefly explain the term “growth yield coefficient” and how it can be derived
theoretically and experimentally.

(c) Describe the Monod growth model, highlighting key characteristics.

(d) A strain of bacteria was batch-cultured in a growth medium at a concen-
tration of 30 g growth nutrient/L. The initial inoculum had a cell density of
0.2 g/ and the final required cell density was 12 g/L. Given that the
doubling time for this strain of bacteria is 30 min and the growth yield
coefficient is 0.4 g/g, determine the time taken to reach the final cell density
if the bacterial growth was modeled as:

i. Exponential growth
ii. Monod growth with a Monod constant equivalent to 2 g/L

(e) Plot the bacterial growth profiles for the two models indicated in part d, and
comment on their shapes.

Solution 41
Worked Solution

(a) Bacterial growth typically follows exponential growth in a closed system (e.g.,
batch culture in test tube). Cellular growth can be described using the 4-stage
growth curve as shown below where the change in the number of viable cells is
recorded over time. [Note that a logarithmic scale is used for the vertical axis,
hence the straight lines.]
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Log cell count

per litre
ry
Stationary
of Death
Exponential ,.""
(or Log)
_f
Lag /
» Time in hours

Lag Phase

In the initial lag phase, cells are just adjusting to new growth conditions such as
the nutrient medium and so have not begun multiplying.

Although there may not be cell division occurring as observed from no
increase in cell count, the existing cells in the inoculum are using this time to
ramp up their metabolic activities and grow in size as they synthesize new cell
matter such as proteins, enzymes, and ribonucleic acids. The length of the lag
phase depends on factors including the size of inoculum, the time needed for the
cells to recover from any shock in being transferred to a new culture medium,
and the time required to metabolize nutrients in the media substrate, and the time
required to synthesize essential enzymes necessary for cell division in the
subsequent log phase.

As there is no increase in cell numbers in the lag phase, it is typically desired
to optimize cell culture productivity by minimizing the duration of this period.
Some methods to achieve this include using relatively active cells undergoing the
exponential phase as the inoculum, pre-acclimatizing the inoculum to growth
media, and ensuring a sufficiently high cell density in the inoculum (e.g.,
approximately 5-10% by volume).

Exponential/Log Phase

After the lag phase, we enter into rapid and balanced growth in the exponential or
log phase whereby cells divide at a constant rate by binary fission and cell
number (or mass) increases exponentially. As cells multiply by binary fission,
the increase in cell count follows a geometric progression. This means that a
single cell splits into two in the first generation, and two cells split into four cells
in the second generation, etc. Therefore, we can describe cellular multiplication
as follows whereby Ny and N refer to the initial and final numbers of cells, and
n refers to the number of times the cell population doubles (i.e., the number of
generations).

N = No(2")



Reactor Kinetics 529

Taking natural log (you can choose any logarithmic base) on both sides, we
have

InN =1n [Ny(2")] = InNgy + In2"

N
InN —InNg=In—=nln2
Ny

The “doubling (or generation) time” is the time needed for cells to double
(or divide) and we can denote it as 7;. The generation time for the common
Escherichia Coli bacteria under optimal conditions using glucose as substrate is
approximately 17 mins. Mathematically, the total time ¢ taken to reach a final
number of N cells can be written as such

ntyg =t

Substituting this result into our earlier equation, we obtain the growth rate
(units of time ') which we denote here as u.

N t
In—=—1In2

No 14

g m2
=== ta

We can observe that this can be written in another form as shown below
which shows more clearly the exponential pattern of growth.

NZN()CM

lnN— t
Ny

In the exponential phase, nutrient (or substrate) concentrations are in excess
and growth rate is independent of nutrient (or substrate) concentrations and is at a
maximum value where g = g [Note that y # pna, if other (i.e., not
exponential) growth patterns are relevant, e.g., Monod growth model]

dN
dar = UN = ppoxN

Stationary Phase

Between the exponential and stationary phases there is usually a short transition
period when cell growth decelerates (deceleration phase not shown in diagram
above). This occurs because in a closed system, growth conditions change with
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time. Cells get “overcrowded,” nutrients become depleted, and toxic by-products
of growth may accumulate. Cell growth decelerates as metabolism shifts into
survival mode and growth becomes unbalanced and limited.

The slowing down of growth eventually leads to the stationary phase whereby
cells stop dividing and there is no net increase in cell numbers. Cell growth rate is
equivalent to cell death rate. The number of cells in existence are maintained
through endogenous metabolism of energy stores.

Death Phase

Eventually cells start to die as their energy stores become depleted and the closed
system does not provide additional resources to sustain cellular activities
required for continued survival. Cells may undergo lysis and this phase may
be modeled as a first-order reaction similar to that of the exponential phase
except that a “death rate” denoted below as k, is used instead of growth rate u
and the negative sign accounts for a reduction in cell count (or mass).

dN

— = —kyt
dt d
N

In— = —k4t

IINO d

(b) Cell mass of microorganisms such as bacteria can be expressed quantitatively by
“yield coefficients” in terms of mass of cells per unit mass of substrate con-
sumed. Y,/ is a typical notation to represent the growth coefficient whereby
subscripts x and s refer to cells and substrate (or growth-limiting nutrient),
respectively. Y, is useful as it can help in the analysis of material balances
involving cells, substrate, and product.

Consider the following general example of a growth equation below whereby
S refers to substrate, N refers to a nitrogen source, X refers to cell mass, and P
refers to product. The alphabets a, b, ¢, d, and e are stoichiometric coefficients.

The theoretical yield coefficient can be determined from the stoichiometry of
the growth equation below, if the chemical formula for S, N, X, and P are
specified. A common substrate for cellular growth is glucose, CgH,O¢ and an
example of product is ethanol, C,HsOH. The stoichiometric coefficients should
be such that the growth equation is balanced for all elements on both sides of the
arrow.

aS + bN + cOy — X 4 dP + eH,0 + fCO,

M,
ST aMw

The value of Y,/ can also be determined experimentally (more common), by
making measurements of cell mass and substrate consumed. If bacterial growth
occurs in a batch reactor of fixed volume, then the growth rate of cells can be
expressed as follows whereby p represents specific growth rate.
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(©

dx
a "

The rate of substrate (growth-limiting) consumption can then be expressed as
follows. We indicate “growth-limiting” in this case for the simplified assumption
that all substrate consumed contributes to cell growth. In reality, substrate
consumed by bacterial cells can also be used for to make extracellular products
and produce energy to sustain cellular activities, in addition to being assimilated
as cellular biomass.

ds 1 dx
i 1
dt Yy dt (1)
Ax
Y., j=— 2
x/s As ( )

From (1), we observe that the substrate consumption rate is dependent on cell

growth rate and this interdependence can also be understood from the earlier
growth equation. From (2), we also notice that Y,,; may not be a constant value,
as it depends on the consumption rate of substrate which changes with growth
condition.
The Monod growth model was developed when it was observed that in certain
continuous cultures of bacteria, growth rate x4 was not constant (i.e., # # fmax)
and it varied in a non-linear manner with respect to the growth-limiting substrate
as shown in the diagram below.

Specific growth rate,

0.5[.1«:.1::

| [time™]
&

Hmax

_ Substrate Concentration,
Ks - Glg/
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The above diagram illustrates the change in  with substrate (growth-limiting)
concentration, C;. It is worth noting that the Monod model expressed in the
equation below assumes a single culture and a single limiting substrate. K is the
Monod constant or half-velocity constant and is equivalent to substrate concen-
tration when p = F,

— CS
/’t - ﬂdeCY JFKS-

Under the Monod growth model, we can have zero-order or first-order
kinetics depending on the concentration of substrate. At very high and low
substrate concentrations, we tend towards limits for the analysis of enzymes
and substrates in an enzyme-catalyzed reaction.

At low substrate concentration, we have the analytical region for the analysis
of substrates where we observe first-order kinetics. Since C; < Kj, the specific
growth rate can be approximated as follows and growth rate becomes linearly
proportional to the rate-limiting substrate concentration:

~J CS
H= /’lmaxfs

At high substrate concentration, we have the analytical region for the analysis
of enzymes, where we observe zero-order kinetics. Growth rate is a constant at
its maximum value, and this is the same conditions as in part a of this problem,
where an exponential growth pattern was assumed. Since C, > K, the specific
growth rate is approximated as a constant value.

H = Himax

(d) (i) If simple exponential growth was assumed, then the specific growth rate p is
constant as follows.

M = Hmax

We know from earlier in part a that y can also be expressed in terms of
doubling time 7, as shown

_ln2
H = I

Combining both expressions and substituting known values, we have

n2 In2
ne _ < j4p!

@

HPmax =
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To find the total time # taken to reach a final cell concentration, C,, = 12 g/L,
we construct a differential equation that describes the change in cell concentra-
tion (denoted as C, here) over time.

ddc,x = M Ci
[ [
J:z €= h‘(% = ! = 141
t= % =29h

(i1) The cell concentration created is given as
12-02=118¢g/L

The amount of nutrient used up to create these new cells can be found using
the growth yield coefficient Y,,;, = 0.4 g/g.

118
AC, = ——° = 295 g/L
0.4 g/

Given that the initial nutrient concentration was C,; = 30 g/L, the nutrient
remaining is therefore

Cir—C,
Cop=Cyy — =221 —30-295-05g/L
, , %
x/s

Assuming a Monod growth model, specific growth rate is not a constant and
follows the expression below.

p— Cs
K= IumaxCS 1K,

We know the initial and final nutrient (or growth-limiting substrate) concen-
trations to be 30 g/L. and 0.5 g/L. This gives us a hint that working with a
differential equation in terms of nutrient concentration, C, with respect to time
would be ideal in determining time taken since we have known limits for nutrient
concentrations for the said time interval. We also know the initial cell concen-
tration given as 0.2 g/L. With these in mind, we go about writing out all
equations that describe our system as follows:
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dCX CxCx

= CX = _
dt H Hmax Cs +Ks

We can use the growth yield coefficient Y, to convert the above differential
equation which is a derivative of C, with respect to time, into one that is a
derivative of C with respect to time. By definition, Y,/ relates the two deriva-
tives as follows:

dcC, dcC,
= _Yx s . 1
dt /s dr (1)
Therefore, we have
C,C, dcC

_s=x _ _y =S
Hmax C, + K, x/s dt

We notice that the variable C, appears twice (once in numerator and once in
denominator) in the fraction on the left-hand side of the above equation. A
common “trick” in working with differential equations with many variables is to
create a new variable that helps simplify and reduce the appearance of variables.
Let us define a new variable Z as follows.

;G
K
K dZ = dC;

Substituting this into our earlier equation, we simplify the fraction such that
the variable Z appears only once. In doing so, we just need to ensure the equation
still balances.

cc __, dc
Hmax Cs+Ks_ x/s dt

dcC, C, C,
Y x/s g = ~Hmax e —Hmax 141
C, Z

Now we need to try to convert the other variable C, into an expression in
terms of C; so that the differential equation is consistent in having only one
variable C,;. We can do so using the growth yield coefficient. Following from
equation (1), we can integrate from initial values C,; and C;; at t = 0 to an
arbitrary time ¢

ac, dc,
a Par
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Cx - Cx,l = _Yx/s(cs - Cs,l)
C= Cx,l + Yx/scx,l - Yx/scx

We can now substitute this expression into our earlier differential equation

dcs Cx,l + Yx/scs,l - Yx/scs
Yx/si = “Hmax 1
dt 1+ 7
Cx,l+yx :Cs,l
Yx/x dcv N ( K\,/ ) - Yx/sZ
HmaxKs) dt 1+1

We can also substitute K,dZ = dC; to obtain a differential equation in terms of
our new variable Z

Cr,1 +Y,sCs,
( m)dz (7 - ‘)—Yx/sz

Hmax dt 1 +%

When equations look too complicated to solve, we can group together
constant values into a single new constant so that the equation appears more
manageable to work through. So let us define a constant H whereby

H= Cx,l + Yx/scs,l

Therefore, we obtain the following,

(_ m)dz (&) - oz

dt 144

Hmax VA

(_ x/y)dz M

dt Z+1
Z+1
£+l d7 = (_@) dr
(BRI
Z+1

—HdZ = Pmaxdt
7z (v'x)]

/’t max

In order to integrate the above, we can use partial fractions to simplify the
fraction on the left-hand side of the equation into two separate fractions. Note
that this technique only works if the degree of the numerator is no more than the
degree of the denominator. In this example, the numerator is linear in Z (degree
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of 1) and the denominator is quadratic in Z (degree 2), hence we can use this
method.

Z+1 A B
T, (] Z ()
2lz-(vl)] 2~ (k)

The fraction above can be reduced to two fractions, each with a constant as
the numerator and denoted here as A and B. To find the constants, we can use the
“cover up rule”.

To find A, we let Z = 0 and covering up Z in the fraction, we have

A= Z+1 = 0+1 _ 1 _ Yx/sKs
B H N H T __H_ T - H
Z- (YX/XK.\-) 0— (—YA/XKX) VoK
Similarly to find B, we make the second factor in the denominator equal to

Z€10.

H H
7 — =0—-Z=
Yx/st Yx/st

Covering up [Z - (Y/LK)], we can find B

H
z YKy H

B

Therefore our fraction can be expressed as follows:

Z+1 YK\ 1 YK 1
(L )
Z{Z B (Y.K/JKY)} Z- (Y;/AKS)

Returning to our earlier differential equation, we integrate from ¢ = 0 to final
time ¢ in order to subsequently find the final cell concentration, C;

Zz YX/SKS 1+ 1+ Yx/sKs 1 dZ— [
JZI H 2 H Z_< H ) = Hmax

Y.x/sKs

VoK | zZz 14 YKy (7 H o t
Ta I TE )\ k) ), T
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H
Yo Ks . (Z Y./ Ks Z, - ( )
B/l Y (zz) + <1 2 )m ”’() — ot

H 1 H Zl - (Yfox

We can now substitute back the original notations

Zl _ Cs,l
K

Zz _ Cs,2
K

Cs2 H
Y./ K, C, Y. K K, (Yx JK;)
_ Ix/shhs In 5.2 (14 x/sths In /. ot
H Cs 1 H Co1 H
’ K, Y. K,
- (o)
K,In (C“> + ( +K ) 1Y) [ LA (H”m“)t
N Ky —
Cso Yx/v Cor _ ( H ) Yx/v
K Yx/sKr
H= C)c,l + Yx/sCx,l
Cop (Gt YysCon
_ Yx/s K.In (Cs,l) + (Cx,l + Yx/scs,l +K ) In (K.\ ( v/sKs )):|
' s Y., s Ct_ (Co1tYuCay
s (Coa 4 Vo) | " \Cus " - ()
f— Yx/x |:K In <Cs,1> + (Cx,l + Yx/.v(cs,l +Kr)> In (Cx,l + Yx/x(cs,l - Cs,2)>:|
HPmax (CX,I + Y,\'/:Cs,l) * C.V,Z Yx/s Cx,]

Substituting in known values, we can find the value of ¢

30) + (0.2 +0.4(30 + 2)) In (0.2 +0.4(30 — 0.5))]

0.4
V" — ) } P i
1.4(0.2 + 0.4(30)) [ n (0.5 04 0.2

t=0.023(8.2+32.5In60) =3.2h

The time taken using the Monod growth model is longer than that calculated
using the exponential growth model. This makes sense since the Monod model
does not assume growth rate to be maximum at all times.

(e) We can plot graphs to better illustrate the difference in growth patterns between
the two models, by using the general equations for both models. Taking a range
of values for time #, we can calculate the corresponding values of C and hence
C, for the plots.
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=

Cell density [g/L]

Monod Model (Orange Line):

Yx s C Cx Yx s CS K.r Cx Yx K Cs - C,r
/s {KYIH( ;,|>+( 1+ Yy (Con + ))ln< 1+ Y (Ca ))}
M max (Cx,l + Yx/xcs,l) C, Yx/s Cx.l

Cy= Xl + Yx/sCx,l - Yx/sCs

Exponential Model (Blue Line):

Cx,Z
In === = Mt
X,
25 -
20 _
Exponential
—— Monod
10 4
5
0 .
0 0.5 b & 1.5 2 2.5 3 3.5 4

Time [h]

We observe from the plots that it takes a longer time to achieve final cell
density under the Monod growth model. This is due to the differentiating
assumption between the exponential and Monod growth models, whereby the
former assumes that growth rate x4 is always at its maximum value, while the
latter follows a growth rate that varies with substrate concentration, according to
the equation below. Under the Monod model, growth rate y tends to maximum
only at higher substrate concentrations, and is less than its maximum value at
other (lower) substrate concentrations.

— CS
/’t - /’tmaxcs +KS



Reactor Kinetics 539

Problem 42

One of the most widely used models to describe enzymatic reactions is the
Michaelis—-Menten equation as shown below whereby v, denotes initial rate of
enzymatic reaction, v,,,, denotes maximum reaction rate, K,, denotes the
Michaelis constant, and C; represents substrate concentration.

VmaxCs

Vo= — 75—
0 Cs+KM

(a) Show how the above equation is derived and comment on any assumptions
and key characteristics.

(b) Soluble enzymes are sometimes used in industrial applications such as the
making of cheese. These enzymes are typically added to substrate in a batch
reactor that operates similarly to a CSTR (Continuous Stirred Tank Reac-
tor). The mixture is assumed well-mixed and of a homogeneous phase. Over
time, substrate will be converted to product and the process is stopped when
the desired level of conversion is reached. Using the expression in part a,
derive an expression of the form below for time taken to achieve conversion
of substrate, X. Explain what R means.

(— CS()X - KMln(l - X)
B R

(c) In reality, conversion may be close to, but rarely reaches 100%. Discuss
possible reasons for this.

(d) Briefly discuss any disadvantages of homogeneous phase enzymatic reac-
tions and suggest alternative methods to overcome these problems.

Solution 42
Worked Solution

(a) Biochemical reactions involving a single substrate are often assumed to follow
Michaelis—Menten (MM) kinetics. Under the MM model, we have a free enzyme
E that binds reversibly to a substrate S to form an Enzyme—Substrate complex
denoted as ES. The reaction rate constants for the forward and backward
directions of this reversible reaction are denoted by k; and k_;, respectively.
This ES complex then breaks down to yield the desired product P as well as the
free enzyme E which is recovered and returned to the reaction mixture for further
reactions. The reaction rate constant for this second step is denoted by k.

E+SYS EshpiE (1)
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Since we are deriving initial rate of reaction, we assume that there is relatively
little product (Cp < Cs) and hence ignore any backward reaction for the second
step. Another key assumption is that enzyme concentration is much less than
substrate concentration (Cg, Crg < Cgs). Therefore we can approximate that the
substrate concentration remains relatively constant and equivalent to the initial
substrate concentration Cgq throughout the reaction since it is in large excess.

Cso = Cs+ Cgs+ Cp =2 Cs

The reaction rate for the second step can thus be written as follows, where Cgg
refers to concentration of the ES complex:

Vo = —— = kgCEs (2)

It is experimentally difficult to determine Cgg since it forms briefly during the
two-step reaction. Therefore, we need to think of a way to replace this term with
another expression of known/measurable values.

To do so, we first assume steady-state conditions such that Cgg is a low value
that remains almost constant since its rate of formation (left-hand side of
equation below) is equivalent to its rate of consumption (right-hand side of
equation below).

k1CgCs = k_1Cgs + ko Cks

Since it is also challenging to measure Cp, the concentration of free enzymes
alone (since some enzymes are bound and some are free), we perform a simple
mass balance on the enzyme which will help us express the above equation in
terms of total enzyme concentration C7g (also equivalent to the initial enzyme
concentration Cgg) instead of Cg.

Cg+Cps =Crg
Cg = Crg — Cgs

Substituting the above, we have the following which gives us an expression
for Crs. We can group rate constants together to simplify the expression, which
gives rise to the familiar Michaelis constant K, which is in fact a grouping of rate
constants. The Michaelis constant K,, is also equivalent to the substrate concen-
tration at which the reaction rate is half of the maximum, v,,,,4. The reciprocal of
this constant (i.e., 1/Kj,) is useful in analyzing the degree of affinity of an
enzyme to its substrate, whereby the greater the affinity, the higher the value
of 1/Ky,. The value of K, does not depend on enzyme concentration or purity,
but does vary with operating conditions such as temperature and pH, as well as
the specific enzyme—substrate pair used.
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ki(Crg — Cgs)Cs = k_1Cgs + k2Crs
kiCrgCs = Cgs(kiCs + k_1 + k2)
kiCrgCs  CreCs CreCs

C = = =
B Cs ko + ko Cs+4th Cs+ Ky
kit k
M

Substituting the above expression for Cgg into equation (2), we have the

following.
Vo = k %
0=\ e Ky

We may refer to k; as the catalytic constant k., as it serves as the rate constant
in this rate equation. k., may also be referred to as the turnover number defined
as the maximum number of substrate molecules converted to product per enzyme
molecule per second. Hence, the turnover number is also representative of the
maximum number of conversions of substrate molecules per second that a single
catalytic site can execute for a given enzyme concentration Crg (or Cgp).

vo = k _CreCs
0 cat CS+KM

The above equation is now more useful since it is expressed in terms of values
Cs and Crg which can be measured experimentally. The maximum rate of
reaction vy, occurs when all the enzyme molecules are used for reactions, i.e.,
bound to substrate, which means

Cre = Cks
Vmax = kcatCTE
Therefore, we can express initial rate of reaction in terms of v, and derive

the given expression for the MM equation as shown below.

Vo — VmaxCS
0 Cs+ Ky

(b) To find time taken, we need to have an equation that is related to time, and one
such equation is the differential equation as follows for consumption rate of
substrate. Note that sign convention is such that —ry is a positive value.
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—ry = —

dt

Assuming MM kinetics, we can also express rate of reaction as follows where
Vmax = koCrg Where k, is as defined in equation (1) of part a. Note that total

enzyme concentration Crg is also equivalent to the initial concentration of
enzyme, Cgy.

= VinaxCs

' Cs+Ku

Equating both expressions for —r,, we have
dC; - Vimnax Cs
dr Cs+ Ky

Ky
1+—]dCy = —vpaxdt
( + Cs) p %

Integrating from initial conditions to an arbitrary time ¢, we have

Cs K t
J (1 + —M) dC, = J —Vmaxdt
Cso Cs

0
[Cs]g::g + [KM In Cv}gzo = —Vmax!
C
(Cs — CS()) + Ky In (—S> = —Vmax!
Cso

(Cso — Cs) + Ky In (%_v;})

Vmax

=

The fractional conversion of substrate to product is defined as

— 1 —_—
Cso Cso

We therefore obtain the given expression, which shows how the fractional
conversion of substrate to product varies with time, where v,,x = R. It follows

that R refers to the maximum reaction rate when enzyme is saturated with
substrate.

. CsoX + Ky In (ﬁ)

Vmax
f— CSQX—KMIH(I —X)
B R
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(c) Incomplete reactions may occur when the enzymes are denatured during the
reaction, as such conversion of substrate to product may be slowed down or
stopped. Certain products may also inhibit the enzyme’s catalytic activities;
therefore, as more product is formed over time, enzymatic reactions slow
down. The reaction mixture may also have reached equilibrium for the reversible
enzymatic reaction, in which case it is not thermodynamically possible to
achieve complete conversion.

(d) The key disadvantage of homogeneous reactions lies in the fact that the desired
product is mixed with enzymes and unused reactants. The product is therefore
not separated out once formed and this could lead to contamination of product.
This is especially undesirable if the product is a biopharmaceutical or food
product that has to comply with stringent purity and hygiene standards.

In a batch process, if the enzyme is not separated out after use, it is also
wasteful that it has to be discarded after just one batch cycle and cannot be
reused. The cost of producing new enzyme has to be balanced with the cost of
separating out the enzyme from the products before subsequent reuse. It is often
difficult and expensive to isolate enzymes from the reaction mixture.

In order to overcome these constraints, the use of immobilized enzymes has
become popular and this approach uses a heterogenous phase system. The main
method to immobilize enzymes involves binding enzyme molecules to an inert
and insoluble support material such that the enzyme is exposed to the reaction
mixture and is therefore still able to catalyze reactions at the surface of the
support. These enzymes may be chemically bonded or physically adsorbed onto
the surface of the support. Support materials can vary from polymer matrices to
bead particles and they should be mechanically stable and easy to recover
between batches.

In some cases, highly porous solids may be used as supports since they offer a
large surface area for enzyme immobilization which allows a high amount of
enzyme to be loaded onto the support. However, caution has to be taken to
ensure pore sizes are not too small such that they block substrates from accessing
the enzymes or limit the diffusion of substrates and products to and from the
enzymes.

Some examples of support materials used industrially for enzyme immobilization
include organic materials such as cellulose, agarose, and dextrans, as well as
inorganic materials such as porous glass and silicas.

Problem 43

The Monod model can be used to study growth of microbial cells in a contin-
uous stirred tank fermenter. Given the expression below which describes
Monod kinetics, whereby pu refers to the specific growth rate, p ., refers to
the maximum value for u, C, refers to substrate concentration, and K refers to
the Monod constant.
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p= ”maxCA‘
Cs +K;

Assuming that the following lab equipment and reagents are provided, and
that the growth yield coefficient Yy/g for the strain of cells to be cultured in the
fermenter is 0.5 g/g,

¢ 400 mL continuous stirred tank fermenter
¢ Growth-limiting substrate of concentration 1.2 g/L

Explain how experiments can be designed to determine K and p,,y.

Solution 43
Worked Solution

We can design lab experiments to determine the key parameters of the Monod
model, i.e., Ky and un.«. First, we set up a continuous process for our cell growth
in the continuous stirred tank fermenter as shown below.

Fermenter of
volume V

C.\ ’ CX
at outlet

Cs0,Cxo=0
atinlet

C\ ’ Cx in tank

We know that volume of the fermenter V = 4 x 10~* m> and Cgo = 1.2 g/L.
There are no cells in the inlet, i.e., Cxg = 0 which means all cells in the outlet stream
come from growth in the fermenter. The inlet and outlet volumetric flow rates are
equivalent for a CSTR (continuous stirred tank reactor) type vessel at steady state,
and this is denoted as g. Also, assuming perfect mixing in a CSTR, the concentra-
tions of cells and substrate (Cy, Cs) in the tank will be equal to that in the outlet
stream.

To see how we can make use of experimental measurements to determine the
Monod parameters, we can start with a mass balance for cells in the CSTR under
steady state as shown below.

Inlet — Outlet + Grown = 0

We know that the number of cells grown per unit time can be expressed in terms
of specific growth rate u.
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dCyx
=X _uC
dr Hlx

Therefore, we use the above expression in our mass balance for the “grown’ term.
There are no cells entering the tank from the inlet stream. Hence our mass balance as
follows:

O—CICX+/4CXV:O

q q
= == 1
F=Vv=ax10® (1)

We now apply Monod kinetics expressed as shown below.

p= Hmax Cs
C, +K;

Taking reciprocal for both sides of the equation, we obtain a useful form of the
equation which can be fit to a straight line equation y = mx + ¢ whereby x and y are
the horizontal and vertical axes variables, respectively, m is the gradient, and c is the
vertical axis intercept.

I Ci+K,

B HmaxCs

=gt @)

1
B Hmax HmaxCs

To determine K and p,,.x, We can plot 1/u against 1/C,. The vertical axis intercept
value will be 1/py,x, from which we can easily derive the value of py,.x. Separately,
the gradient of the line will be K/py,.x. Using the value of y,,., found earlier from the
vertical axis intercept, we can then determine the value of K. To create such a plot,
we need to conduct experiments to gather data points for 4 and C;, which we then fit
to a straight line and determine its equation.

To obtain data points for y, we can vary flow rate g over a range by using equation
(1). As for data points for C, some further treatment is useful as it is difficult to
determine Cj directly experimentally.

We can use the definition of growth yield coefficient Yx,s to express substrate
concentration, Cg in terms of cell concentration, Cy. This is useful since it is
experimentally easier to measure cell concentration in the outlet stream than sub-
strate concentration. Substrate is typically in large excess, hence its concentration
will be high and remain relatively constant, thereby making any small changes in its
concentration more difficult to measure.
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Yx/s(Cso — Cs) = Cx — Cxo = Cx
Cx Cx

Cs=Cgp— -2 =12-2%
ST s 0.5

Substituting equation (1) and the above expression for Cg into equation (2), we
obtain

11 K,
B Hmax  HmaxCs
4x107* 1 K,
4 e e (12 = 65)

Below are some arbitrary experimental data for ¢ and Cyx which we use to
demonstrate how the Monod parameters can be determined with actual numbers.
Assuming that a range of feed flow rates are experimentally set, we can measure the
corresponding cell concentrations in the outlet stream as follows.

Feed flow rate ¢ [m3/s] Cell concentration at outlet Cy [g/L]
4.0E-08 0.51
4.8E-08 0.48
5.6E-08 0.45
6.6E-08 0.38
7.1E-08 0.34

From the values above, we can derive the necessary quantities for the straight line
plot.

Feed flow rate Vertical axis values, | Cell concentration at Horizontal axis values,
q [m3/s] 1/u [s] outlet Cy [g/L] 1/C, [L/g]
4.0E-08 410 _ 1 g x 104 0.51 l_=56
q 12—5%
4.8E-08 8.3E+03 0.48 4.2
5.6E-08 7.1E+03 0.45 3.3
6.6E-08 6.1E+03 0.38 2.3
7.1E-08 5.6E+03 0.34 1.9
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1.2E+04

1.0E+04 e
y =1203.8x +3280.6 ..

8.0E+03 R
e

6.0E+03 o

1/p

4.0E+03
2.0E+03

0.0E+00
0 1 2 3 4 5 6
1/Cs

The plot is shown below, and we can determine the Monod parameters from the
equation of the line of best fit.

1
—— =13280.6 — gy = 3.0 x 107* 57!

”max

K -
=1203.8 — K, = 1203.8(3.0 x 107*) = 0.4 g/L

/’tmax

Problem 44

The Michaelis—Menten model is used widely in studying enzyme-catalyzed
biochemical reactions. It is expressed as follows where r denotes initial reaction
rate, and R denotes maximum reaction. Cs and K, represent substrate concen-
tration and the Michaelis constant, respectively.

RCs

r=—
Cs+Ky

(a) List down some examples of biochemical reactions that may be modeled
using the Michaelis—Menten model.

(b) The production of nicotinamide-adenine dinucleotide (P) is catalyzed by an
enzyme known as nicotinamide mononucleotide adenylyltransferase.
Experimental measurements were made for this reaction over the initial
3-minute reaction duration. The following table shows recorded data for
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substrate (nicotinamide mononucleotide) concentrations and amount of
product P formed during the reaction duration.

Amount of P formed [pmol] Substrate concentration [mM]
0.231 0.129
0.308 0.210
0.361 0.281
0.515 0.549
0.633 0.752
0.800 1.448

i. Explain what a Lineweaver—Burke plot is and apply it to the data above
to show that the above reaction obeys Michaelis—-Menten kinetics.

ii. Determine the Michaelis constant K, [mM] and maximum reaction
velocity R [pmol min '] for this enzyme.

Discuss the pros and cons of the Lineweaver—Burke method and suggest any
alternative methods to study enzyme Kkinetics.

Solution 44

Worked Solution

(a)

(b)

Biochemical processes that may apply the Michaelis—Menten (MM) model in
the analysis of enzyme kinetics include enzyme—substrate interactions, antigen—
antibody binding, DNA-DNA hybridization, and protein—protein interactions.
Common enzymes that have been studied and characterized include digestive
enzymes like amylase and chymotrypsin for the breakdown of starch and
protein, respectively. Another example is ribonuclease which is found in the
pancreas and aids the breakdown of ribonucleic acid (RNA) that cells no longer
require, as well as serves an immune function against RNA viruses through
degradation of their RNA. The parameters of the MM model such as the catalytic
constant (or enzyme turnover number) k.., and the Michaelis constant Kj; can be
experimentally determined and these values vary widely between different
enzymes.

(1) The Lineweaver—Burke plot is also known as the double reciprocal plot and is
especially used for its ability to graphically represent enzyme kinetics using
straight line plots. The Y-intercept and gradient of this straight line can then be
used to determine Michaelis—Menten (MM) parameters such as the Michaelis
constant K, and the catalytic constant k.,.. The MM equation can be expressed
in the form of a straight line equation as shown below, and the inverse of reaction
rate 1/r can be plotted against the inverse of substrate concentration 1/Cs. The
gradient will be K,,/R while the Y-intercept will be 1/R.

RCy 1 1 Kuy(1
r:74)7:7+7 -
CS+KM r R R Cs
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R is the maximum reaction velocity (or reaction rate) and is defined as follows
where k., is the catalytic constant (or enzyme turnover number) and Cg is the
initial enzyme concentration.

R= kcatCEO

Note here that the amount of P formed during the initial reaction duration of
3 minutes is directly proportional to reaction rate.

. .11 dP AP 1 3
r[pmol min }:E:TH;:E

Amount of P formed, AP 1/r [min Substrate concentration 1/Cg
[umol] pmol '] [mM] [mM ']
0.231 ﬁ: 13.0 0.129 0_1'—29:7.75
0.308 9.74 0.210 4.76

0.361 8.31 0.281 3.56

0.515 5.83 0.549 1.82

0.633 4.74 0.752 1.33

0.800 3.75 1.448 0.69

The plot is shown below with the equation of the line of best fit indicated.
Since the data points fit well to a straight line, this reaction obeys Michaelis—
Menten kinetics.

16
14

y =1.3068x + 3.2212 R
12

10 ..

1/r
[+ +]
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(ii) The Michaelis constant K, is 0.4 mM and the maximum reaction velocity is
1

0.31 pmol min~ .
1
R
Ky
- 1.3 — Ky = 1.3(0.31) = 0.4 mM

=3.22 — R =0.31 pmol min"!

(c) The Lineweaver—Burke plot was more useful during earlier days when there was
a lack of sophisticated computing software that were able to fit experimental data
easily using regression methods. For back-of-envelope estimations, it is useful as
the method is relatively simple, and key parameters for enzyme kinetics can be
determined graphically from a simple straight-line plot. However for more
rigorous analysis, one should note some of the limitations of the Lineweaver—
Burke method:

*  As the axes values are reciprocal values, any small measurement errors will
be magnified after taking reciprocal of an experimentally measured data
value.

*  Most of the data points will tend to congregate towards the right end, away
from the y-axis, due to the practical limitation of having large values of
substrate concentration Cyg as solubility reaches its limit for the particular
solute (substrate). Therefore, there is a need for back extrapolation in
drawing the line of best fit in order to reach the y-axis to determine the y-
intercept value.

To overcome some of these limitations, computational methods that make use of
non-linear regression software to make precise calculations can be used.

Graphically, some simple treatment of the MM equation can help address some of
the downsides mentioned above.

 RCG;
Cs+ Ky
R R(Cs+Ky) Cs+Ky Ky

— = = =1 -
r RCS CS + Cs

r

In the above equation, we can obtain a straight line as well by plotting r against r/
Cs. The gradient will then be —K), and the y-intercept value will give maximum
reaction rate R. Unlike the Lineweaver—Burke equation, this plot does not use
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reciprocal values and hence more equally distributes weightage to the impact of
errors from data points in any range of substrate concentration or reaction rate.
However note that for this equation, there is a new downside in terms of having both
axes values dependent on reaction rate r (experimentally determined), thus any
measurement errors will propagate in both axes.

Other than determining model parameters (e.g., Michaelis constant), the
Lineweaver—Burke plot is also useful in identifying the type of enzyme inhibition:

y-intercept value Slope of line x-intercept value
Type of enzyme | (compared to (compared to (compared to
inhibition uninhibited) uninhibited) uninhibited)
Competitive Same Different Different
Non-competitive | Different Different Same
Uncompetitive Different Same Different
Problem 45

Enzymes play a critical role in numerous biological processes and strict control
of its activity is often necessary. In some cases, the catalytic function of enzymes
may be inhibited by molecules that bind reversibly and specifically to the
enzyme via non-covalent interactions. As a result, catalytic activity is slowed
or may even stop, as the substrate-binding sites become obstructed.

(a) These inhibitor molecules generally fall under three types of mechanisms,
competitive, uncompetitive, and substrate inhibition/non-competitive.
Briefly explain these mechanisms.

(b) An enzyme was found to be inhibited competitively and reversibly by an
isomeric form of its intended substrate. This inhibitor has an apparent
Michaelis constant K, that is expressed as follows whereby C; denotes the
concentration of inhibitor and K; denotes the inhibition constant. The
Michaelis constant K,; for the enzyme is 0.18 x 10> kmol/m>, while K;
has a value of 9.8 x 10~% kmol/m®.

C;
K\ =Ky (1 +I7’)

1.2 g of enzyme was added to 2 kg of substrate (contaminated with 1.8 %
weight of inhibitor) in a reaction vessel that is 12 m® in volume. Given that
this enzyme has a molecular weight of 68,000 daltons and a turnover
number of 250 s ', and the substrate and inhibitor have molecular weights
of 350 and 360, respectively, determine the time taken to achieve 97 %
conversion of substrate to product. You may assume that this enzyme
obeys Michaelis—Menten kinetics.
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Solution 45
Worked Solution

(a) There are three common mechanisms under which enzyme inhibitors operate—
competitive, non-competitive, and uncompetitive. In all three cases, it is assumed
that an enzyme-substrate complex ES is temporarily formed after substrate
S binds to an enzyme’s catalytic (or active) site E. ES then converts to product
P and the unbound enzyme E is made available again for further reactions.

E+S—ES—E+P

Competitive Inhibition

Competitive inhibitors are molecularly similar to the actual substrate, often
resembling the substrate in terms of chemical structure, shape, and polarity
characteristics. Hence they compete with the substrate for the same substrate-
binding site of the enzyme. When the inhibitor binds to enzyme instead of the
substrate, an enzyme—inhibitor complex EI is formed and the enzyme becomes
inactive, causing a slowing of reaction rate. This inhibitory mechanism can be
described using a dissociation constant K; whereby

EISELT
K,:m
[ET]

Under competitive inhibition, two equilibria coexist, as both substrate and
inhibitor bind reversibly to the enzyme active sites.

E+S—ES—E+P (1)
E+1— EI (2)

The effect of competitive inhibition for enzymes that obey Michaelis—Menten
kinetics can be observed graphically from the straight line plot of reciprocal of
reaction rate 1/v against reciprocal of substrate concentration 1/Cj.

1 1 Ky /1
vV Vm Vm \Cgs
In the presence of a competitive inhibitor, the line is steeper than if uninhib-
ited because K, is increased and thus gradient (K,/v,,) is increased. K, repre-
sents the substrate concentration needed to achieve half of the maximum reaction

rate. It makes sense that this value is higher since more substrate is required to
achieve the same reaction rate (i.e., having more substrate moves equilibrium
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position of equation (1) to the right) to make up for some active sites being
occupied by inhibitor molecules.

However, the y-intercept of the plot remains the same for both inhibited and
uninhibited cases since v,, remains the same. This follows from the definition of
maximum reaction rate v,, which occurs at infinitely high substrate concentra-
tions. Under this limiting scenario, it is thermodynamically favored for equation
(1) to proceed.

Uncompetitive Inhibition

Uncompetitive inhibitors bind only to the enzyme—substrate complex, and not to
the free enzyme.

E+S—ES—E+P (1)
ES +1 < ESI (2)

The dissociation constant K; for this mechanism is defined below.

ESISVES +1
[ES)[1]

" [ESH

In the double reciprocal straight line plot for this case, the uncompetitive
inhibitor leads to a lower v,, and thus a higher value of y-intercept (1/v,,). This
makes sense since the amount of ES that goes on to form product is reduced due
to some of the ES being bound to inhibitor molecules. Although binding of ES to
1 is reversible, increasing substrate concentration does not help reverse uncom-
petitive inhibition (unlike in competitive inhibition) because inhibitors bind to
ES and not to E. The maximum amount of product that can be formed even under
infinitely high substrate concentrations (for v,) will be lower in the
inhibited case.

The value of K;; also decreases, and to the same extent as v,, is decreased,
therefore the gradient of the straight line (K,,/v,,) remains constant and does not
vary between the inhibited and uninhibited cases.

Noncompetitive Inhibition

This type of inhibition is sometimes referred to as “mixed inhibition”. It is a
combination of competitive and uncompetitive mechanisms with the addition of
one more reaction equation (4) as shown below.

E+S—ES—E+P (1)
E+1—El 2)

ES +1 < ESI (3)
(4)

EI+ S «— ESI 4
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The inhibitor / can bind to the free enzyme E, as well as to the enzyme—
substrate ES complex. The substrate can also bind to free enzyme E and the
enzyme—inhibitor complex EI. The inhibitor and substrate do not affect each
other’s binding to the enzyme. However one should note that if inhibitor is
bound (either in EI or ESI), the enzyme cannot catalyze product formation, hence
the result of this type of inhibition is in reducing the amount of functional
enzyme molecules that can carry out reactions to form product. As a result, the
reaction can never reach its normal v,, (uninhibited) regardless of how much
substrate is added. A portion of enzyme molecules will always be made
non-functional by the inhibitors present and the effective concentration of the
enzyme is reduced. Graphically, a lower v,, means a higher y-intercept value
(1/v,,).

As for Ky, its value remains unchanged between the inhibited and uninhib-
ited cases, since the binding of inhibitor to enzyme does not affect the binding of
substrate to enzyme. Therefore, the substrate concentration to reach half of the
maximum reaction rate v,, (i.e., Kj,) also remains unchanged. This type of
inhibition only acts to decrease the amount of usable enzyme. Graphically, the
gradient (K,,/v,,) will be higher under inhibition since K,, is unchanged while v,
is reduced.

(b) Under competitive inhibition in a batch system, we have the following reaction
mechanism whereby k., is the enzyme turnover number:

E+S< ESSE4+P (1)
E+1« EI (2)

Also for a batch system, we can write down rate equations as follows:

dCp dCsg
r=r,= =

T T a

Given that this enzyme obeys Michaelis—Menten kinetics, and knowing that

this reaction is inhibited, we can express rate of reaction r as follows whereby
/

Timax 18 the maximum rate under inhibition, Cgy is the initial enzyme concentra-

tion, and K}, is the apparent Michaelis constant under inhibition:

i rinaxCS
Cs+ K},
C.
K, = KM(l +f>
1
r;nax = keatCro

Combining both the rate equation and MM kinetics, we have the following
differential equation which we can integrate from initial conditions to an arbi-
trary time z.
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dCS o r;naXCs
d Cs + K;\/I
t 1 Cs C K/ l Cs K/
J dr = — J <M>dcsz— , J <1+—M>dcs
0 r max Cso CS rmax CSO CS

1
T

rmax

1 Cso
= Cgo—C K1
r;nax <( %0 S)+ MH(CS>>

(Ic51Es, + [Kiy InCsc.,)

We can compute the values of maximum reaction rate r},, ., inhibitor concen-

trations C;, and initial substrate concentration Cg using the given values.

12x107? _ 5
o = keaCro = 250(6&T0(12)> =37x 10" kmolm> s

0.018(2) 6 3
; 360(12) 8.3 x 107 kmol m

(1-0.018)(2)

Cso = =4.7 % 10"* kmol m ™~
50 350(12) % motm
C; _ 8.3 x 107 _ _
K}, KM(l +Ki) =0.18 x 10 3(1 +W) =33 x10"* kmol m™’

The end point of the reaction is defined by a conversion X equivalent to 97%;
therefore, we can find substrate concentration when this is reached.

Cs = Cso(1 —X) =47 x 1074(1 —0.97) = 1.4 x 107> kmol m >

Substituting all values found above into our earlier expression for ¢, we find

that the time taken to reach desired conversion of 97% is approximately 4370 s
or 1.2 h.

1

47 x 1074
=——  (((47x107%) = (14x 107 3x1074In | ————) ) =437
t 3.7><10’7((( x107%) = (1.4x107°)) +3.3x 10 n(1'4><1075>) 3705
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Problem 46

Due to the difficulty in recovering soluble enzymes from homogeneous mixtures
post-reaction, methods of enzyme immobilization have been widely considered
for industrial applications. When an enzyme is attached to a support material,
some of its properties may differ from those of the original soluble enzyme due
to mass transfer effects.

(a) Outline the key steps of heterogenous catalysis in a continuous flow reactor
operating at steady state and with an enzyme immobilized on a non-porous
support. Explain briefly how mass transfer affects reaction kinetics, assum-
ing Michaelis—Menten kinetics.

(b) Explain the terms effectiveness factor #7 and Damkohler number Da in the
context of mass transfer effects on immobilized enzyme systems.

(c) Consider a packed bed reactor of total volume 1.3 m? filled with spherical
support particles (diameter D,) immobilized with catalytic enzymes.

i. Show that the total number of moles of enzymes per unit total volume of
the packed bed can be expressed as follows, whereby & denotes void
fraction of the packed bed, and N” denotes the total number of moles
of enzyme immobilized per unit surface area of the support.

6N"(1—¢)
D=—"p
()

ii. Given the following data for the immobilized enzyme, determine whether
the catalytic reaction is mass-transfer limited, or chemical reaction
limited in the packed bed for a required conversion to product of 0.7.

Substrate concentration at inlet [M] 0.03
Residence time of liquid feed in reactor [h] 0.43
Voidage of packed bed 0.5

Diameter of spherical solid supports with immobilized | 263
enzyme [pm]

Mass transfer coefficient [m s '] 1.3 x 1073

Solution 46
Worked Solution

(a) One of the main differences in the functionality of soluble and immobilized
enzymes originates from the significance of mass transfer effects in the latter.
When an enzyme is immobilized on a support material, the following steps in an
overall reaction should be considered:

e Mass transport of substrate from bulk solution to the support surface.
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e (Note: If the support material was porous, an extra step of diffusion occurs
here as the substrate moves along the pores in order to reach the enzyme
surface.)

* Enzyme is in contact with substrate and reaction occurs to produce product.

e (Note: If the support material was porous, an extra step of diffusion occurs
here as product moves along the pores to the other surface of the support
material.)

e Mass transport of product back to the surrounding bulk solution.

It is observed from the above steps that mass transfer plays a significant role in
immobilized enzyme kinetics. It is worth noting that a consequence of this effect
is that the concentration of substrate at the enzyme surface Cg can no longer be
assumed to be equivalent to bulk substrate concentration Cg. In fact, Cg < Cp and
the difference in values depends on the rate of mass transfer relative to reaction
rate at the enzyme surface.

In the original Michaelis—Menten equation for soluble enzymes (Cs = Cp), we
had the following equation whereby r is the reaction rate.

- TmaxCs _ maxCp
Ky+Cs Ky+Cp

For immobilized enzymes, the above equation still holds true (i.e., Cs = Cp)
provided that the reaction rate at the enzyme surface is much slower than mass
transfer rate for bringing substrate to the enzyme, then in this case, the slower of
the two rates (i.e., reaction) will be the limiting factor, and the overall rate of
reaction is said to be dominated by chemical reaction.

However, if the assumption that Cs = Cp (in fact Cs < Cp) is not true, we may
consider the following equation under steady state when the rate of mass transfer
of substrate from bulk solution to enzyme surface is equal to the chemical
reaction rate at the enzyme surface. k. refers to the mass transfer coefficient
across the stagnant liquid film surrounding the enzyme particle which poses
resistance to mass transfer. r/__ denotes maximum reaction rate per unit surface

max
area of the support material.

"maxCs

kC(CB CS) _KM+C5

We should note that the Michaelis—Menten (MM) model implicitly assumes
that substrate concentration is in excess of enzyme concentration (Cg > Cgy).
Since we are told that the immobilized enzyme still obeys MM kinetics, we may
assume here that even though mass transfer effects are present and significant
(effect of reducing value of Cg as compared to soluble free enzyme), the reduced
value of Cy s still not so severe that MM assumption breaks down and we can still
assume that the local concentration of substrate is still sufficiently higher than
enzyme concentration (Cg >> Cpg still valid). As such we can still express the
reaction rate at enzyme surface as the MM expression as shown on the right-hand
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side of the above equation. [However, note that there will no longer be a MM type
dependence on Cp as Cp # Cs.]

(b) The effectiveness factor 7 is a useful quantity that provides a measure of how
much reaction rate is affected (reduced) by mass transfer effects. It is defined as
the ratio of the observed (i.e., when experimentally measured) reaction rate to the
rate if no mass transfer resistance was present (i.e., no mass transfer effects
considered).

KuiCs _ Cs (KM + CB)

n:r;naXC[;_C_B KM+CS

We may observe that the range of values that # can take is as follows.

0<S <1<t
Cs

When chemical reaction rate is very fast, then Cy = 0 since substrate is
consumed/used up by reaction almost immediately upon reaching the enzyme’s
catalytic surface, and therefore # = 0.

The Damkohler number Da is a dimensionless quantity defined as the ratio of
the maximum chemical reaction rate to the maximum mass transfer rate. The
maximum mass transfer rate occurs when there is very fast chemical reaction at
the enzyme surface (Cs = 0), because in order to still achieve steady state, the
mass transfer rate has to be equivalently fast (k.(Cp — Cs) = k.Cp).

r/

Da — —max
. kCCB

There are two useful regimes to consider with the use of Da.
When Da < 1, we are in the reaction rate-limited regime whereby reaction
rate is much slower than mass transfer rate.

n=1
Cs = Cp
/
C
Rate of substrate consumption = —r; = Lmax™B
Ky + Cp

When Da >> 1, we are in the diffusion-limited regime whereby the reaction
rate is very fast and the rate of mass transfer is also equivalently fast under steady
state.

Da —

Cs=0
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Rate of substrate consumption = —r; = k.Cp

It is worth noting that under this regime, the observed reaction rate does not
depend on the properties of the enzyme related to K, and ..
(c) (i) Assuming we have the following reaction mechanism,

keat

Enzyme + Substrate “e K g Complex -5 Product + Enzyme

Then maximum reaction rate r,,,,x can be expressed as follows in terms of the
catalytic constant (or enzyme turnover number) k., and initial enzyme concen-
tration Cpgy.

Tmax = kcatCEo

In a continuous flow stirred tank reactor with soluble enzymes, we can
express Cg in terms of total number of moles of enzymes, N, and volume of
liquid in the reactor, Vi,,x, as shown

N
Vtank

Cko

The analogous form of the above expression can be obtained for a packed bed
reactor whereby ¢ is the equivalent quantity for Cgy with units of total number
of moles of enzymes per unit total volume of packed bed. The total volume in
this case comprises both voidage (liquid can flow through), and packed portions
(solid support particles).

First, we can find the area-to-volume ratio for spherical support particles:

4.(Dp
Volume of sphere 37 ( 2) D,
Surface area of sphere Ax (&>2 6

2

We know that the volume of solid spherical particles can be converted to the
total volume of packed bed by using the void fraction, .

Void volume Void volume

€= Total packed bed volume ~ Solid volume + void volume

Solid volume

1 — =
€ Solid volume + void volume

1 B Solid volume + void volume

l—e Solid volume
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We can use the factor of 1/(1 — ¢) to re-express our earlier area-to-volume
ratio in terms of total packed bed volume.

6

D, ( 1 ) Volume of spheres (Volume of spheres + void Volume>
1—¢

~ Surface area of spheres Volume of spheres
Taking reciprocal, we have

6(1 —e)  Surface area of solids
D,  Total packed bed volume

We know further that N’ denotes the moles of enzyme immobilized per unit
surface area of the solid spherical support particles; therefore,

N!/ —
D, (V) Total packed bed volume

6(1 —¢) Surface area of solids Mole enzyme
Surface area of solids

Therefore, we have shown that the total number of moles of enzyme per unit
total packed bed reactor volume, ¢y, is given as

__6N"(1 —¢)
do = D,

(i) We can first find out the surface area of the solid supports in the packed
bed (denoted as A) since we know the total packed bed volume is 1.3 m® and
using our earlier result from part c(i)

6(1 —e)  Surface area of solids
D,  Total packed bed volume
6(1 —¢)(1.3) 6(1—-0.5)(1.3
Surface area of solids, A = ( e)(1.3) = ( )(76 ) = 14,800 m’
D, 263 x 10

We are given the liquid feed residence time, 7 = 0.43 h. Knowing also that the
void volume is where liquid flows through, therefore the volumetric flow rate for
the liquid, g can be found as follows

Void volume = ¢(total packed bed volume) = 0.5(1.3) = 0.65 m’

1

0 (0.65) = 1.5m> /h = 4.199 x 10 *m’ /s

q

Note that the substrate concentration has units of moles of substrate per unit
volume of liquid. Knowing that we need to achieve a conversion of X = 0.7, we
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can use the value of g to compute the number of moles of substrate converted to
product as follows

Cs,out - (1 - X)Cx,in
Moles of substrate converted = ¢(Cs.in — Cs,on) = gCs.inX
= (4.199 x 107*)(0.03)(0.7) = 8.82 x 10~® kmol/s
We can determine the maximum mass transfer rate by setting the condition
that there is a maximum (very fast) chemical reaction rate such that substrate

concentration at enzyme surface is almost zero. Under steady-state condition
both rates are equal and of a high value in this case.

Maximum mass transfer rate = k. A(Cp — Cs) ~ k.ACp

We can use an estimate for Cp that is the average between the inlet and outlet
substrate concentrations to give some consideration to the varying concentration
profile along the packed bed reactor. Therefore,

Csin+ Cs.one . 0.03+ (1 —0.7)0.03
CB =~ 2 = 2

Maximum mass transfer rate = k. ACg = 1.3 x 107>(14,800)(0.0195)
= 3.75 x 1072 kmol /s

= 0.0195

In order to find out if the process is mass transfer or reaction rate limited, we
can calculate the Damkohler number, Da

_ 8.82x10°°

Dai=—— "«
3.75 x 1073

We conclude that since Da < 1, this process is chemical reaction rate limited,
and not mass transfer limited. In other words, the mass transfer rate is much
faster than the reaction rate at the enzyme surface.

Problem 47

The steady-state approximation is useful in analyzing sequential reactions
involving an intermediate product as it simplifies the solution of differential
equations by removing time dependence.

(a) Consider the reaction scheme shown below:

xhy (1)
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k.
Y3>Z (2)

i. Show how the steady-state hypothesis can achieve the abovementioned
simplification, assuming that k, >> k;. Comment on possible scenarios
whereby the steady-state hypothesis may be invalid.

ii. Using the reaction scheme given above, sketch the concentration profiles
for X, Y, and Z for the cases whereby k, > k, and k, > k{. Comment on
the shapes of the graphs.

(b) An ester P is hydrolyzed under acidic conditions to form product X as
shown below. It is said that three different rate laws are possible for this
reaction scheme, depending on the relative rates of the reactions involved.

P+ H;0" “ PH* + H,0 (1)
PH* + H,0 2 P + H;0* (2)
PH' + H,0 ™ Product X (3)

i. Briefly discuss the purpose of rate law equations.

ii. Given that reaction (1) is much slower than reactions (2) and (3), show
how the three different rate laws may be derived, highlighting any
assumptions.

Solution 47
Worked Solution

(a) (i) We are given the reaction sequence as follows and know that the rate of
reaction (2) is much greater than that of reaction (1) (k, > k;). The implication of
this is that the intermediate product Y will be reacted once it is formed and
therefore the concentration of Y will always be low.

x5y (1)
vyez (2)

The steady-state approximation can be made in this case and it states that Y is
in steady state. Therefore the concentration of Y denoted as [Y] is assumed to
remain constant with time.

ay]l _
7 =0

AN
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This is a useful expression because it removes time dependence in the
solution of differential equations, as explained further below.
We can write the rate of change of [Y] in terms of rate constants as follows:

= ki[X] — k2[Y]

Substituting the steady-state expression for [Y], we find an expression for

[Y]ss

% =0= kX = kalY],
i, =480

The rate of formation of product can also be expressed in terms of rate
constant as follows,

Substituting our earlier expression for [Y],,, we obtain

=k kiX] =k [X
5 (kz) K

d[Z]
dr

This result is consistent with the assumption that k, > k; which means that
reaction 1 is the rate-determining step in the reaction scheme. In steady-state
analysis, we first identify the intermediate product, and for an expression for its
concentration under steady-state conditions. We can then re-express the rate of
product formation in terms of the rate constant that dominates in the reaction
scheme.

It should be noted that the steady-state hypothesis may not be suitable to be
applied to all species in the reaction mixture, for example, reactants or products
that accumulate during the reaction. It is most appropriate for intermediate
products, these are species that are relatively slow to form but once formed
they are highly reactive and are immediately reacted away by subsequent
reactions. It is also worth noting that rate laws obtained from the steady-state
approximation are only valid once the reaction is at steady state. The expressions
are not appropriate to describe the initial phase of the reaction or when the
reaction is close to completion.

(i1)) We note that reaction (1) shows the formation of Y while reaction (2)
describes the consumption of Y.
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For the first case whereby k; > k,, we note that X is converted quickly to Y,
but Y is subsequently slow to be consumed by reaction (2). This would lead to an
accumulation of Y. It can also be expected that the formation of Z will mirror the
drop in Y by nature of reaction (2). Since the overall rate of reaction is dependent
on reaction (2), we call it the rate-determining step. The concentration profiles
are shown as follows.

Concentration

» Time

For the second case whereby k, > k;, we note that X is converted slowly to Y,
but Y is subsequently quickly consumed by reaction (2) once formed. Hence in
this case, there is no accumulation of Y, in fact there is a small amount of Y at any
time. It is expected here that the formation of Z will mirror the drop in X. And in
this case, the rate-determining step is reaction (1). The concentration profiles are
shown as follows.

Concentration
ry

» Time

In general, for sequential reactions, the reaction step that has the smallest rate
constant (slowest reaction) is typically the rate-determining step, such that the
overall rate of reaction for the entire reaction scheme is most dependent on
this step.

(b) (1) The study of chemical kinetics and rate laws helps us understand the factors
that influence the rate of reactions so that we may better predict reaction
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outcomes and design appropriate reaction schemes and process conditions to
achieve desired products. It is important to consider kinetics in conjunction with
thermodynamics because a reaction may be thermodynamically favorable to
occur but may still be slow to form product if the process is not kinetically
favored.

We can experimentally determine rates of reactions by measuring the con-
centrations of substances involved in the reaction scheme. A rate law equation is
essentially a mathematical expression used to relate the rate of reaction to the
measured concentrations. It is also possible to theoretically deduce rate law
equations.

In the following example of a rate law, reaction rate is denoted by r,
concentrations of reactants A and B are denoted by [A] and [B], respectively,
and k is the rate constant. The reaction is said to be first order with respect to
A and second order with respect to B. The overall order of the reaction is the sum
of both orders (i.e., 3). Note that the units for r is concentration per unit time.
Therefore, the units for the rate constant k differ for reactions of different orders,
in order for the equation to be consistent in units.

r = k[A][B)?

From the form of the rate law equation, we can see that it is useful in helping
us predict the reaction rate for a set of experimental conditions (e.g.,
concentrations).

(i) We are given the reaction scheme below, and told that reaction (1) is
slower than reactions (2) and (3). This means that PH* is removed quickly by
reactions (2) and (3) the moment it is formed by reaction (1). We therefore
identify our intermediate to be PH" and apply our steady-state approximation.

P+ H;0" “LPH* + H,0 (1)
PH' + H,0 % P + H;0" (2)
PH* + H,0 % Product X (3)

We can express the concentration of the intermediate under steady-state
conditions,

d[PH"]
dr

= k1 [P][H30"] — k3[PH'][H,0] — k2[PH][H,0] = 0

k1 [P][H307]

[PHJr]ss = (kg T k3)[H20}

The rate of formation of product X under steady state can be expressed as
follows:
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p = ks [PH+]S.§[H20] - %&Iki?ﬂ

From here we may consider different scenarios for the relative values of the
rate constants k, and k3.

Scenario 1:

If reaction (3) is much faster than reaction (2), then,

k3[PH"|[H,0] >> k> [PH"|[H,0]
ks > ko

_ kaki[P][H;0"]

rp 2 S S PO

The above expression means that the overall reaction rate only depends on k;
and in this case then reaction (1) is the rate-determining step.

Scenario 2:

It is also possible that reaction (2) is much faster than reaction (3), then,

k2 [PHJr] [HzO} > k3 [PH+] [HQO]
ky > k3

sk PO (kky
r ka ka

1%

NGRS

We can further express the ratio k;/k, as an equilibrium constant K., since we
observe that reactions (1) and (2) are simply the reverse of each other and hence
describe the forward and backward reactions of a reversible reaction.

The overall rate equation is therefore expressed as follows where we see that
it is second order and reaction (3) is now the rate-determining step.

rp = Keqks[P] [H;07]

Scenario 3:

Finally, it is possible that reactions (2) and (3) have comparable rates, in this
case, no simplifications can be made and the rate law would remain as follows.

Kk [P[HsO"]
P (ko + k)
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Problem 48

An enzyme E catalyzes the reversible reaction shown below, where compounds
P and Q are isomers of each other and ES is the enzyme—substrate complex. The
rate constants for the forward and backward reactions are denoted by &k, (and
k») and k_, (and k_,), respectively.

kl,k_l kz,k_z
E+P<—ES <— E+Q

Given that the enzyme has a size of 55,000 Daltons, and the rate of reaction in
a batch system is as shown below, whereby Kp= k_lkisz , Kg= % ,
R, = k>Cpo, Ry = k_1Cpo and Cgy refers to the total enzyme concentration.
R,Cp _ RQCQ
_ dCp _ ;(P Ky

i 1+Gie

r =

(a) Derive the following expression for the equilibrium constant for the
reaction.

RpKp
K =
“ RoKp

(b) It is required to isomerize 12 moles of pure compound P in a batch reactor
of volume 0.6 m> using 12 g of enzyme. Given that K, = 14 mol/m>,
Ko =29 mol/m>, k, = 1400 min !, and k_; = 950 min ', show that the
time taken (in minutes) for the reaction to reach 97% of the equilibrium
position can be expressed as follows:

20 /1.740.037Cp
lo7% L_z (0.048Cp - 0.23) F

Briefly outline the method for computing the above integral using graphical
methods. [Actual solution not necessary.]

Solution 48
Worked Solution

(a) We are given the expression for rate of reaction which we can equate to zero by
imposing the equilibrium condition, in order to derive the expression for the
equilibrium constant, K.q
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R,Cr _ RoCy
dCp K ~ K

dt 14 g4

r =

R,Cr _RoCo _

Kr  Kp
Keq = @ = RPKQ
Cr  RoKp

(b) In order to find time taken to achieve a certain defined end state, we need to work
with a differential equation with respect to time, so that we may integrate this
equation to compute time taken based on defined limits. With this in mind, we
calculate the following quantities to try to specify our initial and final states.

The initial enzyme concentration (also the total enzyme concentration) can be
found as follows where molar (M) is equivalent to moles per liter.

12
~55,000(0.6 x 1000)

Rp = kyCpo = 1400 x 3.6 x 107 = 5.1 x 10~* M/min

Cro =36x107M

Rp =k 1Cgo =950 x 3.6 x 1077 = 3.4 x 10~* M/min
Substituting into our result in part a, we can compute K.

RpKo  5.1(29)

Kea = RoKkp ~ 3.4(14)

=31

When compound P isomerizes to compound Q until equilibrium position is
reached, we can denote the mole fraction of Q as xQ|eq = a. It follows that the
mole fraction of P is xp|eq = 1 — a since mole fractions of all species present
should sum to 1.

By definition at equilibrium,

CQ a
Keg=—= =3.1
d Cp 1—a
a=0.76

Therefore to reach 97% of the equilibrium position, the mole fractions of
Q and P are

%070, = 0.97(0.76) = 0.74
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Xplogy = 1 —0.74 = 0.26

The initial concentration of reactant P can be found from the initial mass of
P and volume of batch reactor,

12
Cpp=——— = 0.02M
P06 x 1000

At 97% of the equilibrium position, the concentration of P can be expressed
as follows, knowing that one molecule of P isomerizes to one molecule of Q.

Cplory; = Cro(xplory;) = 0.02(0.26) = 5.2 x 107°M

We have now computed the values that define limits of integration with
respect to time as shown below. Starting with the differential equation, we have

R,Cr  RoCo
dCp &z Ko

T T 1, G, Co
dt 14458

1+ge+22

7R,,Cp ~ ReCo de =dt
Kp KQ
C
Crloy, [ 1 + I%: + Ii tlo79,
- RCG &G, |4CP=| &
Cpo Kp KQ 0

We know the following correlation should hold between species P and Q,
Cop=Cpy—Cp

Substituting the above expression into the integral equation, we re-express it
in terms of only one variable Cp in order to integrate with respect to Cp.

Crloy, [ 1+ ,%’: + CPOK—;CP
- R,Cr  Ro(Cpo—Cp)

dCp = tlgyy,
Cpo

Kr Ko

Substituting the values computed earlier, we can compute the integral to find
time taken. Take note of units, as 1 mole per m® is equal to 10~ mol/L (or M).
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Cp 0.02 - Cp

. 1+ +
oy = _JOOOSZ 14107 29 % 107 ics
o oo | (51x107%)Cp (34 x 107)(0.02 - Cp)
14 x 1077 29 x 107°

Converting the units for concentration from molar (M) to millimolar (mM) for
ease of handling of the numbers involved, we derive the following expression for
time taken in minutes.

i - Cp N 20— Cp .
o = | e e~ [ (R0 Ve,
7% )5, | 0.51Cp  (0.34)(20 — Cp) 52 \0.048Cp — 0.23
14 29

We can solve the above integral by graphical or numerical methods. For the
graphical method, we can tabulate a series of data points by defining a function f
(Cp) as shown below and compute a range of values for f{Cp) from the lower to
upper limits of integration, i.e., from Cp = 5.2 to Cp = 20.

1.7+ 0.037Cp
F(Cr) = 0.048Cp — 0.23

20

toge, ~ L J(Cr)Cy

Cp ACp)
5.2 96.6
5.4 65.1
5.7 43.8
6.4 25.1
7.5 15.2
10 8.28
12.5 5.84
15 4.60
17.5 3.85
20 3.34

The time taken is equivalent to the value of the integral. By definition, the
value of the integral for a plot of f{Cp) against Cp is equivalent to the area under
the graph between specified limits (i.e., area under the blue line, between the
blue line and the horizontal axis, for the range defined by the black dotted lines).



Reactor Kinetics 571

f(Cp)

105 {\
Cp = 5.2
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Problem 49

The continuous culture of yeast cells can be done in a chemostat, a type of
bioreactor that functions like a Continuous Stirred Tank Reactor (CSTR). In a
chemostat, fresh medium is continuously introduced at a constant rate while
culture liquid (containing medium, cells and any metabolic products) is contin-
uously removed at the same rate, hence keeping a constant culture volume. You
may assume perfect mixing in the chemostat and that glucose is the single
nutrient (limiting substrate) controlling cell growth rate.

(a) Explain briefly how a chemostat works, making reference to dilution rate,
D, and its implications on cell growth.

(b) In a particular yeast cell culture under aerobic conditions, glucose was used
as the growth-limiting substrate, while ammonia (NH;) provided the nitro-
gen source. The chemical formula of the yeast strain was given as
CH, 70¢.4Ny.1- When dilution rate exceeds a critical value, ethanol is formed
as a metabolic by-product. Given that the cell growth process can be
represented by the equation below

aCH,0 + bNH; + cO;—CH; 700 4Ny 1 + dCH30¢ 5 + eH,0 + fCO,
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i. Derive expressions for the following:

e Growth yield coefficient, Yy/g
¢ Ethanol yield coefficient, Yp/5
*  Oxygen uptake rate (molar units), rg,
e Respiratory quotient (molar units), K

ii. When ethanol is produced, derive an expression that relates Yy,s to the
oxygen uptake rate rp, and respiratory quotient K.

iii. Assuming that measured data for flow rates and compositions of the
species involved in the cell culture are available, briefly describe an
experimental approach to determine the critical dilution rate.

iv. Find an expression for Yy, when dilution rate is less than its critical
value.

v. Given that Yy, = 0.22 and Yp, = 0.42 at a particular dilution rate,
calculate the oxygen uptake rate.

Solution 49
Worked Solution

(a) Dilution rate, D, has units of time ™" and is defined as the flowrate of medium into
the chemostat, v, divided by the volume of culture in the chemostat, V, as shown
below. Dilution rate therefore measures the rate of nutrient exchange in the
bioreactor and is useful as it is an experimentally variable parameter.

1%
D=—
v

Under steady-state conditions in a chemostat, the biomass concentration and
limiting substrate concentration in the culture remain constant as shown in the
plot below. This can be expressed as follows whereby Yys is the growth yield
coefficient, Cx and Cy are the cell and substrate concentrations in the vessel, and
Cgs.in 1s the substrate concentration at the inlet.

Cx = Yx/5(Cs,in — Cs)

In a chemostat, we typically assume a single limiting substrate (e.g., glucose),
which means that almost all the glucose is used by the cells to maintain cell
concentration at a constant value under steady state. It follows that this value of
cell concentration will also be proportional to the glucose concentration in the
inlet stream containing fresh medium. We can therefore control the specific
growth rate of cells in the vessel by controlling the concentration of this single
limiting nutrient at the inlet.

At steady state, the specific growth rate of the cells, y, is equal to dilution rate.
By changing the rate at which fresh medium is added (i.e., dilution rate), we can
control the specific growth rate of cells to the desired level (can be varied from
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just above zero to just below py,y). It is important to have control of dilution rate
as cell growth rate also affects products of cell metabolism. For example, yeast
cells start to form ethanol as a metabolic by-product when dilution rate exceeds a
certain value.

Note that prior to steady-state continuous culture, there is a short transition
period when batch culture occurs (as shown in plot below). During this period,
cell count increases rapidly to reach a desirably sizeable concentration (i.e., the
starting culture (or inoculum) for the subsequent continuous culture phase), and
this concentration is maintained under steady-state conditions during the contin-
uous culture phase. Also during this transition period, operating conditions in the
chemostat take time to ramp up to steady-state conditions.

Inlet stream
turned on (D<p)

Cx. Cs l

'

¢—— Steady State

I

1

. 1
Cs :
1

* Time

It is common to encounter a term known as the critical dilution rate, D ;.
When dilution rate exceeds this value, steady state can no longer be maintained
as some cells are washed out of the vessel and this loss cannot be replaced by
further cell growth. Consequently, unused substrate starts to accumulate in the
vessel causing substrate concentration to rise. The value of D, is equivalent to
the maximum specific growth rate of the cells, p.,. It is therefore crucial to
ensure that the dilution rate in a chemostat does not go close to or exceed D
(Oor Umax) in order to maintain steady-state culture. Dilution rate is also related to
the mean residence time 7 of cells in the vessel as follows.

(b) (i) Given the following equation, we can make use of stoichiometry to derive the
required expressions.
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aCHzO + bNH3 + C02 — CH1‘700,4N0.1 + dCH30o,5 + EHQO +fC02

We know that the single limiting substrate is glucose (CH,O) and we know
that the cell biomass is represented by CH; 70 4Ny ;. Therefore, growth yield
coefficient is expressed as follows:

¥ _1
X/s =

We know that the metabolic product in this case is ethanol, given by CH30y s,
therefore, product yield coefficient can be expressed as follows:

d
Ypis = p

Oxygen uptake rate is defined as the number of moles of oxygen gas taken in
by the cells per mole of substrate (growth-limiting). Therefore this rate may be
expressed as follows.

r 0, = E

Finally respiratory quotient is defined as the number of moles of carbon
dioxide per mole of oxygen taken in. This follows from the fact that in aerobic
respiration, cells take in oxygen and glucose to produce carbon dioxide, water,
and energy.

=
C

(ii) Note that Y5 is a function of a, ro, is a function of a and ¢, and K is a
function of ¢ and f. We know the relevant oxidation numbers for the elements
involved in the chemical formulae for glucose substrate (CH,O) and cells
(CH;700.4No.1).

C=+4
H=+1
0=-2
N=-3

The sum of the oxidation numbers for the species involved can be computed
as shown:
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CH,O = +4 +2(1) + (-2) = +4
CH; 704N = +4+ 1.7(1) +0.4(—2) + 0.1(—3) = +4.6
0, =2(-2)=—-4
CH;005 = +4 +3(1) + 0.5(-2) = +6
The oxidation numbers for ammonia, water, and carbon dioxide are zero (this
is the case for pure elements or neutral compounds).
We can now formulate an equation for the degree of reduction for the cell
growth equation as follows.
a(+4) +b(0) + c¢(—4) = +4.6 + d(+6) + ¢(0) + £(0)
4a —4c=4.6+6d (1)
We need to come up with more equations so that we can solve all unknown
variables (number of equations equal to number of unknowns). Another useful
equation that correlates the stoichiometric coefficients for the cell growth equa-
tion is a mass balance on carbon atoms as shown below. We can further
substitute our earlier derived expression for K.
a=14+d+f=1+d+Kc
d=a—-1—-Kc

Substituting the above expression for d back into equation (1), we have

4a —4c=4.6+6(a—1—Kc)
a=0.7-c¢(2-3K)

We can also make use of our earlier expression for oxygen uptake rate to
substitute ¢ as follows

a=0.7—-a(ro,)(2 —3K)
all +rp,(2-3K)] =0.7

Going back to the expression for growth yield coefficient, we derive the
required expression as follows

1
Y = —
X/s =
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1
Yx/s :ﬁ[l +r0,(2 — 3K)]

(iii) At low dilution rates (and correspondingly low specific growth rates),
glucose metabolism is full aerobic and respiratory. However, when dilution rate
increases to reach a certain critical value, respiro-fermentative metabolism sets
in whereby ethanol starts being produced. This ethanol production increases as
dilution rate increases. This is in fact the typical behavior of the commercial
baker’s yeast strain known as Saccharomyces cerevisiae. Under high substrate
concentrations and high specific growth rates, alcoholic fermentation is triggered
even under fully aerobic conditions. This process is usually undesired in cell
cultures as it reduces the amount of cell biomass obtained from the substrate
feedstock. Therefore, yeast cell production is usually done under aerobic and
substrate-limited conditions.

It follows that when d — 0, most of the substrate is used for cell growth, and
the growth yield coefficient will also tend to a maximum value. This point can be
reached experimentally by reducing the dilution rate by reducing feed flow rate
gradually until ethanol production just reaches zero. At this point, we have
reached the critical dilution rate.

(iv) We need to find an expression for growth yield coefficient when
D < D, in other words, when ethanol is not produced.

When D = D, d = 0 and equation (1) becomes

4da —4c=4.6
1:1.15 c
a a

Substituting rp, and Yy, into the equation, we obtain

l: 1.15Yx/s+r02
ro, = 1— 1.15Yx /s (2)

We can do the same for the other carbon balance equation, i.e., impose the
condition when D = D5, and d = 0.

a=1+Kc

1 Kc
1:*+7:YX/S+KV02
a a

Substituting our earlier expression (2) into the above, we have

1=Yys+K(1—1.15Yy/5) = Yy/s(1 — 1.15K) + K
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1-K

Y - "
XS =1T-1.15K

(v) Given that Yy;5 = 0.22 and Yp,5 = 0.42, we can substitute into equation (1)
since we know that Yy,s = 1/a and Yp,5 = d/a.

4a —4c =4.6 4 6d
c 115 1.5d

1——=—=

a a a

ro, = 2 =1 1.15Yx/s — 1.5Yp/s

ro, = 1 —1.15(0.22) — 1.5(0.42) ~ 0.12
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Check for
updates

Problem 1

We have a hydropower system shown below whereby water flows from reser-
voir A to reservoir B through a circular pipe to the turbine located near
reservoir B. The flow rate is 10 m*/s and the electrical power generated from
the turbine supplies the power grid. The difference in height between the
reservoirs is 15 m. The reservoirs are large enough to assume that this differ-
ence in height remains relatively constant. A distance of 20 km separates the
reservoirs and the circular pipe may be assumed to be of similar length. Assume
that the density of water is 1000 kg/m>, and the kinematic viscosity is 10~% m?/s.

(a) Find out the maximum rate at which electrical power can be produced.

(b) The circular pipe needs to be sized such that frictional losses in the pipe are
0.005% of the maximum rate on power. Find the diameter of pipe needed.
You may assume that the roughness factor of the pipe is 0.0002.

(c) What is the maximum pressure in the pipe and at which point in the pipe is
that located?

© Springer Nature Switzerland AG 2019 579
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Solution 1
Worked Solution

(a) When we tackle such a problem, where we have information such as power
generated, height difference, density of the fluid involved, and frictional losses,
we may begin to think about using the Bernoulli equation.

V. P, V2 P
+ = ghy — 1+ W, =+ 2 4 gy
2 P 2 p

We know that in this case, P, = P, = Py, V, = V), = 0 since the reservoirs
contain static bodies of water, and for the maximum amount of power generated
we assume that frictional losses I, = 0. Note that 6W; is defined as work input;
hence, a negative value denotes work produced.

Wy max = &(hy — hy) = 9.81 x (—15) = —150 Jkg ™"

The maximum rate of power generation can be found by using the data of
flowrate Q = 10 m>s~" and density p = 1000 kgm . Note that Js ' = W.

Max power generated = |6W, max| X p x Q = 150 x 1000 x 10 = 1.5 MW
(b) The viscous losses take up 0.005% of the max power limit; therefore

l, = 0.00005 x 1500000 =75 W

Background Concepts

Before we figure out the sizing of pipe required, we may first recall how to express
pipeline frictional (or viscous) losses in terms of known variables. For a horizontal
pipe and assuming the fluid is incompressible, we consider two points along the pipe,
points 1 and 2, and the Bernoulli equation simplifies to

Vi=V,

h = hy
Pl_P2:l

p v

The pressure difference may be further expressed in terms of a friction factor f,
whereby
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So we can express viscous losses in the pipe in terms of friction factor,

_2LfV?
D

_ 0
V_ﬂD2/4

,_Af] 0 2
V_F[HDZM]

Ly

Roughness factor k/D is related to Reynolds number and friction factor, and hence
can be looked up from data booklets. We are told further that {% = 0.0002. We may
assume large flowrates (Re > 107) whereby the friction factor tends to a constant
value. From the data booklet, we will be able to find that f = 0.0035. Note that if

Re is low, there are other correlations that are appropriate for finding f whereby f=f
(Re).

21 2 2(20000)(0.0035) [ 10 1?
=29 |"_2(20000000035) |_10_%_ ;5 4gi pes
D |zD*/4 D zD*/4
4
45 _ 23 ><510
D
D=3m

Now we can check if our earlier assumption on Reynolds number was valid. The
result below reaffirms the assumption.

VD 10 40

Re = — = =
v zDv/4  z(3)10°¢

=0.4x 10" > 10’

¢) Maximum pressure occurs at the point just before the turbine. As such we ma
P point Y
pick this point (indicated as point C in the diagram below) as well as a second
point at reservoir A, to be used in our Bernoulli equation.

N c
Turbine

20km

15m

A
\4
E
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Q0 _10(4)
. =14
zD*/4  (3?) m/s
P. — Pym 1.4
M=g(ha—hc) -7
p 2
(P. — 10%) 1.4°

=981(15) — ——
1000 9.81(15) > 75

P.=1.7 bar

Problem 2

The diagram below shows a viscous polymer that is injected into an injection
mould (disc-shaped).

. Side View
Top View

Polymer feed

Rdisc

% ]
Rfeed ged Rdisc
Riatt;
<>
ratt>t;

The polymer melt is injected axially through the central filling point which is
of radius Rge.q. From the top view of the mold, we observe that the outer radius
of the mould is R 4;s.. The polymer melt flows radially out from the central point
slowly, filling the mould. The polymer melt has density p and viscosity 7. The
thickness of the disc is 72 as observed from the side view. After time #;, which is
shortly after the filling process is started, the polymer has filled the mould up to
a radius R;. The mould is vented at the outer edge so that pressure downstream
of the polymer-air interface remains constant at %, At this time and all later
times, the pressure in the polymer at the central point is equal to feed pressure
b feed .

(a) Sketch the position of the polymer front as a function of time (r vs. ),
starting from R, at ¢,.
(b) Determine the velocity profile of the polymer melt. State any assumptions.
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(c) Show how we can find out the time needed to completely fill the mould, i.e.,
(t — t;). You may leave your answer in integral form.

(d) Show by order of magnitude analysis, to explain the conditions that must
exist to justify our assumptions in simplifying the Navier-Stokes equation.

Solution 2

Worked Solution
(@)

Ry -

| >
T > t
t

dr . ) . ) .
7 decreases with time; hence, there is a decreasing gradient as ¢ increases.

The amount of polymer melt required to move a small radial distance dr can be
represented by differential volume dV = (2zr)(dr)(h) which increases as
r increases. As such, the rate at which r increases will reduce with ¢, given a
constant pressure differential AP = Pgeeqg — Pam- The AP acts to overcome the
shear force (=shear stress x area) opposing the movement of the polymer melt.
The area over which the shear force acts is A, = z(* — R,?). As this area
increases as r increases, shear force increases. Since pressure difference AP is
constant, volumetric flow rate Q will decrease (and hence % will decrease) as
r increases (or as t increases).

(b) First, we identify the dominant velocity direction in this problem which is radial
v,. Cylindrical coordinates are suitable to analyze this problem. We can refer to
the data booklet for mass continuity equations, which we can assume the
following for this problem:

cvg=v,=0
¢ Incompressible fluid (p is constant)
* Steady state (% =0)

So we have the following mass continuity equation:

10
;E(VVV) =0
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rv, # f(r)

We can now refer to the Navier—Stokes (NS) equations, which are differential

forms of the energy balance. The macroscopic version of this would be the
Bernoulli equation. We have the following assumptions:

vo=v,=0

Constant viscosity for a Newtonian fluid

Recap that Newtonian fluids are fluids that exhibit a straight line (passing
through origin) correlation between shear stress and shear rate. Viscosity is the
ratio of shear stress to shear rate. Newtonian properties may be assumed for
gases and liquids with low molecular weight.

Assume inertial terms are insignificant as compared to the viscous and pres-
sure terms. This is valid due to the small gap 4 < R. Inertial terms are the terms
on the left-hand side of the Navier—Stokes equations, for example, the inertial

terms for the » component: p (v, % + v, %)

Axisymmetry which means 5 = 0

Assume that the main pressure gradient exists in the radial direction; hence
only &£0.2=0 and & =0 due to the small gap and axisymmetry,
respectively.

So we have the following simplified NS equation:
r component:

0— &‘7’+ v,
= o ez
o9 v, ")
or =1 072 =8

v, g(r)

o2 q

o,
lz@z—ka
0z n

r
V= &22 + Ciz+ C,
2n

To solve for the integration constants, we need to establish boundary condi-

tions. When z = 0 and z = h, v, = 0. This is called the no-slip condition which
means that the fluid sticks to the solid surface and follows the velocity of the
surface. If the surface is stationary, then the fluid velocity at this interface is also
Zero.
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vy = %’:)Zz — %;)hz = %z(z —h)

We recall the result from mass continuity and can define another function
!
g =rg(r)

rvr 7 f(r)

rv, = %;)Z(Z —h)r= zg—nz(z —h)

We observe that g’ # f(r) = K, so% = g. Also we may assume that the pressure
P = Pieeq at both Ryeoq and R, as the distance apart is minimal.

Patm r
J d? =KlIn (—)
‘(i‘l'ecd Rl

r
g)atm - ‘(Pfeed =KIn <R—1)

(fﬁalm - 9feed)
(%)

Note that K is a negative value. So we can express the velocity profile as
follows

K =

(‘(Patm - g)feed)

2nrin (RL|> de=H

=—z(z—h)=

(c) We can deduce the expression v,dt = dr. So we leta = (g'%f”) to simplify this

expression to
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dr = Lz(z — h)dt

rin (,T])

We will need boundary conditions to integrate. We know that when ¢ = £,
r=R 1

rin <RL) dr = az(z — h)dt

1

We assume that when we completely fill the mould, the midpoint of the
polymer front (z = h/2) just reaches r = Ry

Rieed r t
J rln (—) dr = J —a(h*/4)dt
R, Ry 13

Solve the integration for 7 and the time needed to fill the mould can be found

to be (t — 1y).
(d) In simplifying the NS equations, we assumed that inertial terms are insignificant
when compared to the viscous terms. The main inertial term is pv, ‘% while the

2
main viscous term is n%—vz Let v,~U, r~R, z~h

ov, U
Pvroy ~PUR
v, U
oz "2
Inertial  pU%  pUh (h>
Viscous 4 7 \R

Since we know that% < 1, hence the assumption is valid.

Problem 3

Coating of a solid sheet takes place by sliding it in a coating liquid at a steady
velocity U, through a slot in a die. The die is fabricated such that the liquid gap
(between solid sheet and die surface) is of thickness H on both sides of the sheet.
Further downstream from the die, the coating becomes a thickness of H_.. The
pressure in the upstream liquid is #¢,. The die length is L, and the system width
is W. The liquid is Newtonian and Re is such that the flow of the coating liquid is
laminar.

(a) Find v,(y) for the liquid in the upper gap. State any assumptions to facilitate
the analysis.
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(b) Determine the force required to pull the sheet through the die. You may
assume that the shear force on the sheet in the upstream liquid where x <0 is

negligible.

(c) Express H in terms of H.

Solution 3

Worked Solution

(a) Let us first illustrate the problem to better visualize it.

L

»

Liquid . Gas
P=Pam Die P=Patm

H
¥ _ Liqud | H —1"
Solid Sheet —|—>

Liquid 1H — 4

2! H,
= Width (y dir)=W

These are some of the assumptions we can make in this problem:

* We may assume fully developed flow. Fully developed flow means that we
may ignore entrance or exit effects, this is valid as the flow development
regions at these terminal portions are negligible as compared to the total
distance of flow, this is usually reasonable if H < L. The implication of this

is that flow field at all x positions are the same

vy Oy Oy
’ax_éx_ﬁx_o'

* The dominant velocity direction is the x direction; hence v, = v, = 0. On a
related note, we assume a 2D flow where z direction may be ignored.

* The flow is not turbulent as we are told that it is laminar.

* The flow is at steady state (g = 0) since velocity is at a constant U.

¢ The liquid is incompressible p is constant.

» Constant viscosity for a Newtonian fluid.

 Gravitational and surface tension effects are ignored.

So we have the following simplified NS equation.

X component:

We know the boundary conditions for pressure, P(x = 0 & x = L) = Py, We

may then also deduce tha

change in x from O to L.

0P
t o

= 0 since there is no pressure change with the
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B v,
=52
ve=ay+b

We can apply boundary conditions for velocity which would be the no-slip
condition at the surface of the die and solid sheet,y =0,v,=Uandy=H, v, = 0.

b=U

U
O=aH+U—a=——
altU—a=-y

Y y

vy <H>y+-U U[ Z

(b) The force required to pull the sheet can be denoted by F, and it needs to
overcome the shear stress caused by friction against the solid surfaces that the
liquid polymer interfaces with on both sides. The force balance equation is as
follows.

F,= (_Tyx) (Ay) = (_Tyx) (2LW)

At this point, recall the convention for tensor notation which we have used for
the shear stress term. 7,, refers to shear force direction in the x direction, in the y-
plane. The y-plane is the plane where the normal to the plane is the y-dir axis.
The shear stress acts in the negative x direction, hence 7, is a negative value, and
we accounted for this by adding a negative sign at the right-hand side of the
equation so that F, is a positive value when it acts in the positive x direction

dvy _

which it rightfully does. By definition, —7,, = —n ‘s = ne.

U 2nULW
Fo= (1) o) =
H H

(c) To find H,,, we need to start with a differential equation that involves the
y direction, i.e., dy. We then think about whether we are able to identify points
along the flow that help us link to H,, and are able to correlate to each other with
commonalities. We note that we have yet to apply the mass continuity equation
which proves useful here, as mass is conserved both at a point within the die slot
(where y = H) and at a further downstream portion out of the slot (where

y = Hyo).
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0 slot — o downstream

H H,
j vedy =J vidy
0 0

There is an easy way to figure out the right-hand side of the equation, because
we can assume that there is negligible shear stress between the liquid and gas
interface, hence the entire liquid film is moving at U across all values of y at the
downstream portion.

H o
J vedy = UH
0

There is a neat way to evaluate the integral on the left-hand side, by letting
Y=y/H. When Y =0,y =0and when Y = 1,y = H and dy = HdY. This method
allows us to circumvent having second-order terms after integration, because we
have converted the integration limit to value 1 which is indifferent to being
raised to second order (i.e., 12:1)

vx:U[l—%} — U[1 -]

H 1 Y2 1
J dey:J UH“-Y}dY=UH|:Y——:| =
0 0 2 0

Finally we can equate both sides of the equation and find an expression for
H..

Problem 4

We have a vertical cylinder (with two open ends on each side) of radius R and
length L that is filled with a Bingham fluid. Initially the cylinder rests on a solid
and impermeable horizontal plane that blocks any flow, and the top end is
exposed to the atmosphere. When the bottom plane is removed, the bottom end
of the cylinder is exposed and contents of the cylinder may begin to empty.

(a) If no flow occurs when the bottom plane is removed, find 7,,. State any
assumptions.
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(b) What is the minimum cylinder radius R,,;, needed for flow to occur when
the bottom plane is removed?

(c) For fully developed downward flow, the following equation holds when 7, is
greater or equal to the yield stress, 7*. Determine v, for R = 2R,;;,. Sketch
and explain the velocity profile for a fluid of column height L. You may
assume that 77” is a constant.

* *dvz
Te=T

Solution 4
Worked Solution

(a) Recall that a Bingham fluid is a special type of fluid that is able to endure a
certain amount of shear stress without flowing. If the shear stress stays below a
threshold value which is commonly known as yield stress (z7), this material
would behave like a solid. When 7" is exceeded, the material starts to deform
continuously like a liquid.

Let us illustrate the problem to better visualize it.

2R

r

When no flow occurs when the bottom plane is removed, it means that forces
balance. The pressures at the exposed top and bottom ends of the cylinder are
ambient at P,,. We may analyze this case with the following assumptions:

* Surface tension is negligible, only viscous and gravitational forces are domi-
nant in the force balance.

* There is stress symmetry, which means 7, = 7,,. The subscript notation is
defined in such a way that the first subscript denotes the direction of the stress,
while the second subscript denotes the plane.

The force balance equation for a static fluid at a certain value of r for a fluid column
L is as shown:

Upward shear stress = Downward weight
T, (r) - 2nrL = p(nr’L)g

_rer

7. (r) = 7,(r) 5
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(b) The minimum radius for flow to occur is when z,.(7) first reaches the yield stress
7*. This means that

Trz(r - Rmin) = Twall = 7

= pngin
2
27*
Rmin =
24

(c) When r > Ryin = g, the Bingham fluid begins to deform like a liquid. Force
balance still holds in this case, in terms of the balance of shear stress and
gravitational force.

Ldv.  pgr
dr 2

dv, pgr

dr  2n* n*

T =7 41

2 *
r T
Vz:/;_gn* ——r+a

When r = R, we hit the wall of the cylinder and assuming no-slip condition,
we have v, = 0.

R2 *
= P — r R + C1
4’,1* *
o pgRZ
C] = —N—
n* 4

Hence the velocity profile is as follows in the liquid region where§ <r<R.
2 * * R2 RZ 2 *R
Lo_psr T T psR g {1_<r)]+f [1_r]

A "

R

R

For the velocity profile to be complete, we will need to figure out the profile
for the solid region. This occurs when 0 < r <% At the point r =%, the
velocities between both regions must be continuous. Hence the velocity at this
point will also satisfy the equation for the liquid region.

R R? 12 “R 1 3pgR> 'R
v r=2) =P8 () |+ B o = e T
2 4 2 n* 2 16n*  2n*
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Even though v (r = %) is mathematically the velocity at the point when the

liquid transitions from liquid to solid region, we know that it makes sense that
this value remains constant throughout the entire solid region as we move to the
center of the cylinder at » = 0. This is because throughout the solid region, forces
balance and the fluid will not experience any acceleration (i.e., change in
velocity) due to an absence of any net force. Hence, velocity has to stay constant.
Therefore we can deduce that for the solid region where 0 < r < g.

3pgR*> TR
P8 "
16n*  2n*

Vsolid = —

A sketch of this velocity profile is as shown below. The direction convention
for v, is such that v, < 0 for downward flow in the negative z direction.

[
2
|vsolid|I

[
Il
P

1

)

i

)

!
r=R r=R/2 r=0 r=R/2 r=R

Problem 5

Consider steady flow of a Newtonian liquid past a spherical vapor bubble of
radius R. It may be assumed that this flow occurs at low Re, and for a frame of
reference whereby the bubble is stationary, the liquid far away from the bubble
has a constant velocity U in the z direction. The flow is axisymmetric and there
is no flow about the axis of symmetry.

(a) Given that the 8 component of the velocity in the liquid around the bubble is
as shown, determine the radial velocity.

Vo= —Usin0<1 - 5)
2r

(b) Also given that the dynamic pressure in the surrounding liquid is as follows
where 7 is the liquid viscosity, find the form drag on the bubble.

UR
P = _’1_2 cos@
r
(c) Given that the velocity profile is as found in a, find the viscous component of
the drag force exerted by the liquid on the bubble. How does this drag force
compare with that on a solid sphere?
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(d) Derive the terminal velocity of a rising bubble. If we have an air bubble in
water at atmospheric conditions, how small must the bubble be such that
Re< 1?

Solution 5
Worked Solution

(a) First, we establish a suitable coordinate system to solve this problem. Due to the
spherical nature of the bubble, we will use spherical coordinates in terms of r, 8,
and @. Steady flow with constant velocity U in the surrounding fluid is illustrated
below:

—
Liquid r

D
First we may consider the mass continuity equation, where the following
assumptions are useful in simplifying the continuity and NS equations:

¢ The liquid is incompressible p is constant.
e The flow around the bubble is at steady state (g =0).
o _

* We are told that the flow is axisymmetric, this means that %= 0.

* We also note from the problem statement that vg = 0.

* For low Re, creeping flow may be assumed, which means inertial terms may be
ignored.

» Constant viscosity for a Newtonian fluid.

The continuity equation is simplified to the following:

1 0 .
+ rsin 060 (vo sin )

0 r?

> .
5 (r Vr) = —m% (Vg Nl 9)

We are given the following expression, which allows us to simplify the right-
hand side of the above equation

. R
va:—Usme(l _Z>
0 . 0 i R . R
=z =2 |- 1—2) =2 -
30 (vesin ) 69[ U sin 9( 2r>] UschosQ( Zr)

Substitute back into the continuity equation,



594 Fluid Mechanics

0, , r . R R
E(V V) = P [ZUschosQ(l _Eﬂ = 2Ucost9(r—§>

2
Py, = 2Ucost9<%—%> +£(0) = Ucose(r2 _Rr) +£(0)

In order to solve for the integration constant f{#), we need boundary condi-
tions. We know that when r = R, v, = 0 as there is no flow that is normal to the
bubble surface.

R*(0) = UcosO(R> — R*) +f(0)
f() =0

Hence the radial velocity profile is as follows:

R
v, = Uc0s9<1 ——>
’

(b) We need to calculate form drag, so let us recall some relevant concepts at this
point.

Background Concepts

There are two common types of drag force, one is form drag, and the other is skin
drag (or friction drag). Form drag acts on the surface and arises from a pressure
difference caused by the flow. Form drag is the dynamic pressure force in the
direction of approach flow (U in this case) and acting normal to the surface. Skin
drag on the other hand, arises from shear stress acting at the surface and it acts in the
direction along the interface line at the surface.

In this problem, we are introduced to the term dynamic pressure &. This is different
from total pressure, whereby total pressure is a sum of dynamic pressure and static
pressure. A useful result is in terms of pressure gradients whereby VP = VP + pg.
Typically, static pressure would be the gravitational term. In the Navier—Stokes
equations, we may observe two forms where the difference lies in whether we see a
gravitational term in the likes of pg. If the gravitational term is apparent, then the
pressure term is referring only to dynamic pressure, and conversely if the gravita-
tional term was absent, then one should be mindful that it is already subsumed under
the differential pressure term VP which would refer to the total pressure.

So back to the problem, we are required to find form drag. We apply the definition of
form drag in the dot product as shown. The approach flow is in the +z direction, so
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we use e, in the outer dot product as this is the direction that the form drag acts. e, is
the unit vector in the z direction, which has unit magnitude. e, is commonly also
denoted as 6.

The n vector refers to the normal pointing into surrounding fluid so a negative
sign is added to correct this to find the direction on the bubble which leads to the
force on the bubble which the question asks for. The inner dot product helps to
extract all components of the pressure term that act normal to the bubble surface,
after that this set of relevant pressure components go through the second dot product
which serves to further extract the components only in the +z direction which is the
direction of approach flow.

FD’form =€ |:— Jnﬁ’dS} = —J(ez~n)5’dS

For a sphere,

n=e, = sin@cos @e, + sinfsinDe, + cos e,
e,'n = cosf
dS = R* sin 0d0d®
We can now evaluate the integral at the bubble surface
@=2n (0=n 0=n
Fp.form = — J J P cos OR? sin 0dOdD = —2xR? J & cos 0 sin 0dO

=0 Jo=0 6=0

We can determine pressure as follows, and substitute back into the expression
for form drag.

nUR nU

P(r=R) = T cos@ = & cos 6
9:ﬂ T’]U 9:7[

Fp.form = 27R? “— cos20sin 0d6 = 2anUR cos 20 sin 6d6
’ o—0 R 0=0

Evaluating the integral separately and substituting the result back into the
expression for form drag.

O=rn
J cos 20'sin 0dO = {—

cos 39} T2
0=0 0
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2\ 4
Fp.torm = 27qUR (§> = 3 mUR

(c) We wish to find out now the viscous contribution to drag force, in other words
skin drag or frictional drag.

By definition, skin drag can be obtained using the following dot product.
Similar to the derivation of form drag, as the approach flow is in the +z direction,
we apply e, in the dot product in the outer bracket as this is also the direction in
which we want to find out the skin drag. Inside the integral, the n vector refers to
the normal pointing into surrounding fluid so it is equivalent to e,. The dot
product of the stress tensor T with n helps to extract all components of shear
stress that are in the r plane (7 plane is defined as the plane with a normal that is in
the e, direction, which refers to tangential planes to the surface of the bubble).
With the integration over the surface, we essentially sum all these shear stress
components over the entire surface, after which the second dot product with
e, will extract the components that are in the direction of approach flow.

FD,viscous =€ J'l -TdS

dS = R* sin 0d0d®
n=e,
e T =o€ + 108 + T,0€g = (Trr _p)er + 70€0 + Tr0€p

e T=r1.,e + 19€9
We know that 7,ges = O because it was established earlier that vg = 0, so
there cannot exist a shear stress component that is in the r plane that is acting in
the @ direction. We have already considered dynamic pressure effects (p) in
form drag derivation earlier, so we will ignore its effects here to avoid double

counting and consider 7., instead of ¢,,. From the data booklet, we can obtain the
expression for 7

e )12

We know from earlier that

R
Vg = —UsinG(l _2r>
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Vo . 1 R
0 _yUsnol -2
r s (r 2r2>

8 Vo . 1 R
5(7) = U51n9<r—2+r—3> =0atr=R

We found from part a that

R
Vv, = UcosG(l —>
,
ov,

R
0 —Usinn9<1 _r> =0atr=R
Trg(r = R) =0

So we are left with this expression

€ T= Trr€r

From the data booklet, we can obtain the expression for z,, whereby
Ty = Oy + Pt

ov, _%
or 3

7, = 17{2 (V~v)}

We know further from the continuity equation that V - v = 0; therefore

T =1 {2 %]

or
ov, R U 0
Vr _ UcosH<—2> = cos atr =R
r r
2 0
en(r = R) = nU cos

R

Finally we can combine our results of shear stress components at r = R,

2nU cos O
er'T:Trrer - ﬂTer

e,-e. = cosf
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D=2x (O=r 2 O=r
25U cos 26
Fp viscous =J J M EOSY R2 Gin 0d0dD =477:;7URJ cos 20 sin 0d0
@=0 Jo=0 6=0
391" 8anUR
— 4znUR |~ cos _ 8m
3 1o 3

For a solid sphere at low Re, the total drag force is as follows
Fp = Fp viscous + D form = 4znUR + 22nUR

We can observe that the viscous drag for an air bubble is less than that for a
solid sphere

FD, viscous,bubble g

F D, viscous, solid sphere 3

(d) To find terminal velocity of a rising bubble, it requires a force balance on the
bubble since terminal velocity is constant velocity at zero acceleration and hence
zero net force, which means forces balance.

The volume of a spherical bubble is %ﬂR3. The three forces acting on the
bubble are buoyancy, weight and drag force. We assume that the positive
direction is upwards in the +z direction. Note that drag force acts in the direction
opposite to motion (rising bubble); hence it acts downwards.

4 s 4 s
—gﬂR 8Pbubble T gﬂR goL—Fp=0

4 811, UerminaR 4
3 ”RBg(/’L ~ Phubble) = % + 3 71 UterminalR = 4717, Uterminal R

R8(p1 — poune) _ R2gp _ R’g
3y, 3 3up

U'terminal =

It is commonly the case that ppyppe < pr, and we know that kinematic
viscosity v = Z—f. Finally we are asked to find out what is the maximum size

of bubble such that Re < 1. Let us start with the definition of Re,

2UR
Repubble =
Ububble
2UR
RCL = —
vy

We can find out kinematic viscosities from the data booklet as follows.

5 2
Vbubble = Vair = 2 X 107> m~ /s
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VL = Uyater = 1 x 1070 m2/s

So Repupbie < Rey. For this case, we need both the internal and external Re to
be small. The limiting Re to ensure Re is small is Rey, i.e., the external flow is
limiting.

The maximum velocity that the bubble can reach is terminal velocity.

2 UterminalRmax 2Rmax38

R = 1 = =
oL 128 31/L2
2\ 1/3
32\ (3(10°) s
Rom = () = (2L ) =—54x10
( 2 ) 2(9.81) mem

Problem 6

A fluid is contained in the annular region between two concentric cylinders of
radii @R and R. The inner cylinder is rotating at an angular velocity of ®. Find
the velocity profile for the fluid in the annulus, and the force required to keep
the outer cylinder stationary. Fully developed flow may be assumed for the
length of the cylinder.

Solution 6
Worked Solution

Let us illustrate the problem to visualize it better.

Fluid

Let us consider some assumptions:

* The assumption of a fully developed flow means that we may ignore entrance/end
effects. In this case, we may ignore the end effects even though in reality, there
will be such effects due to the finite length of the cylinders. vy = vg(r) only.

*  We may assume axisymmetry such that a% =0.

e The liquid is incompressible p is constant.

e The flow is at steady state ((% =0).

* Constant viscosity for a Newtonian fluid.

* The dominant velocity of the fluid is driven by the rotating inner cylinder; hence,
we may ignore v, = v, = 0, and focus on vy.
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* This is a wall-driven flow without significant pressure differences. Hence inertial
terms dominate and pressure terms may be neglected, e.g., %

Looking at the 8 component of the Navier—Stokes equation in cylindrical coor-
dinates, we have the following simplified expression.

)

;5(1'1/5)—6‘1
C1}"2
rve—T—Fcz
cir ¢
o=t

To solve for the integration constants, we need to apply boundary conditions.
When r = aR, v = aRw. Whenr =R, v = 0.

R ciaR ¢
aRw = —
2 aR
ciR o c1R?
0=—+-= ) _
2 R 2
ciaR c¢iR
R _ =
¢ 2 2a
aRw 2wa?
Cl =
-5 e
_ ¢ R? _ WA R?
e R )

Combining the above results, we obtain the velocity profile below.

606{2

( )+a)a2R2 1 wa*R [R r
= — r — _ | —
Yo 1 —o? 1—a?\r 1—a?|r R

Now we know that the force required to keep the outer cylinder stationary can be
expressed in terms of a torque, denoted as G here.

G = F x Perpendicular distance
G = (|z,9(r = R)| - 27RL) X R = 2zR*L|z,9(r = R)|

From the data booklet, we can obtain the expression for z,4:
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wo22)

Vo _ ®wa*R {R 1}

r 1—-a2|r2 R
0 (Vg> _ 2wd’R?
or\r)  (1—a®)r

2nwa’R?

Tg=———

0 (1 —a?)r?
2nwa?
Trg(r:R) = —1_a2

Finally we can derive an expression for torque, G.

2nwa? 4nR’Lywa?
G— <1’7“’“2> (22RL) = 2100
—

A polymer melt is extruded through a gap in a die onto a sheet that is moving at
speed U. The pressure when the melt leaves the die is P;. The gap size between
the sheet and the die surface is /. There is flow in the positive x direction in the
region of length L, of the sheet. As for the region of length L,, there is a
tendency of backflow of the polymer melt, and this is balanced by the movement
of the sheet in the opposite direction. We need to find out the backflow length L,,
the final coating thickness 7., and the shearing force that the liquid exerts on
the sheet, F. You may assume that the flow is fully developed and the effects of
surface tension and gravity may be neglected.

Polymer —» i

(a) Using rectangular coordinates, determine v, in the forward flow region in
terms of the parameters P, and U.

(b) Find v, in the backflow region and find L,.

(c) Determine 7.

(d) Find the force F for a sheet of width W. Is the net force in the +x or —x
direction? Outside the die, where the liquid is exposed to ambient condi-
tions, is this force negligible and why?
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Solution 7
Worked Solution

(a) We can refer to the data booklet for the Navier—Stokes equation in rectangular
Cartesian coordinates. Let us examine possible simplifying assumptions:

* Constant viscosity for a Newtonian fluid.

¢ Fully developed flow where entrance/end effects are ignored. v, = v,(y) only.

* The liquid is incompressible p is constant.

* The flow is at steady state (g =0).

* The dominant velocity of the fluid is driven by the moving sheet; hence we
may assume v, = v, = 0, and focus on v,.

x-component NS equation can be simplified as follows

oP v,
o= l)

Ox 0y?
&ve 10P
oy 1 oOx
1 opP
Vx =5- =Y tcy+o
2n Ox

To solve for integration constants, we need to establish boundary conditions.
We know thataty =0, v, = Uand aty = h, v, = 0.

62:U
1 P
0=— —I+ch+U
2 ox +cin+
OP 1,2
) :—zl”—ih - U
! h

We now substitute % using the expression in terms of L,

y+U

_ 1 (Po=Pi)p2
1<PO—P1)y2+ Lty —u

o\ h
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= (PG - G- G
w1 (o) |6) - 6]

Note that in this case P = &, i.e., total pressure is the same as dynamic
pressure because static pressure (i.e., gravitational effects) is negligible in a

horizontal flow.

(b) To find v, in the backflow region, let us revisit the general expression for v, in
terms of &€ and the variable y.

w615 @0 -0

Let € = y/h to simplify the expression, then € = 0 when y = 0, e = 1 when
y = h, and hde = dy

We can express the mean velocity (v,) in the backflow region and this is zero,
since we are told that forces balance in this region.

(ve) = % J; vedy = % Ll) <U[1 — €] — Z(gﬁ) [e — 82])/’1618

I
o

op _ 61U
ox K

Recall that we have earlier expressed pressure gradient as shown below,
inherently we have set x = 0 at the die slot where the polymer first enters and
hits the sheet below. This is how we obtain L, when integrated over distance of

the pressure difference, Py — P;
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P Py~ P
ax_ L]

We can re-express the pressure gradient in terms of L,, we need to correct for
the direction in the reverse x direction by adding a negative sign.

oP Py—Pi P — Py
8x_ —L2 n L2

Now we combine both expressions for pressure gradient,

8P761’]U7P1—P()

w5 (B [6) - 6]
=i )30~ 6] = o[ -+6) +36)

(c) To find A, we can apply mass continuity

Qin die = Qoulside die
hoo

h
J vedy = J vydy
0 0

There is an easy way to figure out the right-hand side of the equation, because
we can assume that there is negligible shear stress between the liquid and gas
interface, hence the entire liquid film is moving at U across all values of y at the

downstream portion.

heo
J vedy = Uh
0

The left-hand side of the equation, foh vydy was evaluated earlier,
h 2
U h [OP
dy =h|—— —| —
J, =iz ()]

So substituting both results in the continuity equation,
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U W [OP
”[Tl—zn(a)] = Ul

he 1 W (Py—Py\ 1 K (P, —Py)
h L

2 12qU 2 12qUL,

(d) To find the force required to be exerted on the sheet, we need to know the shear
force that this applied force has to overcome. We have set x = 0 at the die slot
where the polymer vertically enters the sheet, where P = P,. The total shear
force is the sum of the relevant shear component over the surface area that is in
contact between polymer and sheet.

L
F = WJ Tyxdx

—L,
F= WLZTyx|backﬂow (y = 0) + WLlTyx|forward (y = 0)

By definition, we know that 7,, =7 “zl‘;f

and so for the backflow region,

T pion Y = 0) =7 [jy(lf[l ~4(0)+ 3(2)2] )L_O -4

In the forward flow region,

elnaar =0 == (0] = G+ (") [ - G ])]
Ty forara (Y = 0) = néj th <P12L1P0>

Total shear force in the x direction,

F_ 4UL UL (P1=P)\ _, (P1—Po\ nU
w h h -

> 7 T (L +4L,)

We know from our earlier result in part b that

L (P = Po)
: 6nU

Hence the total shear force is as shown below, and it is a negative value hence
it acts in the negative x direction. The force needed to be applied to the sheet has
to be in the positive x direction to counteract this shear force.
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F UL P —P
Total shear force per unit width = wo o [’7 7 Ly h( ! G 0)}

We may assume that 7, ~ 0 outside the die as it is exposed to air, and hence
the shear force is negligible.

Problem 8

We have a distribution system that can help to deliver a viscous fluid with a
uniform exit velocity as the fluid leaves a thin gap between two large parallel
planes. The fluid enters and flows in the pipe in the +z direction, the flow leaves
the pipe through the gap and this is in the +x direction. Both the pipe and
parallel planes lie on the y-plane (i.e., no gravitational effects). The other end of
the circular pipe is closed.

(a) Show that if Q;, is the volumetric flow rate of the fluid entering the circular
tube, then the volumetric flow rate across any z plane is as follows

0(2)=0n(1-3)

[14

(b) You may assume Poiseuille’s law for flow through the circular tube. Derive
the following differential equation.

ou(1-3) -5 (- %)

(c) Show further the following expression where ¢ =2

dna 2
P — Py = WQin(l _8)

(d) Derive the expression for the exit velocity V if you are given that the average
velocity for pressure driven flow in the x direction through a slit of width H
is given by the following where L is the length of the slit.

2

(vs) :1”71 (-AP/L)

(e) Find an equation for the function x(¢) which will be required to maintain the
uniform exit velocity V.
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Solution 8
Worked Solution

(a) We can illustrate this system to visualize the problem in appropriate coordinates.

a
< - »>
Q; z 2R
" X ? A 4
Thin gap of
width W (z
Pressure
outside=P,nm

Exit velocity V

Let’s state our assumptions to be clear about the problem.

* Constant viscosity for a Newtonian fluid.

» Fully developed Poiseuille flow in the circular tube, where entrance/end effects
are ignored. v, = v,(x) only. We may recall properties of Poiseuille flow. It
describes a laminar flow (Re < 2000), and pressure terms and viscous terms are
significant.

e The dominant flow direction is v,. v, = vy = 0 if we consider cylindrical
coordinates for the pipe.

* The liquid is incompressible p is constant.

* The flow is at steady state (2 = 0).

* The flow is axisymmetric (% = 0), where @ is the angle around the circumfer-
ential direction of the circular cross section of the pipe.

Before we try to find out the volumetric flow rate at any z plane, let us consider a
differential control volume of the circular pipe, by taking a small section at an
arbitrary z value. This differential volume will have a differential length dz. We
will define positive as volume into the element.

dz
Q+dQ Q
dQ =VWdz
dQ = —VWdz
o k4
J dQ :J —VWdz
Qin 0
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Q(Z) — Qi =—-VWz

Let us establish some boundary conditions. At z = a, Q = 0 since all the fluid
has left the tube through the gap.

Qin

O =VWa — a=

0(z) = 0 — YWz = 0, (1-7)

a

(b) Now we need to derive the following differential equation:
Q,-n(l — ﬁ) = %( dz) Let’s start with analyzing Poiseuille flow. We will
consider the relevant Navier—Stokes equation in cylindrical coordinates to ana-
lyze flow through a circular pipe.

r component:

dP
dr

6 component:

1dP
rdo

Z component:

o _dP . 1d (v
T dz nrdr rdr

From the r and € components, we can deduce that P = P(z). We can express
dP/dz for a finite length of pipe of length a,%f = 42 = [P(z = a) — P(z = 0)]/a.
Note that <~ dp - is a negative value, pressure reduces along the direction of flow as it
is used to overcome viscous forces along the way.

dj_ li dv, AP
dz 7nrdr dr

d dvZ _rAp
dr dr  na

dvz B r’AP
dr 2na

a
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dv, rAP ¢

dr 277—0( + r
r*AP
4na

vV, =

+cilnr+co

As r goes to zero at the center of the pipe, Inr becomes undefined which is not
possible. Hence we may deduce that ¢; = 0.

r?AP
Vv, =
: 4na

+

At r = R, v, = 0 due to the no-slip condition at the pipe wall

R?AP
4na

r’AP  R’AP R’ (_A{) [ - (;)2]

Cy =

Vz

- 4na a dna 4_17 R
Volumetric flow rate in a circular pipe can be derived as follows

Q

[5G LEC) - e

0% a

QR<AP>{]
2n a)|2 4R,

aR* [ AP
0="-(-—
n a
Hence we have shown the equation where

db _ AP
dz a

ol E (8

(c) We notice that the left-hand side of the equation that we need to prove has a

pressure difference. This is a hint to integrate our differential equation in
pressure. When P = P, 7= a. And we are told that € = z/a.
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8n z
ap = -(lf—)d
7rR4Qln a ¢
8n 21 8n a 2
Pa[mP;;R“Qin{ZZaL :*ﬁQin 5t

dna 27 7
P_Palm— 24Qm|: - _:|

4na 2
P_Patm = %Qm(l — 8)

(d) Now we wish to derive the exit velocity V. We are given the expression below

H2
) = —AP/L
(v = 33, (~4P/L)
In our system, the following are analogous:
H can be replaced by W.
AP can be replaced by — (P —F)

5 or
<vx> can be replaced by V.

2 P_Pam
V:K _ am
127\ x(2)

(e) Note that since ¢ is a function of z, x(z) and x(¢) are interchangeable. We know
from part ¢ that pressure difference can be expressed in terms of e. We can
substitute this result into the expression for V as found in part d

P_Palm

x(z)

dna 2
P — Py = me(l - 8)

WA (P-Pu) W (m0.(1-€"\  aW?  (1-¢)
_1—277< x(2) ) 12n< *() )‘%R“Q“‘ x(e)

We can make x(¢) the subject of the equation by rearranging, and then
re-expressing V in terms of known parameters.

aW?(1 —¢)?
x(e) :%Qin

We know that since the terminal end of the circular pipe is closed, the length
of pipe is such that it just empties all of the inlet volume into the pipe at z =0
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Therefore mass balance tells us that the exit velocity through the gap,
VoW = Q.

() _aW(l —¢)? _aWi(1 —¢)? w1 —¢)?
3RV T 3aRYQy/aW) Tt 3aR?
W3 Z2\2
x(Z) = 37[R4 (1 —;)

Problem 9

We have a circular tube of radius R and length L which contains liquid in a
steady pressure-driven flow. The tube material is porous, allowing fluid to
permeate through at the wall at a velocity V,, that remains constant throughout
the length of the tube. The driving force for this flow to occur is a pressure
difference maintained between the inside and outside of the tube. As more fluid
exits the tube as it flows along the tube, its axial velocity drops as we travel
downstream along the tube. Assume that V,, and mean inlet velocity U;, are
known values.

(a) Find out the mean (averaged over the circular cross-sectional area) axial
velocity (v;) as a function of z. What is the maximum tube length for our
assumptions in this analysis to remain valid.

(b) If V,,/U;, < 1 and assuming Re,, = V,R/v < 1, comment on assumptions
that can be made. Then find the axial velocity profile v,.

(c) Determine the radial velocity profile v,.

Solution 9
Worked Solution

(a) Let us illustrate this problem to visualize it better.

SIS
Uin ZL
J
'REEE
Vw

In order to find out the mean axial velocity profile (v,) as a function of z, we
can first examine a differential element of differential width dz,
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Vw
<‘l72>|z <Uz>|z+dz

Vw
Now we construct a mass balance equation for this system at steady state

0 = (paR?)[v.(2) — v:(z + dz)] — (2paRdz)V,,

=2V, _ VZ(Z + dZ) - VZ(Z) N @
R dz dz

To integrate this differential equation, we need to establish boundary condi-
tions. When z =0, (v,) = U;,. Whenz =L, (v,) = 0.

( >7—2VW n
V;) = R Z C1

c1 = Ui

Therefore we have found the mean axial velocity as a function of z

) =2y
V;) = in
z R Z

For the maximum tube length L.y, it is when the fluid just empties fully at
this end of the tube of this length

_2Vw
0= Liyax + Uin
_ R Uin
mx = oy

(b) Now we are asked to find axial velocity profile again, i.e., an expression for v,
similar as in part a; however, this time, we are given conditions to be satisfied.

. Vw/Uin<<1
e Re, =V, RvK1

These conditions make it possible for the Lubrication Approximation.

Background Concepts

Let us recall some key concepts regarding the Lubrication Approximation. It is an
approximation made for converging or diverging flows whereby the angle of
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converge/diverge is small. Small angle approximations may also be used when
solving such problems. This approximation assumes that the planes within which
the flow exists are “nearly parallel”.

So in this problem, we will look at the Navier—Stokes equations in cylindrical
coordinates and apply the Lubrication Approximation. The assumptions that we
can make are as follows:

» Constant viscosity for a Newtonian fluid.

* Fully developed pressure-driven flow in the circular tube, where entrance/end
effects are ignored. v, # v,(2).

e This is a laminar flow (Re < 2000). Pressure and viscous effects are significant.

* The dominant flow direction is v,. v, = vy = 0 if we consider cylindrical
coordinates for the pipe.

e The liquid is incompressible p is constant.

* The flow is at steady state (2 = 0).

e The flow is axisymmetric (% = 0), where 0 is the angle around the circumfer-
ential direction of the circular cross section of the pipe.

The z component of the NS equation simplifies to

o AP, 1d (v
T d rdr \ dr

We can now apply boundary conditions to integrate this equation. When r = R,

v, = 0. Note that this is the case because even though there is exit velocity, we are
only looking at z component velocity here. Also, when r = 0, % = 0. Note that the

flow pattern is symmetrical about the centerline; hence the maxima/minima velocity
will occur at the centerline where the gradient % =0.

r dP dv, 0
—_— = — > =
mdz T ar

r> dP N R>dP
_— = — = —-—
4n d Q=V=a 4n dz

By substituting the boundary conditions, we can evaluate the integration con-
stants. After which we can find that the velocity profile is

2 2
dP R°dP 1dP
o= 0 XA D2 g2
dndz 4ndz 4ndz
This expression requires further work so that we can express the % in terms of

known values/measurable parameters. To do this, we recall that in part a, we have
found the mean axial velocity which can be used to relate to volumetric flow rate.
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R

(vz>7rR2 = J v, (2zrdr)
0
24P (R1 5,
(v,) = R L E (r —R r)dr

(Vo)

1 dP 1 {_R_“] _ dPR?
7=

- Pd_12_17 dz 8n
E_ —8n(v,)
dz R

Substitute this result back into the velocity profile earlier

—id_P 2 _p2 _i —8n(vz) 2 2
VZ_4f7dz [r R}_4n(7R2 [r R]

=2 - (] =[] [1- ()]

(c) We need to find now the radial velocity profile. We have earlier derived the axial
velocity profile. A useful “trick” to relate velocity profiles of different coordinate
directions is to use the mass continuity equation.

In cylindrical coordinates,

4V, r? r +
wy=—||7—-—=| +c¢
Y R |2 arz| "

We know that at = 0, v, = 0 due to the symmetry about the centerpoint

v \[r »F N 1 0
=\ — - — — —_— =
v R )12 ar) "7
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3
v, =2V, 1—1(5)
R 2\R

Problem 10

Rollers are often used to spread liquid polymer melts uniformly onto a solid
sheet. A motor drives the rotation of the rollers at a linear velocity of V, which
then leads the adhering liquid melt to flow out in the +z direction at velocity V.
We have an illustration below of the roller-film setup whereby the gap size
between the rollers is fixed at H, as measured from the centerline. The local gap
size between the rollers is /2(z) as measured from the centerline. The rollers have
radii R each. The final thickness of the film exiting the rollers is Hy. The location
at which the film leaves the rolls is Zqy;.

velocity V

(a) Show that near to the region where z = 0, the gap between the rollers is

(b) In the region near to z = 0, we can assume the lubrication approximation to
determine the velocity profile. Derive an expression for v,(x) at any z, in
terms of the local gap size h(x) and local pressure gradient = g—f.

(c) At Zzeyi¢ where the film separates from the rollers, what is the condition that
must have? Assuming no net pressure drop during the passage of the film
through the rollers, develop an equation that can be used to solve for z.,;
but you need not solve it.

(d) Sketch the velocity profile at a location slightly upstream of z = 0, atz =0
and far downstream.

(e) Sketch the pressure profile from far upstream to the region where z = Z.y;.

(f) Find out the force by the fluid on the top roller in the +x direction.
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Solution 10
Worked Solution

(a) We can first zoom into the region near z = 0 to study the relevant geometries

0.5H;¢

Centerline

Z;

We can define new variables z;, p, and ¢ to help the analysis. Using Pythag-

oras theorem, we can express p in terms of R and z;.

g=R-p
0.5
q=R— (R* —z?)
h(z) = Ho +¢

h(z) = Ho+ R — (R — 52)"°

When we have a term raised to a power index that may be difficult to evaluate,

we can think about using Taylor’s series expansion to simplify. Over here we
assume % is small to neglect higher order terms in the series expansion.

h@1m+R—R@—(%wa

M@f&+RR@05CQZ+”>

wo-n(oo}(3)

We have replaced z; with z as our expression was derived assuming a specific
z = z; but remains valid for a more generic z local to the region.

(b) Near to the region where z = 0, the curvature of the rollers become less apparent
relative to the horizontal; hence we can adopt the lubrication approximation for
the flow in this region. We will look at the Navier—Stokes equation, with the
following assumptions in mind:

* Constant viscosity for a Newtonian fluid.
* The liquid is incompressible, p is constant.
* The flow is at steady state (2 = 0).
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* The flow in the z direction is fully developed and hence v, # v,(2).
* The dominant flow is v;; hence v, = v, = 0.

Looking at the z component,

dpP d*v, d*v,
0__d_z+n<dx) __ﬂJr”(dx)

We may consider boundary conditions in integrating this equation. When
x=0, % = 0 due to symmetry about the centerline. When x = h(z) or h, v, = V.

dv, p
dx g
d
&ZEX+C1—>6‘1=0
dx 7
p
vzzz—nx2+cQ
V:£h2+czéczzvfﬁh2
2n 2n
b, B2
=— V——h
Vv, 2nx+ m
=L _wyv

25

(c) Where the film separates from the rollers, i.e., where z = Z.;, the fluid is exposed
to ambient conditions and the shear stress at the air-liquid interface is assumed
negligible, while the interface between the fluid and solid moving sheet adopts
the no-slip boundary condition (i.e., fluid moves at same velocity V). There is no
shear stress (or viscous forces); hence the counterbalancing shear force in the
Navier—Stokes equation must also be zero. Ignoring gravitational effects (since
pressure is a sum of dynamic pressure and static gravitational pressure), the
pressure gradient f§ in the z direction has to be zero for a steady-state flow.

Now we have to find z.; which is a specified point z. We recall the mass
continuity equation which is can be used to relate the constant mass (or volume)
flow rates for a steady-state flow at various cross-section locations of the flow.
We attempt to express volumetric flow rate in this case. Let W denote the width
of the sheet in the y direction:
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. h(z)
0 = ZWL Bj?(f 1)+ v} dx

N B (¥ 2 h(z>_ p (K 3

o-amf-f%)

g dP 3V (0 \ 3V 0
2WVh) W2 2Wh?

Tdz W

To solve the differential equation in pressure, we establish boundary condi-
tions for z = Zexit, P = Patm

L (3nv 317Q
| (300

Zexit

We note that h is a function of z; hence we need to either express % in terms of
z or express dz in terms of dh in order to do the integration. The latter is easier;
hence from the earlier expression obtained, we find dh.

wo-n(oo1(3)

dh_i

dz R
z=1/2R(h — Hy)

h <3nv 3;7Q> R
W 2wWH

P— Pyn = A dh
a J 2R(h — Hy)

H;/2

Let us introduce a new term z;, that defines the z value at which the fluid
enters the system. At this point, Py, = P, and the value of h(z = z;,) is also fixed
based on the structure of the system setup, and we denote it H;,. We assume that
the small gap approximation is valid for the region upstream of z = 0 all the way
to Zin-

Zin = ZR(Hm _HO)
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Zin 3,7‘/ 377Q >
Py — Pym =0= —_— d.
a J ( w awn)“

Zexit

oo [T oy __k
2R(

o 2wWh h —Hy)

Zexit

This differential equation may be solved to obtain zeyj.

(d) The velocity profiles at the three locations, (1) locally upstream of z = 0, (2) at
z = 0, and (3) downstream of z = 0, can be illustrated as shown. Here are some
guiding points for the sketch.

(e

At the centerline, the gradient of the velocity profile should be zero, i.e.,
symmetry about the centerline.

The magnitude of the velocities should be such that at various values of z,
mass is conserved; hence the area under the curves (in red) for the velocity
sketches should be the same. As we move away from the roller surface, the
velocity will increase as viscous forces reduce away from the roller surface,
until a velocity maxima is reached at the centerline.

From the result obtained in part a as shown below, we note that the velocity
profile is parabolic in shape with respect to x (second-order x term).

The z component of fluid velocity v, at the location z upstream of z = 0 where
h = h(z) will be smaller than V. This is because V is the linear velocity
tangential to the curved roller surface; hence, the horizontal z component will
be a fraction of V.

Upstream  z=0 Downstream
Centerline h(z) P —

h(z) o] —
(0 I =Y
Centerline

In order to sketch the pressure profile P(z) from upstream to zexit, we can start by
making logical deductions from our knowledge of the flow pattern, to gather key
information about the pressures and/or pressure gradients to help us with this
sketch.

Pressure far upstream of z where the fluid first enters our roller system is
P = P, 7, Was earlier defined as the z value for this entry point, and at this
point, P;, = P.u,. For the small angle assumption to remain valid for the
region upstream of z = 0 all the way to z;,, the distance between z = 0 and z;;,
should be small.
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* Upon exit of the film where z > Zexit, P = Pam. Since shear stress at the
air/liquid interface is assumed negligible, pressure gradient ‘fl—f is zero in order
to satisfy the Navier—Stokes equation where pressure terms counterbalance
viscous terms in this problem.

* Since we know that shear stresses balance pressure gradient in our system, we
can deduce that pressure gradient is highest at the point where shear stress is
the highest, i.e., at z = 0 where the gap is the narrowest gap.

* As our system is symmetrical about z = 0, so will the pressure gradient.
Hence we deduce that the pressure gradient profile mirrors itself from z =0 to

Z = —Zexit, N the same way when we go from z = 0 t0 7 = Zexe.
Hin
Centerline
Patm z
Zin  ~Zexit 0 Zexit

(f) Let us illustrate a close-up of our system at an arbitrary point on the curved
surface of the top roller. Note that e, refers to the unit vector (i.e., of unit
magnitude) in the z direction. e, is commonly also denoted as §,. We perform a
change in coordinate system from x-z-y to r-0-y to help with our analysis.

From the above geometry, we can re-express e, and e, in terms of e, and ey.

e, = —cosfe, + sinfe,
ey = sinfe, + cos e,
To derive an expression for the force exerted by the fluid on the top roller in

the x direction, we first make the assumption of small angles so that the
lubrication approximation holds.
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Background Concepts

The force exerted by the fluid on the roller is used to overcome the shear (or viscous)
force due to friction between the roller surface and the fluid. The directions of stress
tensor components that are relevant are all the stress components acting tangential to
the roller surface (i.e., in e, direction). The dot product of the stress tensor T with e,
helps us extract all these components of shear stress. These shear stress components
have a first subscript of r as they act in the » plane (normal to plane in the e,
direction). The r plane is the plane tangential to the surface. After this dot product,
we perform a second dot product with e, on our earlier result, to extract only the
component of force in the x direction as indicated in our problem statement. Note
that F is the force on the roller by the fluid.

F=e,: Jer-TdS

dS = WRd6O

e T =o0,e +19€+ Try€y

We know that 7, = 0 because we have no movement in the y direction. Therefore
the following

€ - T= € + Tr9€g

At this point let us recall some relevant concepts. Recall that by definition,
7,, = 0, + p wWhere p refers to the total pressure gradient term (i.e., —% assuming
x component) in a typical Navier-Stokes equation. The sum of this total pressure
gradient (negative sign), together with the gravitational term (e.g., pg,) gives the
dynamic pressure gradient. In tensor notation, ¢ denotes stress components normal
to the face and physically means a tension or compression, while 7 is used to denote

stress components parallel to the face and represent shear.
e T =oc,e +10€ = (Trr - p)er + 7r9€p

The above dot product is valid; however it is tricky to solve. So we are going to
convert the cylindrical coordinates into Cartesian coordinates for simplification of
this dot product. Note that by definition e; - ¢; = ¢;

e [e, T] = [e;  (—cosBe, + sinfe,)|- T
= — 08 0Ty + sin OT ;.= — cos O(o,, )+ sin O(z,;)
= —co8 (7 — p)+sinO(zy;)

Note that by definition, and also available in data booklets as one of the stress
constitutive equations, the following expressions for the stress terms are valid for an
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incompressible fluid of constant p that obeys the mass continuity equation. The
below expressions also assume v, is the dominant flow direction (v, = 0).

Ovy
w=21—=—=0
g "ax
| O e (B 0P
=t o T =) T

opP oP
e le, T] = —cos6(0 —p)+ sin9<8x> =pcosf+ sin0<6x>
Z Z

Now let us return to our problem and determine the integral below to find force F

gexil
Fee. J ¢, T(WRd0)
Hin

Oexit . aP
F=WR pcosf+ sinf| —x | |d6
O 0z

We will try to convert the integration limits to parameters that we know, i.e., from
0 to z using some geometric analysis. Also we know that x is a function of z, i.e.,
x = h(z)

S
Y

0: Rdo

N :
NG
NH
N
N
\
N

B

H\

A
2}

o a

Lo

dz = Rd6 cos6f
Zexit 6P
F:WJ p+ tand| —h(z) | |dz
Zin 0z
W tané in t f variabl ing tand = ——=—. Th try i
€ can express tand 1 terms of variable z using tan \/Rz—_z2 € geometry 18

shown below, where Pythagora’s theorem is used. Now we have an equation that is
only in terms of variable z that can be solved using the integration limits.
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The integration may be further simplified if we assume small angle 6 and that the
lubrication approximation holds. Then tanf ~ 6 which is negligible, and we obtain
the following expression for F.

Texit

F:WJ pdz

Problem 11

A factory manufactures a chemical at an upstream location x = 0 and this
chemical is distributed to customers at values of x > 0 downstream in the +x
direction. The price of this chemical, f, depends on the time elapsed after
production completion (i.e., #), as well as the location that the chemical is sold
(i.e., x). Because the chemical has a short shelf life, its price decreases with time 7.
We are given the following correlation, where a is a positive value in $/hour.

dp

ot

We are also informed that the price increases with distance of the point of

sale from the factory according to the following correlation, where g is a
positive value in $/meter.

Ip
P

If the chemical producer wants to sell the product at the same price at any
location along the distribution route, find out the speed of distribution that is

necessary. Comment on how the above problem relates to the concept of
convective derivative used in Fluid Mechanics analysis.

Solution 11
Worked Solution

Background Concepts

Recall what convective derivative means. It refers to a derivative taken with respect
to a moving coordinate system, whereby in fluid mechanics applications, we “fol-
low” the fluid particle as it moves. The convective derivative is also termed sub-
stantive derivative or total derivative and denoted as follows, where V is a gradient
operator and v is the velocity of the fluid. This convective derivative is often applied
to velocity (i.e., %) in fluid mechanics, and is usually at the left-hand side of the
Navier—Stokes equation representing the convective/inertial terms.
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D 0
E—E—FV \%

For example, we may take the convective derivative of v, under Cartesian
coordinates for the x component of the velocity vector.

Dy, 0Ov,
or o’ v
Ovy. Ov,. Ov,

=i ——jt "k
Vv axH—ayJ—F P

-V Ovy . Ovy Ovy
“Vve=vi—+v,—+v,—
ox Yoy ‘o
Dy, Ovy Ovy Ovy Ovy
Voot Vy -

Dr o T Ty T

This convective derivative is useful as it allows us to determine the rate of change
of parameters associated with the fluid particle even as it moves about. We can find
out the positional information at specified times. We can also find out velocity at a
given position and time.

In this problem, we may apply the concept of convective derivative by “following
the chemical” as it moves along the distribution route.

Dp op op op op
Dr o e Ve TV,

To sell the product at the same price at any location along the distribution route,
the condition is that the price is steady, i.e., the convective derivative of the price
% = 0. We may assume that v, = v, = 0 for a distribution route that is
only in the x direction.

is zero or

op op op op
0:7 xi ) — JR—
oY 6x+v}6y+vzﬁz

o _

o

o _

ox

p

0:fa+ﬂvxﬁvngm/h

Therefore the speed at which the chemical producer needs to travel is %m/ h.
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Problem 12
We have laminar flow in a circular pipe that is held horizontal.

(a) Comment on the streamlines within the pipe.

(b) Assuming Cartesian coordinates, is it possible to use the below equation to
model the z component of velocity in terms of whether (1) the boundary
conditions are satisfied and (2) the continuity equation is satisfied? It is
given that R refers to the radius of the pipe cross section, and x> + y* = R>.

vz:K(R2 —x? —yz)

(c) Given the velocity distribution in part b, find out the correlation between
the pressure gradient along the pipe and the volumetric flow rate through
the tube.

Solution 12
Worked Solution

(a) We have a circular pipe as shown below. This is an example of a pressure driven
flow in the laminar region. The streamlines in the pipe are all straight and
parallel. Note that in turbulent flow, the velocity changes rapidly at each point
in the flow field about a mean value and it is the mean velocity vector that may be
referred to under turbulent regimes. However for a steady-state turbulent flow,
the mean velocity vector does not change with time.

Recall that streamlines are a family of lines to which the velocity vectors are
tangent to (i.e., same gradient). Velocity vectors may be drawn at any point
within the flow field. At steady state, a fluid particle will move along a
streamline.

Streamline

(b) We can apply the z component of the Navier—Stokes equation. Note that we have
used a form of the NS equation below which consists of the gravitational term
pg.; hence the P in %‘; refers to total pressure (as opposed to dynamic pressure).
We have also assumed:

* Constant viscosity for a Newtonian fluid.

* The liquid is incompressible, p is constant.

* The flow is at steady state (% =0).

* The dominant flow direction is in the z direction; hence we assume v, = v, = 0.
* The flow is fully developed in the z direction; hence v, # v.(z).

 Horizontal pipe hence gravitational effects are negligible.
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v, N v, N v, Ty v, oP N v, N v, N v, N
Wz Koy, Pz, ) 08 (O Ve
Plae T e T ey T gy 5z TN\ a2 T2 oz ) TPE:

0 @+ 62vz+62vz
T e T

We are given a suggested form of the velocity profile which we can test here

v.=K(R—x"—y*) =K(R* - 1)
ov,
or

= —2Kr

At the pipe wall, x* + y* = r* = R%, v, = 0. This is satisfied by the velocity
profile provided. Also at the centerline of the pipe x = y = 0 (r = 0), the velocity
gradient % is zero due to axisymmetry, and since a maxima in velocity occurs
along the centerline. This is also satisfied by the velocity profile provided.

We will now test the validity of the continuity equation

Vyv=0
Ovy Ovy, Ov,
6x+6y+6z

. _

oz

This condition is satisfied with the velocity profile v. = K(R* — x* — y%)
provided.

(c) To find an expression for the pressure gradient, let us return to the Navier—Stokes

equation
oP v, v
0=—— — .
0z +]7<8x2 + 8y2>

v,
Zi= 2K
Oox?

2
9 o ok
Oy

oP oP
= —4K il
0 2 +n(—4K) — P
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To find the volumetric flow rate, we need to express a differential area
element for the integral. This can be more easily done in cylindrical coordinates;
hence we may analyze this problem in cylindrical coordinates.

After applying the same assumptions as shown earlier in part b, the
z component of the NS equation in cylindrical coordinates is

0 opP L 1d [ dv,
=——+4np—|(r
0z nr dr \  dr

% r2 oP

rdr _277]6724_6.1

dv, r OP ¢ dv,
dr 2n 8z+ o <r " dr

r? 6P+ R? 0P (
= T — = —— — (r =
T e T Ty

2 0P R*OP 1 0P
VZ:;_____:__V_RZ]
n 0z 4n 0z 4n Oz

v, = %(—41«1)(# ~R*) =—K(r - R

Now we can relate volumetric flow rate to velocity as shown below.

0 =

R
J v, 2mrdr
0

2 4

) R R22 4R
0= J K(R® — ) 2zrdr = 2Kﬂ[—r - }
0 0

. KzR* 20
= K = —
Q - aR*

The pressure gradient can be expressed in terms of volumetric flow rate

oP 20 8n0
— = —dKp=-4"=p=-"X
0z g R R
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Problem 13

We have a fluid that flows between two large flat plates. There is steady flow in
the +x direction and the separation distance between the plates is H. The top
plate is moving at a velocity of U. The bottom plate is stationary.

(a) Find the velocity profile.

(b) Comment on the effect of the pressure gradient and the implications if this
was absent.

(c) Comment on the flow behavior if the top plate was still.

Solution 13
Worked Solution

(a) Let us visualize the flow in a simple diagram as shown below.

/:/ >
Fluid flow U
="

To find the velocity profile, let’s examine the boundary conditions and the
relevant Navier—Stokes equation.
The assumptions are as follows:

* Constant viscosity for a Newtonian fluid.

e The liquid is incompressible, p is constant.

* The flow is at steady state (£ = 0).

* The dominant flow direction is in the x direction; hence v, = v, = 0.
e The flow is fully developed in the x direction; hence v, # v,(x).

* Horizontal plates, hence gravitational effects are zero.

0P, 3% vx
T T TN\ ap
Fve _1 (0P
o2 n \ox

oV, 1(6P)
=—|—=|z2+c

oz n \ Ox
@2

=t izt o
2n

We know that when z = —H/2, v, = 0 and when z = H/2, v, = U
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OP\H> ¢ H
0( ) + 2 1o

ox)8y ' 2
OP\H> ¢ H
V=|(—|c0———
(8x>8i1 2 to
U
*U:ClHHC‘lifﬁ

o (P\H _H( U\_ (oP\H* HU
7 \ax)sy 2\ H)  \ox/)8y " 2H
(D)2 (U OP\H*> HU
vx:/i_ — 1T — ~ 7+7
2n H ox/)8n 2H

1 (oP\ [, H? 1 z
= (3 5) o 7)

(b) We can observe from the simplified Navier—Stokes equation that the pressure
gradient balances the viscous/shear stresses. This force balance explains the
steady state of flow. If pressure gradient was absent, the velocity profile will
change to the following. From observation we notice that the initial profile was
the sum of a parabolic part and a linear part. If pressure gradient was zero, the
profile changes to a linear profile.

1 z
y=Ulz——
=5 7)

(c) If the upper plate was stationary, then U = 0. Then the velocity field will change
to the following parabolic profile.

1 (oP\ ([, H?
Ww==—|= |\ ——
T 2p\ox 4

We have a long cylindrical tube within which an incompressible fluid flows
steadily in laminar flow. The velocity field is provided as follows:

Problem 14

v,=V[1—¢?

Given that V is the velocity along the centerline, ¢ = r/R where R is the radius
of the cross section, and the dominant flow direction is in the z direction only.
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The tube gets heated with passing fluid due to viscous dissipation. The rate of
this heat generation per unit volume fluid, H is as follows

v\ 2
H = n (a_:>

Determine the temperature profile 7(r) if

(a) Heating due to viscous dissipation is negligible.
(b) Heating due to viscous dissipation was significant.

Solution 14
Worked Solution

(a) Before we begin, let us think about the approach to solving this problem. We
need to determine temperature profile in this problem. Therefore instead of the
typical approach of working with differential equations in velocity (i.e., the
typical Navier—Stokes momentum equations), we need equivalent differential
equations in temperature. The typical NS equations come about by applying
conservation of momentum on a differential volume element of fluid. In the same
way we can apply conservation of energy (or heat flux) on a differential volume
element of fluid.

The general form of the energy equation is as follows.

or
ﬂCp E —+ /)cp(v . VT) = kVZT + Hvisc
or

k H ise
v VI =—VT 22
dt pC, pC,

Some points to note about the above equation are as follows:

* The rate of heat energy accumulation is given by pc, Z—{.

* The convective derivative is represented by pc,(v - V T) which denotes heat
energy changes due to positional changes of the fluid particle caused by
fluid flow.

* The diffusion/conduction effect is denoted by kV>T, whereby k is the thermal
conductivity. This term takes care of the heat flux that enters or leaves the
differential element of fluid. Another useful property is thermal diffusivity
which is /)%

* H, represents any heat source or sinks, and in this case, we have been given
an expression for a heat source/generation due to viscous dissipation and this

is used for this source/sink term.
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In the cylindrical coordinates, this is our energy equation.

or k H,
4 VI = — VT =

dt PC, PC,

For part a, we assume H,;;. = 0

oT k
— vV =—V°T
dt pC,

6T+( ) oT 10T oT k (10( oT +162T+82T
. VisVo, Vo) '\ 7=~ 575 7 =—\ =5\ "7 0 79
dt %) \drrde’ dz pe, \rdr\’ dr rrdo*  dz?
We can simplify the above expression using the assumptions below:

We have a steady-state flow, so the temperatures are also constant. % =0
The dominant flow direction is in the z direction, v, = vg = 0

We are told that the temperature profile is a function of r only, 7(r); hence
a _ar _
do dz

The energy equation is therefore simplified to the following
k (1 0 ( 6‘T>>
O=—|(——r—
pe, \rdr\ dr

0 oT
5(’5) =0

aT_C]
dr r
T=cInr+c

We can apply boundary conditions to evaluate the integration constants. At
r=R,T=T,. Atr=0,% = 0 due to axisymmetry.

61:0
T:CQZTW

In this case, the other boundary condition at r = R is not necessary as
temperature is constant at 7, regardless of r.
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(b) Assuming viscous dissipation is present,

k <1 5 ( ar)) Huye
O=—|(—-——(r— +
pe, \rdr\ dr pC,

2
1 T o

o- £ (12()) )
pe, \rdr\ dr PCy

We can find an expression for velocity gradient % in terms of V and R.

]

ov, 2Vr

or R

Substituting this expression back into the earlier energy equation, we have
k (10 T v
o= (Gl 5) o
pc, \rdr\ dr pC,

1o/ or anV?rr?
0 —"(m(ra» TR

g 6l 7747]V2r3
ar \"ar kR*

Integrating with boundary conditions, we obtain the temperature profile.

or nV2r: ¢ or
o Ty asor=0g =0

dr

_ nv2rt _ nv?

I=—gwrrae—a=hty
nv? 4
T—TW+4—k[1—£}

Problem 15

Consider the vertical flow of a thin film of viscous fluid up a conveyor belt. The
belt has a large width W and is moving at a constant upward velocity of V. The
fluid’s viscosity allows it to adhere to the belt surface with a thickness of &.
Gravity causes the fluid to flow back down into a container below. You may
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assume that the fluid is Newtonian, and the flow is laminar, fully developed and
at steady state.

(a) Show that the pressure in the liquid film is constant at a specified height.

(b) Derive an expression for the velocity field in the liquid film and sketch this
profile for a fluid with high viscosity and a fluid with low viscosity. Com-
ment on the effect of viscosity.

(c) Find the volumetric flow rate of the liquid film. And explain how belt speed
relates to viscosity of fluid for this system to work.

Solution 15
Worked Solution
(a) We have a simple illustration of the problem below.

\Y

/ Liquid Film

4_
Wall P — p
<« atm
h +—
z [~ &

We are required to show that pressure is constant at a specified height.
Implicitly it means that pressure is not a function of x, and only a function of
z (assuming no flow in y direction).

Let us examine our assumptions before looking at the Navier—Stokes equation

* The dominant flow direction is in the z direction; hence v, = v, = 0.

* We know that g, = — 9.81, and g, = g, = 0.

* Constant viscosity for a Newtonian fluid.

e The liquid is incompressible, p is constant.

* The flow is at steady state (2 = 0).

* The belt was described as wide, implying that entrance/end effects would be
negligible and hence the flow may be assumed fully developed v, # v.(z).

¢ The fluid is described as viscous; hence viscous terms dominate, and inertial
terms may be assumed negligible.

With the above assumptions, the x component of the Navier—Stokes equation can
be simplified to

dp

Z—0

dx

We have thus shown that P is not a function of x, and hence pressure in the
fluid is constant at a given height (z).
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(b) Knowing that the direction of flow is in the z direction, we can similarly simplify

the z component of the Navier—Stokes equation. We also know from part a that

dP __
4P _ ),

d*v,
0=pg. +n e

p(—gZ)x—l—Cl:%

We can now apply the boundary condition whereby when x = h, % = Oas we
assume negligible shear stress at the liquid—air interface.

p(*gz)

P8 htey =0 — ¢ =282,
n

p(_gZ))H-&h _
n n dx

4 _gz) x_2
n 2

V; = +&/’UC+C2
n

We can apply the other boundary condition of no-slip at the belt surface;
hence v, = V when x = 0.

V26‘2

Let us denote g, = —9.81 = —g. Therefore the velocity profile in the liquid
film is

2
vz:@<——hx>—|—V
n\2

=BG - 6)

Let us now sketch this profile for a fluid with high viscosity and a fluid with
low viscosity. We can observe from the velocity profile equation some key
features below

2
e Atx=hv, =V — ’%. So the greater the viscosity # of the fluid, the greater

the value of v, at x = h. This makes sense since the more viscous the fluid, the

closer it will follow the speed of the moving belt, and less easily “affected” by

the downward gravity pull, hence it will maintain a higher upward velocity.
¢ Regardless of viscosity, the fluid velocity is fixed at V when x = 0.
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» The shape of the velocity is second order (parabolic) with respect to x.
e At the air-fluid interface the gradient % is zero as we assume shear stress is

zero at that interface.

Therefore we can develop the sketch below.

Increasing
viscosity

Sad—--do o

(c) To find the volumetric flow rate of the liquid film 0, we can integrate across the
entire belt from a differential element.

h

0= WJ v,dx

AN ERCORGIRE

- W18 2 h n
O _ [esh® (12N (2N ] g8t
w n \6\h 2h 0 3n
We can observe from the above expression that in order to lift the liquid film

3
upwards, the term Vh > /%. The lower the viscosity of the fluid, the greater is

the required belt speed to still satisfy upward fluid film movement (© > 0, where
Q 1is positive in the +z direction upwards).

Problem 16

Starting from first principles, show how the continuity equation in cylindrical
coordinates as shown below is derived.

19(rv,) 10vy dv;
rar roo o "
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Solution 16

Worked Solution

The first step of this derivation is to accurately visualize the system. It helps to
understand how the Cartesian coordinates (x, y, z) and cylindrical coordinates (r, 0, z)
relate to each other. This is shown on the bottom right diagram. Then we take an
infinitesimal volume element of fluid, and develop the mass (or volume) balance
equation for this control volume. The bottom left diagram is a zoom-in on this small
volume element. The angle of curvature for the volume element may be ignored if
the element is small enough, i.e., d6 is sufficiently small such that the length of rd6
may be assumed straight. Then this volume element can be treated as a rectangular
block as a simplified geometry.

Differential volume ~
element N

N ) S
‘ dr Ij P (r)8,2)
rd6 A

SN T

PVe v, pve .-

/
/
)

=

o

Volume of small element follows that of a rectangular block
(Iength x breadth x height). Note that arc length S for a curvature over an angle
measured by 6, with a radius of curve at R, is defined mathematically as S = R6.
Therefore in our problem, for an arbitrary r, dS = rd@

dV = (rd6)drdz
Mass flowrate into the volume element can be found by looking at each face. The
product of the area of the face and the velocity into the element, will give the
volumetric flowrate, which is then converted to mass flowrate using density.

pv,1rd0dz + pv,rd@dr + pvedrdz

Mass flowrate out of the volume element is expressed as follows

(pv, + @di’) (r + dr)dfdz + (pvZ +
r

d(pve)
+ <pVg+ 20 de |drdz

opv:) dz) rd6dr
0z
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Conceptually, mass balance is governed by this rationale
Rate of mass accumulation = Mass inflow rate — Mass outflow rate
Rate of mass accumulation is expressed as follows where V is the volume

d(pV) d(p(rd9)drdz)

dt dt

Therefore the mass balance equation becomes

d(pV alpv,
% = pv,rdfdz — (pvr Lo E )dr) (r + dr)dOdz + pv.rdfdr
o o
— | pv, + (pv:) dz | rdfdr + pvedrdz — | pve + (pve)de drdz
oz 0
d(p(rd0)drd (pv, o
W — —pv,drddsz — ( %’: )dr> (r + dr)d6dz — ( (g?)dz> rd6dr
d(pvo)
- d0 \drd
( 0 e

w08 - (8 0)

For an incompressible fluid, p is constant; therefore, we simplify the equation to

v, ov, dr ov ovg\ (1
0=—" L) (1+= -2 A I
(@) 5) - (3) (3)0)
We may assume that % <1 and (1 —l—d—r’) ~ 1. We also know that

% + (%) = % (r% + v,); therefore, we have the following expression
1 ov, ov, ovg\ (1
o= (rarer) + (%) (F)0)
1 (o(rv,) 1 [Ovy ov\
;( or )ﬁ(@ e ) =0
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Problem 17

An incompressible Newtonian fluid flows through a tube with permeable walls.
The tube is of radius R and fluid enters the pipe and flows through it. In
addition, more fluid enters the tube through the porous walls at a constant
velocity of U. The axial velocity v, can be expressed as follows where L is the
length of the tube and f is a constant.

v, r\2 z
ey -\ &) ) (re-ng)
e (@) (g
Determine the radial velocity profile and express it in terms of f and U.

Solution 17
Worked Solution

Let us illustrate this system

S 2 A

v, z

L

7
FTrT
U

Let us apply the mass continuity equation in cylindrical coordinates

(822) 1 1(55) - (3) o

We have the following assumptions

e The flow is axisymmetric; therefore a% =0

¢ The dominant flow directions are in the r and z directions; hence we assume that
Vg = 0

» Constant viscosity for a Newtonian fluid.

e The liquid is incompressible, p is constant.

L (o(rv,) ov,
;( or )+5_Z_O
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We are given the axial velocity profile below, let’s denote v,(z = 0) = v, ¢

Vz

r\?2 z
v ( (% ><1 +p-17)
v, 2\ (B-1)
a_z_Vz"’(l - (E) > L
Substituting back into the continuity equation
1 (o(rv) N B-1
‘(a—> ”w(l (%) > r 0

o(rv,) . <V3_ r) (/52 1)

Note that velocity is a function of two variables, r and z; hence the “integration
constant” is a function.

(P NB-D | f@)
V"””(W‘E) L s

Now we apply boundary conditions to figure out an expression for f(z). When
r =0, v, is finite. Hence f{(z) has to be zero.

_ P\ (p-1)
VG T2) L

We have now obtained the radial velocity as shown

o () 252

When r = R, v, = —U (inward direction is negative of the r coordinate direction).

EWEN
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Problem 18

We have a system that comprises of two concentric cylinders which are both
rotating. The inner cylinder has a radius of R, and rotates at an angular
frequency of w,. The outer cylinder has a radius of R, and rotates at an angular
frequency of w,. There is a very viscous fluid contained in the annular region
between the two cylinders, which is Newtonian.

(a) Show that the linear velocity of this fluid is as shown below:

szwb - Raz(l)a sz sz(l)b
Vo=\—pa2_p2z J\F'" )T ——
Rb - Ra r r

(b) Information about velocity profile is useful in many practical applications
as it helps us relate to useful properties such as shear stress and force, which
can then be used to find out fluid viscosities through measured quantities.
We will use the velocity profile for v, obtained in a, to show how a viscom-
eter can be used to determine fluid viscosity. You are told that the measured
torque of the inner cylinder is 0.003 Nm, whereby the inner cylinder rotates
at four revolutions per second and has a diameter of 0.05 m and the outer
cylinder is stationary with a diameter of 0.07 m. The fluid in the annular
region is up to a depth of 0.04 m.

Solution 18
Worked Solution

To find the velocity profile, let us examine the continuity equation and Navier—
Stokes equation. To simplify the equations we may assume the following:

* The flow is axisymmetric; therefore 0% =0.

e The dominant flow direction is in the 6 direction; hence we assume that
v, =v,=0.

* Constant viscosity for a Newtonian fluid.

e The liquid is incompressible, p is constant.

* The flow is at steady state (5 = 0).

* The fluid is described as very viscous; hence viscous terms dominate, and
inertial terms may be assumed negligible.
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So we end up with the following simplified continuity equation

1 o(rv,) 10vg Ov,

For ra0 a0

aVQ .

-0
00

This result makes sense as it means the fluid flow is axisymmetric. It also
means that that flow is fully developed in the 8 direction. We can therefore deduce
that

ve = va(r,2)

Let us now examine the #-component Navier—Stokes equation

0 (10
=% <;5<”6))

The r-component equation is as follows

pve? . opP

r or

The z-component equation is as follows

0=-2~—
%P8

We will now integrate the #-component differential equation as we want to

find out velocity field for v,.
0 (10
or < a#”(*))

10

;a(r\/g) = (]
cr [(65)

V9 ——— T —

We can now apply boundary conditions to solve for the velocity in. When
r = R,, vo = R,w, and when r = Ry, vg = Ry,
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ciR, ¢ ¢ R
R.w, = 12 R2 — R, 2w, ! + ¢
a
c1Ry c1R,?
R =74+ = S Rlwy, =
p®p = ) +Rb — Ry ) + e
Ry? R,
R’y — R.2w, C12b 7612[;
. 2(Rb2a);, — Raza)a)
AT TTRI_RS
b a
R za) Rb (sza)b —R (Ua)
b~ @Dp R _R.?

Substituting the constants back into the expression, we obtain the velocity
profile.

Ry*wp — R w, . Ry’ _ Ry* (Ry*wp, — Riw,)
Ry> — R/’ r (Ry> — RA)r

Ry*w;, — R 0, R,? Ry’ wy,
Vo= \—pa T ) T
Rh 7Ra r r

b) From the data booklet, we can find expressions for different shear stress com-
p
ponents. Torque in this case is used to overcome the shear stress contributed by
the 7,9 component at r = R,.

0 (v9> L 10v,
Tg =N|Fr—|—
S > r o0
Due to axisymmetry which was earlier established and still holds
0 szwb — Razwa sz szwb
Tro =m\r e 12t 23
or Ry — R, r r

) sza)b - Raza)a sz 2Rb2wb
T = r _— —_
9 =N sz — Ra2 3 )
2R;,2Ra2 (wb — wa)

(Ry> — R)r?

Vg =

o, __
s =0.

Trg =1

At r = R, we can find the relevant shear stress component. Note that @, in this
case is zero since the outer cylinder is stationary.
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Tra|r:R(, =1

—2R;,20)a
(R~ &)

Shear force F is related to shear stress and torque 7 'is related to the shear force
which it has to overcome. Note that the force expressed below is the force
exerted by the inner cylinder on the fluid as is apparent from the direction of 7.

chylinder on fluid = (Trn9|r:R“)dA = (Tr«9|r:R“) (H(Radg))

chylinder on fluid = RedF = (TV9|r:R“) (H (Razdg))
dFﬂuid on cylinder = _chylinder on fluid

2sza)a

dTﬂuid on cylinder = ¥ m} H(Razda)
b — Ra

To find the total torque exerted by the fluid on the cylinder, we need to
integrate over the entire cylinder surface

4m7HRu2R;,2wa

21
T'uid on cyli = J
ylinder n 2 2
0 Ry™ — R,

2R;,2a)a
| =

Now it is straightforward to solve for Tuid on cyiinder DY Substituting the values
of the variables that have been given in the problem.
T'fuid on cylinder‘ = 0.003 Nm
w, =4rev/s = 8rrad/s
wp = 0

0.05

0.07

H=0.04m

Problem 19

Consider diverging flow of a very viscous fluid through a channel as shown in
the diagram below. This channel is the narrow gap between two large parallel
plates of width W. The top plate leads on to a downstream portion that has a
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wedge shape that diverges the flow at a small angle of 6. You may assume that
the fluid is Newtonian and at steady state.

hp=6.5mm

ha.=4.5mm —-—) Fluid Flow

A
\ 4

L,=0.3m Lp=0.2m

(a) Show that the pressure difference across the diverging region L, is as shown
below.

nmo (1 1
AP, — < (2 _
" we (hf h;ﬂ)

(b) Calculate the total pressure difference across both L, and L, if the flow rate
per unit width of plate is 0.0003 m*/s and the liquid has a viscosity of 25 Pa.s.

Solution 19
Worked Solution

(a) We can apply the mass continuity and Navier—Stokes momentum equations here.
Let us first list down our assumptions for this flow.

* Constant viscosity for a Newtonian fluid.

¢ The liquid is incompressible, p is constant.

* The flow is at steady state (2 = 0).

» The angle of divergence at region L, is small. Hence in this region, v, also
assumed negligible. Also small angle approximation for trigonometric func-
tions may be used.

¢ The dominant flow direction is in the x direction; hence we assume that
vy=v,=0

* Given that the plates are large, we may assume the flow is fully developed in
the x direction and any entrance/end effects may be ignored. Hence v, # v,(x).

» Gravitational effects are ignored.

e The fluid is described as very viscous; hence viscous terms dominate, and
inertial terms may be assumed negligible.

Now we may obtain the following simplified continuity equation
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Ovy
X—0
Ox

This result is consistent with the fully developed flow assumption, and we
deduce that v, = v,(y). The x-component Navier—Stokes equation is simplified to

the following:
oP v,
0= ——
ox " ’7< oy )

LOP o ey s
Vy=— — c c
2176xy 1y T C2

Let us consider boundary conditions to evaluate the integration constants.
Wheny =0, v, =0. When y = A", v, = 0.

h = h, +xtan0 ~ h, + x0

62:0
1 oP 5 1 oP
0=——(h, 0 h, 0 =——(h, 0
2nax( +x0)" + ¢1(hy + x0) — ¢ 2nax( + x0)
1oP, 1 0P 10oP. ,
=— 3y —— —(hg + x0)y = — — [y* — (hy + x0
vx n X 2716x(”+x)y 2776x[y (ha + 20)y]

Now that we have found the velocity profile in the x direction, we can find the
volumetric flow rate Q

Q J(ha +x0) 1 oP J~(ha +x0) s
2 _ dy = — — — (ha +x0)y]d
Tl Rt el [y = (ha + x0)y]dy
2 (ha+x0)
(0] 1 oP y3 y2 1 oP 3
2 T (a0 = " (hy+x0
W 2n0x |3 (”+x)20 T2y ax ta +X0)
oP 1270

& W(hy +16)°

Let us now consider the boundary conditions for pressure to evaluate this
differential equation. The limits of integration for region L, are x = 0 and x = L,
However we note that the expression we need to prove is in terms of %, and h,;
hence we may rewrite L, in terms of A, and h,,. Note also that % is a negative
value; hence we need to account for the sign change to express the magnitude
(positive value) of pressure drop AP,,.
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_hh_hath_ha
" tand 0

b

hy,—ha

_oP 1290 [ 7 -
APb— ax— W J (ha—i—xﬁ) dx

(=)

610 -1 oo 1 1
APy = W 2 = W 2 2
O(ha +x0)° | | Oh,> ' Oh,
om0 (1 1
APy = —=— - —
b weo <ha2 th)

(b) We are given that vQ_v =0.0003m?/s. n = 25 Pas. L, = 03 m,
L, = h"%h“ =0.2m. h, = 4.5 mm and h, = 6.5 mm. Note that due to mass
continuity, the mass flow rate is the same for sections L, and L,. This translates
into the same volumetric flow rate due to the same constant density p for the
same fluid flowing through both sections.

For the region L,, 8 = 0; therefore, we can find an expression for % by

integrating the velocity profile v, for this region

1 0P, 1 0P,
= [ = (ha +x0)y] = — — [y* — h,
Yol 2n Ox [y (a +x )y] 2n Ox [y y]
. h,
0 1 opP (h 1 oP[y>  hyy*]™
= === | 0P —hy)dy=o-— |5
Wi, 2nodx ), 2n Ox | 3 2 |,
g ——L%h3
WLai 1257 ox ¢
oP| AP, 12y (0
oxl, Lo o \W|,
ap, = 03X 1225 X00003 _ o s

0.00453

For the region L, we found from earlier

Q1 1\ 6x25x00003/ 1 1
WO \h? ) (RDS0008) (000457 0.0065

APy,

AP, = 1.2 x 10° Pa
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Therefore, combining both results, we have the total pressure drop

APioral = AP, + AP, = 4.2 X 10° Pa

Problem 20

Consider a pipe bend as shown below. The pipe may be assumed smooth and
axially horizontal. A fluid flows through the pipe at ambient conditions. The
pipe diameter is 8 cm, its total length is 2 m and the mean fluid velocity is 2 m/s.
The internal (fluid) pressures at the entry and exit points of the pipe bend are
Pin,internal fluid = Patm + 450 Pa and Pout, internal fluid = Patm' The fluid denSity is
1050 kg/m’, its kinematic viscosity is 0.8 x 10°% m%/s and P, = 10° Pa.

Pom, internal fluid D=8cm

Fluid Flow <€—— )

y
L=2m
X

(vy)=1.1m/s —:)

Pin,internal fluid

(a) Find the x component of the force exerted by the fluid on the pipe. Then find
the total pressure on the pipe contributed by both the force by the fluid and
by the surrounding air.

(b) Determine the viscous loss in the pipe, and determine the Ky value for the
bend.

Solution 20
Worked Solution

(a) Before we tackle this problem, let us recall key concepts about pipeline losses.

Background Concepts

The energy losses in a pipeline network can be contributed by straight sections and
other sections (typically called fittings) such as bends, expansions/contractions, etc.
Mathematically, this may be expressed as shown below, whereby subscript i refers to
the lengths of straight pipe sections and fittings which are summed over. In this case,
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we are assuming no gravitational effects, i.e., pipe is on a horizontal plane. Also, we
assume that no shaft work is done and the fluid is incompressible.

L
Viscous loss [, = Z Lf — =14 Z Kﬁ

straight lengths fittin g<

The derivation of the above expression is done via a macroscopic force balance
using the Bernoulli equation.

P1— P2
p

:lv

Separately we know that friction factor fis aratio between shear stress at the pipe
wall and the bulk kinetic energy, f = 1 2 or 7, =5 iy ) f.

(1 = p2) aD/4) = 5 (aDL) = (3007 ) (2D

Py =Dy 2fL<V>2
P D

Pressure drop is used to overcome shear forces caused by friction between the
fluid and the pipe wall. We can therefore express pressure drop in terms of friction
factor, in order to relate frictional/viscous losses with friction factor f and other
pipeline-related parameters (e.g., length and diameter) that are either known or
measurable.

This is how we arrived at the earlier expression, for the viscous loss component

200’ Lif;
straight lengths  D; *

As for the viscous loss term for pipe fittings, we have simply further “grouped”
the pipeline-related parameters (e.g., f, L, D) into a new parameter denoted by
Ky = 4LfID which can be evaluated from pipe specifications. Ky is defined as the
number of “velocity heads” lost by flow through a fitting, and we can usually look up
known values of K¢ from data booklets, for specified fitting types.

due to straight lengths of pipe, >

ALYV 1 4l 1
lv,fitting = fLD<v> = 5 <V>2 |:l)f:| = 5 <V>2Kf

To find the force by the fluid on the pipe, we can start with understanding the
conservation of linear momentum for a control volume. In defining the control
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volume for a 2D flow, it is useful to define two reference points represented by taking
the surface normal to the flow direction. For entry and exit points, we then get two
surfaces of reference which we may denote 1 and 2 here. Note that linear momentum
is a vector and linear momentum per unit mass is the velocity vector. Hence the
conservation equation is such that:

Rate of change .
. . . All forces acting on
of linear Linear momentum Linear momentum
.= . — + system (e.g. pressure,
momentum in inflow rate outflow rate L
gravitational etc. )
control volume

In mathematical form, the general form of the equation is as follows

2

d 2
ai Jl p()AdS = p(vV), A1 — p2(vV),A2 + )AL —prAr — F + (Jl pAdz)g

It is useful to note the following key points about this equation:

* All terms on right-hand side of equation has a positive sign for direction into
the control volume.

* The inflow term has two different notations for velocity, where V is the
magnitude of velocity vector v

e F is the net force by the fluid on the solid surface (e.g., pipe wall). Hence a
negative sign is added to the term to change it in terms of direction into control
volume; hence under this frame of reference it will be a negative value
represented by “—F”.

* piA; is the force by the ambient fluid (e.g., air) outside, acting on fluid inside
the control volume at position 1. Therefore it is a positive sign acting into the
control volume. Conversely, p,A, acts out of the control volume; hence a
negative sign is added to give a negative value for the term “—p,A,”.

D14, Control Volume —po4,

* A is defined as a vector with magnitude equal to total surface area over which
the force acts and has a direction normal to the planar surface in the direction
of mean flow.

. (Lz pAdz) represents the total mass of the fluid in the control volume and g
refers to the gravitational acceleration

Let us now make three common simplifications, so that we arrive at the form of the
equation that is more useful.
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1. When the velocity vector v is normal to the cross section over the entire section
from entrance to exit of fluid. We can then substitute v with V.

d

2 2
7 J p(V)AdS = p(V?) A1 — p5(V?),A2 +piAi — prAs — F + (Jl pAdZ>g

2. We define aratio # = (V?)/(V)? which is useful in differentiating flow regimes,
where f ~ 1 when flow is turbulent and f = 4/3 when flow is laminar
(pipeline). We can therefore express the equation in terms of .

d P 2
a7 Jl p(v)AdS = ﬂp1<V>21A1 - ﬂﬂ2<V>2zA2 +pA1 —pAy — F + (Jl pAdz)g

3. For most simplified problems, we seldom deal with § (i.e., assume turbulent
regime after checking Re) and assume the same fluid flows from entrance to
exit. If we assume further that there is steady state and gravitational effects
may be ignored, then we have

0=p(V)* A1 — p(V)*,As + p A — pyAs — F

For our problem, we can first check if our assumption of turbulent flow is correct
by calculating Re

(v)D _ 1.1(0.08)
v 08x10°

Re = =1x100—p=1

Now we return to the equation which has applied g =1
p<V>21A1 - p<V>22A2 +p A —pAy =F
Since our pipe is of uniform size and contains the same fluid throughout,
(V)1 = (V) = (V) and A; = A, = A. Also, we only require the x-component

force; therefore, we need to correct A at the exit point for the terms p(V)%A, and
p-A as A has an opposite direction in the —x direction at the exit of the pipe bend.

p(V)’A = p(V)*(—A) + p)A — py(—A) = F,

Fy=A|2p(V) +p, +p,

Note that in our problem, we need to also calculate the pressure by the ambient
air (another fluid) on the pipe. For this, we need to note that control volume has
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changed to the body of air. Hence the contribution at the entrance is —p,,A since
it acts in a direction going out of the control volume of air (on the pipe), and at the
exit it is the same, —p,mA. For this case, A is already in the +x direction (i.e.,
normal to the cross-sectional area) in the direction of flow (air “flow direction”
acts to push against the pipe towards the right in the +x direction).

Therefore, we have the total x component of the force on pipe as follows:

Fon pipe = A {2p<V>2 +p +pz] = 2PamA

2
where A = =2~

2
Fonpipe = @ [2(1050)(1]2) —|—450] =15N

(b) To find viscous loss, we can first look at the general Bernoulli equation
A (9<v>2 + gh +’—’) = oW, — 1,
2 p

where a = (V*)/(V)? which is useful in differentiating flow regimes, where a ~ 1
when there is turbulent pipe flow and @ = 2 when flow is laminar in a round pipe.

For our problem, we can simplify the equation to the following as the pipe
size (hence fluid velocity via mass continuity) is the same from entrance to exit,
and the pipe is horizontal throughout the fluid flow.

_A ([7) =] = Pin, internal fluid — Pout, internal fluid
=1, =

P P

This value of viscous loss consists of losses in the straight sections and losses
in the bend.

04 = lv, straight + lv,bend =

For our flow problem, the friction factor for the straight sections of pipe can
be found by using the appropriate correlation between f and Re. For our flow
parameters, Re = 1 x 10°; hence we can use the Blasius equation that is valid for
4000 < Re <1 x 10°.
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f=0.079Re /* = 4.4 x 1073
2x1.12x2x44x1073

lv,eraight = 0.08 =0.27
1
by bena = 0.4 = 027 = 0.13 = 5 (V2K
2x0.13

Problem 21

Consider two large circular discs of radius R each and axially aligned. Both are
held horizontally with a small gap of height H separating their surfaces. A
viscous Newtonian fluid fills this gap between the discs. The top disc is rotated at
an angular velocity @ while the lower disc is stationary.

/ Rotating N’

z=H
Liquid
z=0
v N\
R 1
; Stationary

(a) Assuming creeping flow, show that vy(r,z) = wrF(z) satisfies the Stoke’s
equation if the function F(z) is appropriately defined. Find the differential
equation and boundary conditions that constrain F(z) and solve F(2).

(b) Find the torque that is required to be applied to the upper disk to ensure
steady rotation.

Solution 21
Worked Solution

(a) Before we begin solving this problem, let us recall basic concepts about a
particular flow regime called Creeping Flow.

Background Concepts

In fluid mechanics, we may refer to a particular flow regime called Stokes flow
whereby Re is small, typically <1. In this region inertia effects are assumed negli-
gible compared to viscous forces. [In fact, Reynolds number, Re, represents a
dimensionless group that may be interpreted as the ratio of inertial to viscous forces]
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This phenomenon is also referred to as creeping flow, and appropriate approxima-
tions can be made to simplify computation.

As for Newtonian fluids, we have the following Navier—Stokes equation when
inertial effects are assumed negligible and it is also called Stoke’s equation (dom-
inated by viscosity) used for creeping flow situations.

0=—VP+yV

Now we can return to this problem. To find F(z), let us examine the € component
Navier—Stokes equation in cylindrical coordinates.
Our assumptions are as follows:

* Constant viscosity for a Newtonian fluid.

¢ The liquid is incompressible, p is constant.

e The system is axisymmetric; hence % =0.

* The flow is at steady state (% =0).

e The dominant flow direction is in the & direction; hence we assume that
v,=v,=0.

* Given that the discs are large, we may assume the flow is fully developed in
the @ direction and any entrance/end effects may be ignored. Hence vy # vy(6).

* Gravitational effects are ignored.

e The fluid is described as viscous; hence viscous terms dominate, and inertial
terms may be assumed negligible, i.e., creeping flow.

After assuming the above, the Navier—Stokes equation becomes
o (10 0% vo
0= 5 (Gt + )
Given that vy(r, 2) = wrF(z),
0= 9 lﬁ(a)rzF( ) + a)raz—F
~or\ror ¢ 072

b O*F 0 O’F

or
&*F
-0
o072
F=ciz+

To solve this differential equation, we require boundary conditions. We know
that when z=0atany r, vy =0,F = ¢ = ;2 = 0. When z = H atany r, vy = rw,

F:clH:1—>01=%
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F(z) :%

vo(r,z) = ro (%)

(b) The torque T required to maintain steady rotation is to overcome shear stress t

dT = r(t|,_y) (2zrdr)

R
T = 271'J r*(z0|,_y )dr
0
We can find the expression for 7|, _; from data booklets

k Ovg 2mnw (R*
T=2 (| = = —
o, (3 -5 (5)

B okt
~ 2H

T

Problem 22

Consider two large flat parallel planes containing a liquid within the separation
space between the planes of distance & apart. The upper plate is rotating about
the z-axis with a uniform angular velocity . You may assume that the velocity
vgis the dominant flow direction and flow is axisymmetric. Gravitational effects
are assumed negligible.

(a) Show that the pressure gradient in z direction is zero.

(b) Referring to the r-component Navier-Stokes equation, comment on the
velocity profile vg.

(c) Using the #-component Navier—Stokes equation, and assuming creeping
flow, determine the velocity profile in the 6 direction assuming the form
vg = rF(z), where F(z) is a function of z.

(d) If both planes are in fact circular discs of radius R each, find the torque
required on each disc.

Solution 22
Worked Solution

(a) We have a system that can be visualized in the diagrams below:
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z axis
1

Rotating )

z=h
Liquid

- N

Stationary

z axis

z=0

We have the following assumptions for this flow:

Constant viscosity for a Newtonian fluid.

The liquid is incompressible, p is constant.

The system is axisymmetric; hence a% =0.

The flow is at steady state (£ = 0).

The dominant flow direction is in the @ direction; hence we assume that
v,=v,=0

Given that the planes are large, we may assume the flow is fully developed in
the 6 direction and any entrance/end effects may be ignored. Hence
v # ve(0).

Gravitational effects are ignored.

Consider the z-component Navier—Stokes equation simplified according to the
assumptions above. Hence we note that pressure is independent of z.

opP

0=——
0z

(b) Now we refer to the r-component Navier—Stokes equation, which can be sim-
plified to the following.

ng - oP

r =

Note that if the conclusion from part a holds, i.e., pressure is independent of z,

then it follows that % is also not a function of z, and by the above equation, vy
should also be independent of z. However, this is incorrect as v, varies with z as
we go from z = 0 where vy = 0 to z = h, where vy # 0.

(c) Creeping flow approximation means inertial effects are negligible as compared
to viscous effects. From the #-component Navier—Stokes equation, this translates

to

d (10 *ve
0=5 (?5“%) * 6—z2>

Using the trial solution of the form v, = rF(z), we can find the differentials,
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2
ﬁ 0 Vo _ F//
or \ 072

£(tzom) ~Zml) 122
oA

or? r2 r

2F 2F
= ——+—
r r

2F 2F

O0=-——+—+F =F'
r r
F(z) =caz+

Applying boundary conditions, at any » when z =0, vy = rF =0, F = 0, and

at any r when z = h, vp = rF = ro, soF:w.Therefore,cl:%andcz:O.
F2) w r@
) =—2—Vg=—2
h 7 h

(d) To find torque, we may first determine the shear stress it has to overcome. Note
that in this case 55 = 0.

B _ (Ovg 10v;\  [Ovg\  (ro
Tza_”eza_n<éz+r69>_’7<6z>_}7<h>

R 4R 4
2 R
Torque = J n(—rw)r(Zﬂrdr) _ e [r } _ e
o \h 0 2h

4

Problem 23

A team of engineers sought to find out the turbulent boundary layer for a fluid
on a flat plate using particle-image velocimetry (PIV), whereby tiny particles
seeded in the flow were used to study the speed and direction of the flow. The
instantaneous velocity profile was made and the formation of a boundary layer
was observed. The boundary layer was initiated at the point x = 0, with
transition occurring at the lowest possible value of Re,. The PIV measurement
was done at a position xpyy = 1.2 m downstream.

The flow of this fluid was at a steady rate of constant velocity V., = 0.5 m/s
and at constant pressure in a large channel that was 4 m by 0.4 m by 0.1 m. The
fluid properties are T = 290 K, p = 1000 kg/m>, viscosity # = 1 x 10> Pas and
P =1 x 10° Pa.

(a) Show that the boundary layer at xpyy is turbulent.
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(b) At xpyv, find the estimated boundary layer thickness 6 m, average friction
factor f and average wall shear stress 7,, Pa.

(¢) The actual measurement of z,, was 0.45 Pa. Comment on how this value
compares with that obtained in (b). The friction velocity for the measured
7,, found from literature is u, = 0.021 m/s. Is this value of u, consistent with
the measured z,,?

Solution 23
Worked Solution

(a) This problem helps us to understand some key concepts about the turbulent
boundary layer.

Background Concepts

A boundary layer (typically denoted as §) develops when a flow gradually adjusts
from its no-slip condition at a solid surface to the flow in the free stream.

Constantfree stream
velocity V..(inviscid flow)

Boundary layer, wall
shear stress is significant

Solid surface

It has been noted that the use of constant-property relations (in laminar boundary
layers) is in good agreement for turbulent boundary layers as well. To simplify
calculations, the relationship between average friction factor f (or average friction
coefficient Cp) can be established in the form of Blasius equations for turbulent
boundary layer over a flat plate.

The solutions to the Navier—Stokes equations are mainly developed for laminar
flow regimes. However, turbulent flows are erratic and characterized by random
variations. When we measure a macroscopic property such as friction factor, we are
in fact measuring a mean value, as the variations occur too rapidly for physical limits
of our measurement methods. We can still apply NS equations to turbulent flows but
we must be conscious that our solutions are only approximate solutions that are
averaged over a sufficiently long time scale (larger that the characteristic time of
fluctuations about the mean).

We are required to prove that the boundary layer at xpry is turbulent. So we
begin by calculating Repyy.
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Vo 12x0.5
Repry = xm; = x =6x10°

(n/p)

For flat plates, the transition from laminar to turbulent occurs between
3 x 10° < Re, < 3 x 10° In our case, transition was triggered at the lowest
possible Re; therefore since Repry > Re,,, the boundary layer will be turbulent at
the PIV location.

Transition first occurs when Re reaches 3 x 10°, this gives a downstream
distance of x,,

(3% 10%)w
Xy = ————=0.6m
Voo

We know that xpry = 1.2 m. Therefore a laminar boundary layer will occur
between x = 0 and x = 0.6 m, and a turbulent boundary layer will occur from
0.6 m till the end of the surface plate. The PIV location occurs within the latter
region.

(b) Turbulent boundary layer thickness is given by:

5
= =0.37Re %2
L

Therefore we can find the thickness of our boundary layer
8 = 0.37Reprv " Zxpry = 0.03 m

We know further that average friction factor follows the correlation below,
where A = 1050 for Re,, = 3 x 10°:

0455 A
(logRe)*™®  Re

We can now calculate average friction factor, f and relate it to average wall
shear stress

0.455 1050

f= - =0.0032
f (IOgReplv)z'SS Reprv
- T,
f =
wVi
1000 x 0.5>
7o = 0.0032 {#} — 0.4 Pa
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(c) The actual measurement was 0.45 Pa while we obtained 0.4 Pa in part b. Note
that 0.4 Pa refers to a mean value over the entire boundary layer length from
x = 0 to x = xppy. However, the value of 0.45 Pa refers to a local value at the PIV
location. As the boundary layer grows with downstream distance, the difference
in 7,, values is expected.

Moreover, upstream of the PIV location, the turbulent boundary layer is still
small. Hence when 7,, is averaged over the entire boundary layer length, its value
is reduced by the inclusion of laminar boundary layer (more significant at the
upstream portion) in our mean value. This is the reason for our calculated mean
value in part b to be slightly lower than the actual local value.

By definition, friction velocity u, is given by

T, 0.45
=,/—=1/——==0.021
u, ’/p \/1000 0.021 m/s

Therefore we verify that the value of u, obtained from literature for this fluid
is consistent with the measured z,,.

Problem 24

We have the following experimental data obtained from the pipe flow charac-
teristics of two fluids, A and B. We are also given a chart that plots on a graph of
1/+/f against log (Re\/f ) based on the friction factor (f) data obtained.

Fluid A Fluid B
Pipe diameter 0.038 m 0.038 m
Bulk velocity 0.25 m/s 0.55 m/s
Density 1000 kg/m® 1000 kg/m*
Kinematic viscosity 1 x 1075 m%s 2 x 1075 m%s

1
Vi
® Fluid A
¥ Fluid B
35—
1 I
x4 e
e T
ol D ’_. |
151 C e e o PPty
5T b :"’:‘.‘. ........... @ @ @ x
e g
T - -

log(Re /)
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(a) Two measuring stations are located at a distance of x = 10 m and x = 20 m
downstream of the flow from the pipe entrance respectively. Determine if
the flow is fully developed when the first station is reached.

(b) Find out the pressure drop AP/Pa across the two measuring stations and
determine the wall shear stress 7,, and friction velocity u..

(c) Using the data provided, verify if the data point marked by the black cross
in the chart corresponds to that of fluid A.

(d) Identify which data point for fluid B corresponds to the data provided. Also
find the percentage of drag reduction (% DR) for the identified point, where
fa and fp refer to the friction factors for the two fluids.

%DR = (1 -f_B)

A

Re

Solution 24
Worked Solution
(a) Let us revisit some key concepts related to this problem before we begin solving.

Background Concepts
Note that the graph that is provided is a plot of Prandtl-Karman coordinates of 7f

againstlog(Re/f). This plot is useful as it gives us straight line correlations between
friction factor f and Re especially in the turbulent region where this plot would give
straight lines. [Recall that for turbulent flow when Re > 4000:

-L_ = 4.0log(Re+/f) — 0.4 as represented by the Karman—Nikuradse equation.]

VI

Turbulent flow is often preferred for industrial processes due to its intense
mixing. The key is to grasp the transition point from laminar to turbulent flow and
experiments may be used to determine this as it also varies from apparatus to
apparatus. The plot of f~Re is not as well defined experimentally; hence the Prandtl—
Karman coordinates are often used for experimental plots instead. When Re < 2100,
we have laminar flow. Between Re = 2100 and 4000, the transition point occurs.
And when Re > 4000, we usually have fully developed turbulent flow.

In order to determine if the flow is developed upon reaching the first measuring
station, we should identify the flow regime (i.e., laminar or turbulent) so that the
appropriate correlation for fully developed verification can be used.

For fluid A, we have
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_ VD 0.038 x0.25

R
¢ v 107°

= 9500 > 4000

Entry length is a term used to describe a portion upstream near the entrance of the
pipe (assuming for pipe flow) where the flow is still adjusting. Beyond the entry
length, the flow is fully developed and the velocity profile steadies itself. Similarly
this phenomenon can happen near the end of pipe, in which case it is called end
effects. Entry and end effects are less significant when the Re number is high.
Pressure drops caused by entry and end effects should be considered when very
viscous liquids are used or during slow flow situation, and corrections should be
made accordingly.

In our problem, as Re > 4000, the flow is turbulent. Therefore we may use the
following correlation for finding entry length for our turbulent regime.

Lenyy = 40D = 30 x 0.038 = 1.52

Since the entry length of 1.52 m < 10 m, the flow is fully developed at the
location of the first measuring station.

(b) To find the pressure drop, we may recall that pressure drop is related to wall
shear stress. This can be easily established from a force balance between

pressure force and shear force which have to balance for steady flow.

Pressure Force = Shear Force

AP (”2)2> = 7,(zDL)

AP =4z, (L)
D

Separately, we know that shear stress is related to friction factor f since f'is a
ratio between shear stress at the pipe wall and the bulk kinetic energy; therefore

T
T =y
1
Ty = §p<V>2f

Therefore to find pressure drop, we need a relationship between Re (which we
know) and f. After we determine f, we can find AP via 7,,.

In our case, for fluid A, Re = 9500. The relevant correlation to find fis the
Blasius equation as follows, that is valid for 4000 < Re < 10°.
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£ =0.079Re™# = 0.079(9500)" * = 0.008
1
3 (1000)(0.25%)(0.008) = 0.25 Pa

L (20 — 10)
AP =47, (=) =4(025)=——2 =260 P
T <D) (e 60 Pa

Tw =

U = \/7y/p = 1/0.25/1000 = 0.016 m/s

(c) Based on the calculations for fluid A, we should have the following coordinate
values:

1 1
— = =11
f /0.008

log (Rm/f) = log (9500 X M) =29

The point at the black cross has coordinate values similar to the above as

observed from the chart; hence the data point corresponds to fluid A.
(d) Let us calculate Re for fluid B.

0.55 x 0.038
Rep = o222 — 10450 > 9500
2% 10

To find out which of the data points on the chart corresponds to our case
for fluid B, we may first deduce that

s <fa (or\/lf;>

c are not possible.

since Regz > Rey, then
\/1f> We can observe from the chart that points a, b and
A

We can find from the chart provided, the coordinates of points d, e and f.
For point d,

From this coordinate value,  f5= (i

1)? = 0.0044. This gives
log(Reg\/fp) = log(104501/0.0044) = 2.84.

log (ReB \/E> =2.55

The value of 2.84 does not correspond to the coordinate value of 2.55 found.
Hence this point is incorrect.
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For point e,

From this coordinate value, fp = (lig)z =0.0028. This gives

log(Repy/f5) = log (10450+/0.0028) = 2.74.

log (ReB \/E> =275

The value of 2.74 is close to the coordinate value of 2.75 found. Hence this
point is correct.
For point f,

1

—==20
Vis

From this coordinate value, fs= (%)2 =0.0025. This gives

log(Reg\/fp) = log(104501/0.0025) = 2.72.
log (ReB \/E) =2.85

The value of 2.72 does not correspond to the coordinate value of 2.85 found.
Hence this point is incorrect.

Therefore we can conclude that the data point that matches fluid B best is
point e.

Finally to find the percentage of drag reduction (%DR) for point e (i.e.,
fluid B) relative to fluid A, we can calculate fz = 0.0028 while f, = 0.008
from earlier.

=65%

.002
%DR — <l 0.00 8)
Re

~0.008

We have assumed that Re does not differ significantly between the two fluid
flows, for the above approximate calculation.

Problem 25

(a) Express the energy equation that is appropriate to describe instantaneous
turbulent flow. You may assume there are no energy sources/sinks, and no
viscous losses.

(b) Derive the corresponding energy equation that is averaged over time and
express heat transfer fluxes for the turbulent flow.
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Solution 25
Worked Solution

(a) The general form of an energy equation is as follows assuming no source/sink

terms and no viscous contributions, where /% is also known as the thermal
P

diffusivity.

oT k
—+v VT =—V°T
ot PCy

Turbulent flow is typically characterized by its rapid fluctuations. As such
instantaneous flow properties (e.g., velocity, shear stress, pressure etc.) may be
expressed as a sum between a time-averaged component (e.g., 7) and a
fluctuating component (e.g., T'). The properties T and v are further defined as
follows to describe instantaneous turbulent flow.

.., OT _o(T+T)
T=T+T HEfT
v(t) = vy’
oT+T)

TRVAN 7 ! _i 2 (7 !
3 + () V(T+T)—pcpv (T+T1)

(b) We can obtain a time-averaged energy equation starting with the time-average
for the temperature differential

o(T+T1) o(T) of .
o o o (m)

Next we find out the time-average for the dot productv - VT

oT oT oT oT oT oT
v-VT = (vx,vy,vz)~< > =

R an‘*“’ya*y‘*‘vzafz
or . \o(T+T)
vxa— (vx—&—vx)iax

_or or _or = or

= T a T T e

oT oT’ or oT’
_ 5 [ 1
_VX8x+0+O+VX Ox anx—FVx ox
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The same can be done for the y and z components of velocity; hence we obtain
the following expressions

or or or

Y T TV
or _or or
"H Ty T ey

oT oT Y or’
V,— —+ v =
“ 0z 0 © oz
We can now put together the three expressions to obtain the time-average of
the dot product

T 787‘4_ ,6T’+78T+ /aT/+—aT+ ,oT’
NT=v;, —+v/—+V,—+ v/ —+ VvV, —+ v,/ —
ox ox Yoy Y oy ‘9z C o

v-VT=p- VT +v VT (2)
Next we look at the term at the right-hand side of the energy equation

F(T+T) +62(T+T’) +82(T+T’)

VT =V T+T) =
(T+1) o & g

VT = VT (3)

Finally, we combine the expressions (1-3) to obtain the time averaged energy
equation as shown

or ok _
— 4y VT +v-VT = —V°T
ot PCp

The turbulent heat transfer flux ¢ is contributed by the fluctuating variable,
and we know that temperature is related to heat flux via heat capacity and
velocity; therefore ¢ is expressed as shown

q=(49,9y,9.) = pc, (V- VT )=pc, (v T'+vy - T'+v - T')

Problem 26

We are provided with the velocity profile of the turbulent boundary layer for a
pipe flow as follows:
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ut =yt foryt <5
ut =5lny" —3.05for5 <yt <30
u" =25Iny" +55fory" > 30

(a) Show that the mean velocity in the pipe is
()" =2.5InR" +1.75

where R is the pipe radius. You may assume that mass flow rates in the
viscous and buffer layers are negligible relative to that in the turbulent core.

(b) A certain fluid with 7 = 9 x 10 * Ns/m? and p = 1050 kg/m> has a mean
velocity of 2.8 m/s in a pipe of radius 0.025 m. Determine the friction
velocity.

(c) Find the friction factor.

(d) Find the thickness of the viscous sublayer and buffer layer.

(e) Find the velocity at a distance of (0.75 mm from the wall.

(f) Assuming there is a heat flux of 6.5 KkW/m? transmitted through the wall,
determine the temperature gradient at the wall, and at a distance 0.75 mm
from the wall. You are given the thermal conductivity £ = 0.61 W/mK and
heat capacity C, = 4.2 kJ/kgK.

Solution 26
Worked Solution

Background Concepts

Before going into details about the characteristics of turbulent flow velocity profile,
it helps to first understand how laminar flow and turbulent flow profiles differ. Fully
developed laminar and turbulent flows are shown below, with a zoom-in on the
turbulent boundary layer near the wall.

wall
Laminar Turbulent

}Turbulent core
Buffer layer 8
~7 L_Viscous sublayer

Wall X

In the above, note that the laminar profile has a parabolic shape. The turbulent
profile, however, has a much steeper velocity gradient near the walls, and a flatter
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portion near the core. The entire turbulent boundary layer has thickness, . Also note
that the turbulent velocity profile plots time-averaged velocities or mean velocities, v.
Useful parameters for turbulent flow to note:

* Friction velocity, u* = \/%, is a quantity which has units of velocity (m/s) but

is not an actual flow velocity. u* is used to non-dimensionalize turbulent mean
velocity (time-averaged) to obtain a dimensionless velocity u™ = I, assuming
smooth walls. 7,, refers to wall shear stress and p is fluid density.

* Another useful dimensionless parameter is the dimensionless distance from
wall, yt = yl, also called viscous length. Similar to friction velocity, y* is used

to non-dimensionalize distance and y* = L= \/TL_/), where v is kinematic
Wi
viscosity and # is the fluid viscosity (or shear viscosity).

 The thickness of the viscous sublayer is approximately y* = 5.

The velocity profiles of the three sublayers of the turbulent boundary layer are as
follows.

Viscous sublayer

Viscous effects almost completely dominate in this sublayer near the walls. The
dv(x)
dy
stress is much greater in turbulent flow than laminar flow. The viscous sublayer may
be thin, but its viscous effects are significant within this region. This layer can be

modeled using a linear profile:

steep velocity gradient means a high shear stress z, since ¢ = —>. This wall shear

where y© < 5. Note that the no-slip condition applies at the walls, i.e., y* =0, u™ = 0.
Bugffer layer

In this layer, there is a mix of viscous stress and turbulent stresses. It connects the
two adjacent layers (i.e., inner viscous sublayer and outer turbulent core) to give a
continuous velocity profile. Turbulent energy is dissipated here, where the fluid near
the wall and in the turbulent core are rapidly exchanged. The buffer layer can be
modeled as follows:

ut =5Iny" —3.05

where 5 < y* < 30.
Turbulent core

Turbulent shear stress dominates. Velocity almost reaches a constant value that does
not vary much with distance from the wall. Beyond this layer, flow is dominated by
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inertia and velocity reaches a constant value, U. This turbulent core can be modeled
as follows:

ut =25Iny" 455

where y* > 30.

Now let’s return to the solving the problem.

To obtain the mean velocity, we need to consider the individual velocity profiles
for each sublayer of the turbulent boundary layer and average over the entire cross
section of the pipe.

The differential area element for cross section of a cylindrical pipe in the general
form is 2zrdr. In terms of the variables provided in this problem, we have

r=R—y—dr=—dy
dA =2x(R —y)(—dy)
Note that the limits of integration are converted from r coordinates to

y coordinates. When r =0,y = R and when r = R, y = 0.
The mean velocity can be found as follows

r=R y=0
R (u) = J ulzrdr = J u2n(R — y)(—dy)
r=0 y=R
Dividing throughout by u*y*?,
5 0 R
R ()" = J u2z(R* —y*)(=dy") = ZEJ W (R™—y")(ay")
R 0
, 5 30
R =2 [ R y)@) + 2| (Sny - 305)(R -y ) (@)
0 5

Rt
+ 2J (25Iny" +5.5)(R" —y")(dy™)
30

2 35

R )t =2

30
+ ZJ (5Iny" —3.05)(Rt —y")dy"
5

R+
+ 2J (2.5Iny" +5.5)(R" —y*)dy*
30

In order to integrate the logarithmic expressions for the buffer layer and the
turbulent core, we can use integration by parts [udv = uv — [ vdu
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For the second term’s integral,

J (5Iny" —3.05)(R" —y")dy™"

y+2 30 30 y+2 5
(5Iny"™ —3.05) RTy" —— —J Rfyt —— <)d+
y* ) S y ) = Y

5

30
5y+?
= [13.96(30R" — 450) — 5(SR" — 12.5)] — |SR*yt — y—]

4
5

=394R" — 6220 — [(150R" — 1125) — (25R" — 31.25)]
= 394R" — 6220 — [125R" — 1094]
=269R" — 5126
For the third term’s integral,

RT

R+ +2
J (2.5Iny" +55)(R" —y")dyt = l(Z.S Iny" +5.5) (RJ“y+ - %)1
30
R +2\ /2.5
_ Ryt _Y ) (=2 dv'
J30 ( Y 2 )(W) Y

R+

R+2 2.5y+2

- l(z.;ﬂnR+ +5.5) <T> — 14(30R* —450)] - [2.51'@+ - j ]
30

= 1.25R"*InR" +2.75R" — 420R" + 6300 — 1.875R™> + 75R* — 562.5

30

— 1.25R** InR* + 0.875R** — 345R* + 5737.5

Combining our results, we have

R™(u)t = 25R" — 83 4 538R* — 10252 + 2.5R"*InR* + 1.75R*” — 690R ™

+ 11475
—127 1140
+_ +
<u> —R—++R 2511’1R + 1.75
The first two terms which are reciprocals of R* (i.e., ’Rl+27 ;}f?) are negligible

compared to the last two terms, hence

(u)" =2.5InR" +1.75
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(b) We are given the radius is R = 0.0025 m and («) = 2.8 m/s; therefore, friction
velocity u” can be found

. (W) 2.8
u = =
(u)+ 2.5InRt +1.75
R =X
y*
. UV n +  Rpu*  0.025 x 1050 x u*
y = —=— R = = —
u*  pu* n 9 x 10
B 2.8 2.8
u = =
2.5In(29167u*) + 1.75  27.45+2.5Inu*
u*=0.126 m/s

(c) To find friction factor, we need to understand the relationship between friction
velocity and wall shear stress, which then relates to friction factor.

* Ty %2
W= [~ =1, =pu
p
L+ {uy 2.8
(W) = = 0126
Ty 27y, 2
f= = =0.00413

T et (W)

(d) The thickness of the viscous sublayer is found by finding the distance from the
wall at the upper limit of the viscous sublayer region, i.e., when y* = 5.

soX e SXOXI0T
¥ n 1050 x 0.126
As for the thickness of the buffer layer,
y =30-5=25
_25x9x 107" 017 mm

Y= 7050 x 0.126

(e) To find the velocity (u) at a distance y = 0.00075 m, we can first find out which
sublayer the flow belongs to so as to apply the right equation.
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S = 0.00075 x pu*
n
()" =2.5In110 +5.5=17.25

= 110 > 30 (turbulent core)

(u) = u*(u)"™ =0.126 x 17.25 =2.2m/s

(f) To relate to turbulence heat flux near the wall, let us revisit some relevant
concepts. The energy equation for turbulent flow is shown below, where /% is
P

also known as the thermal diffusivity. A key characteristic about turbulent flow is
that its flow properties such as velocity may be expressed as a sum of a mean
value and a fluctuating component. Noted that in the energy equation, the
turbulent heat transfer flux g, is from the fluctuating component pc, (v’ VT ) .

oT o _
— 4y VT+v-VT'| =kV*T

P | ot

Let us express total heat flux (starting with a breakdown of the shear stress
contributions) as a sum of two components to try to solve this problem. The
“turbulent version” of kinematic viscosity is called eddy viscosity e.

Total wall shear stress = Viscous stress + Turbulent stress

, dvy e dv,

Tw = 5 5

P dy 4 dy
Ty dv,
—=Ww+e)—
p (v+¢) &

We know that the friction velocity «™ is the turbulent flow velocity scale and it
is related to 7,, via % = u'?. Also let et = £ % = 8 — (u)* and yt = &

u u*

dvy
(y-i,-c)d—‘;:u*z
(Hs)@,u*z
v/ dy v
dvy 1 u* 1 dy
w (I+et) v (1+eh)y
d(u)* :;df — et = L 1
(l+g+) défu)Jr
T

Total heat flux = Heat flux from viscous stress + Heat flux from turbulent stress
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Note that the turbulent heat flux in the energy equation is the term
PCp (v’ . VT’), which is the equivalent of the term —pc),¢ ‘% below.

] de edT Lk n }dT
= —K— — pCpt—— = — 6' 12

When distance from wall is 0.75 mm, the governing equation is

(u)* = 2.5 Iny* + 5.5. Therefore, (f,“i =23 We also know that at this distance

from wall, y* = 110, (u)* = 17.25 from part e.

1 110
= —l=—-1=43
d{u)” 2.5
dy*+

n 9x107* 4
v=" 050 = 2610

k dT
|g| = 6500 = pcp[ﬂ +e 1/} &

0.61 dT
—1 4200|————— + 4 1
050 00{1050X4200+ 3(9.6 x 1077) @

a7
dy

=35.6K/m

y=0.75mm

The temperature gradient at the wall occurs in the viscous sublayer region

where (u)* = y* and <,>+ = 1. Hence ¢ = 0. This makes sense as there is no

turbulent stress component (or turbulent heat flux contribution) right at the wall

surface.
dT dT
=6500 =k— =0.61 —
lq| dy dy
dT
= 1.1 x 10*K/m
dy y=0
Problem 27

A viscous liquid flows steadily down a long and gentle slope of angle 0 to the
horizontal. It forms a film of uniform thickness /. Find the velocity profile of the
flowing liquid in terms of angle # and distance y which is the perpendicular
distance from the slope surface. State any assumptions made.
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Solution 27

Worked Solution

We can first sketch a diagram to better visualize this problem. The key in solving this
is to be familiar with converting between our usual x, y Cartesian coordinate system
to one that is at an angle to the horizontal.

g
Falling film l
— —

— er—— "

\

Let us start by stating our assumptions for this flow

* Constant viscosity for a Newtonian fluid.

e The liquid is incompressible, p is constant.

* The flow is at steady state (5 = 0).

* The dominant flow direction is in the x direction (as defined in the diagram
above); hence we assume that v, = v, = 0

¢ Given that the slope is long, we may assume the flow is fully developed in the
x direction and any entrance/end effects may be ignored. Hence v, # v,(x).

* Note that gravity is driving the flow; hence its effects are significant. The g vector
consists of both non-zero x and y components. In the +x direction, we have
pg sin @ and in the +y direction, we have —pg cos 6.

We can now look at the x and y components of the Navier—Stokes equation

o°v

2
+pgsin9+i1< )

oP \
o o

O =
ox

oP
0= _6_y+ (—pgcosb)

Now we may establish known boundary conditions. For pressure, at y = &,
P = P, and for velocity, aty =0, v, =0and aty = h, %—V) = 0 since the air-liquid
interface can be assumed to have zero shear stress if the viscosity of liquid is much

greater than that of air, which is a valid assumption.

oP
— = —pgcosd
Oy

P = —pg(cosO)y +c; — ¢ = Pym + pg(cosd)h
P = —pg(cosO)y + Pum + pg(cosO)h = Py + pg(cos@)(h —y)

We can observe that % = Osince P is not a function of x. Therefore going back to
the x-component Navier—Stokes equation, we have
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v,
Opgsin9+n( )
0y?

—pgsing O?vy

n 0y*
—pgsinf Ovy pgsinf
Pyt = = h
n oy n
—pgsin @ sin 6
__rs y2+pg hy+c;—c=0

Vx 2’1

Substituting the integration constants back into the velocity profile, we obtain the
following.

—pgsin @ sin @
ez yz +P8 hy

2 n

e )]

Problem 28

Consider a fluid above a flat plate that is moving at a velocity of V cos ot in the x
direction. You may assume the no-slip boundary condition at the interface
between the fluid and plate surface where z = 0. The velocity of the fluid can
be described as dominated by the x-component velocity which is a function of
the perpendicular distance from the plate, z and time, .

(a) Comment on the pressure gradient for this flow, assuming there is no
externally applied pressure gradient.

(b) Derive a solution of the form v, = Re [G(z)ei“’t] whereby Re refers to the real
part of the complex function [Gz)e*"] and i* = 1. Show the following

expression and find m.
vx(z,8)=Ve™ ™ cos (wt — mz)

(c) Using your results in b, find the magnitude of temperature fluctuation at a
distance 3.5 m below ground level if the ground temperature is assumed to
vary sinusoidally with an amplitude of 18 K and a period of 6 months. The
density of the ground material is 2700 kg/m>, the specific heat capacity is
0.9 kJ/kgK and thermal conductivity is 0.7 W/mK.
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Solution 28
Worked Solution
(a) We have below an illustration of the problem.
Fluid flow yeos ot
over plate » S
2

tx

Oscillating
flat plate

We note from the problem statement that there is no applied pressure gradient.
Let us look at the x component Navier—Stokes equation. Note that in this case,
there is no steady state (i.e., no change in velocity with time 7) as the flat plate’s
movement varies with time; hence the fluid velocity is also a function of time.
Our assumptions are as follows:

* Constant viscosity for a Newtonian fluid.

e The liquid is incompressible, p is constant.

* The dominant flow direction is in the x direction; hence v, = v, = 0.

e The flow is fully developed where entry/end effects are assumed negligible;
hence v, # v, (x)

* Gravity effects are absent.

The x-component Navier—Stokes equation is simplified to the following
ove __oP vy
Por = ax T\ a2
Since we know that v, # v, (x), it follows that
o | ov
Z1p=l =0
Ox [p Bt}
We can substitute this result into the Navier—Stokes equation
o oP (v, o°P
N Dl R s W o
6x{ 6x+’7<8z2>] o

oP
ox

C1

Pressure gradient for this flow is uniform. Since there is no applied pressure
gradient, we know that ¢; = 0.
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P=cix+c=c0c
u_m (@) _ (O
o pl\o2) “\oz2

(b) To derive the complex solution, we can adopt a trial and error approach since we

know the form of the solution from the problem statement. Let us try a solution
of the form v, = G(z)e'”"

Ovy .
— = inG(z)e™
P (z)
2
0"y — Gl
07>
. i i i
la)G(Z)el(” — I/G”el{}t N G” — _G
v

G = Cle\/i%z -+ Czei\/’?z
G = 6267\/";zz = C‘ze_\/;\/%_Z

We can deduce that ¢; = 0 as G should be diminishing with increasing
distance z from the oscillating plate. Also we know that i* = —1.

We recall a useful property mathematical “trick” whereby
(14 =142+ =1+42i—1=2i

i i Lt
l+i=V2Vi— i NG

Therefore we can substitute for /i

G=ce (%) s czef(”")\/%Z
Letm = \/EZ;,’ and taking the real part of the complex function for the solution
vy = Re[G(z)e"'] =Re {cze’(”")’”ze"’”’ ] =Re {cze”"ze"(“’””’z)}
We know that when z = 0, v, = V sin wt

V cos wt = Re[cre'] = Re[c; cos ot + (cz sinwt)i] = ¢, cos wt
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62=V

Therefore the velocity profile is as follows where m = /52

Ve = Re Ve—mzei((uz—mz):|

vy = Ve "™ cos (wt — mz)

(c) We know that the amplitude of this sinusoidal function is 18 K, with a period of
6 months or 0.5 years.

Plate surface

We may now adapt the concept of the oscillating plate which contributes to a
sinusoidal velocity in surrounding fluid, to a plate that is a heat source contrib-
uting temperature changes in the surrounding. In part b, velocity decreases with
increasing z. In this case, we defined a similar system whereby temperature
decreases with increasing z.

The analogous form of the earlier Navier—Stokes equation in terms of velocity
for temperature is as shown below, where we assume that for temperature
changes, the key term is the diffusion (thermal energy) contribution and kine-
matic viscosity v = %is replaced by thermal diffusivity ;% where k is the thermal

conductivity.

vy &\ or  k (&'T &*T

—_— = U| — — — = — _— = | —

ot 072 ot pc, \ 02 0z
The equivalent of kinematic viscosity for velocity profile is thermal diffusiv-
ity o in this case. Substituting values of material properties, we have the

following
oT 0.7 T T
= () =29x 1077 —
ot~ 2700(900) (8z2) x (az2>
a=29x10"

We also know that the period of the sinusoidal variation of temperature is 0.5
years. Therefore we can find @.

- 2r
“ 705 x 365 x 24 x 60 x 60

=4 x 107 rad/s
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4 x 1077
1/ ,/ =07
w 2(29 x 107)

The amplitude of temperature was given as 18 K at z = 0. Adapting the
solution in part b, v, = Ve " cos (wt — mz) where m = \/ﬁ magnitude of
temperature fluctuation (i.e., amplitude) is given by Ve ", Therefore,

Ve ™| _,=18— V=18

At a distance of z = 3.5 m, the magnitude of temperature fluctuation is
Ve ™| s = 180733 = 1.55K

Problem 29

We typically encounter problems with circular pipes for fluid flow within. Let
us now consider a case where the cross section of the pipe is an isosceles triangle.

(a) Find the velocity profile of a laminar flow in this horizontal pipe with a
triangular cross section as illustrated below, using the solution for v, in the
form shown below. You may assume « is a constant, the angle = 30" and
the base of the triangle has length m, while the two other lengths are of the

same length p.
3
vy =a (x - mT\/_> (92 — 3x?)

/ \
[¢]
m
(b) Find an expression for the volumetric flow rate per unit length (in y
direction) that relates to pressure gradient in y.

Solution 29
Worked Solution



Fluid Mechanics 679

(a) We can project the triangle onto a suitable coordinate system, i.e., Cartesian.
Based on this coordinate system, the dominant velocity of the fluid in this
triangular pipe will be in the y direction.

(%7
232

p

o 0

> X
Ow
x
\F\ (m m)
23 2 Fluid flow

Let us state some assumptions before we apply the Navier—Stokes equation to
describe the flow.

* Constant viscosity for a Newtonian fluid.

* The liquid is incompressible, p is constant.

* The flow is at steady state (% =0).

e The dominant flow direction is in the y direction; hence v, = v, = 0.

e The flow is fully developed where entry/end effects are assumed negligible;

hence v, # v,(y)
* Gravity effects are absent as the pipe is held horizontal.

Looking at the y-component equation

0_ OP {62\/} 621/,}

oy MNae t a2

We are given the solution; hence we can evaluate the differentials
3
Vy = a( — #) (912 — 3)(?2)
0
Dy _ (x( - M) (—6x) + (92> — 3x%) = a<—6x2 + 3\/§mx) + (92 — 3x%)
szy
— = a(—12x—|— 3\/§m) — 6ax = a(—le—i— 3\/§m)

Ovy mv3
6_1 = 18a (x — T)Z
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ﬁzvy mv3

Substituting back into the flow equation

o Gy fe(cvesvan) el )

= (-5) (&)

Therefore the velocity profile is shown in the required form as follows.

(Bl (o

(b) The volumetric flow rate per unit length in y, L can be found by integrating the
velocity profile over the entire cross-sectional area in the y plane.

Q _ x:% 7=V 3x oP 1 m\/§ i 2
L ZJ JZ:O oy 6\/§nm X ) (9Z 3x )dzdx
- XW SR 0 s 93, 3V3md
= <_ 6_> <6\/_’7m) JZ_O <9XZ - 3x — Tmz + 2 >dzdx
< 6P> ( 1 > JX*z\/’ |: 3 3 3\/§mZ3 3\/§mx2Z:| z=V3x
“\ Ty 3xz7 —3x'z — dx
8y 6\/§'7m x=0 2 2

- (5) () [ e v =2

_< 8P>< 1 )[9\/§x5 3V3x° 27mx4+9mx4r_zlﬁ
- 6\/§;7m 5 5 8 8 =0

_ oP 1 m 3md 27w n om’
- Oy 6\/§nm 32 1440 1152 1152

(DI
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Problem 30

Consider a viscous fluid in a cylindrical pipe of radius R that is in steady,
laminar and fully developed flow. Streamlines are parallel to the x-axis. Assume
gravity effects are negligible.

(a) Starting from derivation of energy dissipation per unit volume, show that
the rate of mechanical energy dissipation per unit length of pipe (in the z

direction) is as follows:
aR* (9P\*
8n \ oz

(b) Determine the net rate of PV work done by upstream fluid on downstream
fluid per unit length of pipe, and comment on your result.

Solution 30
Worked Solution

(a) Before we begin solving the problem, let us recall some relevant concepts on
mechanical energy dissipation.

Background Concepts

When a fluid with non-zero viscosity flows, its viscosity contributes to energy
dissipation. Therefore it requires more energy to make a highly viscous fluid flow,
so as to overcome the energy that will be dissipated.

To better understand energy dissipation, let us consider the shear deformation of a
small element of fluid of unit depth 6z = 1 over an infinitesimal amount of time &z.
Assume v, = v(y) and v, = v, = 0. 7 denotes shear stress and P refers to pressure.

+ dt s = >
. o« . dlez(UX+ W(S‘y ot

Q R g R

dp ;
, P+ = 6x Deformation Ax| ia-pq
—= | &y
ox P i

P - s

y T dx|p =v,6t
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To express the distance moved by PQ over time 6z, we take the average distance
moved at the midpoint of PQ (i.e., dx). dx is the average of the distance moved by
lengths PS and QR. Since v, is assumed a linear function in y for this small element,
it has different values at PS and QR.

dv,
dlp +drlq (va01) + (vx +d—y§y)5t _ (V L Ldw, >6t

'x|m1d7PQ 2 2 2 dy y

The force (per unit depth z) acting on PQ is pressure force. This force acts to
deform the fluid element in the clockwise direction.

dF|pq = Poy

Work done (per unit z) on the fluid element along PQ over time 6t is the product of
force and distance moved by this force. We previously found the average distance at
the midpoint of PQ, which when multiplied by &y (which is the area (per unit z) over
which the force (i.e., pressure) acts) gives the total work done on the PQ face.

1d
AW/ = POy (W n Edly"ay> st

RS face [ ]

In a similar manner, the work done along RS by pressure force at RS can be
determined. The average distance moved by the RS face is as follows.

1dv,
dx|pig—rs = *|pmig_pg = <Vx + 3 d—yéy) ot

The force (per unit z) acting on RS is also pressure force. This force acts to deform
the fluid element in the anticlockwise direction (hence a negative sign).

dpP
dF|gqe = —| P+—5x |6
Irs ( + e x) y
Work done (per unit z) on the fluid element on the RS face over time 6t is as follows.
dP ldv,
dW|pe = —| P+ —5. y +=—=0y |otS
ks ( —i—dxx)(v +2dy y) y

PS face [ ]

The force (per unit z) acting on the PS face is shear stress. This force acts to
deform the fluid element in the anticlockwise direction (hence a negative sign).
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dF|pg = —10x
The distance moved by the PS face is as follows.
dx|pg = Vit
Work done (per unit z) on the fluid element on the RS face over time 6t is as follows.
AW |pg = —76xV,6t

OR face []

The force (per unit z) acting on the QR face is shear stress. This force acts to
deform the fluid element in the clockwise direction.

dr
dF|or = (T + E(Sy) ox
The distance moved by the QR face is as follows.
dv,
dx|or = (vx + dyéy) ot

Work done (per unit z) on the fluid element on the QR face over time ot is as
follows.

dr dv,
dW|og = (T + d—yéy) ox (vx + d—yéy) St

The total work done (per unit z) on the fluid element is the sum of all the
components

1dv, dpP
Total work done per unit z = PSy| v, + —léy ot— (P+—0dx
2 dy dx

1dv, d dvy
vx—i——léy Otdy — toxv, Ot + T—&——T(Sy Ox vx—l—l&y ot
2 dy dy dy
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1 dv, dP 1 dv,
+5y) (P ) (v -ty
— xSyt | P 2dy ) dx 2dy ")
- oy ox ox 8y
dr dv,
Doy (ve + 225
.(T+dy y) (V i dy y)
T 5y
dpP ldv, . dP dv, dr dr dv,
— Syt | — Sy - gy &y D 9T, T
oy [ e aw Ty T Ty }

We substitute the relationship between shear stress and velocity gradientz = 7 ‘Zvy‘,

dr _ 4 Vi
and = NG

Total work done per unit z

Susvt dp 1dvx5 dP+ dvxdvx+ d*v, N d*vy dv, 5
= 0X6yOt | ———Vy — 5Oy ——+n———— Vx —
YT T 2y Y T ay ay T ar T g ey @

ap  d%v, 1dv, dP dv, d*v, dvy
— oxByot s s
oy lv< PRkl dy> 2dy dx y+'7<dy> Tz 3 ”

Ignoring the second-order derivatives and above, we obtain

dp  d*v, dv.\?
Total work done per unit z = 5x6ydt | vy +7 v +7 D
Cdx dy? dy

It follows from the Navier—Stokes equation that for a flow that is at steady state,
i.e., no net force (or forces balance) on fluid element, then the following should be
true. Note that we still have a non-zero work done when net force is zero, since the
constant velocity still contributes to a constant kinetic energy of the element over
time. This kinetic energy is how the element dissipates its energy (mechanical) and
this “lost energy” is supplied back by the applied energy which also relates to the rate
of doing work on the element.

P d*v,
Net f =0=—-——
et force = e +1n dy

The above expression can also be arrived at by simplifying the Navier—Stokes
equation using our assumptions of steady state, laminar, and fully developed flow in
the dominant direction (x).

After substituting the Navier-Stokes result, the expression for work done
becomes
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AN
Total work done per unit z = 5x5ydt [;7 (d_v> ]
y

(%]

d
Rate of work done per unit volume = @ =y (%)
y

Rate of work done per unit z = dxdy

Let us expand this result to the general form of the expression for @. The overall
rate of strain/deformation, e;; is related to shearing stress z,, by 7,, = ne,,. In general,
e;; is defined as a sum of two components of strain rates. For example, in x—y
coordinates,

dvy  dvy
e = e = gt

dvy dv,
Tyy = Tay = e + — dy

And in general, the rate of energy dissipation per volume is given by the
following, where the sum is over nine terms where i = 1 to 3 and j = 1 to 3.

(D:%nZeUz
i

_ _ dv, dvy _
In our problem, e, =e, = d—y‘ because = 0, and we have only the x—y
coordinates which are relevant. Therefore,

®—1 (en” +e 2)*1 dvx + v | - dvx
72’7 v R dy dy dy

Let us now return to our problem, we have the following system

VU,

Let us state some assumptions before we apply the Navier—Stokes equation to
describe the flow.
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* Constant viscosity for a Newtonian fluid.

e The liquid is incompressible, p is constant.

* The flow is at steady state (% =0).

¢ The dominant flow direction is in the z direction; hence v, = vy = 0.

* The flow is fully developed where entry/end effects are assumed negligible;
hence v, # v,(z)

* The system is axisymmetric; therefore a_aa =0.

* Gravity effects are absent as the pipe is held horizontal.

The simplified z component of the Navier—Stokes equation is

o 0P, TLO( o
T oz ”rﬁr or

r* OP . ov,
e S
2n Oz : 0
72
. —%a——i-cl Inr+c
Let us establish boundary conditions, when r = 0, v, has to be defined. Therefore
c¢1 = 0. When r =R, v, = 0; therefore c; = f% %f. Therefore the velocity profile can

be written as follows.

r> 0P R* 0P P\ (1 \ (o
vo=—————=(——|—|[R*—F]
4n 0z 4n 0z 0z ) \4n

Now let us evaluate the relevant rate of strain e, for the system.

dv, @_ dv, @

T L L
dz = dr dr dr  \0z)\2n

Crz = €y =

The rate of energy dissipation per unit volume is

®— dv,\? _ (op 2752
— dr)  \éz 45
The rate of mechanical energy dissipation per unit z of pipe can be found by

integrating over the cross-sectional area, considering the area element in cylindrical
coordinates
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R 2n R 27 OP 2 r3 R OP 2 }"3
drdldr = — — |dOdr = — — | 2rdr
Jo Jo Jo ,[0 (51) (4’7> ,[o (5Z> <4’7>
R (2n 2,4 R 4 2
oP r aR* (OP
)} = — — - =
Jo Jo rdodr [(az) (8’7>ﬂ]0 8n (61)

This energy that deforms the fluid element comes from pressure gradient. Pres-
sure gradient contributes to a net rate of flow work or PV work done. The deforma-
tion work increases the internal energy of the fluid (or macroscopic rate of energy
production). This energy is also equivalent to the local rate of energy dissipation.

(b) Note that the net rate of PV work done (or flow work) by upstream fluid on
downstream fluid is caused by pressure gradient and is equivalent to the local
rate of mechanical energy dissipation found in part a.

Rate of PV work is done by finding the product of pressure and distance
oP

T oz

moved per unit time; hence we integrate {( ) vz} over the cross-sectional area

element. ?7_1; is negative; hence we add a negative sign to find the magnitude of the
difference in rate of work done.

Net rate of PV work done = Difference in rate of work done by upstream and
downstream fluid

R 2 R (2
. oP . opP oP\ (1
J J (— —) v, rdOdr = J J (— —) (— —) (—) [R2 — r2] rd@dr
o Jo 0z o Jo 7 0z ) \4n
R 2
= J < 8P> <ﬂ> [Rz — rz] rdr
0 0z 2n
_ OV (m\[Rr T ek (opy?
N 0z 2n 2 4], - 8y \ oz
You may observe that it follows that this result is the same as in part a.

Problem 31

We have a viscous fluid contained within the annular region of two concentric
cylinders, whereby the inner cylinder is held stationary while the other cylinder
rotates at an angular velocity @,. The radius of the inner and outer cylinders
are R, and R, respectively. Assuming steady flow of the fluid,

(a) Determine the velocity profile in the 0 direction.
(b) Find the rate of mechanical energy dissipation per unit axial length in z.
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(c) Find the rate of work done required to rotate the outer cylinder. Comment
on the result.

Solution 31
Worked Solution

(a) Let us sketch a diagram for our problem.

Fluid

This system is best described by cylindrical coordinates. Let us examine the r-
component and #-component Navier—Stokes equations. We have the following
simplifying assumptions

» Constant viscosity for a Newtonian fluid.

* The liquid is incompressible, p is constant.

* The flow is at steady state (2 = 0).

¢ The dominant flow direction is in the @ direction (as defined in the diagram
above); hence we assume that v, = v, = 0.

e The flow is axisymmetric, therefore a% = 0, and we assume the flow is fully
developed in the @ direction, so % =0 and % =0.

* Gravity effects are absent.

The r-component Navier—Stokes equation tells us some information about the
pressure gradient. In this system, the pressure gradient balances centripetal force.

ng_ oP
P r o or

The 6#-component Navier—Stokes equation tells us more about the velocity

profile for vy.
o (Lome) _
or \r or

cr C (&)
vo=—+—=c'r+—=
2 r r
To solve for the integration constants, we can look at boundary conditions.
When r = Ry, vg = 0 and when r = R», vg = Ryw,
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(&) (&)
0= Cl/Rl +—— C]l =——
R, Ry
8) Ry o Ry,
— / = —
R2w2—01R2+R2 R2+R Q=T R,
1 R, R
o = 2 _ Rown
1 = 2 TRz
R, R _R,

Substituting the integration constants, we obtain the velocity profile.

,
e R
py = _ Rowar  Roan _szz(&) R ()
TR R, (L R) BBk w
Ry R, R? R R R R
) (R
(%) - ®)
VQZRZQ)Z R, R
R R

689

(b) To find the rate of energy dissipation per unit z, we can integrate the expression
for energy dissipation per unit volume, @ over the cross-sectional area of the

cylindrical pipe.

J

In our problem, e,9 = ey, = % because dV’ =

coordinates which are relevant. Therefore,

1
¢ = Eﬂ(erez + o)

= 0, and we have only the r—6

Now let us evaluate the relevant rate of strain e, for the system. Note that the
definition for cylindrical coordinates is different from that for Cartesian

coordinates.

dvg dv,
€9 = Cor 7é 7}:9 + %

€9 =Cor =71 +r 69 ar

or

The rate of energy dissipation per unit volume is

0 (Vg 1 ov, 0 o\ _ 2R\Ryw>
)15 T

Ry _ 2
R Rz)r
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2
| 2RiRyan

(R R
Rl R2

The rate of mechanical energy dissipation per unit z of pipe can be found by
integrating over the cross-sectional area, considering the area element in cylin-
drical coordinates

D

2 2

Ry (2r R, 21 IR R R, YRR
J J @rd&dr:J T |2 der:J T\ 2222 ordr
Rl R Rl R

12 2

— 2R1R2w2 1 R — o 2R1R2602 1 . 1
B (&_&) 2r2 |, 1 (&_&) 2R\>  2R;?
R R ! R R
o 47771’](022R12R22
 R2—R2

(c) Work is required to be done to rotate the outer cylinder so as to maintain the
steady-state velocity profile of the system, in order to offset the continuous
energy dissipation due to viscosity of fluid.

To determine the rate of work done, let us first find out the force required to be
applied, which depends on the shear stress to be overcome. The component of
shear stress relevant to our problem is given by

2R1R2w2
Trg = NCrg = 1N <

Ry _Ri),2
R R2)r

The force is applied at the outer cylinder, which is at radial distance r = R;.
Force is equivalent to shear stress summed over the area which it acts (2zR,L or
2zR, per unit length).

‘L' | — 2R1R20)2 o 217R]2602
10lr=R, — ~—p2 2
(11% _ %) R22 R” — R,

Rate of work done per unit length of cylinder is the rate of torque T per length,
and the rate of torque T per unit length = Shear Force x Tangential distance per
time (or tangential velocity v = rm).
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Rate of T per unit length = (Trg|r:R2> (27R;)(Ry7)

o 21’]R1 2&)2
\RZ2— R

) (27[R2) (szz)

o 47777R22R| 20)22
Ry —R?

Hence we can observe that the rate of work done required to maintain the
rotation of the outer cylinder (answer in part c¢) is equivalent to the rate of energy
dissipation due to the viscosity of the fluid (answer in part b).

Problem 32

Consider a large square plate of length L that is moving away from a solid
plane, where the separation distance between the two is i(f) such that () < L.
There is a fluid contained within the separation space.

Moving square
plate of length L

A
L
< ............................................................ >
z
) X Fluid
Solid plane
2
(a) Assuming creeping flow, show that 0 = — ‘3—‘: +n (‘Z;;), where P is a function

of time ¢ and distance x only.
(b) Show that the velocity profile in the x direction is given by

=3 (5 )= (0]

(c) Derive the differential equation in P given below, and find the force (per
unit area of plate) required to move the square plate. Assume that the
pressure P at the edge of the square plate is equivalent to atmospheric
pressure and atx = 0, P = P,

O*P _ 12qdh
ox2 B3 dt



692 Fluid Mechanics

Solution 32
Worked Solution
(a) Let us list down the assumptions for this flow

» Constant viscosity for a Newtonian fluid.

* The liquid is incompressible, p is constant.

* Gravity effects are absent and inertial effects are ignored under the creeping
flow approximation for the thin film of fluid, i.e., convective derivative
portion of the Navier—Stokes equation is zero.

vy Ovy 0 0
Convective derivative = ( o + v, ™ iy Vy av + v, vY) =0

Looking at the x-component Navier—Stokes equation, we have

o _ P 62vx+62vx
A

& vy
o2

0 P, 8%V,
T 072

(b) To find the velocity profile of v,, we integrate and impose boundary conditions
where when z = 0, v, = 0 and when z = h(f), v, = 0.

opP + n
Ve = c c
11 ox 2 1T

¢y =0ande; = —— (ap)ﬁ

(1 v(

For thin film,

< , therefore

ox) 2

G R

(c) Since we know v,, we can find the velocity profile in the z direction, using the
continuity relationship.

ovy Ov,

GVx -0
8x+8z




Fluid Mechanics 693

ov;

When z = 0, v, = 0; therefore we can integrate to find v,

)]

Applying the boundary condition at z = 0 gives us H(x) = 0.

_dh_ 1 o[(oP\ (2 2Zh
T a T e[\ J\3 T 2

At z = h, we have

dh 1 O[(aP\ (2 _Zh\] _ 1O [(aP\(W\] _ 1 &P
dt— 2pox|\ox)\3 2 “2pox |[\ox)\6)] 12n ox?

P 12ndh
oxt B odt
We note that the boundary condition for pressure is such that at x =0, P = P,

and atx = %, P = P,,. We can integrate the differential equation with respect to
x as follows.

_bndn,
=3 dtx cx+ o
¢y = Py
2
(Pﬂtm - PC'I) - %%(%) (Patm - Pctr) 3’7dh
L L > dt

6ndh Patm — Pg 3n dh
pP= ;TZEXZ + {z(( o ")> - h—Z dtL}er Py

The force required to move the plate is used to balance the pressure differen-
tial in the fluid relative to the external atmospheric pressure (note: choice of
control volume for force balance automatically excludes viscous force acting
along the fluid/solid surface interfaces as they do not act at the boundary of the
control volume. Only pressure force and applied force F' on the upper plate are
relevant here).
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L L
Force to move the plate, F = J J (P — Pym)dydx
LJo

F L2 67’] dh 2 Pam — Per 3’7 dh
— = 2 —ZZL|x+4 Py — Pam )d
L J_L/2 <h3 dl +|: < I ) h3 dr :|X+ cti at ) X
F {2;7 dh s [( am — P\ 31 dh L2
—= |5 =X

L

- — L] X+ Pegpx — Patmx]
e odt —L)2

E o i@lﬁ dtm - Pctr ﬁ@ + PchL PatmL
L |4k’ at 243 dt 2 2
m — Por h ] (12 Pyl Pyl
_ _LB%L3+ Pam — Par _3_'73d_L _ Pl | Pu
413 dt L) ondadr |\4 2 2
n dh

F
Force per unit area of plate = 2= =S di —I*+ (Petr — Pam)

Problem 33

A circular disc of radius R is at a distance Ak (¢) from a solid surface. The disc is
moving towards the solid surface at a constant velocity of V through a body of
incompressible Newtonian fluid at bulk fluid pressure P, and of density p and
viscosity 7. The flow pattern of the fluid contained between the disc and the
bottom surface may be assumed fully developed, where end effects are negligi-
ble. Gravity effects may also be ignored.

Circular z

@ Fluid in
gap
h(t) f

A 4 »

disc

Solid surface

(a) Comment on the assumptions necessary to model this fluid flow using the
creeping flow approximation. Using the Navier-Stokes equation, find the
radial velocity profile v, assuming creeping flow.

(b) Determine the mean value of the radial velocity component, (v,).

(c) Derive another expression for (v,) using the continuity equation.

(d) Express pressure in the separation space as a function of the r-coordinate.

(e) Find the force exerted by the fluid on the bottom surface.

(f) Evaluate the following two expressions and compare them to the pressure
gradient in r. Comment on the results.
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i) aévr’> and n% (% (r %))

Solution 33

(a) In order to assume creeping flow, we require the following conditions so that we
may ascertain slow flow whereby inertial contributions may be neglected, and
viscous effects dominate:

* The gap is narrow compared to the length scale of the disc, i.e., h < R.
Consequently, the derivatives in the z direction dominate while derivatives in
the r direction are small. Also, the pressure gradient in the z direction is
negligible as the flow consists of almost straight and parallel (to the r axis)
streamlines.

¢ Re for the flow is low, i.e., Re ~ % < 1.

To find v,, let us list the assumptions that help us simplify the Navier—Stokes
equations

» Constant viscosity for a Newtonian fluid.

e The liquid is incompressible, p is constant.

* The flow is axisymmetric; hence a% =0.

* The fluid flow is at steady state; hence % =0.

¢ The fluid is not in rotational flow; hence vy = 0. Also, v, is the dominant flow
direction; hence we assume v, = 0.

» Gravity effects are absent and inertial effects are ignored under the creeping
flow (i.e., convective derivative portion of the Navier—Stokes equation
is zero).

Applying the assumptions to the -component equation, we have the following
expression.

For the sake of discussion, let us do a simple order of magnitude analysis that will
reaffirm our result above. Starting with a more general form of the Navier—Stokes
equation, we may see how some of the terms are removed due to their relative small
values.
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v O vedve v v\ _ 0P
Plac ™" ar " ree r ") T or

+ 2 l a(rvr) +l62v,_£@+
g or\r\ or r2 00®> r? 00>

+ P8,

Terms that were “cancelled off” | Reasons
ov, Steady state, therefore equal to zero.

ot
Vg OV, v = 0 since fluid is not in rotational flow.
r 00
ng

-

1 8% Vv, Flow is axisymmetric; hence derivatives in @ direction are zero.
r2 60

2 62119
r? 06"
P8 No gravitational component in r direction.

After the above removal of terms, we are left with the following equation.

o, dvy\ 0P d(1(3(v,) 0%v,
"(”TWJ”’ZE)‘E” ar\r\“ar ) oz

Inertial terms Pressure Viscous Viscous
term terminr terminz

Let us examine each term closely using order of magnitude (OOM) analysis, and
see how more terms (viscous term in r, and inertial terms) can also be neglected.

Viscous term in r:

) -200)002)
or\r\ or or\r\ or or\r\ "or
v, 0 /v, v, 1ov, v, v,
o 5( ) - B

oy 20 Ve oV
r or2 ror rr r2

We know that & < r; therefore ;:_2 > f—z Each of the terms in the above are small;

hence this term % (1 (@)) may be neglected.

;
Inertial terms:

We know from the continuity equation that zr?V = 2zrhv,; therefore v, ~ % and
o LV

or h

e
072
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ov, rV\ [V 7prV2
P\ )\n) T 2

ov, Vﬁ <ﬂ) Nper

o TP W
0 ov,  2prv?
v, av + pv, av p}; (factor 2 can be dropped for OOM analysis)

Let us compare the relative magnitude of these inertial terms compared to the
viscous term 15 Z 3

. V2
Inertial terms %>

- =—=Rex1
Viscous terms % 7

Therefore, when we assumed creeping flow, where Re is low, we have also

assumed that inertial terms may be neglected as verified here. Therefore we arrive
at the same simplified expression as shown in part a.

oP v,

0= ——
or a2

(b) In order to obtain the mean value of v,, we need to first figure out the v, profile by
integrating the differential equation in a, using suitable boundary conditions

Lor_ o,
nor 02
8v,_z8P+c
0z nor !

v, =

2op
mor TRt

Atz =0and z = h, v, = 0. Therefore, ¢c; = 0 and ¢,

2

v _z_@_ﬁ@P _ 1/ op (h - 2)
" 2por 2y or® 2n or)° ¢
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1 (" 1("1/ oP
r =7 rd =7 ~ |\ = h—z)d
) hJov ¢ hL 2’7( 5”>Z( Az

1 ( oP\[Zh 2" W[ oP
S 2ph\ or)|2 3], 127\ or

(c) Using the continuity equation, we have

ar’V = 2zrh{v,)

rv
(v) = 2

% _ 1257(v,) _ 6nrv

(d)

or ? n
3nrtv
P=— nh3 +Cl
At r = R, P = Py, therefore ¢; = P —|—3'7;:#
3nr?V 3nR*V 3V, 5
P:_T+PO+T:PO+7(R —V)

(e) The force exerted by the fluid on the bottom solid surface is the sum of pressure
force over the contact surface area

R R
onzV
Force on plate = J (P — Py)2zrdr = ’Z; J (R* — r*)rdr
0 0
epnV [R22 * 3pavR?
R L2 4, 2

(f) We found from earlier that a simple form of expression for mean radial velocity
is as follows.

(v) = 2

Hence we can use this result to evaluate the two expressions given,
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o(v,) rV\ [V prv?

) V) = 1

Pl =5 =» <2h) <2h> e M)

1(90 ra<v’> 1OV _nV (2)
nr or or ’]r or\2h T 2hr
We can now compare the two terms with the pressure gradient in 7, i.e., %,

whereby expression (1) is the inertial term in r, and expression (2) is the viscous
term in 7.

oP onrvV
5= ’Z; (from earlier result)
vy rv2?
plo)%d G Vi1
R T A VI _ﬁRe
or e "

where Re < 1 under the creeping flow assumption. Hence the inertial term is
much smaller than the pressure gradient term.

1{a(, o)
”7(5(’7))_ R
7 “e = T2

where %<< 1; hence the viscous term in r is also much smaller than the
pressure gradient term. This result is consistent with the analysis in part a,
whereby the inertial term in r and viscous term in r were neglected when
simplifying the Navier—Stokes equation. This was based on the creeping flow
and narrow gap assumptions.

Problem 34

We have a porous bed that has permeability k£ and pressure gradient VP. The
superficial velocity of a fluid in the porous bed is given as:

k
v=—-VP
n
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Po

i Fluid flow » r E

¢ K

.

E Spherical hole (P=0)
! Porous bed -

¢
¢ >

(a) Show that pressure obeys the Laplace equation VP = 0. Then express the
Laplace equation for pressure distribution as a function of r and @ using
spherical coordinates.

(b) A fluid flows through the porous bed with a hole in the midpoint of the
length 2L of the bed. Assume that the hole does not attenuate the fluid flow
and R < L. Use the trial solution for pressure profile P = (mr+ r%) cos @ and
verify if it is consistent with results in part a. Also determine the parameters
m and n in terms of 6, L and R.

(c) Determine the volumetric flow rate of fluid through the hole.

Solution 34
Worked Solution
(a) Before we begin solving the problem, let’s recall some relevant concepts.

Background Concepts

Recall that superficial velocity refers to the velocity assuming the phase occupies the
entire cross section (i.e., in the absence of particles), and is equivalent to %, where
0 is the volumetric flow rate of the fluid and A is the cross-sectional area of the
packed/porous bed.

For this problem, it is easier to work with spherical coordinates (and as advised in
the problem) which are defined by the coordinates r, @ and @ as shown below.
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Some important expressions in spherical coordinates are as follows, which can be
found from data booklets.

» The gradient operator V in spherical coordinates is given below, where fis an
arbitrary scalar field.

0 10 1 0
Vi=5l a0t renaan’®

+ The Laplacian operator V7 in spherical coordinates is given by

. 10 ,0f 1 o . of 1 &
f=-2p29 gLy 9T
V=5 o " msmoae "% T im0 o0

Let us now return to the problem, to show that pressure obeys Laplace’s equation.
Using the continuity equation, and assuming a Newtonian fluid with constant
viscosity 7 and constant density p (i.e., incompressible), we have the following.

0=V-y

k
Given thaty= — -VP
n
k > k.
0=V- _ZVP =V P,asE is a constant

Now let’s proceed to expressing the Laplace equation in spherical coordinates. We
know that the flow is axisymmetric in the @ direction; hence % =0.
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—lﬁrZ@Jr LAY )
T r29r or  r’sinfoo 00
0

. 0 ,0P . 0P
sin 95;’ ar + 20 smeﬁ = 0 (as shown)

V2P

(b) Starting from the trial solution, let us work out the terms in the equation shown in
part a.
0 oP

. 0 ,0P .
sm@ar 5—’—6_6’ smeae—o

Since P = (mr + %) cos @, therefore

oP ( 2n>
—=|m——)cosd
or r

oP ny .
0" —(mr+ﬁ) sinf

Putting the expressions together

. .0, 2n o . ny .
smear ((m—r—3> cos9> +@ 51n9<—(mr+r—2) s1n9) =0
. 2n . n
cos@sin O 2mr+—2 72005951n9(mr+—2) =0

r r

The left-hand side of this equation cancels itself out; hence the equation is
valid which means the Laplace equation for pressure distribution holds for this
trial solution.

To determine the parameters in the trial solution, we need to integrate the
pressure distribution differential equation using appropriate boundary condi-
tions. We know that at z = —L and z = L, P = Py and P = —P, respectively.
Alsoatr=R, P =0.

For the boundary conditions in z coordinates, we need to link the trial solution
(absent of z) to z, using z = r cos 6.

P= (mr+£2> cosf = (m—&—%)z
r r

Po = (m+5)(-L) (1)
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~Po = (m+5)(L) @

Equations (1) and (2) are essentially the same. And they tell us that when r is
large,ie,atz= *+ L, Py = —mLorm = —g. This result can be used when we
apply the third boundary condition for r as below,

0= <mR+%> cos6’—>mR+%:00r cosfd =0

e R’P
n=-mR =——

L
Therefore we have obtained m = —% and n = %.

(c) We are given the velocity field as shown below, we can then find out the  and
components from the definition of the del operator in spherical coordinates.

v=—-VP
n
B kaPand _ klop
= n o 0 nr 00

We also know from earlier that P = (mr + r%) cos @, which when we substi-
tute the expressions for m and n found earlier gives us

R P
P= -7\l cos @
r L
_ koP_ k(P\ 2R’ |
Vrlr=k = nor n\L r3
k (P
:3Z<z)cose

k1oP k1 (R} P\ .
Vol,ep = ——— s = —5 —2—R — | sin@
nrod nR\R L

= 0 (no rotational flow)

The volumetric flowrate through the hole, Q can be found by integrating
velocity in the r component across the relevant surface area. The area element in
spherical coordinates at the surface of the hole is R? sin 8d0d®. Note that this
definition of differential area assumes 6 is the angle measured from z, the polar
coordinate.
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In general, the physical limits of the polar coordinate € in spherical coordi-
nates is «. In this problem, we integrate from & = 0 to § as we only need to take
one side of the direction of flow to determine flow rate through the hole.

Also note that the differential area from @ = 0 to z is R> sin 8d0dD (.e.,
northern hemisphere) while that from 6 = # to 27 is —R? sin 0dod®d, due to
symmetry about & = 0. For the @ direction, we integrate from @ = 0 to 2.

From 9,: Otom,
dA = R?sin 8d0d¢

(rsin@>0)
e T
r
(0]
rsin 6
6
L 4 » 7
From 8 = m to 2m,
dA = -R?sin 0d0d¢p
(rsin6< 0)
e e 7
. O=2r 0=r/2
0= J J (v],_g) R® sin 0d0dD
?=0 0=0
3R Pk (™/* 37R2Pk (™%
- J 27 cos Osin 0dO = 2 J sin 20d6
L71 0 Ll’] 0

37R*Pk [ 1 #2 37R%Pk
= ——cos 20 =
Ly 0 Ly

Problem 35

Consider a fluid that flows in the space contained between two concentric
spheres of radii R; and R, as shown below. The fluid is Newtonian, and the
flow may be assumed fully developed and at a steady state, with a sufficiently
low Re to use the creeping flow approximation.
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(a) Show that vy = fil(:(), where G(r) is a function of r.
(b) Show that pressure is independent of the radial distance r.

(c) Find pressure gradient % and show that the following is true:

Eaz’_G_FaZ_G =0
303 orr

(d) Find solutions of the form G~r*. Derive the general form of the solution for

G, and using this general solution, determine ‘3—5.
(e) Express vg in terms of the pressure difference between the fluid entry and

exit points, given that:

dd 1 (1—cosf
— == — |, R,=1.2R
Jsiné’ 2 n(1+c0s0>’ 2 !

Solution 35
Worked Solution
(a) Before we begin, let us state some key simplifying assumptions

* Constant viscosity for a Newtonian fluid.

e The liquid is incompressible, p is constant.

¢ The flow is symmetric in the @ direction; hence % =0.

¢ The fluid flow is at steady state; hence % =0.

* vy is the dominant flow direction; hence we assume vg = v, = 0. The flow is
fully developed; hence vy # vg(0)

» Gravity effects are absent and inertial effects are ignored under the creeping
flow (i.e., convective derivative portion of the Navier—Stokes equation
is zero).

From the continuity equation in spherical coordinates, we can obtain the
following

1 O(vgsin0)

rsng o8 0
vesind = G(r)
G(r)
Y= Gine

(b) To find out the pressure gradient in the r direction, let us look at the r-component
Navier—Stokes equation
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oP 20v9 2

0=-L yyl-220 2
6r+;7 200 r?

Vg cot @

From our result in part a, we know the following expression

Ovy cos @
00 —G(r) sin 20

Substituting into the pressure gradient equation, we show here that P is not
dependent on r.

oP _ {ZG(;’) cosf 2 G(r) cosa} _o

or 72 sin 20 r2 sin@ siné

(c) To find pressure gradient %, let us look at the & component Navier—Stokes

equation which will be simplified to the following after applying the earlier-
stated assumptions

1 0P 10 av.g 1 0 . 81@ Vo
0=—2 1yl 2(rP2) 9 (sing2?) - Y
r aeﬂ{rzar(’ 6r> +r25in680<sm ae) rzsinzﬁ}

1oP  [10(,G(r) 1 0 cos @ G(r)
?%‘"{ﬁ&(r sin @ +r2sin9% —G() sinf)  r2sin36

1oP _ [1 (ﬂ G, 2rG’(r)> L =G <—sin29— 00520) G(r) }

rog sin @ sin @ r2sin @ sin 20 r2sin360

rzla_P_ [(G”<r>+z6’<r>>+ G(r) G(r)}

r oo sinf ' rsin®) ' r2sin30 rZsin3@
aP ’7 u U
e 2
%0 = S0 [rG"(r) + 2G'(r)]

We know from earlier that P is not a function of r; therefore

0— % @_2’) _ % [LL6" (1) +26'()

rG"(r) + G"(r) + 2G"(r) = rG"(r) + 3G"(r) = 0
ro&G oG _
3o ot

(d) Before we find the general form of the solution to this differential equation, let us
explore trial solutions. One possible form of a trial solution is G~r" as given.
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63

P ala—1)(a—2)r"3
’

62

W’Va(a* 1) -2

ga(a —D(@-2)r"3 +ala—1)r*?=0

ala—1)(r"?)a+1]=0
a=0,1o0r—1

G:cl—l—czr—i—E
-

Hence, we can proceed to find %

8P_ U " / n 2C3 3\ | 2con
0~ smo!C TG MI=4r +2< r2> Y

(e) To find pressure difference between the entry and exit points, let us translate this
into boundary conditions.
Considering just the upper hemisphere (since pressure difference is symmet-
rically identical for the bottom hemisphere), at fluid enters at 0 = I+vr and exits
atfd =% —

OP  2cm
00 sinf

entry 2 1 _ 9 2+y
entry pressure — exit pressure = AP = J 'cm do = cn [In <&>}
exit S1 0 14 cos® I_

P Y cos (2+ ) ' 1—cos (3—7)

1+cos( 1+ cos (2—7)

1+ siny 1 — siny 1+ siny
=cn|ln|— | —In|— || =2cp|In | ——

1 — siny 1+ siny 1 — siny
G(r) _

We found earlier that vy = 55 =~ (c1 + czr+‘3), so we can apply
boundary conditions, when r = R, = gR 1, Vo = 0 and when r = R, vy = 0.

Nl-fl Nl-fl
v

C
0=ci+ R += (1)
R,
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6 56‘3
0= — R +—= 2
c1+5cz 1+6R1 (2)

Equation (2) subtract equation (1) gives

1 16‘3 6 2
0=-R — -2 ey =—R 3
s0R —gp— =gk (3)

Substitute result (3) back into equation (1), we can find ¢,
Cc] = —02R1 - §C2R1
Finally we get vy in terms of

6, 2 6 2
2coR; 2coR
y —cR; — %CQRI + cor + ST _%CZRI + cor + iT
0 = N = N
sin @ sin @

We know from earlier that

1 i AP

AP = 2C21] [ln (m>:| - =—=
)] )

1—siny
Therefore we can express vy in terms of the pressure difference AP
AP UR, 4 r + 0
Vo = - ] :
()| L sinf

Problem 36

Consider a solid sphere of radius R that is submerged stationary in an infinite
body of fluid. Fluid flows past the sphere in a creeping flow and at a steady rate.
At positions far upstream and downstream from the sphere, the velocity is
constant at free stream velocity U, parallel to the x axis. Assume that the fluid is
Newtonian and incompressible, and gravity effects may be ignored.

Given that the velocity profile of the fluid flow past the sphere in the r and 6
directions are as follows:
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3R R
v,:U(l - —+—) cos@

2r 2r3
3R R® .
7= —U(l— ar —m) sin @

(a) Check that boundary conditions are satisfied by the velocity profile given
above.

(b) Find the pressure profile for the fluid flow at the surface of the sphere.
Assume that pressure at @ = 0 is P,.

(c) Find the form drag exerted by the fluid on the sphere.

Ul Ul
—_— —
r
P(§=0,r=R) =P,
—_— —
— 9 X —
—_— —
—_— —

Solution 36
Worked Solution

(a) Before we begin, it is good practice to first list down assumptions for this flow as
they may help to simplify our expressions (e.g., Navier—Stokes or continuity
equations) later.

» Constant viscosity for a Newtonian fluid.

* The liquid is incompressible, p is constant.

¢ In terms of coordinates, the flow is symmetric in the @ direction; hence
= =0.

e The fluid flow is at steady state; hence % =0.

* The dominant velocity components are in the r and 6 directions; hence vg = 0.

* Gravity effects are absent and inertial effects are ignored under the creeping
flow (i.e., convective derivative portion of the Navier—Stokes equation is

zero). For creeping flow, Re = ’% < 1

The boundary conditions occur at the surface of the sphere, when r = R,
v, =vg=0. When r = o0, v, = U cos 8 and vy = — U sin 6. These boundary
conditions are satisfied by the velocity profiles given.

In the r component,
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=U|(1 3R+R3 cos @
= 2r 213

3R R
v,:O:U(l—ﬁ—i—ﬁ)cos@atr:R
v, =Ucos@ =U(l —0+0)cosfatr = oo

In the € component,

R R
vaz—U<1—3———> sin @

4r  4p3
0 Ul1l 3R_ R in O at R
=0=- ————s r=
Yo 4R AR5

vog=—-Usin@=—-U(l —0—0)sinfatr =00

Fluid Mechanics

(b) Let us look at the r and # component Navier—Stokes equations. Using the
velocity profiles provided, we can see that some of the terms would become

zero and hence we obtain the following simplified equations.
In the r component,

Note that we can obtain %ir from the velocity profile v, given.

o, U cosd 3R 3R}
—=UcosO| — — —+
or 2r2  2r4

Therefore we can substitute the velocity gradient back into the pressure

differential equation.

oP 5 o 3R 3R}
1t (Ucoso = -
or r? 6r< €08 (2 2r2>>
_ (71) 3UR® cos @ _ 3nUR? cos 0
= (3 =

73 I
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opP ~ 3nUcosd
orl,_.x R

P =P(0)

(independent of r)

This tells us some information (but not all) about the pressure profile. It will
be a function of € only so we will need to look further into the & component
Navier—Stokes equation and apply boundary conditions in 6.

1 0P 10 Ovy
0=— ——(r=
r 50+”{r28r<r ar)]
OP no [ ,0v
Z_TZ 22
00 ror or
Similarly, we can obtain % from the velocity profile vy given.

dvg . (3R 3R
b ol 2= 2%
o~ Un <4r2 * 4%)

Therefore we can substitute the velocity gradient back into the pressure
differential equation.

OP 0 (3R 3R
— 1 _Using)= [ =4+
g, Usin )ar(4 4r2>
3R?
ﬂ(UsmG)
r V
opP 3n
— Usin 6
26| _, ~2r\Usin?)

3n
P= 2R( Ucos®) + ¢

When § = 0, P = P,; therefore ¢y = P. + X”U and the pressure profile is
found as shown below.

3nU

p=""=
2R

(1 — cos@)+ P,

(c) The form drag exerted on the sphere is caused by normal stresses (acting
perpendicular to tangential plane); hence form drag comes from pressure
term P. This is as opposed to shear stress (e.g., 7,9) that acts tangent to the
surface resulting in skin/friction drag. Total drag force is the sum of form and
skin drags.
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Trg

0
TSN 0 <---- ----—Pcos @

In spherical coordinates, a differential element will have area of R? sin 0d0dQ,
where @ is from 0 to 2z, while 0 is from O to x.

The form drag per unit area exerted by fluid on sphere is as follows. It is
negative as it acts in the negative z direction.

F form
A

= —Pcosd

P=2n (O=n
Fiom|,—g = J J (=P cos 0) (R* sin 0d0dD)
?=0 6=0

Substituting the expression for P and integrating with respect to @, we have
the following. Note that sin26 = 2 sin 0 cos € by double-angle formula.

2 o= 3nU .
Fiom|,—p = —27R . F(l — cos @) + P, | cos O sin 0d0

O=n .
= —27;R2J (3'7[](1 — cos @) +Pc> (szz‘g)de

o=0 \ 2R

O== ( (3qU sin 20 0= 3yU sin 20
= —27R* 4P 60— ~—— cosf 0
§ Uo—o ((ZR * L>< 2 >)d L:o 2R % ( 2 )d }

33U O=n 391"
— 2R (21 —J cos205in 00| = —3zRyU | =2
2R 0=0 3 1o

= 272RqU

Therefore the form drag exerted by the fluid on the sphere at the surface is
2zaRnU.

Problem 37

Consider a straight horizontal channel with a cross section shaped as an
equilateral triangle with each side of length a. There is fluid flow along the
channel in the z direction and the flow can be described as laminar, fully
developed and steady. The fluid is Newtonian and incompressible, with viscosity
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1. Gravity effects may be ignored. A trial form of the solution for velocity v, is

v =4y (y — v3x) (y+v3x — V3a).

(a) Sketch a diagram to illustrate this system, and comment on the driving force
for this flow, and the other velocity components.

(b) Verify if the trial solution is acceptable, and determine A.

(c) Determine the shear stress (per unit length of channel) along one side of the
triangle. Comment on the values of mean shear stress and maximum shear
stress along the chosen side.

Solution 37
Worked Solution

(a) The driving force for this flow is pressure, and it is used to overcome viscous
effects arising from the fluid viscosity and related shear stress. The velocity
components in the Cartesian coordinates are v,, v, and v.. It may be assumed that
vy = vy, = 0 and the dominant direction of flow is in the z direction.

X Fluid flow

(b) Before we look at the trial solution, let us first state some assumptions about the
flow which may help us to simplify equations later.

* Constant viscosity for a Newtonian fluid.

e The liquid is incompressible, p is constant.

* The flow is at steady state (% =0).

* The dominant flow direction is in the z direction; hence v, = v, = 0.
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* The flow is fully developed where entry/end effects are assumed negligible;
hence v, # v,(z). This assumption is valid when the channel is long compared
to the length scale of the cross section (e.g., a in this case).

» Gravity effects are absent as the channel is horizontal.

We are given a trial solution of the form shown below, and we can test if it is valid
by imposing boundary conditions at each side of the triangle where velocity is zero.

A \\\ // <0(\/§>
o -5 a
2" 2

’ N .
Line A / . LineB
/ \

/ \

We can first figure out the straight line equations of Lines A and B marked. In
general, we can find the equation of a straight line once we have the coordinates
. gy y—y
of two points on the line via P
So the equation of Line A is

<

OO
IR H&
Q

y=3x

=

Similarly, the equation of Line B is

y—0:‘/7ia—0__\/§
x—a $—a

y=—\/§x+\/§a

Therefore, the boundary conditions are when y = V3x, v, = 0, when
y=—V3x+3a, v, = 0 and when y = 0, v, = 0. We observe that these
conditions are fulfilled by the trial solution; hence it is valid.

v, = /1y<y - \/gx) <y+ Vi3x — \@a)

In order to find 4, let us consider the z component Navier—Stokes equation
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0*—@ @4,62\}1
oz T 552 0y>

6;;1 62 {lyf( \/§x> + (—xly\/g) (y +/3x — \/ga)}

0
= (BAya — 6yx) = —61y

%zy‘; = % {/Iy(y — \/gx)(l) + (y+ Vi3x — \/ga) (2/1y —i\/gx)}

P
=5 [ﬂyz — V3 + 2057 — 2V 3xy + 229V 3x — 322 — 2v/3ady + 3aﬂx}
y
F)
=% [ﬂyz 202 — 302 — 2vBady + 3an] — 20y + 41y — 2430l
- A(6y - 2\/§a)

Therefore we substitute the second-order derivatives back into the Navier—
Stokes equation to get

62y + 2 (6y - 2\/50{)}

+1-
—6/1y+/1(6y 2f) 1865

1 oP
2\/3an 0z

(c) Let us now find out the shear stress along one side (bottom face arbitrarily
chosen here, whereby the plane will be the y plane to which the y axis is normal)
of the triangular channel by relating shear stress 7 to the velocity gradient.

3 0P
n(=3x* + 3aix) = \2/—; a—zx(x —a)

_ov,
yZO_Ha_y_

Ty,

yz

Note that this is a parabolic shear stress profile which is in line with a pressure
driven flow. You may observe that at the bottom face, when x = 0 and x = q,
shear stress is zero. Hence fouling materials will tend to accumulate at these two
corners.
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67_\':
Ox

This parabola reaches a maximum point of shear stress at =0 where

=2
.X—z.

‘ \/§6Pa( a) av/3 oP
Tyz, max = A~ A A\ Rx) T Q5 A~
M ly=0 """ 2 972 2 8 0z

We can also find the mean value of shear stress as follows.

3 2 12 oz

a

<TYZ|y:0> = 1 J”’ Q op (x —a)dx = V3 op [XS a_xz}: _ av/3 oP

o 2a 0z T |3

Therefore we can also observe that Tmax|,_o = %<ryzf 0> for this parabolic

y=

function.

Problem 38

Consider a Newtonian fluid of viscosity # and constant density p which is
contained in a cylinder of length L and radius R. Assume that L > R. The
cylinder is horizontal such that gravity effects on fluid flow are negligible. At
time ¢ < 0, the cylinder and fluid rotate at a constant angular velocity of w. At
time ¢ = 0, the cylinder’s rotation was stopped. You may assume fluid flow in the
cylinder is slow where Re < 1.

(a) Starting with the original set of Navier—Stokes equations in cylindrical
coordinates, derive the simplified equation that describes the fluid flow
from ¢ = 0.

(b) Using separation of variables between time and position, derive a differen-
tial equation in r. Show further that this equation can be expressed in the
form below which is that of a Bessel function of order 1, where R is a
function of x, i.e., R = R(x).

R'x*+R'x+R(x* —1) =0

Show that the velocity profile in # can be expressed in the form as follows:

vo(r.t) = Zh(\/‘%r)cne‘“"'
n=1

Solution 38
Worked Solution

(a) Let us start with the 8-component Navier—Stokes equation.
Fluid flow occurs predominantly in the @ direction; hence v, = v, = 0. Also
since the cylinder is horizontal, there is no gravitational component contributing
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to flow; hence gy = 0. Hence the terms highlighted are negligible and can be
removed from consideration.

Ovg Ovg vgOvg Vi vy
f’(at”raﬁraa*r*"zaz)

a<1a(rv6)) 10%, 20v, 0w

R/ NE e
5}’ r a}"

r 59+’7

2R TrRoa oz | TP

Also, due to axisymmetry about the z axis, we know that % = 0. The terms
highlighted below can be removed.

a\/g Vgan - 1 aP
p<8t+r59>__r56‘+n

Next we note that the cylinder is long; hence any entry or end effects in the
z axis are negligible and a% = 0. Hence the terms highlighted below may be

ov\ _[2 (120
P\ ) ~"ar\s or
We may now expand the differential on the right-hand side using product
rule.
ov\ _ T2 (1( v
P\ ) = Mar\r U or 0
- 0 81/9 Vo
n{@r(@r + r>]

62\4; 1 aw) Vo
=n

r al"

ar 208 oz

0 <1 a(rVg)> N 1 0%, azvﬂ

further ignored.

orr ror r?

Let us similarly examine the r-component Navier—Stokes equation. For the
same reasons as the 8-component equation, we eliminate the gravity term, and
assume v, = v, = 0, a% = a% = 0. Therefore the terms highlighted below may be
removed.
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B e Tree ¢ e
oP [a(la(rv,)) 10%, 20vy 0%,

<av, v, vgOv, vg° avr)
p

+ pg,

= ta\ser ) Trae roe oz

This gives us an equation that tells us that the pressure gradient in r direction
balances the centripetal force caused by the rotation.

pve? _oP

r o or
Finally, we observe that the z-component Navier—Stokes equation is
completely eliminated when the same assumptions are applied, and hence does

not provide useful information for our understanding of the problem. For
completeness, the z-component equation is shown here for reference.

v, v, L Ve v, N v, aP+ 10/ ov, N 1 &v, +62vz

Ko ), L YoVe | HVe) O |20, D) 2% OV

P or T a0 T Ve oz " rar\ or 2 00> 072
+ 8.

(b) Next we are required to solve the equation using separation of variables. We note
that the key equation to be solved is that for the dominant flow direction, i.e., vg.

Ovg _ azw) + 10vg vy

P\ar ) Mar "Far 2
Let the trial solution take the form as follows, where the variables time ¢ and
radial position r are separated into two independent functions R and 7. This can

be done since the two functions are each a function of independent variables
rand t.

ve =R(r)T(1)

R RT
R =" <R”T oo —2>
P r I

The below has to equate to a constant (let it be 1) since that is the only case
when a function in ¢ only is equivalent to a function in r only.
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T/ 77 Rl/ RI 1
— =—|—+4——— ) = constant
T p\R Rr r?

A type of function, e.g., T that when differentiated, gives back itself multi-
plied by a constant is the exponential function. For example, if T(r) = e*

T' =4 (e¥) =2 = 2T. Another example T(r) = 3e >, T =4(3e%)
= —2(3e™%) = —2T. In fact, T can take on the more general form of T = AeB*,
where A and B are constants. Therefore, we can guess that T is an exponential
function as follows, where @ > 0. We know that as time increases, the energy
provided by the initial rotation is dissipated; hence velocity decays with time as
t — 00, vg = RT = R(0) = 0. That is why we have added a negative sign before a.

T = cle_’”

Going back to our equation and looking at only the R part, we have

R'" R 1
4E+ﬁ‘ﬁ>:ﬂ

a R R 1
v

R R 7
Letl = \/g, and multiply throughout by Rr* therefore the equation becomes

PR =-R'"’»—Rr+R

R'¥* +Rr+ R{(/lr)2 — 1} =0

If we define a new variable x = Ar, dx = Adr, R'(r) = %8 = 2%k — )R'(x) and
R'(r) = 2’R"(x). Therefore assuming now we perform a variable change such
that R is now a function of x instead of r, we get,

R'¥+Rx+R(x*—1)=0

This expression is the form of the Bessel function of order 1, which has
pre-established solutions of known values that we can look up in data booklets.
Therefore, it is a useful function to use in solving problems especially those with
cylindrical symmetry.

Before continuing, let us recall some basic concepts about Bessel functions in
general. Bessel functions are solutions of second-order differential equations of
the form below where 7 is a constant which determines the order of the function.
Typical values of n for similar flow patterns as above are n = 0 and n = 1.
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In the case of n = 0 or n = 1, the Bessel function has two independent
solutions which are commonly denoted as J,(x) and Y,(x), and the general
solution to the Bessel equation can be written as a sum of the two, i.e., a linear
combination of both, with the coefficients determined by boundary conditions of
the specific problem.

General solution to Bessel equation: y = AJ,,(x) + BY,,(x), where A and B are
constants. The solutions can be expressed as power series, e.g.,

so [ _1aym
Ju(x) = ()" Z{)% However, note that the solution for Y,(x) is
m=

ill-defined at origin, i.e., when x — 0, a singularity occurs and B = 0 if this is
not acceptable. For example, in this problem, when x = 0, i.e., at the centerline of
the cylinder, flow still exists and this singularity is not acceptable. Note that there
are other kinds of Bessel functions, and # can be any constant.

Now back to solving our earlier differential equation in the form of a Bessel
function of order 1, where x = \/%r,

R'¥+Rx+R(x*—1)=0
R(x) = AJ,(x) + BY,(x)

R(r) = AJy (\/5) By, (\/5)

We note that there should be a physical solution at 7 = 0; therefore B = 0 due
to the singularity of Y; at this position. Therefore, R(r) = AJ; (\/gr)

To solve this, we need to impose boundary conditions, which are that at
r=R,vy=0. ForJ, (\/;/ZR) = 0, we can refer to the data booklet and find that
this gives a series of solutions for \/gR =x,, wheren=1,2,3. ., 1e.,x; =3.82,
xy = 7.02 etc.

Now we can combine the solution for both the position variable (i.e., r) and
time variable (¢):

vo(r,t) = R(r)T(z)

Note that in our problem, since at t = 0 and r = R, vy = Rw. Therefore



Fluid Mechanics 721

Problem 39

Consider steady flow of a viscous fluid in a cylindrical pipe of radius R. The flow
is laminar, and gravity effects may be ignored. The fluid has a constant density
p and viscosity 7. This fluid flow may be modeled using cylindrical coordinates
where z refers to the axial direction.

(a) Find the axial velocity profile of the fluid.

Now, instead of steady-state flow, we introduce variations with time. At time

t <0, no pressure gradient is exerted on the fluid and it remains still. From ¢ = 0

onwards, a constant pressure difference is applied to the fluid, causing a velocity

(time-dependent) in the axial direction.

(b) Using appropriate boundary conditions for this scenario, find the differen-
tial equation for the time-dependent portion of axial velocity.

(c) Using the method of separation of variables, show how the differential
equation in part b can be simplified to the form of a Bessel function of
order zero.

Solution 39
Worked Solution
(a) The assumptions that apply for this steady flow are as follows:

* Constant viscosity for a Newtonian fluid.

* The liquid is incompressible, p is constant.

* The flow is at steady state (2 = 0).

¢ The dominant flow direction is in the z direction; hence v, = vg = 0.

* The flow is fully developed where entry/end effects are assumed negligible;
hence v, # v (2).

e There is axisymmetry; therefore a% =0

* Gravity effects are absent.

Let us now simplify the z-component Navier—Stokes equation

0— <3PJr 10 /[ ov,
oz nr@r r@r
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When r = 0, velocity should be defined; therefore c; = 0. When r =R, v, = 0.

¢ = —RB 9 Therefore the axial velocity profile is

4n oz°
_LfoPN n s
vz4’7( aZ)(R )

(b) In order to find the velocity profile that also varies with time, let us consider
boundary conditions for time as well.
In terms of time, at r = 0, v, = 0. As time f — oo, v, = 0. In terms of position,
atr=R,v,=0.
In order to make use of our result in part a, let us define the time-dependent
velocity as a sum of the steady-state component from part a (denoted by v, )
and the deviation introduced by time dependence (denoted by v.):

/
V; = Vg5 T v,

Let us return to the z-component Navier—Stokes equation, where we no
longer ignore any terms that are time-dependent.

ov._ _op |1O(,0

p@t T &z n ror r@r
avms_‘_ ov, B 6P+ 10 Ov,s n 10/ ov,
P~ TP T "o " Mrar\" Tor Mror\" or

Since v, ¢ describes velocity at steady state, hence this term p 0”5;55 =0. We

observe further that the terms highlighted in yellow are in fact the same equation
in part (a) for steady-state flow, which means they equate to zero.
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(c) Let us express the time-dependent velocity component as a product of two

independent functions R and 7, each being a function of variables r (radial
position) and ¢ (time) which are also independent variables.

V., = R(r)T (1)

We can express the differential equation found in part b as follows, where a is
a positive constant.

vo v_0 v R
RT ==—(rRT)=-T=—(rR)=-T(@R'"+R)=vT|R' +—
r@r(r ) r Gr(r ) r (rR" +R) =v ( + r)

T/ R// Rl v
L _ ST LG Y] R) = —
T " ( R Rr) gr Br+R) =—a

We recall our earlier boundary condition for time, as time increases, the

energy causing the fluid flow is dissipated, hence velocity V. should decay
with time as t — oo. Therefore we included a negative sign before a.

“YR=R'r+R
v
R’ +Rr+ ¢ PR=0
v
Let x = /2r, therefore dx = ./2%dr, R'(r) = R — \/% = /2R (x), and

2
R'(r) = (ﬂ) R"(x). This change of variable from r to x, whereby the function

R is now a function of x instead of r, gives us the form of differential equation
that can be solved using Bessel function of order zero.

R"y* +R’x+R(x2 -0)=0
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Problem 40

In fluid mechanics, we often come across the concept of a boundary layer. This
is a region near to the no-slip boundary (e.g., pipe wall or solid planar surface)
where wall effects are significant and viscous forces are dominant. This is as
opposed to inertial forces which are more dominant as we go further from the
wall.

(a) Show how the boundary layer may be described by the Navier-Stokes
equation

LB e
P\ ox ™97 ) T Tox oz

for the system illustrated below. You may assume steady laminar flow of a
Newtonian, incompressible fluid.

- Boundary layer

Solid plane

(b) Assuming that we now have a free stream velocity approaching the solid
plane at a constant value of U that is parallel to the plane, and there is a
small seepage of fluid into the solid planar surface at a velocity of v = — v  at
z = 0. At positions further downstream, the velocity profile is fully devel-
oped in the x direction. Find an expression for velocity v;.

(c) Find an expression for v, in the boundary layer of this scenario of seepage,
assuming that pressure remains constant in the x direction.

(d) Evaluate the value of z when v, is at at value of 0.7U.

(e) Determine the stream function for this flow, and sketch the streamlines.

Solution 40
Worked Solution
(a) The following assumptions apply for the boundary layer velocity profile

* Length scale of boundary layer is small (i.e., thickness as measured from
z = 0). Viscous stresses dominate in this layer and hence velocity gradient is
steep (velocity varies rapidly across the boundary layer as z increases).
Therefore velocities in both directions x and z should be considered.
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* In the boundary layer region, the flow is not fully developed (entry effects are
significant), i.e., the position x matters for the velocity at that point, and hence
Qe £ 0.

* Constant viscosity for a Newtonian fluid.

* The liquid is incompressible, p is constant.

e The flow is at steady state (% =0).

* Gravity effects are absent.

* Fluid flow is in the x direction; hence the pressure driving force is dominant in
this direction and %f assumed negligible.

* We assume 2D flow whereby v, = 0.

Let us look at the Navier—Stokes equation in the x and z directions,
vy N v, oP N vy N vy n
Ve—+V,— | = —— —_—
P ox oz ox "\ a2 072

ov, ov, Pv, v,
_— —_— = 2
p(v)‘ o T az) ”(@x2+az2 @

We noted from one of the earlier assumptions that the velocity gradient in the
z direction is steep in the boundary layer, due to the significant shear stress. This is
further exacerbated by the narrow boundary layer. Therefore we know that

2 2 -
%ZV; > %XV;. However note that we cannot cancel the term v, 7> because %L >
%l; is small, because the coefficient v, in vx% is significant. Therefore

equation (1) is shown to simplify to the following boundary layer expression as
provided in the problem.

oy N oy ap+ v,
P\ T ) T T T2

(b) Since seepage into the bottom surface occurs in the —z direction, there is a
negative sign before v, in the condition v, = —vg at z = 0.
Using the mass continuity equation, we can relate v, to v,

dv, dv,
- + —

=0
dx dz

At large values of x, we have fully developed flow, which means that % =0.
Substituting this into the continuity equation, we find that % = 0 which means
that v, = v,(x) only. We know further that in order for the boundary condition at
z = 0 to hold for all values of x, v, = constant = —v,.
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(c) To find an expression for v,, we return to the boundary layer equation found in

part a.

v%_t'_‘,% —_@4_ 62Vx
P\ ox Yoz )  ox ”azz

0, and v, = —v,, and noting that the problem

Knowing from earlier that % =
stated that % = 0. Therefore we simplify the equation to the following where

kinematic viscosity v = %

8%, ; Ovy
v = —Vy—
07* oz
Fve _ s Oy
02 v oz

A suitable function whereby its derivatives give back itself multiplied by a
constant is the exponential function. Therefore we adopt the trial solution

Ve = —c1€¥ 4+
ov
— = _ace®
0z
2
O~ Vy 2 a ovy Vg
S =—ace=a——a=——
0z 0z v
Vs
Vy = —cle< 2z 4+

We know the boundary condition for this boundary layer at z — oo, v, = U.
Therefore, ¢c; = U. Also at z = 0, v, = 0 (no slip in the x direction at solid

surface). Therefore, ¢; = U.
w:—wF%+U=UO—J%H
(d) When ¢ = 0.7,
1—el"%): =07
(—&)Z:1n03
v
B =33
v

=Y 133
Vs
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(e) The stream function (X, y) is characterized by two key equations:

W
X_ay
L
YT ox

The above two equations are derived from a mass balance between two points
at different streamlines.

-« Point on
’E\ ‘~- streamline B
Point on _-r> vy
! streamline A H
§ . \;/(Sy
In—Out=0
oY + vyox — v oy =0
0 0
Oy = —Vy0x + Vi by = a—li/é'x + a—liléy
Therefore, v, = ‘Z—‘;f,vy = — %—"; is shown.
Background Concepts

Let us recall some key aspects of the stream function before solving this problem.

* Lines of constant y value in a steady flow are called streamlines. Fluid
elements flow along the streamline and not across the streamline.

* The value of the stream function between two streamlines represents the
region of the flow contained between these two streamlines. Volume flux
between any two points of different stream function values can be visualized
through a line connecting the two points. In the diagram below, we have a line
connecting points A and B, giving the volume flux Q = wg — w4, where Q is
the volumetric flow rate per unit depth. Note that Q; = Q> = Q (constant).

e e T
& _'> A Q:—>»
A ! Py

No flow across
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Let us now return to the problem. In order to determine the stream function, we
can relate it to the velocity profile. Note that in our problem, the vertical coordinate is
z and not y.

Starting from the z-component velocity, we can integrate with respect to x to
obtain the stream function as shown below, where fis a function of z.

oy
Vo= ——-= Vs, YW=VX+[(Z
z ox s> W X +f(2)
For the x-component velocity, we can similarly integrate with respect to z to
obtain the stream function below, where g is a function of x.

a Vs Vs
=2 (1 - e(_T)Z), Yy = U(z +ie<_7)z> +8(x)
Vg
Combining both results, we have the stream function as follows.

W= vex+ U(Z + ie(%)z)

N

To sketch streamlines, we need an equation of x vs z. We can sketch streamline by
streamline, for a range of known values of stream function . We substitute each y
value into the stream function equation, and for a series of specified x values (i.e.,
plot range for x), we can evaluate corresponding z values. We then repeat the process
for different streamlines. Assuming v is specified, we substitute known x values to
obtain corresponding values of z from the equation as shown below.

From the above equation, we note that when z = 0, % = constant. Therefore the

plot becomes a vertical near the x-axis. Also, as z increases, g—’z‘ becomes more

negative. Hence, close to the vertical z-axis, the gradient has the shape as shown
below.
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